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On exact controllability and complete
stabilizability for linear systems

Rabah Rabah

IRCCyN, Ecole des mines de Nantes
1 Rue de la Noé, 44300 Nantes, France
rabahs.14159@gmail.com

This paper concerns the relation between exact controllability and stabilizabi-
lity with arbitrary decay rate in infinite dimensional spaces. It appears that in
several cases the notions are equivalent, but there are a lot of situations when
additional conditions are needed, for example in Banach spaces. This is a short
and non exhaustive review of some research on control theory for infinite di-
mensional spaces initiated by V. I. Korobov during the 70th of the past century
in Kharkov State University.

Keywords: Exact controllability; complete stabilizability; infinite dimensional
systems; neutral type.

Pabax Pabax. IIpo ToyHy KepoBaHicTh Ta MOBHY cTabijizariito ajsa Jri-
HITHUX cucTeM. VY Il CTaTTi HAeThCs PO 3B SI30K Mi*K TOYHOIO KEPOBAHICTIO
Ta, cTabLII3aIl€0 3 JOBLIBLHOK IMIBUJAKICTIO CIIAJy B HECKIHYEHHOMIDHUX IPO-
cropax. ¥ KUJIbKOX BUIIAJKAX HMOHATTS € €KBIBAJIGHTHUMU, ajie € 6araTto CuTy-
ariif, Koy mOTPiOHI TOIATKOBI yMOBH, HANPUKJA[A y mpocropax Bamaxa. Lle
KOPOTKUI 1 HEBUYEPITHUI OIJIsi)T JEeSIKUX JIOCJIiIPKEHb Teopil KeEpyBaHHS JIJIs He-
CKiIHYEeHHOBUMIpHUX HIpOCTOPiB, iHiniftoBannx B. I. Kopobosum B 70-x pokax
MHHYJIOrO cTOpiuds y XapKiBCbKOMY JI€p?KaBHOMY yHiBEPCHUTET.

Kmowosi crosa: Touna KepoBaHICTh; ITOBHA, CTabLIi3aIlisl; HECKIHIEHHOBUMIPHI
CUCTEMU; HeUTPAJILHUNA THII.

Pabax Pabax. O TouHO# yIpaBJ/isieMOCTH U MTOJIHOM CTaOMJIN3UPYyEeMOCTH
JUHEHWHBIX cucTeM. B cTtaTbe paccMaTpuBaeTcs CBA3b MEXKIy TOYHOH yIpaB-
JITEMOCTBIO U CTaOMJIN3UPYEMOCTBIO C IIPOU3BOJIBHON CKOPOCTBIO YOBIBAHUA B
0GECKOHEYHOMEPHBIX IIPOCTPAHCTBAX. B HEKOTOPBIX CIyYasiX IMOHATHS SKBUBA-
JIEHTHBI, HO CYIIECTBYET MHOXKECTBO CUTYAINi, KOTJ[a TPEOYIOTCS JOOTHUTE b=
HBIE YCJIOBUs, HATPUMED, B HAHAXOBBIX MTPOCTPAHCTBAX. ITO KPATKUI U HEIOJI-
HBII 0030p HEKOTOPBIX MUCCJIEIOBAHUI 110 TEOPUU YIIPABJIEHUS JJIsI OECKOHEYHO-
MEPHBIX TPOCTPaHCTB, HadaThiX B. V1. KopobosbsiMm B 70-e TOIBI IPOIIIOro BeKa
B XapbKOBCKOM T'OCY/IaPCTBEHHOM YHUBEPCUTETE.

Kaouesnvie crosa: Tounast yrpaBiisieMoCTh; OJIHAs CTAOUIN3UPYEMOCTh; OECKO-
HEYHOMEPHBIE CUCTEMBbI; HEHTPAJIbHBIA THII.
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1. Introduction

We consider linear systems in the general form
& = Az + Bu, (1)

where the state z(t) and the control u(t) take values in Banach spaces X and U.
The linear operator A is the infinitesimal generator of a Cop-semigroup S(t) = et
and B is a linear bounded operator. We consider also the cases of Hilbert spaces
and some situation when B is an unbounded but admissible operator. The function
u(t) is supposed, at least, Bochner integrable.

By exact (null) controllability we mean controllability from any state to any
state (or zero state). By complete stabilizability we mean exponential stabilizabi-
lity with arbitrary decay rate by linear state feedback u = Fxz. Sometimes the
problem is called pole or spectrum assignment.

The well known relation between complete controllability and pole assignment
in finite dimensional spaces X and U may be formulated in the following form.

Theorem 1. Let A and B be (real or complex) matrices of dimension n X n and
n X m respectively, x and u vector functions of suitable dimension. The system

& = Ax + Bu (2)

is completely controllable, i.e. rank[B AB---A""'B] = n, if and only if the
system is completely stabilizable, i.e. for all \1, ..., A, € C, there exists a feedback
u = Fx such that the spectrum of the closed loop system verifies:

o(A+ BF)={A1,..., \n},
i.e. the problem of pole assignment by linear feedback is solvable.

A nice proof in the general case can be found in [33]. If the system is assumed
to be real (matrices are all real), the spectrum is formed by real or complex
conjugate numbers.

Another formulation of the same statement is that all the poles are controllable
(Hautus criteria):

VA€ o(A), rank]\] - A B]=n.

Our purpose is to discuss some important results on the same problems in
infinite dimensional Hilbert or Banach spaces. Since the spectrum is more compli-
cated and the behavior of infinite dimensional systems is not completely determi-
ned by the spectrum, solutions of such problems, when they exist, are not so
simple.

We recall some classical results concerning the relation between exact
controllability and complete stabilizability.
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The first important result in this context was given by Slemrod: if e/ is a
group, then exact controllability implies complete stabilizability. The converse, for
a group, was proved by Zabczyk (see for example [34]). The result was generalized
and precised by several authors for the case of a bounded operator A in Banach
spaces, for the case of a semigroup e and for some classes of systems, governed
by partial differential equations or functional-differential equations.

We discuss more precisely the relations between exact (null) controllability
and complete stabilizability. In general, for linear systems in Hilbert spaces, exact
null controllability implies complete stabilizability, but the converse is not true.
We give more recent results on functional-differential systems of neutral type.

2. Preliminaries

In this section we give some definitions and well known basic results on exact
controllability and stabilizability for System (1). The mild solution (strong for
zo € D(A) and some restrictions on the class of controls u) is given by

z(t) = z(t,u(-),z9) = e xo—i—/eAt ) Bu(r)dr. (3)
0

Definition 1. System (1) is exactly controllable if for all xo,x1 € X, there
exists a time T and a control v € L,(0,7;U),p > 1 (shortly L,) such that
x(T,u(-),z9) = x1. If the same holds for x1 = 0, we talk about exact null
controllability. If et is a group, or if it is formed by surjective operators, then
both notions are equivalent. If necessary, the class of controls L, will be specified.

The notion of stabilizability is based on one concept of asymptotic stability.
In infinite dimensional spaces there are several ones. In this paper we consider
only exponential stability.

Definition 2. The semigroup e, or the uncontrollable system, is said to be
exponentially stable if for some real M > 1, w > 0, and for all t > 0, we have
e < Me—et,

In finite dimensional space exponential stability is characterized by the fact
that the spectrum of matrix A is in the left half complex plane. The situation in
infinite dimensional spaces is much more complicated, see for example [32] and
references therein.

Definition 3. System (1) is said exponentially stabilizable if there exists a linear
feedback control u(t) = Fx(t) such that the closed loop system becomes exponenti-
ally stable, i.e. for some w >0

||e(A+B.7:)tH S Mwe_Wt7 Mw Z 1

The system is said to be completely stabilizable if it is exponentially stabilizable
for all w > 0.
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In some cases the feedback F is allowed to be not bounded but admissible in
some sense.

Complete stabilizability replaces the notion of spectrum assignment which is
difficult to be expressed in infinite dimensional spaces. The first reason is that the
structure of the spectrum may be complicated and the second one is that, what
is noted before, the behavior of the solutions of the systems is not determined by
the spectrum only. However, in some cases it is possible to consider this concept
also, as we will see later.

Let us now give some general characterizations of the given concepts. We
denote by R the "reachability"operator

T
Rru(-) = /eA(TT)BU(T)dT.
0

It is easy to see that this is a linear bounded operator from L, to X. System (1)
is exactly controllable if and only if ImR7 = X, it is exactly null controllable if
and only if Im Ry C ImeAT, for some T > 0.

The surjectivity of the operator Ry in Banach spaces can be characterized by
the following property of the adjoint operator R¥. (see, for instance, [27])

I>0: Vate X', ||Rya| > 82", (4)

where norms are operator or vector norms in the adjoint space. To obtain a more
or less explicit condition of exact controllability we need the expression of adjoint
operator and the norm ||R%.z*||. We have the following expressions [19]:

T
|Ria*|| = (f HB*S*(t)x*qut) , if ue L, p>1, -
0

IRpa*|| = esssup{[|B*S™(t)*[|, ¢t € [0,T]}, if u € L,

where ess sup denotes the essential supremum of a set. In fact, it is possible to show
that the conditions of exact controllability in the class of controls L, for p > 1 are
equivalent and exact controllability in the class L; is essentially different. This
can be summarized by the following formulation.

Theorem 2 ([19]). System (1) is exactly controllable in the class Ly if and only
if
1. For p =1, if lim B*S*(t)z} = 0 uniformly almost everywhere on [0,T]
n—oo
implies lim z) = 0.
n—oo

2. For p > 1, if lim B*S*(t)z} = 0 almost everywhere on [0,T] implies

n
n—oo

lim x; = 0.
n—o0
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This implies a necessary condition of exact controllability in the class Ly, forp > 1:
operators S(t) = et are surjective for all t > 0.

This gives, in particular, the lack of exact controllability in the class L, for
p > 1 for compact or analytic semigroups (see [30, 31, 11]). The following example
shows that there exist systems which are exactly controllable in the class Li, but
not exactly controllable in classes L,, p > 1.

Example 1 ([19]). Let X = U = ¥a, {e;,i = 1,2,...} be the canonical basis in
l5. Let B be defined as the identity operator B = Z, and

0 0 >
Av =3 —ilz.eer, x=) (v.e)er, Y i%{w,e)]* < oo,
=1 i=1 =1

It is easy to see that A is the infinitesimal generator of a Cp-semigroup
oo
S(t)x = Ze*”@:, eijei, t>0
i=1

of compact operators for ¢ > 0. The system is exactly controllable in the class L,
because ||Ryz*||r.. = ||z*||, but not in the class L,, p > 1, the operators S(t)
being not surjective for ¢ > 0. O

Let us now consider the problem of null exact controllability. The characteri-
zation of this concept is not so clear in general Banach spaces. It is more simple
when X and U are Hilbert spaces. This is due to the following classical result.

Theorem 3 (Douglas (1966), [4]). Let C and D be linear bounded operators in
Hilbert spaces: C € £ (Hi,H2),D € Z(Hs,Ha). The following conditions are
equivalent:

1. ImC CImD.
2. There is a linear bounded operator E such that C = DFE.
3. 3u>0: Vo € Hy we have |C*z|? < p?||D*x||?.

This means that in Hilbert spaces the condition of exact null controllability
Im Rr C e*T may be characterized as follows.

Theorem 4. Let us suppose that X and U are Hilbert spaces. Then the system
(1) is exactly null controllable in the class Lo if and only if

T
36>0: Vz e X, /||B*S*(t)a:|]2dt > 82)S*(T)x|?.
0
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As it was pointed out by several authors (including Douglas, see for example
[6]), Theorem 3 is not true in this form in general Banach spaces. Some other
formulations are possible (see, for instance, [6, 1|). We cannot develop this question
here, but we will return to the application of Douglas theorem in Section 4.1.

3. Exact controllability implies complete stabilizability

In the section we will see how exact controllability can imply complete stabi-
lizability. The main framework here is the Hilbert spaces setting.

Consider System (1) in the case of Hilbert spaces X and U. Under the conditi-
on that the operator A is the infinitesimal generator of a group e, B € £ (U, X),
Slemrod [29] obtained the first result in this way:

The condition

T
36 >0, Vr € X : /HB*e—A*Ta:HQdT > §||z||? (6)
0

implies complete stabilizability
Vw > 0,3F € Z(X,U), |eAFBIY < Mye™t, M, >1,

with a linear bounded feedback F given by F = —B*K_1(T), where
T
K,(T)= /eMeATBB*eA*T dr.
0

This operator K, (T) is, in fact, the Gramian of the system

& = Az + wx + Bu,

and the group S,,(t) = e**e** has the infinitesimal generator (A 4 wI).

The inequality in (6) is the condition of exact controllability at time 7' in
the case of a group, and in Hilbert spaces. It corresponds to the Kalman integral

criterion:
T

Ko(T) = / e AT BB e AT dr
0

is bounded invertible. The fact that this is a necessary and sufficient condition
of exact controllability in Hilbert spaces was published first (to the best of our
knowledge) in [14] for the case of a bounded operator A, but the proof, based
on Theorem 3 (see [4]), can easily be rewritten in the case of a group e with
unbounded operator A, or directly from (4).

We can formulate this result as follows.
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Theorem 5. For System (1), where A is the infinitesimal generator of a group,
U and X being Hilbert spaces, exact controllability implies complete stabilizability.

Jlosedenna. This a short proof, see [29] for more details. Let w > 0 be given. Let
us take the feedback control

u(t) = Fx(t) = —B*K; Y (T)z(t).
We obtain then the closed loop system
i(t) = (A+wl — BB*K,(T))x(t),

where Z is the identity operator, and the solution is given by the group S} ~(t)
generated by the operator

A+wZ - BB*K;(T).
Let xy € D(A*), then a simple calculation gives (see Appendix in [29]):

(S b0, K (1) 52 (0)0) =
[l T B e~ TS 2 (t)zol| — |B*Si 7 (t)ol-
By density of D(A*), this implies the uniform boundedness of S, (t)
aAM > 1, ||Swr®)| <M, t>0.
This means that for all w > 0, there exists a feedback law F, such that

1SF@)I| = €A4F57 < Mem", ¢ > 0.

This means that the system is completely stabilizable. O

Following Slemrod and using some results by Lions, Komornik [9] proved an
analogous result for the case when B is unbounded. This was applied to systems
governed by PDE with boundary control.

Shortly, with some conditions on the operator B, complete stabilizability is
obtained from exact controllability and the feedback is

T
F=—JB*K.", K, = / e e AT BB e AT dr,
0

where J is the canonical Riesz isomorphism.
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Example 2. This allows to obtain the complete stabilization of systems like

(i(t,&) — Vw(t,&) =0, (t,£) e RT xQ
w(0,€) = f(§), £eq
w(0,8) = g(§), (e
w(t, &) = ul(t,§) £ € N0

The boundary control is given by the formula
u(t, §) = Fu(t,§) = —JB K (w(t, €), w(t,¢))
defined in the space H_1(€) x Lo(£):

’U,(t,f) = 8,,(Pw(t,§) + Qw(t,g)),

where P and @ are linear and bounded. a

In the general case of a semigroup, we have the following implication:

Theorem 6. For System (1) in Hilbert spaces, with bounded operator B, exact
controllability to zero implies complete stabilizability by bounded feedback F.

This is a consequence of the following result implicitly contained in the paper
by Datko [3] (see also [34, Ch. III. 4]).

Theorem 7. Ezactly null controllable systems are exponentially stabilizable.
The latter and the following remark give Theorem 6.

Remark 1. Controllability of System (1) is equivalent to controllability of the
shifted system.:
i = Az + wx + Bu.

This result may be extended to the case of an unbounded control operator.
We consider the same system (1) in Hilbert spaces, with possible unbounded
B and F, they are supposed to be admissible in a certain sense:

B bounded from U to the space X_; which is the completion of X with the
norm ||(AM — A) "tz

Theorem 8 (|24]). If system (1), in Hilbert spaces, with admissible operator B is
ezxactly null controllable in X _1, then it is completely stabilizable by an admissible

feedback and then, finally, by a bounded feedback F.

The converse is not true, and there are different situations [24].
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Example 3. In the space Ly(0,400), consider the semigroup

2

St fE) =e 2 8f(E+1t), t>0, £>0.

It is not difficult to see that for this semigroup:
Yo >0, IM,>1, [|S{t)]| < M,e v

We have o(5(t)) = {0} and then o(A) = 0.
It is easy to see that, for some f # 0 we have S(t)f # 0 for any ¢ > 0. The
system is completely stabilizable (B = 0) but not controllable. O

Example 4. In the space Ly(0,1), consider the semigroup

SWF(E) = { e ke ostrest

It is not difficult to see that for this semigroup
Yo >0, 3IM,>1, |SO)|| < Mye "

We have o(5(t)) = {0} and then o(A) = 0.

For any initial function f € L9(0,1), we have S(t)f(x) = 0 for t > 2. This
means that S(¢) = 0, for all ¢ > 2. Then, for any control operator B, the system
is exactly null controllable at time T" > 2 with the trivial control u = 0. O

4. Complete stabilizability implies exact controllability

In this Section we consider how complete stabilizability may imply exact (null)
controllability, and is there an equivalence in some situation as in finite dimensi-
onal spaces.

4.1. Banach space, bounded case

Consider System (1) where operators A and B are linear, bounded: A € £ (X)
and B € Z(U,X). This means that it is not the case of partial differential
or functional-differential equations (with delay). Anyway, it is of historical and
theoretical interest.

An important result on complete stabilizability was obtained in [28]. First we
formulate result about exact controllability.

Theorem 9 (Korobov-Rabah (1979), [10]). System (1) is exactly controllable if
and only if there exists k € N such that

Im[B AB --- A*B] = X, (7)

where [B AB --- A*B] is acting from U x --- x U to X and the condition is
independent on the class of controls.
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In fact the exact controllability holds in the class of piece-wise controls, when
the condition of the theorem is verified.

Theorem 10 (Sklyar (1982), [28|). System (1) with bounded operators is
completely stabilizable if and only if the block operator [B AB --- AFB] is
right invertible for some k:

IPie L(X,U), i=0,1,....k:  BPy+ABPi+---+ A*BP,=1. (8)
There is a spectral formulation, which is a consequence of the following result.

Theorem 11 (Kaashoek and al. (1983), [7]). The operator [B AB --- A*B] is
right invertible for some k if and only if operators [NZ — A BJ, from X x U to
X are right invertible for all A € C, i.e.

VAEC, 30,y € Z(X), APy € Z(X,U): (AT —A)Q\+BP,=1I. (9)

This gives a spectral formulation of the characterization of complete stabili-
zation.

Theorem 12. System (1) is completely stabilizable if and only if operators
[\Z — A B are right invertible for all A € C.

If U, X are Banach spaces, not isomorphic to Hilbert spaces, the condition (8)
(or the spectral formulation (9)) is more than exact controllability, it is equivalent
to the following two conditions:

1. Im[B AB --- A*B] = X, i.e. exact controllability by Theorem 9.
2. Ker[B AB --- AFB] is complemented.

This means that in Banach spaces (not isomorphic to Hilbert spaces) there are
exactly controllable systems, generated by a group, which are not completely
stabilizable.

Example 5 (Sklyar (1982)). Consider the Banach space U which has at least a
subspace L which cannot be complemented in U. Let X be the factor space U/L
and B be the canonical projection of U onto X = U/L. The operator B is then
onto (surjective). This means that the system

T =z + Bu,

is exactly controllable because Im B = X (here A = 7). If we suppose that it is
completely stabilizable, then, according to Theorem 8, there exists P € Z(X,U)
such that FP =7, and Ker P = L can be complemented. This is in contradiction
with the construction of L. O
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The result of Theorem 10 was proved in [13] without citing the original result
[28].

The situation is different in Hilbert spaces: every closed subspace can be
complemented and the equivalence between range condition (7) and right inverti-
bility (8) can be given by Douglas theorem.

Remark 2. When this paper was under review, appeared a conference paper [12]
on exact controllability and complete stabilizability (in fact arbitrary assignabi-
lity of the Bohl exponent) of a class of linear non-stationary discrete systems
i Banach spaces. The main result concerns a case when the state operator is
constant, the control operator is periodic, the space X is a reflexive Banach space
and U is a separable Hilbert space: it is claimed that exact controllability implies
arbitrary assignability of Bohl exponents. No proofs are given in this paper.

4.2. Hilbert spaces, bounded case, spectrum assignment

In Hilbert spaces, exact controllability is equivalent to complete stabilizability,
but more precisely we have a pole assignment result which may be interesting, at
least in operator theory.

Theorem 13 (Eckstein (1981) [5]). The system (1) is exactly controllable if and
only if for every nonempty compact set A C C, there is a bounded linear feedback
F, such that

o(A+ BF) = A,

i.e. the problem of spectrum assignment is solvable.

The proof uses explicitly the Hilbert space structure, in particular the fact that
the subspace Ker[B AB --- AFB] can always be complemented. There is also a
dual formulation of this result in [7] and a constructive approach of the dual
operator corresponding to F: let C be an operator from X to the Hilbert space
Y, find K such that o(A+ KC) = A. This appears in the problem of detectability
and construction of asymptotic observers.

To summarize the characterization in Hilbert spaces, when the operators are
bounded, we can formulate as follows.

Theorem 14. Let U and X be Hilbert spaces, A and B be linear bounded
operators. The following statements are equivalent

1. The system (1) is exactly controllable in the class La.

2. For every nonempty compact set A C C, there is a bounded linear feedback
F, such that
o(A+ BF) = A,

1.e. the problem of spectrum assignment is solvable.

3. Im[B AB --- A*B] = X for some k € N,
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4. Im[AT—A B]=X forall A €C.

This is a complete analog of Theorem 1.

4.3. Unbounded case in Hilbert spaces
We return to the system (1) with unbounded A and bounded B.

Theorem 15 (Megan (1975), Zabczyk (1976), see [34]). If et is a group and
the system (1) in Hilbert spaces is completely stabilizable, then it is exactly
controllable.

This result was extended to the case of surjective operators e*, ¢ > 0 by
Rabah & Karrakchou (1997) and Zeng & Xie & Guo (2013), see [23, 35].

We can summarize as:

Theorem 16. The system (1) in Hilbert spaces, with a bounded operator B, is
exactly controllable in the class Lo if and only if

At

1. Operators e are surjective for t > 0.

2. The system is completely stabilizable.

Ezact controllability is equivalent to exact null controllability when e

ve fort > 0.

are surjecti-

But what about exact controllability in the class L1 in this context? Surjecti-
vity of operators e is not needed. Let us return to Example 1.

Example 6 (Example 1 continued). As we saw, the system is exactly controllable
in the class Ly but not in the class L, for p > 1. Let us show that it is completely
stabilizable by a bounded feedback. Let us take arbitrary w > 0 and n € N such
that n > w. Define operator F from X = {5 to U = {5 by

n—1
Fa = Z(z —n)(x,e;)e;.
i=1
Then .
(A+BF)x = Z —n(x,e;) e + Z —i(x,e;) e,
i=1 i=n

which gives for the semigroup Sr(t) = e(A+B7)t

n—1 0
JeCAHERI L2 = 3 &2 (e [+ 3 e () P < 07202
i=1 =n

And this means that

He(AJrB}')H < et < oWt

)

i.e. the system is completely stabilizable. O
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5. The case of neutral type systems

We consider some large class of neutral type systems
2(t) = A_12(t — 1) + Lz(-) + Bu(t), (10)
where

0
Lz(-) = / [A2(0)2(t + 0) + A3(0)2(t + 0)] d6,
-1

with z(¢) taking values in R™ and w(¢) in RP. The system can be written as
& = Az + Bu, (11)

where A is the infinitesimal generator of a Cy-semigroup e given in the product

space Ma(—1,0; R™) def g x La(—1,0;R™), noted shortly Ms, and A, BB are defined

by
Lz(") 2(t) u(t)
dé ) z() 0
with the domain D(A) given by

D(A) = {(v,p) € Mz : p(-) € H',v = ¢(0) = A_1p(—1)} .

The characteristic matrix is noted by

0 0
AgN) =M —A_je™ =\ / As(0)e*0dl — / As(0)e®? do.
—1 —1

The behavior of the dynamical system is described by the spectrum:
o(A) ={A:det Ay(\) =0}.

The set o(A) is formed by eigenvalues of finite multiplicity, see for example [21]
and references therein.

5.1. Complete stabilizability

It is characterized by two conditions: one on the spectrum o(.A) , the second
on the neutral term (here A_1).

Theorem 17 (|20]). The system (10), in abstract form (11), is completely stabi-
lizable if and only if

1. For allx € C, rank [A4(\) B] =n.

2. ForallpeC, p#0, rank [,u[ - A, B] =n.
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The condition 2 may be formulated as Tm A_y C Tm[B A_1B --- A";'B].

Proof. 1t is important to check the meaning of the second condition. A large
part of the spectrum of A may be obtained from the non zero spectrum of the
matrix A_q:

A = log|p| +i(arg pu + 2km) + o(1/|k|), k€ Z.

The eigenvalues are in some circles centered at log 4 with decreasing radii, when
|k| is growing [21]. The pole assignment is possible in the interior of the circles
under Condition 1, which means the controllability of poles.

The spectrum of the operator A is close to some vertical axes defined by the
spectrum of the neutral term, the matrix A_;. We need to move these axes by the
feedback in order to obtain complete stabilizability, and then the corresponding
values p must be controllable. The necessity of both conditions is then clear
enough.

Let us shortly consider the sufficient part. The condition 2 allows to move
arbitrary all the non zeros eigenvalues of A_1, and to make it simple. The condition
1 allows to control an eigenvalue in the interior of circles (for k large). It remains
then to move a finite number of eigenvalues, it is possible as shown in [22, 26].

It is of interest to show the form of the feedback needed for exponential and
then for complete stabilizability:

T
u(t) = Fa(t) = F2(t — 1) + / [E5(0)3( + 0) + F3(0)=(t + 0)] .
0

This means that F is not bounded and domains of A + BF and A are not the
same. However this form is necessary in order to move the spectrum [16, 18].

- %
@
&

log|u| Re

<

Fig. 1. Spectrum of A, for each p € o(A_1), u # 0.
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5.2. Complete stabilizability and exact controllability

The notion of exact controllability for System (10) must be modified. As here
the control u is finite dimensional, exact controllability in the sense of Definition 1
is not possible. In fact it may be shown that, in this case, the reachability set R is
in D(A) [25, 26]. Then by exact controllability at time 7', we mean Ry = D(A),
and exact null controllability means to reach zero from all initial condition in
D(A). Results given in [25, 26] may be summarized in the following theorem.

Theorem 18. If A is the infinitesimal generator of a group or, equivalently, if
the matriz A_1 is not singular, 0 ¢ o(A_1), then exact controllability is equivalent
to complete stabilizability.

Proof. If p = 0 is not in o(A_1), conditions 1 and 2 of Theorem 17 give a
criteria of exact controllability. We refer to [25, 26] for detailed proofs. In our case
of System (10), for exact null controllability we can obtain only a partial result.

Theorem 19. Ezact controllability to zero of System (10) implies complete stabi-
lizability.

Proof. If Condition 1 in Theorem 17 is not verified, it means that some ei-
genvalues are not controllable. Taking a corresponding eigenvectors as an initial
condition, we can see that exact controllability does not hold. To prove Condi-
tion 2 in Theorem 17, we can proceed by derivation of the solution z(t) = 0 for
t > T > n. The calculation gives TmA_; C Im[B A_1B --- A"'B] (see [24]),
which means that Condition 2 in Theorem 17 is verified.

The converse (in fact the criteria of exact null controllability without relation
with stabilizability) has been proved in some particular cases of neutral type
systems with discrete delays [15, 8] and in the case of retarded systems [17]. In
the case of our general system (10), the question is still open, see Conjecture in
[24] and [2].

6. Conclusion

We gave a short review of the relations between exact controllability and pole
assignment (complete stabilizability). There are a lot of papers concerning di-
fferent classes of systems, in particular, governed by partial differential equations.
This paper gives our point of view to some questions concerning abstract infinite
dimensional systems, based on results close to ours, in particular for functional
differential equations of neutral type. Several problems are still open concerning
the general abstract case or some particular classes.
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IIpo TouHy KepoBaHicTh Ta MOBHY cTabijizaliito
JJid JJiHIMHIX cHUCcTeM
Pabax Pabax
HJIIBKH, Buwa zipruva wrosa m. Harnm
eya. Hoe 1, Hanum, @panyia, 44300

V 1iit poboTi MU PO3TJIsAIA€MO JIHIAHI CHCTEMH 3 KEPYBAHHSIM, ONUCAHI PIBHAHHSIM
& = Ax + Bu, ne pyHkuil v ta r npuiiMarorh 3Hadends U ta X Bigmosigao. st Tako-
ro 06’eKTa MOJMAHO KOPOTKMWIA OIJIsi)l Pe3y/IbTaTiB, IO CTOCYIOThCs 3B’sI3KiB MiXK TOYHOIO
KEPOBAHICTIO Ta MOBHOIO crabiiizamiero (crabliizamnia 3 JOBUILHOIO IMBUAKICTIO CIAJLY).
Amnaytiz mpoBOUTHCS B PI3HUX CUTYaIisx: OOMeKeHU! 4u HeoOMe:KeHUH CTaH Ta onepa-
Topu kKepyBanus A Ta B, npocropu Banaxa abo 'isinbepra U ta X.

Jobpe Bimoma eKBIBAJIEHTHICTh MiXK ITOBHOIO KEPOBAHICTIO Ta PO3TAIIYBAHHSIM II0-
JIIOCIB y cHUTyallil CKIHYeHHOBUMIPHUX MPOCTOPIB B 3araJbHOMY BHUIQJIKy HE MAa€ MiCIIS
B HECKIHYEHHOMIPHHUX MTPOCTOpaxX. TOYHOI KEPOBAHOCTI HEIOCTATHLO JIJIsI MIOBHOI cTabLIi-
3amil, gxkmo U 1 X e 6anaxoBumu mpocropamu. ¥ mnoctanosIl ['insbepToBoro mpocropy
el pe3ysbTaT € CIPaBeJINBUM. 3BOPOTHBE TBEPJKEHHsI TAKOXK HE € IPOCTHM: B Jie-
SIKUX CUTYaIigX II0BHa cTabliizanis nepeabadae TouHy KepoBanicTsb (y mpocropi Bamaxa
3 0OMEKEHMMU OIIEPATOPAMU), B IHINIUX CUTYyalidX 11ie He Bianosinae gificaocri. Bimmosi-
Hi pe3yabTaTh HABEJIEHI 3 JEAKUMU i1esIMU TOBeAeHHsI. TexHivuHi JeTasi MOXKHA 3HANTH
B nuroBaHiil siteparypi. HaBeneno kinbka npukirajgis. OcobiauBa yBara TPUILISIETHCS
BUIA/IKY HECKIHUYEHHOBUMIPHUX CHUCTEM, 30y/IOBAaHUX 3a CHUCTEMAMU i3 3aralOBAHHSIMU
HEUTPAJIBLHOTO THUITY i3 PO3IOJIIICHUMA 3aralOBaHHAMU. BiNbII JIeTaabHO JTOCTIIZKYETHCS
MUTAHHS PO 3B 30K MiXK TOYHOK HYJIb-KEPOBAHICTIO Ta MOBHOIO crabimizamiero. 3ara-
JIOM MiK IIMMU TMOHATTAMHI HeMa€ eKBiBajeHTHOCTI. OmHaK I JesTKUX KJIaciB PIBHSIHD
HEeWTPAJIBLHOTO THUITY iCHY€E eKBiBaJeHTHICTh. [IuTamus mpo Te, UM € eKBIBAJEHTHICTD JJTs
O1/IBIIT 3araJIbHUX CHUCTEM, 3aJIUINAEThCA BinKpuTuM. lle KOpOTKMit i HEBUYEPIIHUIT OTJIsT
JesIKUX JIOCJIJIZKEHb Teopil KepyBaHHsl y HECKIHYeHHOBUMIpHUX ITpocTopax. Hari poboru
B 11iit cdepi Oysnm iminiiiosani B. I. Kopoboum mporsirom 70-X poKiB MUHYJIOIO CTOPIYUUst
y XapKiBCbKOMY JIeprKaBHOMY yHiBEpCHTETI.

Karouosi crosa: Touna KepoBaHicTh; TOBHA cTabijli3allisl; HECKIHYeHHOBUMIPHI CUCTe-
MU; HeATpaJbHUR THII.

On exact controllability and complete
stabilizability for linear systems
Rabah Rabah
IRCCYN, Ecole des Mines de Nantes
1 Rue de la Noé, 44300 Nantes, France
In this paper we consider linear systems with control described by the equation
& = Az + Bu where functions v and x take values in U and X respectively. For such
object, a short review of results concerning relations between exact controllability and
complete stabilizability (stabilizability with arbitrary decay rate) is given. The analysis
is done in various situations: bounded or unbounded state and control operators A and
B, Banach or Hilbert spaces U and X.
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The well known equivalence between complete controllability and pole assignment in
the situation of finite dimensional spaces is no longer true in general in infinite dimensi-
onal spaces. Exact controllability is not sufficient for complete stabilizability if U and X
are Banach spaces. In Hilbert space setting this implication holds true. The converse also
is not so simple: in some situations, complete stabilizability implies exact controllabi-
lity (Banach space setting with bounded operators), in other situation, it is not true.
The corresponding results are given with some ideas for the proofs. Complete technical
development are indicated in the cited literature. Several examples are given. Special
attention is paid to the case of infinite dimensional systems generated by delay systems
of neutral type in some general form (distributed delays). The question of the relation
between exact null controllability and complete stabilizability is more precisely investi-
gated. In general there is no equivalence between the two notions. However for some
classes of neutral type equations there is an equivalence. The question how the equi-
valence occurs for more general systems is still open. This is a short and non exhaustive
review of some research on control theory for infinite dimensional spaces. Our works in
this area were initiated by V. I. Korobov during the 70th of the past century in Kharkov
State University.

Key words: Exact controllability; complete stabilizability; infinite dimensional
systems; neutral type.
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On homogeneous controllability functions

A. Polyakov

Inria Lille-Nord Europe, 40. av. Halley, Villeneuve d’Ascq, 5965, France
andrey.polyakov@inria. fr

The controllability function method, introduced by V. I. Korobov in late 1970s,
is known to be an efficient tool for control systems design. This paper bridges
the method with the homogeneity theory popular today. In particular, it is
shown that the so-called homogeneous norm is a controllability function of the
system in some cases. Moreover, the closed-loop control system is homogeneous
in a generalized sense. This immediately yields many useful properties of the
system such as robustness (Input-to-State Stability) with respect to a rather
large class of perturbations.

Keywords: controllability function; generalized homogeneity; robustness.

TlonskoB A. IIpo ommopimai yHKIil KepoBauocTi. Merox (yHKIHT Ke-
posanocTi, BBegenuit B. 1. Kopobos mampukinmi 1970-x pokiB, gK Bijomo, €
epeKTUBHUM IHCTPYMEHTOM JIjisl JOCJIIJZKEeHHs cucTeM KepyBaHHsi. 1ls1 craTTst
MIOE/IHYE TIeil MeTOJ] 13 MOIYJISPHOK ChOTOJIHI TEOPi€ro OHOpiaHOCTI. 30KpeMa,
MIOKa3aHo, IO TaK 3BaHa OJHOPIIHA HOpPMa B ACSIKHX BUMAIKAX € (PYHKINEIO
KepOBaHOCTI cucTteMu. BinmbIime Toro, 3aMKHyTa CHCTeMa KEPYBAHHSA € OTHOPI-
JTHOIO B y3arajbHeHomy cemci. Ile Bigpa3y mae 6arato KOpUCHUX BJIACTHUBOCTEH
CHCTEeMH, TaKUX siK pobacTicTs (cTablibHICTH BXIIHOTO CTaHy) IMIOAO JOCUTH
BEJIMKOTO KJiacy 30ypeHb.

Karwwosi caosa: ByHKIisS KepoOBaHOCTI; y3arajibHEHa OIHOPIIHICTB; poba-
CTHICTb.

TTonsikoB A. O6 omHOpPOAHBIX (PYHKIMAX yIIipaBiiseMocTu. Meron pyH-
Kruu yrupasasemoctn, BBesennbiii B. . Kopobos B konre 1970-x ro/10B,
KaK IMOHSITHO, sIBJISIETCsI JIefICTBEHHBIM WHBEHTAPEM JIJIsl UCCJIEIOBAHUS] CUCTEM
yIpaBJIeHUsI. JTa CTaThsl COBMEINAET ITOT METOJ, C IOIYJISPHON CeromHsl Te-
opueil OJHOPOIHOCTH. B 9acTHOCTH, MMOKA3aHO, YTO TAK HA3LIBAEMAasi OIHOPO-
JHAs HOPMa B HEKOTODPBIX CIydasix ABJsSeTCsa (PYHKIINEN YIIPABIAEMOCTH CHCTE-
Mbl. BoJsiee Toro, 3aMKHyTast CUCTeMa yIIPABJIEHUS OJHOPOIHA B 0OOOIEHHOM
CMBICJIE. DTO Cpa3y JaeT MHOIO IOJIE3HBIX CBOCTB CUCTEMBI, TAKUX KaK pObO-
THOCTH (CTAOUJIBHOCTH BXOJIHOIO COCTOSIHUSA) OTHOCHTEILHO JOCTATOYHO GOJIb-
IIOr0 KJIacCa BO3MYIICHUIA.

Kmoueswvie carosa: GyHKIUS yIPaBIIEMOCTH; 00ODIIEHHAST OIHOPOIHOCTD; PO-
6aCTHOCTb.
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1. Introduction

Most of physical systems are symmetric in the view of Noether’s Theorem
[23]. Differential symmetries can discovered in both ODE (Ordinary Differential
Equation) and PDE (Partial Differential Equation) models of dynamical systems
[9], [8], [27]. One of Lie symmetries, that is rather popular in control theory, is
homogeneity. The homogeneity is a dilation symmetry known since 18th century,
when Leonhard Euler studied functions x — f(z) which are symmetric with
respect to uniform dilation x — Az of its argument, namely, f(Az) = N f(x),
VA > 0,Vx, where v is a real number. Such functions were called homogeneous and
the number v was referred as the homogeneity degree. It seems that a generalized
homogeneity (the symmetry with respect to a non-uniform dilation) was first
studied by Vladimir Zubov in [36]. The homogeneity is useful for analysis of
nonlinear finite-dimensional dynamical systems (see also [36], [11], [13] [14], [33],
[4], [2]) as well as non-linear controllers/observers design (see [13], [7], [10], [1],
[19]). Homogeneity degree specifies a convergence rate of any asymptotically stable
homogeneous system (see e.g. [22]). Homogeneous approximations of nonlinear
models are useful in the case when a linear approximation is not informative or
simply impossible [1]. Homogeneous control systems have similar properties to
linear ones, e.g., local stability yields global stability, invariance of the compact
set is equivalent to stability, etc. However, they may have better control quality,
e.g., faster convergence, better robustness and less overshoot. For more details we
refer the reader to [27, Chapter 1.

The controllability function method [16] is an efficient tool for control systems
design. The monograph [17]| presents most detailed study of the method and its
applications to different control problems. Formally, a controllability function has
no relation with the homogeneity theory. However, in some cases, its design is
implicitly inspired by the homogeneity and uses the dilation symmetry of the
system. This paper bridges controllability function method with the homogeneity
theory showing that the control/controllability function design for linear plants
results in a generalized homogeneous control system, that inherits all good
properties of homogeneity, e.g., robustness (Input-to-State Stability) with respect
to a sufficiently large class of perturbations.

The paper is organized as follows. First, the controllability function method
and elements of the homogeneity theory are remained. Next, the main theorem
about homogeneous controllability functions for linear plants is proven. Finally,
some remarks and conclusions are given.

2. On controllability function method

Following [17]| the controllability function © : R™ — [0,4+00) is a Lyapunov-
like function of a closed-loop system u = wu(x) realizing a position control in a
finite time. More precisely, the properties of © are characterized by the following
theorem.
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Theorem 1. [17, Theorem 1.2, page 19] Let us consider the controlled process
i = f(z,u), t>0, f:R"™™ 5R™ (1)

where x(t) € R",u € Q C R™ and the function f is locally Lipschit continuous
on (R™\{0}) x Q, i.e.,

x; € K(p1,p2),

— <L _ _
[f (21, w1) = fz2, u2)l| < L(p1, p2)(l|lz1 — @2l + [lur — uzl]), lusl] € i = 1,2,

where K (p1, pa) :={z: 0 < p1 < ||z < pa}-
Let there ezist a function © : R™ — [0, 4+00) such that
1) © >0 for x # 0 and ©(0) = 0;
2) there exists ¢ > 0 such that the set is Q := {x : O(z) < ¢} is bounded;
3) there exists a function u : Q — Q satisfying the inequality

00(x)
Ox

for some ¢ > 0 and a > 0, such that u satisfies the Lipschitz condition on
on any set K(p1,p2) N Q.

fla,u(z)) < 0w (z), Vae Q\{0} 2)

Then the trajectory x(t) of the closed-loop system (1) with x(0) = xo € Q
reaches the state x = 0 at an instant of time T (xg) < %@é(xo). Moreover, if
a = oo then z(t) — 0 as t — oo.

If @« = 1 and the symbol < in (2) is replaced with =, then the inequali-
ty becomes the Bellman (dynamic programming) equation and the function ©
is the settling time function of the closed-loop system. On the other hand, the
controllability function © satisfies the classical |20] (resp., a generalized [32], |5])
Lyapunov theorem for o = 400 (resp. 0 < a < +00).

Ezample 1. [17, page 21] A controllability function © for the chain of

integrators
TEL. :

& =Ax+Bu, z(t)eR", u(t)eR, A= (.0. 6 o 1) , B= (‘O’) , (3)
000..0 1

can be designed implicitly as a solution of the following algebraic equation
a® = 2" D(O)FD(0©)z, z#0 (4)

where ag > 0, a symmetric matrix F = F' € R™*" satisfies’ the linear matrix
inequalities (LMIs)

F(A+BK)+ (A+BK)'F <0, F=0 (5)

!The sign < (resp. ) denotes the negative (resp. positive) definiteness of a symmetric matrix.
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with K € R™" : A + BK - Hurwitz, and the matrix-valied function D is defined
as follows

(6)

with a and m are natural numbers being selected such that the linear matrix
inequality (LMI)

m+n—2i+1 )

D(©) = diag (@— a

(7)

241
F—H,F — Hy,F = 0, H, = diag (—”H"H>

20

is fulfilled. The corresponding controller is given by

m—n

u(z) = 0" 2 KD(O)z. (8)

3. Homogeneity

This section presents a brief summary of the homogeneity theory of dynamical
system in R" .

3.1. Dilations in R™

The standard (Euler’s) dilation in a vector space is the operator z — Az,
A > 0. Generalized dilations and the generalized homogeneity in R™ are introduced
in [36], [15], [14], [26].

Definition 1. [14] A family of mappings d(s) : R™ — R, s € R is a said to be
a dilation group (or, simply, a dilation) in R™ if

e (Group property) d(0)x = z, d(t)od(s)xr = d(t+s)z, Vt,s € R,Vx € R";

e (Limit property) Er_n Ild(s)x|| = 0 and l}lll ||d(s)x| = oo for all x # 0.

Below we deal only with the so-called linear dilation |26] defined as follows:

d(s) = e20a =3 2G4 (9)

7!
i=0

where Gq € R™" is an anti-Hurwitz matrix being a generator of the dilation. For
Gq = I, (the identity matrix), we have the standard (Euler’s) dilation d(s) = e*I,
but the case of diagonal matrix G4 corresponds to the so-called weighted dilation
[36], [31], [12], [18], [1], |28] popular today.

Definition 2. [26] A linear dilation d is said to be monotone with respect to a
norm || - || if there exists B > 0 such that

|d(s)|| < €%, V¥s<o, (10)
l[d(s)z]|

LT i the matriz norm of d(s).

where ||d(s)] = max
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A criterion of the monotonicity of the linear dilation in R"™ is given by the
following lemma

Lemma 1. [26] Any linear dilation d in the finite dimensional space R™ is
monotone with respect to the weighted Euclidean norm ||z|p = VaT Pz,x € R"
provided that the symmetric matriz P = PT € R™ " satisfies the linear matriz
nequality

GiP+PGq >0, P >0, (11)

where the symbol = 0 means that the matriz is positive definite.

It is known [26] that any vector from R™\{0} can be uniquely projected to a
unit sphere using monotone dilation. More precisely, for any = € R™\{0} there
exists a unique pair (z,s) : ||z|| = 1,s € R such that d(s)z = z. We use this
feature of monotone dilation in our further constructions.

8.2. Canonical homogeneous norm. Any compact and convex neighborhood of
the origin induces a norm in R™ by means of the standard dilation x — Az, A > 0
(see, e.g.,[30]). In the general case, the similar construction for monotone dilation
leads to the so-called homogeneous norm [10].

Definition 3. The function || - ||q : R" — [0,+00) defined as follows ||0]|g = 0
and
[zlla =€ :fld(=se)zll =1, = #0,

1s called the canonical homogeneous norm, where d is a monotone dilation with
respect to the norm || - || in R™.

The canonical homogeneous norm is continuous on R™ and locally Lipschitz
continuous on R™\{0} (see, [26]). Moreover, in |27, Theorem 7.1., page 188] it is
proven that || - ||q is, in fact, a norm (in the classical sense) in a finite-dimensional
space R™ homeomorphic? to R™.

Below we show that the canonical homogeneous norm is the controllability
function for linear control systems considered in [17, Chapter 1|. The related
analysis would require differentiability of || - || on R™\{0}. The latter can always
be guaranteed for a canonical homogeneous norm induced by a weighted Euclidean
norm.

Lemma 2. [26] If the canonical homogeneous norm || - ||a is induced by the norm
lz|| = VaT Pz with a symmetric matric P = PT € R™" satisfying (11) then
I+ lla € CR™) N CHR™\{0}) and

Olzla _ 27d" (= 1In ||z]|a)Pd(— In [|2]a)
d 2TdT(— n[|z[la) PGad(— In [[z]a)z’

z#0. (12)

2The space R” consists of vectors from R™, but a sum of vectors and a multiplication of a
vector by a scalar are defined differently.
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Below we show that a properly designed canonical homogeneous norm is a
controllability function for linear control plant.

3.8. Homogeneous systems. By definition, we say that an ODE is homogeneous
if its right-hand side is a homogeneous vector field.

Definition 4. [1/] A vector field (resp. a function) f : R™ — R™ (resp. h : R" —
R) is said to be d-homogeneous of the degree v € R is

f(d(s)x) = e”*d(s)f(z), VseR, VzeR” (13)
(resp. h(d(s)x) = e"Sh(z), VseR, VzeR"),

where d 1s a dilation in R™.

The canonical homogeneous norm is the simplest example of the homogeneous
function of the degree 1.
Example 2: The system

. T2
= f(z):= 1 1
—klccl — kQCEz

is d-homogeneous of the degree v = —2 with respect to the dilation

a= (5 5 )

Indeed, simple computations show
f(d(s)z) = e ?d(s)f(z), Vz eR", VscR.

Moreover, one can be shown [29] that

5

6 4 4 2 2
INERE 2\° 3 kS25(14+k
V($> :C<51|IL’15+$2> +k1-%'1(132, ¢ > max (3) 7 1 3( + 2/6)

6 2 1 IYE
is the controllability function (in the sense of Theorem 1)
: ov
dg>0:V(x)= 8—xf(:6) < —qV%(x), Va # 0,

of the system
i’l = T2, ig = U
with the feedback control
1

1 1
uw(z) = —kixy — kozy, ki > %kﬁz.

To highlight some features the homogeneous systems we present the series of
known results.
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Theorem 2. [36] If x(t,xo) is a solution of a d-homogeneous system
t=f(z), t>0, f:R"—R", [feCR") (14)
with the initial condition x(0) = o then
z(t,d(s)) = dz(e!®t, x0)
is a solution of the same ODE with the scaled initial condition x(0) = d(s)xo.

The latter theorem implies that any local property of the system (14) can be
extended globally. For instance, local stability implies global stability, global-in-
time existence of solutions for small initial data yields global-in-time existence of
solutions for large initial data, etc.

The Zubov-Rosier Theorem [36], [31] given below is the converse Lyapunov
theorem for homogeneous systems. For shortness, we say that a “system is stable”
if its zero solution is stable.

Theorem 3. [31] A d-homogeneous system (14) is asymptotically stable if and
only if there exists a positive definite d-homogeneous function V : R™ — [0, +00)
of degree 1 such that V € C(R™) N CY(R™\{0}) and

V()= D pla) <~ (a), va£0 (15)

where 1 is the homogeneity degree of the vector field f and q > 0 is a positive
parameter.

In other words, any stable homogeneous system admits a homogeneous
Lyapunov function. Notice that, for g < 0 the inequality (15) repeats the inequali-
ty (2). The estimate (15) yields the following corollary which characterize the
convergence rates of homogeneous systems.

Corollary 1. [22] If the system is asymptotically stable then it is
o globally uniformly finite-time stable® for p < 0;
o globally uniformly exponentially stable for p = 0;
e globally uniformly nearly fived-time stable* for p > 0,

where € R is a homogeneity degree of the vector field f.

3 A system is globally uniformly finite-time stable if it is Lyapunov stable and there exists a
locally bounded function 7' : R™ — [0, +00) such that ||z(t)|| = 0,Vt > T'(zo),Vzo € R™. For
more details about finite-time stability see [5], [32].

4A system is globally uniformly nearly fixed-time stable if it Lyapunov stable and Vr >
0,37 > 0 : ||z(¢)|| < r,Vt > T, independently of zo € R™. For more details about fixed-time
stability see [24].
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One of useful properties of homogeneous control systems is robustness (Input-
to-State Stability) in the sense of the following definition.

Definition 5. [34] The system
@ = f(x,0), f:R"™ R feCR") (16)
is said to be Input-to-State Stable (I1SS) if there exist® B € KL and v € K :
@)l < BUlzO), ) +~ ( e ||5(T)||> , Vt>0.
7€0,

The ISS analysis is a non-trivial problem in the general case [35], however,
ISS of a perturbed homogeneous systems follows from asymptotic stability of a
non-perturbed one provided that the disturbances are involved to the system in
a homogeneous way [33], [12], [1].

Theorem 4. /3] Let d be a dilation in R™, d is a dilation in R¥, and tu € R.If

f(d(s)z,d(s)d) = e**d(s) f(z,0), Vs R,VzeR",V5e R
and the system (16) with 6 = 0 is asymptotically stable then this system is ISS.

Ezample 3. The control system considered in Example 2 is robust (Input-
to-State Stable) with respect to bounded additive exogenous perturbations and
additive measurement noises. Indeed, let us denote

Z2

f(z,0) = < (@ + ) )—1—51, T = (xl,:z:g)T € R?, ( g; ) e R,

where the feedback control u is defined in Example 2, §; € R? is a measurement
noise and J, is an exogenous perturbation. Let the dilation d be defined as in

Example 2. Then
~  d(s) 0
d(s) - < 0 6728(31(8) > )

is a dilation in R* with the generator

Gy =

O O O Ot
o O w o
oS w o o
— o O O

A function v : [0, +00) > [0,400) is of class K if it is continuous, strictly increasing and
7(0) = 0.
A function 8 : [0, +00) X [0, 4+00) — [0, +00) is of class KL if the function r — B(r, s) is of class
K for any fixed s € R and for any fixed r» > 0 the function s — j3(r, s) is decreasing to zero as
s — +00.
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being an anti-Hurwitz matrix. In Example 2, it was shown that the system
= f(z,0)
is globally uniformly asymptotically stable. Since
f(d(s)z,d(s)d) = e~2%d(s)f(z,6), VreR? VY5cRLVsecR
then, by Theorem 4, this system is ISS.
4. Homogeneous controllability functions for linear plants
Let us consider the linear control system
t=Ax+ Bu, t>0, z(0)=ux9 (17)

where z(t) € R™ is the system state, A € R™™" is the system matrix, u(t) € R™
is a control input and B € R"*™,
Inspired by Theorem 1 and [26] we present the following result.

Theorem 5. Let the pair {A, B} be controllable and the pair Yo € R™*"™, Gy €
R™ ™ be a solution of the linear algebraic equation

AGo— GoA+BYy = A, GoB=0 (18)
with respect to Gy, Yy, then
1) G4 = I, + uGy is anti-Hurwitz for any p € [—1,0);
2) Go — I, is invertible and the matriz Ag = A + BYy(Go — I,) ™! satisfies
AoGa = (Ga + pln)Ao, GaB = B. (19)

If a solution X € R™*™ Y € R™*" satisfies the system of linear matriz inequalities

(LMIs)
A X+ XA +BY +Y BT <0, GgX+XGi>0, X=X">0 (20
then

3) the canonical homogeneous || - ||a induced by the weighted Euclidean norm
|zl = VaT X1z is a controllability function of the system (17) with
the control

u(z) = Yo(Go — L) Lo + |z Y X 1d(— In ||z]|a)z (21)
and J
Amax (Ao X+XAJ +BY+YTBT) 1+p
_ < 0
gillella < Rt el e A0 (22)

where Amax(Q) denotes a mazimal eigenvalue of a symmetric matriz Q and
d is a dilation generated by Gq;
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4) u € CHR™{0}) for any p € [~1,0), u is continuous at zero if p € (—1,0)
and u s discontinuous at zero but locally bounded if p = —1;

5) the closed-loop system (17), (21) is d-homogeneous of the degree .

Proof. 1) Since the pair {A, B} then there exists [21], [28] a coordinate
transformation M € R"*" such that

0 0 Ao 0 0
0 0 0o .. 0
M~ 'B= o . MT'AM=| .. .. . ., (23)
App 0 0 0 ... Ap_1k
Apt Arz Apz o Awk

where A;;11 € R™ ™+ rank(A;;41) = ng, i < ngy1, @ = 1,2, 0k, np + ... +
ng = n, ng < m, ngt1 = m and k is a minimal natural number such that
rank(B, AB, ..., A*"1B) = n.

In this case, the equation (18) can be equivalently rewritten as follows

AGy— GoA+ BYo = A, GoB =0 (24)
where B=M~'B, A= M~1A)M,Go = M~'GoM and Yy = YoM.
Taking into account, the structure of A and B we conclude that the linear

equation (24) has a solution with respect to Yy, Go and the matrix G has the
block lower triangular form

—(k—1)I,, 0 0 .. 0 0
* —(k—2)I,, O 0 0
Go = ;
* * * .. —Ip , O
* * * L. * 0

where * denotes a possibly non-zero block. The latter means Gy — I is invertible
and Gq = I, + pGp is anty-Hurwitz for p < 0.
2) Since Gy — I, is invertible and the pair Gy, Y satisfies (18) then

A— A+ nAGy — pGoA + uBYy = pA

or, equivalently,
AGq + uBYy = (Gq + ply)A.

On the one hand, obviously, G4B = B and
(Gd + NIn)A = (Gd + ,UIn) (A + B%(GO - In)_l - B}/E)(GO - In)_l) =

(Ga + L) Ay — (1+ @) BYo(Go — L)~
On the other hand, one has

AGq4 + pBYy = (A + BYy(Go — I,) "' — BYy(Go — I,) ™) Ga + uBY, =
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AgGq—BYy(Go—1,) 'Ga+puBYy = AgGa—BYy(Go—1,) " H(Ga—u(Go—1,,)) =
AoGq — (1 +1)BYy(Go — I,) L.

Hence, we derive the identity (19).

3) First of all, notice that, the canonical homogeneous is well defined since
X1 is satisfies the second and the third inequalities from (20). It is continuous
on R™ and continuously differentiable on R™\{0} in the view of Lemma 2.

On the other hand, the formula d(s) = e*“a and the identity (19) yield

. = SiAQij . > Si(Gd — /L[n)iAo e _us
Apd(s) = ; = ; g = e*Cagy = et*d(s)Ay.  (25)
and
d(s)B=¢°B, VseR. (26)

In this case, for the closed loop system, using the formula (12) we derive

d z27dT (= In||z||q) X~ td(=In|z Apz+||lz|* T BY X—1d(—1n ||z||q)z

“zlla = llzlla (=In] IId)T - (_ I ”d)(fi I H_d (=In|zlla)z) _
dt zTd’ (—In|lz|la)X ~1Gad(—In||zlla)z

Hle—i—;wchT(—lnHz||d)X*1(AO+BYX*1)d(—lnHz||d)ac _
d 2TdT (- Infz]la) X ~1Gad(~ In [z]a)z
H»”UHHM zTdT (—In||z]ja)X (Ao X+BY+XAJ+YTBT)Xtd(—In|z|a)z
d

aTdT (= In|lzlla) X~ (GaX+XG])X~1d(~ In[lz[a)z

Hence, taking into account that X and Y satisfy (20) we derive (22).

4) Since the canonical homogeneous is continuous on R™ and continuously
differentiable on R™\{0} then, by construction, u is continuously differentiable
on R™\{0}. Moreover, from the definition of the canonical homogeneous norm we

have
2'd" (—In||z||q) X td(=In|jz|q)z = 1,

SO
lull < rillz) +rollz4t, Vo eR™

with 71 > 0 and r2 > 0 dependent of Yy, G, X, and Y. The latter means that u
is locally bounded for any u € [-1,0) and continuous at zero for p € (—1,0).
5) Let us denote the right-hand side of the closed-loop system by

f(x) = Aoz + ||z|l5T BY X 'd(=In [|z]la)=
Using the identities (25), (26) and ||d(s)z|lq = €*||z|lq we derive
f(d(s)z) = Apd(s)z + [|d(s)z[/5T BY X 1d(~ In ||d(s)z]la)d(s)z =
e d(s) Az + > H:BH’;HBYX_ld(— In||z|la — s)d(s)z =
ed(s) (Agz + |l BY X7 d(~ In alla)e) = e#*d(s) (),

for all z € R™ and all s € R. The proof is complete.
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Remark 1. A solution of the linear matriz equation (18) is not unique in the
general case of the multiply-input linear control system. In the single input case
(m = 1), the solution if always unique and Gq is a diagonal matriz.

Remark 2. The system of linear matriz inequalities (20) is always feasible at
least for u close to 0. Indeed, the feasibility of the first LMI together with the third
one follows from controllability of the pair {A, B} (see, [6]), while the second LMI
becomes the third one for u tending to 0 (reps. Gq — I, as u — 0). Notice that,
the system of LMIs (20) is always feasible for p = [—1,0), at least, in the single
input case [25].

As a straightforward corollary of Theorems 4 and 5 (see also Example 3 as
the hint of the proof) we provide the following result.

Corollary 2. The control system (17), (21) designed by Theorem 5 is ISS with
respect bounded additive measurement noises if p € [—1,0) and ISS with respect
to bounded additive exogenous perturbations if p € (—1,0).

Remark 3. If m =1 and A as in Example 1 then Yy =0,

-n+l 0 .. 0 0 es(1=p(n=1)) ? b 0 o0
0 —n+2.. 0 0 0 l=p(n=2)) = 0 0
GO = e e e e s d(S) = ¢
0 0 ..—10 0 0 es(l—u) ¢
0 0 .00 0 0 w0 e
Obviously, for F = agX ™', an integer a = —% and m = a+n — 1 the canonical

homogeneous norm defined in Theorem 5 simply coincides with the controllability
function given by (4), (6) and the system of LMIs (20) implies (5), (7) with
K = Y X~L. Therefore, the controller (21) coincides with (8). The latter means
that the control system (3), (8) is d-homogeneous.

Similar conclusions can be made for controllability functions designed in [17,
Chapter 1, §5] and [17, Chapter 1, §6].

5. Conclusions

The paper shown that linear autonomous control system always admits
a generalized homogeneous controllability function. Moreover, the well-known
controllability function studied in [17, Chapter 1| are homogeneous as well! This
immediately results in robustness (Input-to-State Stability) of the corresponding
control systems with respect to a rather large class of disturbances. An interesti-
ng open problem in this context is the homogeneity analysis of controllability
functions designed by means of integral operators (see [17, Chapter 5]).

ORCID ID
A .Polyakov, https:/ /orcid.org/0000-0002-5876-3495


https://orcid.org/0000-0002-5876-3495

36 A. Polyakov
REFERENCES
1. V. Andrieu, L. Praly, and A. Astolfi. Homogeneous Approximation, Recursi-

10.

11.

12.

ve Observer Design, and Output Feedback, SIAM Journal of Control and
Optimization, — 2008. — 47(4). — P. 1814-1850. DOI: 10.1137/060675861.

E. Bernuau, D. Efimov, W. Perruquetti, and A. Polyakov. On homogeneity
and its application in sliding mode control, Journal of The Franklin Institute,
—2014. — 351(4). — P. 1866-1901. DOI: 10.1016/;.jfranklin.2014.01.007.

E. Bernuau, A. Polyakov, D. Efimov, and W. Perruquetti. Verificati-
on of ISS, iISS and IOSS properties applying weighted homogeneity,
System & Control Letters, — 2013. — 62(12). — P. 1159-1167. DOL:
10.1016/j.sysconle.2013.09.004.

S. P. Bhat and D. S. Bernstein. Geometric homogeneity with applications to
finite-time stability, Mathematics of Control, Signals and Systems, — 2005.
—~17. - P. 101-127. DOI: 10.1007/s00498-005-0151-x.

S. P. Bhat and D. S. Bernstein. Finite time stability of continuous autonomous
systems, SIAM J. Control Optim., — 2000. — 38(3). — P. 751-766. DOL:
10.1137/S0363012997321358.

S. Boyd, E. Ghaoui, E. Feron, and V. Balakrishnan. Linear Matrix Inequalities
in System and Control Theory. 1994. STAM, Philadelphia, ix + 185 p. DOI:
10.1137/1.9781611970777.

J.-M. Coron and L. Praly. Adding an integrator for the stabilization problem,
Systems & Control Letters, — 1991. — 17(2). — P. 89-104. DOI: 10.1016,/0167-
6911(91)90034-C.

V. Fischer and M. Ruzhansky. Quantization on Nilpotent Lie Groups. 2016.
Springer, XIIT + 557 p. DOI: 10.1007/978-3-319-29558-9.

G. Folland. Subelliptic estimates and function spaces on nilpotent Lie groups,
Arkiv for Matematik, — 1975. — 13(1-2). — P. 161-207.

L. Griine. Homogeneous state feedback stabilization of homogeneous systems,
SIAM Journal of Control and Optimization, — 2000. — 38(4). — P. 1288-1308.
DOI: 10.1137/S0363012998349303.

H. Hermes. Nilpotent approximations of control systems and distributions,
SIAM Journal of Control and Optimization, — 1986. — 24(4). — P. 731-736.
DOI: 10.1137/0324045

Y. Hong. Hy control, stabilization, and input-output stability of nonlinear
systems with homogeneous properties, Automatica, — 2001. — 37(6). — P. 819—
829. DOI: 10.1016/S0005-1098(01)00027-9.


https://doi.org/10.1137/060675861
https://doi.org/10.1016/j.jfranklin.2014.01.007
https://doi.org/10.1016/j.sysconle.2013.09.004
https://doi.org/10.1007/s00498-005-0151-x
https://doi.org/10.1137/S0363012997321358
https://doi.org/10.1137/1.9781611970777
https://doi.org/10.1016/0167-6911(91)90034-C
https://doi.org/10.1016/0167-6911(91)90034-C
https://doi.org/10.1007/978-3-319-29558-9
https://doi.org/10.1137/S0363012998349303
https://doi.org/10.1137/0324045
https://doi.org/10.1016/S0005-1098(01)00027-9

Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHa MaTeMaTUKa 1 Mexanikas, rom 94 (2021) 37

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

M. Kawski. Homogeneous stabilizing feedback laws, Control Theory and
Advanced Technology, — 1990. — 6(4). — P. 497-516.

M. Kawski. Families of dilations and asymptotic stability, Analysis of
Controlled Dynamical Systems, — 1991. — 8. — P. 285-294. DOI: 10.1007/978-
1-4612-3214-8_25.

V. V. Khomenuk. On systems of ordinary differential equations with generali-
zed homogenous right-hand sides, Izvestia vuzov. Mathematica, — 1961. —
3(22). — P. 157-164 (in Russian).

V. I. Korobov. A solution of the synthesis problem using controlability functi-
on, Doklady Academii Nauk SSSR, — 1979. — 248. — P. 1051-1063.

V. L. Korobov. Controllability Function Method. 2007, Institute of Computer
Research "Regular and chaotic dynamics", M.—Izhevsk, 576 p. (in Russian).
ISBN 978-5-93972-610-8

A. Levant. Higher-order sliding modes, differentiation and output-feedback
control, International Journal of Control, — 2003. — 76(9-10). — P. 924-941.
DOI: 10.1080/0020717031000099029.

F. Lopez-Ramirez, A. Polyakov, D. Efimov, and W. Perruquetti. Finite-
time and fixed-time observer design: Implicit Lyapunov function approach,
Automatica, — 2018. — 87. — P. 52-60. DOI: 10.1016/j.automatica.2017.09.007.

A. M. Lyapunov. The general problem of the stability of motion. 1992. Taylor
& Francis.

M. Misrikhanov and V. Ryabchenko. Pole placement for controlling a large
scale power system, Automation and Remote Control, — 2011. - 72. — P. 2123~
2146. DOI: 10.1134/S0005117911100110.

H. Nakamura, Y. Yamashita, and H. Nishitani. Smooth Lyapunov functi-
ons for homogeneous differential inclusions, In Proceedings of the 41st
SICE Annual Conference, — 2002. — 3. — P. 1974-1979. DOI: 10.1109/SI-
CE.2002.1196633.

E. Noether. Invariante variationsprobleme, Kgl. Ges. d. Wiss. Nachrichten,
Math.-phys. Klasse, — 1918. — P. 235-257 (In German).

A. Polyakov. Nonlinear feedback design for fixed-time stabilization of linear
control systems, IEEE Transactions on Automatic Control, — 2012. — 57(8).
— P. 2106-2110. DOI: 10.1109/TAC.2011.2179869.

A. Polyakov. Time-suboptimal feedback design via linear matrix inequali-
ties, Automation and Remote Control, — 2015. — 76. — P. 847-862. DOI:
10.1134/S0005117915050100.


https://doi.org/10.1007/978-1-4612-3214-8_25
https://doi.org/10.1007/978-1-4612-3214-8_25
https://doi.org/10.1080/0020717031000099029
https://doi.org/10.1016/j.automatica.2017.09.007
https://doi.org/10.1134/S0005117911100110
https://doi.org/10.1109/SICE.2002.1196633
https://doi.org/10.1109/SICE.2002.1196633
https://doi.org/10.1109/TAC.2011.2179869
https://doi.org/10.1134/S0005117915050100

38 A. Polyakov

26. A. Polyakov. Sliding mode control design using canonical homogeneous norm,
International Journal of Robust and Nonlinear Control, — 2018. — 29(3) —
P. 682-701. DOI: 10.1002/rnc.4058.

27. A. Polyakov. Generalized Homogeneity in Systems and Control. 2020. Spri-
nger, XVIII + 447 p. DOI: 10.1007/978-3-030-38449-4.

28. A. Polyakov, D. Efimov, and W. Perruquetti. Robust stabilization of MIMO
systems in finite/fixed time, International Journal of Robust and Nonlinear
Control, — 2016. — 26(1) — P. 69-90. DOI: 10.1002/rnc.3297.

29. A. Polyakov, Y. Orlov, H. Oza, and S. Spurgeon. Robust finite-time stabili-
zation and observation of a planar system revisited, In Conference on Decision

and Control, — 2015. — P. 5689-5694. DOI: 10.1109/CDC.2015.7403112.
30. R. T. Rockafellar. Convex Analysis. 1970. Princeton University Press, 470 p.

31. L. Rosier. Homogeneous Lyapunov function for homogeneous continuous
vector field, Systems & Control Letters, — 1992. — 19(6). — P. 467-473. DOL:
10.1016,/0167-6911(92)90078-7.

32. E. Roxin. On finite stability in control systems, Rendiconti del Circolo
Matematico di Palermo, — 1966. — 15. — P. 273-283.

33. E. P. Ryan. Universal stabilization of a class of nonlinear systems with
homogeneous vector fields, Systems & Control Letters, — 1995. — 26(3).
— P. 177-184. DOI: 10.1016,/0167-6911(95)00013-Y.

34. E. D. Sontag. Smooth stabilization implies coprime factorization, IEEE
Transactions on Automatic Control, — 1989. — 34(4). — P. 435-443. DOL:
10.1109/9.28018.

35. E. D. Sontag and Y. Wang. On characterizations of the input-to-state stability
property, Systems & Control Letters, — 1996. — 24(5). — P. 351-359. DOI:
10.1016,/0167-6911(94)00050-6.

36. V. I. Zubov. On systems of ordinary differential equations with generalized
homogenous right-hand sides, Izvestia vuzov. Mathematica, — 1958. — 1. —
P. 80-88 (in Russian).

ITpo omHopinHi dyHKIIT KepoBaHOCTI
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Meron ¢yukmil kepoBanocrti, BBemenmit B. 1. KopoboBum mHampukinii
1970-x poxiB, K BioMO, € ePEKTUBHUM IHCTPYMEHTOM i HPOCKTYyBAaHHS CHU-
cTeM KepyBaHHs. BiH po3pobJieHnit siK Jiyist JIHIAHIX /HeJIHIHHIX, TaK 1 JiJIst CKiH-
YEeHHO/HeCKIHYeHHOBUMIDHUX cucTeM. Ll crarTst moennye 1eit MeTos i3 Teopieto
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OJTHOPITHOCTI, IO KOPIHHAM CATA€ MOYATKy 18 CTOITTS Ta siBjste cOOOIO CHMe-
Tpiero PyHKIIT 1110/10 PiBHOMIpHOrO MaciiTabyBaHHs 11 apryMeHTy. Y3arajbHeHHsI
TaKoro e(peKTUBHOTO IIiaxory Oyian BBeaeri B 20 cromiTTi. ¥ 1miit poboTi mokasaHo,
[0 TaK 3BaHA OJIHOPiIHA HOpMa € (PYHKINEH KEPOBAHOCTI JIHIHHOI aBTOHOMHOT
CACTEMU KepyBaHHS, a BIJIIOBITHA 3aMKHYTa CHCTEMA € OJIHOPIJTHOIO B y3araJib-
menomy cenci. Ile Bimpasy jgae 6araTo KOPHUCHUX BJIACTHBOCTEH, BIJOMUX JIJIst
OJIHODIJIHMX CHUCTEM, TaKUX $K pobacricTh (CTablIbHICTH BXIJHUX JIAHUX) IIOJ0
JIOCUTH BEJINKOTO KJIacy 30ypeHb, 30KpeMa, MI0JI0 0OMEXKeHUX aJUTHBHUX IIyMiB
BUMIPIOBaHHSI Ta OOMEKEHUX AJUTUBHUX eK30TeHHuX 30ypeHb. OCHOBHa Teope-
Ma, IpeJCTaB/ieHa B Iiif pobOTi, JENmo yTOYHIOE MOOYI0BY (DYHKINI KepOBAHOCTI
s JIHITHIX aBTOHOMHMX CHUCTEeM KepyBaHHs 3 KijbkoMa Bxomamu. [Iporemypa
[IOJISITA€ B PO3B’si3aHHI JIHHIAHOTO aaredpaidHoro piBHAHHS Ta CHCTEMY JIHIMHIX
MaTpudHuX HepiBHOcTel. CaMa OJHOPIHICTh 1 BUKOPUCTaHHS KAHOHIYHOI OJ[HO-
PigHOT HOPMU iICTOTHO CIIPOIIYIOTH 3HAXOKEHHS (DYHKINT KepOBAHOCTI Ta aHaIi3
3aMKHyTOl cucteMmu. TeopeTnyni pe3ysibraTu maxpimieni npukiaagamu. lepcre-
KTUBHUM HAIIPIMKOM J[JIsI MaiOyTHIX TOCJI2KEHD € T0/Ia IbIlle BUBIEHHS 100Y/10-
BU (DYHKINI KepoBaHOCTI Ha OCHOBI OJHOPIIHOCTI.

Kamovoei carosa: GyHKITS KepOBAHOCTI; y3arajabHEeHa OIHOPIIHICTL; POOACTHICTD.

On homogeneous controllability functions
A. Polyakov
Inria Lille-Nord Europe, 40. av. Halley, Villeneuve d’Ascq, 5965, France

The controllability function method, introduced by V. I. Korobov in late 1970s, is
known to be an efficient tool for control systems design. It is developed for both li-
near/nonlinear and finite/infinite dimensional systems. This paper bridges the method
with the homogeneity theory popular today. The standard homogeneity known since
18th century is a symmetry of function with respect to uniform scaling of its argument.
Some generalizations of the standard homogeneity were introduced in 20th century.
This paper shows that the so-called homogeneous norm is a controllability function
of the linear autonomous control system and the corresponding closed-loop system is
homogeneous in the generalized sense. This immediately yields many useful properti-
es known for homogeneous systems such as robustness (Input-to-State Stability) with
respect to a rather large class of perturbations, in particular, with respect to bounded
additive measurement noises and bounded additive exogenous disturbances. The main
theorem presented in this paper slightly refines the design of the controllability function
for a multiply-input linear autonomous control systems. The design procedure consists in
solving subsequently a linear algebraic equation and a system of linear matrix inequali-
ties. The homogeneity itself and the use of the canonical homogeneous norm essentially
simplify the design of a controllability function and the analysis of the closed-loop system.
Theoretical results are supported with examples. The further study of homogeneity-based
design of controllability functions seems to be a promising direction for future research.
Keywords: controllability function; generalized homogeneity; robustness.
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A small gain theorem for finite-time input-to-state
stability of infinite networks and its applications

S. S. Pavlichkov
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We prove a small-gain sufficient condition for (global) finite-time input-to-
state stability (FTISS) of infinite networks. The network under consideration
is composed of a countable set of finite-dimensional subsystems of ordinary
differential equations, each of which is interconnected with a finite number of
its “neighbors” only and is affected by some external disturbances. We assume
that each node (subsystem) of our network is finite-time input-to-state stable
(FTISS) with respect to its finite-dimensional inputs produced by this finite set
of the neighbors and with respect to the corresponding external disturbance. As
an application we obtain a new theorem on decentralized finite-time input-to-
state stabilization with respect to external disturbances for infinite networks
composed of a countable set of strict-feedback form systems of ordinary di-
flerential equations. For this we combine our small-gain theorem proposed in
the current work with the controllers design developed by S. Pavlichkov and
C. K. Pang (NOLCOS-2016) for the gain assignment of the strict-feedback form
systems in the case of finite networks.

The current results address the FTISS and decentralized FTISS stabilizati-
on and redesign the technique proposed in recent work S. Dashkovskiy and
S. Pavlichkov, Stability conditions for infinite networks of nonlinear systems
and their application for stabilization, Automatica. — 2020. — 112. — 108643,
in which the case of ¢,.-ISS of infinite networks was investigated.

Keywords: nonlinear systems; input-to-state stability; small gain conditions.

ITasnuukos C. C. Teopema mpo maJjie MOCUJIEHHS OJIsI CTiAKocTi BXina-
CTaH 34 CKiHYEeHHU 9ac HECKiHYEeHHUX MepeXXeBux cucrtem i 11 3acrocy-
BaHHA. MU J0BOJIMMO JIOCTATHIO YMOBY CTiHKOCTI BXiJI-CTaH 3a CKiYeHHUH Jac
HECKIHYEHHUX MEPEXKEBUX CHUCTeM B TepMiHaxX MaJjoro mnocuieHHs (small gain
condition). MepexxeBa cucrema, M0 PO3IIISIIAETHCS, CKIAIAETHC 31 3J11UeHHOT
MHOXKWHH CKIHYEHHOBHUMIDHUX CHCTEM 3BHYAMHUX JndepeHniaIbHIX PiBHAHD,
KOXKHA 3 IKUX 3’€HAHA TIIBKH 31 CKIY€HHOK MHOYKUHO CYCIJIHIX ITiJICcHCTeM, a
TaKOXK MICTUTH 30BHimIHE 30ypenHsi. [lepenbadaeTbest, M0 KOXKEH BY30JI MepexKi
(kokHa mizcucTeMa) € CTIHKOI BXiZ-CTaH 3a CKIHYEHHMH dYac BIHOCHO Horo
CKIHYEHHOBUMIPHUX BXOIB yTBOPEHUX (HPa30BUMHU 3MIHHUME CYyCiTHIX ITiCcH-
creM i 30BHiIHIM 30ypeHHAM. 1K 3aCTOCYBaHHS IHOTO PE3YIIBTATY (HACIIIOK)

© S. S. Pavlichkov, 2021
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MH OTPHUMYEMO HOBY TEOpPEMY IIPO JEIEeHTPaJi30BaHy CTabimizaliio BXig-cTam
3a CKIHYEHHMIH 9ac /Il HECKIHUEHHUX MEPEXKEBUX CUCTEM, sIKi IIPeJICTaBJISIIOTh
co0010 3jiueHHN HAbIp 3’€HAHUX TPUKYTHUX CUCTEM 3BUYANHUX Ju(epeHIii-
aJbHUX PiBHAHB. [lJIs OO0 MU KOMOIHYEMO JIOBEIEHY B JlaHiit poboTi TeopeMy
MmaJsioro nocuiends (small gain theorem) 3 Meromom 10GymH0BU JelEHTPAIZ0-
BaHUX CTabLIi3yI0YnX KepyBaHb, sKkuit orpumano B pobori S. Pavlichkov and
C. K. Pang (NOLCOS-2016) mist KiHIIEBAX MepesKEBUX CHCTEM.

Jlana pobota mepeHOCUTh pe3y/bTaTu HemaBHbOI poboru S. Dashkovskiy and
S. Pavlichkov, Stability conditions for infinite networks of nonlinear systems
and their application for stabilization, Automatica. — 2020. — 112. — 108643 ua
BUNAJIOK cTabliaizamil 3a CKIYeHHUH Yac.

Knaovoei caosa: Heminiitai cucremu; CTifiKicTh BXi/I-CTaH; YMOBU MAaJIOT'O TTOCH-
JIEHHSI

[MaBanukos C. C. Teopema 0 MajioM yCUJIEHUH [IJISI YCTOWYIUBOCTHA BXO/I-
COCTOSIHHE 33 KOHEYHOe BpeMs OEeCKOHEYHBIX CETEBBIX CHCTEM U ee
npuMeHeHus. Mbl JOKa3bIBaeM JIOCTATOYHOE YCJOBHE YCTOWYUBOCTH BXOJI-
COCTOSTHHUE 32 KOHEYHOE BpeMsi OECKOHETHBIX CETEBBIX CUCTEM B TEPMHHAX Ma-
noro ycuienust (small gain condition). PaccmarpuBaemas cereBasi cucrema co-
CTOUT U3 CYETHOI'O MHOYKECTBA KOHEIYHOMEDPHBIX CHCTEM OOBIKHOBEHHBIX Iud-
depeHnuaIbHbIX YpaBHEHUN, KayKIasd U3 KOTOPBIX COEINHEHA TOJHKO C KOH-
YHBIM MHOYKECTBOM COCEJIHUX CHCTEM, a TAKYKe COJEP’KUT BHEITHEee BO3MYIIe-
uue. IIpeamosaraercs, 4To KaxkAblil y3es1 cern (Kaxkias IOACHCTEMA) 00Jia-
JIaeT CBOMCTBOM YCTONYHUBOCTH BXOJI-COCTOSIHWE 33 KOHEYHOE BpPEMsi OTHOCH-
TEJIBHO €r0 KOHEYHOMEDHBIX BXOJI0B OOPA30BAHHBIX (DA3OBBIMU IT€PEMEHHBIMUI
COCEJTHUX TIO/ICUCTEM U BHEITHUM BO3MYIIEHHEM. B KadecTBe NpuMeHeHus: 3TO-
ro pesyubrara (CIEJCTBUs) MBI MOJIYyYaeM HOBYHIO TEOPEMY O JIENEHTPaJIAn30-
BaHHOHN CTAOMJIM3AINN BXO/-COCTOSTHUE 38 KOHETHOE BPEMs OECKOHEUHBIX CeTe-
BBIX CHCTEM IIPEJICTABJISIIONINX COOON CUETHDBIN HAOOpP COEIMHEHHBIX TPEYTrOJib-
HBIX CHCTE€M OOBIKHOBEHHBIX AudepeHnuaabubix ypaBHeruit. s 9Toro Mol
KOMOMHUDYeM JOKA3AHHYIO B HACTOMAINEl paboTe TeOpeMy MAaJiorO yCUJIEHUs
(small gain theorem) ¢ MeTomOM ITOCTPOEHMS JEIEHTPAJIN3OBAHHBIX CTAOUIIH-
BUPYIONIUX yIIpaBjeHuil moyderrbiM B pabore S. Pavlichkov and C. K. Pang
(NOLCOS-2016) /151 KOHEIHBIX CETEBBIX CHCTEM.

Hacrosimas pabora nmepenocut pesynbrarhl HemaBreilr padborsr S. Dashkovskiy
and S. Pavlichkov, Stability conditions for infinite networks of nonlinear
systems and their application for stabilization, Automatica. — 2020. — 112. —
108643 ma ciyuail crabuau3annuy 3a KOHEYHOE BPeMs.

Karouesvie cro6a: HETMHERHDBIE CHCTEMBI; YCTOMUUBOCTD BXO/I-COCTOSHUE; YCIIO-
BUS MaJIOrO yCUJIEHUS

2010 Mathematics Subject Classification: 93C10; 93A15; 93D25; 93B70; 93D40;
93A14.

1. Introduction

The definition of input-to-state stability (ISS) was introduced in 1989 in [36]
as a natural generalization of the classical global asymptotic stability for the
case when the dynamics of the system under consideration is affected by some
external disturbance. Very soon, the concept of ISS became very fruitful. First, it
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appeared that the classical converse Lyapunov theorems (on the existence of the
Lyapunov functions for globally asymptotically stable systems) can be extended
to the case of ISS. More specifically a systems of ordinary differential equati-
ons (ODE) with external disturbance input is ISS if and only if it has an ISS
Lyapunov function [37]|. Second, deep results devoted to various characterizati-
ons of ISS including its relationship with the classical Lyapunov stability and
asymptotic stability properties were obtained [38]; in particular one of results from
[38] states that a system of ODE with external disturbance inputs of class Lo is
ISS if and only if it is globally asymptotically stable whenever the disturbance is
identically equal to zero, and the system possesses the so-called asymptotic gain
(AG) property, which means that, for any disturbance input which is different
from zero, each trajectory of the system eventually converges to a ball with its
center at origin and the raduis of this ball is a K-function of the L,.-norm of the
corresponding disturbance regardless of the initial condition. Third, this theory
led to the so-called small gain theorems firstly for two interconnected systems
[17],]16], which later was extended to the general case of N > 2 interconnected
subsystems [8], [18], [9]. Later these classical results devoted to systems of ODE
were extended to networks of impulsive and delayed systems [10], interconnecti-
ons of partial differential equations (PDE)[27], etc. In general, the purport of the
small gain theorems is to provide sufficient conditions for (ISS) stability of entire
interconnection of several ISS subsystems. This, in turn, provided many applicati-
ons such as nonlinear stabilization in presence of dynamic uncertainties [17],[39]
or decentralized(or distributed or cooperative control) of multi-agent systems, see
e.g. [24],[32],[33], [31].

The problem of finite-time stabilization was raised and solved in 1979 for
linear control systems in [21, 22| by means of the controllability function method,
which was later developed in many works such as |2, 23, 4, 1|. This area enjoyed a
renaissance after 2000, see, for instance, [3, 15, 40, 13, 14, 34]. In contrast to the
above-mentioned papers based on the controllability function method |21, 22, 2,
23, 4, 1], in which the corresponding finite-time control Lyapunov function (i.e.,
the controllability function) is defined as an implicit function, works [15, 40, 13] are
based on a certain revision of the backstepping approach for the case of finite-time
stabilization, where the Lyapunov functions and controls are designed explicitely.
The latter allowed to obtain an extension of the ISS framework and small-gain
approaches to the case of finite-time stability and further applications in design
of nonlinear finite-time stabilizers in presence of dynamic uncertainties similarly
to the classical work [17]. Such a generalization was proposed in [14].

Since stability and stabilization of large-scale networks has many meaningful
applications |11, 25, 26|, another recent popular topic has become infinite networks
[5, 35, 6, 41]. The main focus was the infinite networks of finite-dimensional linear
control systems with linear interconnections. In work [7], a new small-gain theorem
for infinite networks of nonlinear ODE systems interconnected nonlinearly was
proved and its applications were demonstrated by solving the decentralized
stabilization problem for infinite networks of nonlinear control systems with
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uncontrollable linearizations and power integrators. Also there are new recent
results devoted to characterizations of ISS of infinite-dimensional systems |[28§]
as well as further extensions of ISS small gain conditions to the case of infinite
networks of nonlinear ODE systems, see, for instance, [19].

The goal of the current work is to extend the results of [7] to the case of finite-
time stability and stabilization of infinite networks, i.e., to prove the correspond-
ing small gain theorem and to show how it can be applied to the decentralized
finite-time stabilization of infinite networks composed of nonlinear control systems
of ordinary differential equations. The current paper extends and generalizes its
conference predecessor [30] to the case of finite-time /SS stability and decentrali-
zed stabilization in presence of external disturbance inputs and with respect to
these disturbance inputs. In the special case when all these external disturbances
are zeroes (i.e. are abscent), we just obtain finite-time stability and finite-time
decentralized stabilization of infinite networks as a corollary.

2. Preliminaries

A function « : [0, +00[—[0, 00 is said to be of class K, if it is continuous,
strictly increasing and «(0) = 0, and « : [0, +00[— [0, 4+00] is said to be of class
Koo if it is of class K and unbounded. In compliance with [14], we say that « :
R+ — Ry is a generalized K-function, or a §K-function, if it is continuous, with
a(0) = 0 and satisfies a(s) = max{0, a(s)—a(so)}, where &(-) is a K-function and
sp > 01is a given parameter. A continuous function 3 : [0, +00[x [0, 400[— [0, +-00[
is said to be of class KL if for each fixed ¢t > 0 the function (-, t) is of class K and
for each fixed s > 0, we have 3(s,t) — 0 as t — +oo and t — (s, t) is decreasing.
A continuous function £ : [0, 4+00[x[0, +00[— [0, +0o0] is said to be a generalized
KL-function, or a GKL-function if for each ¢t > 0 the function B(-,t) is a GK-
function and for each s > 0 the function (s, -) is decreasing with 5(s,t) — 0 as
t — 400 with some T'(s) < +oo and t — (s, 1) is decreasing.

For any finite-dimensional vector £ € RY, by [£], |£|eo, and [£]1 we denote
its Fuclidean norm, max-norm, and Manhattan Taxicab norm respectively, i.e.,

N
€] = (£,6)2, |€|o = max [&], and [¢]; = zl & If NV is a finite set, i.e., it has
<i< i=
a finite number of elements, then we denote the number of its elements by |N|.

Let (M,d) be a metric space. A map R D [a,b] 3t — X(t) € M is said to
be absolutely continuous on the segment [a, b] if and only if, for every £ > 0 there
exists 6 > 0 such that for every finite sequence of pairwise disjoint subintervals
17m, Sm| of [a, b], we have:

S (sm =) <= > d(X(sm), (1)) < €. (1)
m m
Throughout the paper, by AC([a,b]; M) we denote the class of absolutely conti-
nuous maps R D [a,b] 5 ¢ — X (t) € M.

Next, instead of ¢ = 1,n we can also write i« € {1,...,n} to make some
formulae shorter.
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3. A finite-time small gain theorem for infinite networks

In this Section, we deal with the following infinite network
Xi(t) = 2i(X; (1), {X;(1)} jeyiy, Di(1)), ieN, (2)

where X; = [Xj1,... ,Xi,Ni]T € RYi is the state vector of the i-th subsystem,
D; = [Di1,...,D;yn]" € R™ is the disturbance input of the i-th subsystem,
every ®; is of class C(RNi+Zj€J(i) Nj;RNi), and, for every i € N, the set J(i) C N
of the neighbors of the i-th subsystem is a finite set of the corresponding indices
from N. According to our notation, ¢ ¢ J(i) for all i € N, i.e. i-th subsystem is not
treated as a neighbor of itself. We suppose that the state vector X = {X;};°,, and
the disturbance input vector D = {D;}:°, of the entire network (2) are elements
of lo. Furthermore, it is assumed that the dynamics of (2) is locally uniformly
bounded in the following sense:

sup max max
ieN JEJ(i) |Xiloo<R, |Xjloo<R, |Diloo<R

|19i (X5, {Xj}ies0) Didloo <00 (3)
for every R €]0,+oo[. Throughout the paper, we assume that external di-
sturbances R > t — D(t) = {D;(t)};2, are such that for each i € N
we have D;(-) € Loo(R;R™) and D(t) = {D;(t)};2; € lx ae. ont € R,

and such that sup max || Di;(")ll;_(gmg) < +oo. This class of disturbances
ieN j=Ln; o

D(:) = {D;(-)};2, is denoted by Lo (R;ls) throughout the paper, and, by
definition, we denote |[D(:)[|,_ (g )= sup max || D;;(-)[,_(rm)- Also, by def-
o0 )L oo ZEN j:m oo )

inition, we put || Xi(")llc( 1Ny = max [X;(t)[es for every i € N, and every

t€[to, T
Xi() € C(fto, T RM).
The following two definitions of a solution (trajectory) of (2) are the same as
in [7].

Definition 1. Tauke any D(-) = {D;(:)};2; € Lo(R;lx) and any nonempty
T C R of the form T =la,b[, or T = [a,b], or T = [a,b], or T =]a,b]. A map
Tot— X(t) ={Xi(t)};2 € lso is said to be a solution to (2) on T, if and only if
for each [/, V'] C T and each i € N the map t — X;(t) is of class AC([a’,b']; RNi),
and (2) holds a.e. ont € T, or, which is the same, for each ty € T, we have

VieN VeT  Xi(t) = Xi(to) + / D4(Xi(5), {X5(5)} e ey Di(s))ds. ()

to

Definition 2. Given any nonempty (open, half-open, or closed) interval T C R,
any to € T, any X° = {XP}22, in loo, and any D(-) = {D;()}32; in Loo(R; lo),
let Y (to, X°, D(-), T) denote the set of all solutions T >t + X (t) to (2) on T in
the sense of Definition 1 such that X (tg) = X° and D; = D;(t).
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Let us note that, according to Lemma 1 from [7], if T > ¢t — X(t) =
{Xi(t)}2, € ls is a solution to (2) on T in the sense of Definition 2, then
the entire map 7 3 t — X (t) = {X;(t)};2, € lx is also absolutely continuous on
each [a/,V/] C T (although the latter statement seems to be stronger at the first
glance).

In contrast to [7|, we are now interested in the problem of l..-finite-time
input-to-state stability (£oo-FTISS) of (2) in the current paper; as a corollary
we will obtain global {.-finite-time stability ({so-FTS) of (2) in the special case
D() =0 € Loo(R; ls), which was considered (with some drawbacks) in [30]. The
corresponding definitions are as follows.

Definition 3. System (2) is said to be {x- finite-time input-to-state stable or
lo-FTISS if and only if there exist v € K and f € GKL such that B(r,s) = 0
for each s > T(r) with some r — T(r) of class C([0,+oc]; [0, +00]) and such
that T(0) = 0, and, for each ty € T, each X° = {X?}2, in ls, and each
D(:) = {D;()}2, in Loo(R; L), we have Y (tog, X%, D(-), [to, +00o[) # 0 and each
solution X (-) € Y (tg, X°, D(-), [to, +00]) satisfies the following inequality

X ()lleee < max{B([X°et —t0).Y(IDO) | (ritw))}  for all t > to. (5)

In particular, if D(-) = 0, i.e., there is no any external disturbance D(-) in system
(2), we obtain the following definition of loo- finite-time stability (loo-EFTS)

1X )llewe < BUX Nl t — to) for all't > to, (6)

where 8 € GICL is the same as above in (5). In both the cases, the above-mentioned
function v — T(r) is called the settling time for system (2).

Remark 1. For comparison, let us quote the original, classical definition of finite-
time input-to-state stability (FTISS) of finite-dimensional systems of ordinary
differential equations (ODE), which was given in [14]. System of ODE

X(t) = F(X(t),D(t)), XeRY, DeRM (7)

with states X € RN external disturbance input D(-) € Loo(R; RM), and conti-
nuous F(-,-) is said to be finite-time input-to-state stable (FTISS), if and only
if there exist v € K and 8 € GKL such that 3(r,s) = 0 for each s > T(r) with
some r +— T(r) of class C(Ry;Ry) such that T(0) = 0 and for each ty € R, each
X0 e RV and each D(-) € Loo(R;RM) every solution to (7) with X (tg) = X°,
D = D(t) satisfies the inequality

X (t)] < max{B(|X°],t —t0), ([ DC)l| Lo i)} for-allt > to.  (8)

(actually, the original Defintion 3 from [14] has sum instead of max in the right-
hand side of (8), but both these two versions are equivalent, of course). Also
following [14] (with some simplification), we say that V() of class C'(RV;R)
is a finite-time ISS Lyapunov function for system (7), if and only if there
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exist a €]0,1[, A > 0 and a1(:) € Ks, a2(-) € Koo, 7(-) € K such that
(| X)) < V(X) < ag(|X]) for all X € RN and such that the following FTI-
SS Lyapunov inequality holds

V(X) >5(D|)} = VV(X)F(X,D) < -A[V(X)]® forall Xe RV, DeRM
(9)
In comparison with [14], the main simplification here is that V() should not be
necessarily of class C' in [14], but this is an equivalent formulation in our case.
As it is noted in [14] (and can be easily shown), if system (7) has a finite-time
ISS Lyapunov function, then (7) is FTISS.

Accordingly instead of the small-gain theorem from [7] our current version of
finite-time (FT) small gain theorems is as follows.

Theorem 1. Suppose that each ®; is continuous, inequality (3) holds true and
there exist positive definite FTISS Lyapunov functions V;(X;) in C*(RYi;[0, +oc])
such that

(i) There exists a(-) € K such that Vi(X;) > a|X;]) uniformly for all
X; € RNi i €N (i.e., Vi(:) are uniformly radially unbounded)

(i1) For each R > 0 we have:

sup N; < 400, supn; < 400,

ieN ieN (10)
sup max V;(X;) < +oo, sup max ‘% < 400
ieN |XG|<R ieN |XG|<R ‘

(111) There exist A > 0, p €]0,1[, € €]0,1[, and v(-) € K such that each i-th
subsystem of (2) satisfies the following Lyapunov ISS inequality:
Vi(Xi) = max{(1 —¢) mex Vi(X;),7(I1Diloc)} =
JjeJ (2

B (11)
VVi(Xi)®i(Xi, X} je sy Di) < —AVTH(XG).

Then the following three statements hold true:

(I) For each ty € R each initial X° = {X?}2, in ls, and each D(-) €
Loo(R;ly), the set Y(to, X°, D(-),[to, +oo[) is mot empty and every
trajectory t — X(t) = {Xi(t)}32, € loo from Y (to, X, D(-), [to, +00[) is
well-defined and uniformly bounded on the entire [to, +oo[, i.e., t — X(t)
satisfies X;(to) = X and

VieN Xi(t) = ®;(Xi(t), {X;()} jes), Di(t)  a.e. on t € [to, +ool.

For XY = 0 € (s, and D;(-) = 0, we just have X(t) = 0 € Lo for all
t e [t0,+oo[.
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(1I) Define the finite-time 1SS Lyapunov function for the entire network by

V(X) :=sup{Vi(X;)} forall X ={X;};2, € lss. (12)
€N
Then, for every trajectory t — X(t) of (2) defined in (I), the function
t— V(X (t)) is absolutely continuous on every |a,b] C [to, +oo[, and

VXO)>1(I DOl ity = VX)) SAVITH(X(H)) ace. on [to, +ool.
(13)
This immedately implies that (2) is loo-FTISS in the sense of Definition 3.

(III) If D(-) = 0 € Loo(R;4o) then system (2) is loo-F'TS in the sense of Defini-
tion 3 and the settling time T'(r) mentioned in Definition 3 can be obtained
from the following estimate:

V(X(t)=0 forall te[T(V(X?),4o0],

where

1
T(V(X%) < E[V(XO)]“- (14)
Remark 2. Note that Assumptions (i), (i) imply the existence of max(+) € Koo
such that

Vie N VX; € RV of|X;]) < Vi(Xy) < amax(| X)) (15)

In addition, by Assumption (i), the FT Lyapunov function V(X) from (12) is
well-defined by (12) for all X € U, and then, from (15) it follows that

VX = {X;};2) €los a(|X]) S V(X) < amax(|X]). (16)

Remark 3. Assumption (iii) with (11) is a finite-time analog of Assumpti-
ons (i), (i) from [7], the latter being devoted to the problem of uniform
asymptotic stabilization for infinite networks (2). For finite networks, they
can be formulated in more general form [9], [18], but being motivated by these
finite-dimensional and essentially nonlinear results, we note that our version of
small gain theorems for infinite networks deals with linear gains similarly to [7].
However, as in [7], we will see that this version does suffice for such important
applications as decentralized stabilization of infinite networks composed of nonli-
near control systems which are interconnected nonlinearly.

Proof of Theorem 1.

Step 1. As in [7] we first prove the existence of the corresponding trajectori-
es of (2). Take and fix any initial tp € R and X" = {X?}°, € /o, and any
D(-) € Lo(R; {). Without loss of generality, we first assume that

XNl g+ I DO g (i) > O
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(the trivial case X? = 0 € loo, D(-) = 0 € Loo(R;/s) will be discussed in the
very end of the proof). This Step 1 is similar to the corresponding Step 1 from
[7]. Define

V= V(X(t)) = iggvi(Xi(tO)); D:=7(| DC) llpm(®n));  (17)

and taking any o €]0, max{%- 4 ) 4 [, define

Ro=2| X, +a'2V°+2D+1)+2V°+2D +1;

My :=1+sup max max | P (X5, {X;} , D;)|
i€N | X;|<2Ro+1,|Di|eo<y~1(2D) |X;|S2Ro+1,5€J(d) ne JeJ(@)

i(Xi, { X5} je sy, Di)l

+ sup max

max ]EJ
zeN |X3|<2R0+1,|Ds|ee<y—1(2D) |X; \<2Ro+1,aeJ(z)

e S
(18)

Then we define the following standard iterations X (™) (.) = {Xi(m)(-)}fil on
[to—0,to+ 0] for m=0,1,2,...

XV =X0, telto—0,tg+60), ieN,
x"() X°+f<1> D (5), AX V() s 0y Di(s))ds, (19)
t0—6§t§to+0 1€N, meN.

It is straightforward that each Xi(m)(-) is of class AC([to — 0,to + 6]; RYi), and,
using (i) and (18), we obtain

Vie N Vm € Zso Vt € [to— 0,10+ 0] |X™ (1) < Ro. (20)

As in [7], we apply the Arzela-Ascoli lemma and Cantor’s diagonal argument
and prove the existence of a subsequence X ("a)(.) = {Xi(mq)(-) € CHJto — 0, to+
0); RN)1° ) ¢ € N such that for every fixed i € N there is X;(-) of class

C([to — 0, to + 0]; RV¢) such that
1 X7 () = XiC) louo—po oz — 0 s g — .

Combining this with (19), (20), we obtain:

Xi(t) = X +f<1> (), £X5() ey Dils))ds, o)
te [t0—0 to+0] ieN.

Hence X (-) = {X;(-)}.5% belongs to Y (to, X, D(-), [to — 0, to + 0]) with X;(-) €
AO([to —0,ty + 9]7RN ) and

Vie N Vte [to —0,ty + 9] ’Xz(t)’ < Ry. (22)
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Step 2. First we assume that V0 > ﬁ; the other cases will be discussed in the
end of the proof. Define

1 A
e = imin{s, VO-D, D, ZVO}. (23)

Define # > 0 as in Step 1 (see (18)), and let ¢t — X (¢) be any trajectory of (2) with
X (tp) = X© defined on some [tg — 0%, to + 0*] with some 6* €]0, 6], i.e., t — X(t)
satisfies (21) with 6* €]0, 0] instead of 6.

Using (3),(10),(15),(21), find L = L(Rop, Vp) > 0 and 7* € ]0, %} such that

Vi € N Vt'€[to, to+7"] Vt"€lto, to+7*] |Vi(Xi(t)) — Vi(X;(t")| < LIt —t"|.
(24)

(Indeed, as we noted above, ¢t — X (t) should be of class AC([to—7",to+7*]; {eo),

and therefore sup || X;(-)l|¢(jtg—r* to+r+;rN:) Should be uniformly bounded; then
i€N ’ '

we apply (10),(15),(21)). Then, fix any 7 €]0, 7*] such that

Vtelto, to+0*—1] Vse[0,7] VieN |Vi(X;(t+s))—Vi(Xi(t))] < % < 3%‘/0.
(25)
Then, in particular,
Vi e N Vitelto, to+7]  |Vi(Xi(t)—Vi(X;(to))| < % < %Vo, (26)
and .
Vielto, totr]  V(X(t) < VO + % (27)
For every ¢ €]0,e*], by 1(6) C N denote the following set of indices
1(6) == {j e N| V;(X;(to)) = V° — 6} (28)

As in [7] we obtain the following lemma.
Lemma 1. The following statements hold true.
(S1) For each i € N and each t € [to,to+T] we have:

8

Vi) = VO = 2

= Vi(Xi(1) < —AVi(Xa(t))]' "
(S2) For each i € N and each t € [to, to+7] we have:
0 3&*
Vi(Xi(t)) < max{Vi(Xi(to)), V" — T}
(S3) For each i € I(%) we have:

Vielto, to+7]  Vi(Xi(t)) < —AV,"H(X,(t)) (29)
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(S4) For each j € N\ I(5) and each i € I(%*) we have: V;(X;(t)) < Vi(Xi(t))
for all t € [to, to + 7).

Proof of Statement (S1) follows from (23),(26),(27), from (iii), (11) and
from (12),(17). Proof of Statement (S2) follows from Statement (S1). Proof
of Statement (S3) follows from (26)-(28) and from Statement (S1). Proof of
Statement (S4) follows from (25),(26),(28) and from Statements (S1),(S2).

Since I(%) C I(%*), Statement (S4) of Lemma 1 yields:

Vtelto, to+7] V(X(t))ZSU£W(Xi(t))= Sl(lp*)v;(Xi(t))' (30)
€ el (&

Finally, from Statement (S4) of Lemma 1 we obtain integrating the inequality
(29):

Vie I(5) [Vi(Xi(t +h)* < [Vi(X(t)]* — Auh forall t >tg, h>0
such that to <t<t+h<t+r,

Taking sup,cy, and using (12),(30), we obtain

V(X (4 h)F < [V(X(t)* —Auh  forall ¢ >ty, h>0
such that tg <t <t+h<t+rT,

which yields for any h > 0
[V(X(t+h)] - V(X)) < [VXWO))" - Auhﬁ - VI(X(1)),

ie.,

T

_%} _

1
V(X(t-&-h)}Z—V(X(t)) < V(X(t)) [ [V(X(}:))]”

forall t>1ty, h>0 (31)
such that ty <t<t+h<t+T,

From (24), (30), it follows that that ¢t — V(X(t)) satisfies (24) on [to, to + T];
hence ¢t — V(X (¢)) is absolutely continuous and differentiable almost everywhere
on [to,to + 7]. If D = 0 then, taking hlimo in(31) we obtain (III).

-+

If V9> D >0, then we repeat the argument from [7], Proof of Theorem 1,
Steps 2,3 beginning with eq.(31) of [7] and until the very end of the Proof of
Theorem 1 from [7] and obtain (I),(II) (more specifically, using Lemma 1 we note
that Y (tg, X°, D(-), [to, +0c[) is not empty, since (18) implies that the solution
constructed on [tg, to+ 6] in Step 1 can be extended inductively to [to+ 6, to+ 26],
with the new initial condition at ¢ = ¢ty + 6, then to [tg + 26, to + 36], etc. and the
length of each new interval will be not less than # > 0 defined in (18), because

the inequality w > 0 is not possible whenever V(X (t)) > D according to
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Lemma 1 and the assumption V° > D, hence, after each extension of the time
interval, the inequality (22) will hold on each extended time interval. Then, as in
[7], for any solution ¢ — X (t) from Y (tg, X°, D(-), [to, +00[), we find 6 := sup{f >
0] V(X (to+6)) > D} and obtain that V(X (ty + s)) < D for all s > 6, because,
otherwise, we again obtain contradiction with Lemma 1. Finally, if V0 < D, then
again from Lemma 1 it follows that V(X (to + s)) < D for all s > 0, since s >
0 V(X (to+s)) > D implies 3s' > 0s.t. V(X (tg+5')) > D and LV (X (to+5)) >
0, which is again impossible due to Lemma 1 and for every solution ¢ — X (¢) from
Y (to, X°, D(-), [to, +00]), whereas Y (tg, X°, D(-),[to, +oc[) is again not empty,
which again follows from the inductive extension of construction in Step 1 to
[to+0,to+20], [to+20,t0+36], . ... The same can be obtained for the trivial case
V0 = D = 0: on the one hand, X (t) = 0 belongs to Y (ty, X°, D(-), [to, +00[), and,
on the other hand there no any other solutions from Y (to, X°, D(-), [to, +00),
because dv(éi(t)) > 0 and V(X(¢)) > 0 is not possible for any t > to for the same
reasons as above).
The proof of Theorem 1 is complete.

4. Applications: decentralized finite-time
stabilization of infinite networks

Motivated by [20, 25, 26, 29, 31| consider the following infinite network of
interconnected strict-feedback form control systems

{ i =2 1 F Ak (Xi g, Xigy Di), k=1,...,05—1, icN,  (32)

Tiw, = Ui + DNiy, (Xiw,, Xivy, Di),

with controls u; € RY, i € N, with the state vector X = {X;,,}22, € luo, where
Xk Xk, are given by

Xi =i, --~,$i,k]T, Xio={Xoomin{k v} bresy k=1 Vi (33)

for all i € N, and with external disturbance inputs R 3> ¢ — D(t) = {D;(t)};2,
such that for each i € N we have D;(-) € Loo(R;R™) and D(t) = {D;(t)};2; € lo
a.e. ont € R, and such that sgg m{'ﬁ | Dii (1. gy < +00. As in Section 3,
ieN j=In;
J(1) € N can be considered as the set of “neighbors” affecting i-th agent (node)
of (32). As in Section 3, we assume without loss of generality that ¢ ¢ J(i)
for all i € N. Let us remark that finite but large-scale networks of form (32)
with hierarchical structure of interconnections (32), (33) have engineering and
physical motivation, see, for instance, |26, 25]. The case of infinite networks can
be interpreted, for instance, as “open multi-agent systems”, when some agents
(nodes) may unexpectedly arrive, some agents (nodes) may unexpectedly depart,
and the maximal number of nodes is unknown [12].
We suppose that (32) satisfies the following assumptions:

(A1) Every J(i) C N is finite for each ¢ € N, and sup |J(i)| < +o0;
1€EN
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(A2) A;£(0,0,0) =0 and A; (-, ) are functions of class C1;

(A3) The dimensions of the state spaces and disturbances of all the agents are

uniformly bounded, i.e., v :=supv; < +00, and n := supn; < +00;
i€N i€N

(A4) For every R > 0 we have:

sup ma

X max AN (X, X, D) < o0 34
ien 15k<y; [Xinl<R, |1Xnl<R, Dy Rk (K X, D)l <o (34)

0N 1 (Xi ks Xig, Di)

sup  max max max < 00; 35
ieN #€J(@)U{i} 1<k<y; ‘sz’ < ]%7 | aX;:,k | ( )

|k <R

|Di| < R

0N 1 (X 1y Xige, Ds

sup  max max max | ik (Xik: Xk Z)\ < o0; (36)
ieN »eJ(@)u{i} 1<k<y; ‘sz| <R, oD;

Xkl < R

|D;| <R

As a corollary of our main Theorem 1, we obtain the following result.

Theorem 2. Under the above Assumptions (A1)-(A4), there is a decentralized
continuous feedback u; = u;(X;,,) with u;(0) = 0, ¢ € N, which renders (32) loo-
FTISS in the sense of Definition 3, i.e., there exist v € K and 8 € GKL such that
B(r,s) = 0 for each s > T(r) with some r — T(r) of class C([0,+oc[; [0, +00()
such that T(0) = 0, and such that, first, there exists at least one solution to the
closed-loop system (32) with this decentralized feedback w; = w;(xiq,...,%iy,),
i € N with every initial condition X;,,(to) = Xio,w € RY, with every X° =
{X7,, 1321 € loo, and with every disturbance input R 3 t — D(t) = {D;(t)};2,
such that D;(-) € Loo(R;R™) for all i € N and D(t) = {D;(t)};2 € loo a.c. on

t € R, and sup max | D; ()|, (rr) < +00, and, second, every such a solution
ZGN jzlvni i ’
t = X(t) € b can be extended to the entire [tg,+00| and it always satisfies the

following inequality

1X®)llee < max{BUIX°e s t = t0), YD)l oo i)} for all't > to.

The design of the above-mentioned decentralized feedback w; = wi(x;1, ..., Tiy,),
it € N s constructive, the settling time is finite and estimated by our main
Theorem 1, and the controllers u;(-) along with the {x-FTISS Lyapunov function
and with the settling time are derived explicitly.

In the special case, when D;(-) = 0, or D; are absent from (32), the same
decentralized feedback w; = ui(ziq1,...,2i.,), © € N renders (32) loo-FTS in the
sense of Definition 3.
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Proof of Theorem 2. The proof of Theorem 2 is a combination of our main
Theorem 1 with the gain assignment obtained in the decentralized backstepping
design proposed in [29]. The only remark in comparison with [29] is that our
network is now composed on infinite (countable) set of nodes, whereas the network
in [29] was finite and without external disturbance inputs. However our conditi-
ons (Al)-(A4) will eventually provide conditions (i)-(iii) of our main Theorem 1
inside the design borrowed from [29] (and our external disturbance inputs can be
included into common inputs in the gain assignment borrowed from [29)]).

More specifically, to reduce our proof to Theorem 1, we first fix any
e €]0,1], and fix any finite sequences of positive real numbers ¢*) €]0, [ and
A8 =1—e) >0, k=1,2,...,v, such that

0<A* Dy c1_¢ forall k=2,...,v, (37)
where v € N is defined in Assumption (A3).

Second, we take any n € N such that n > v := supy; = max v;. As in [40],
ieN ve

define d = 522 and

2n+1
x? 2n—2k+3
Vii(xin):= ;’1; §i,1:=T4,1; =g k=1,n. (38)
and denote
Xix = (Xig, Di) forall k=1,...,1;,—1, 1€N, (39)

and X 1, := (X; 1, X; ). Then we rewrite our system (32) as
{ B =2 g1 +0 (X, X ) =1, v — 1 (40)
By = i + Di oy, (Xiwi, Xins)s 1 €N,

and thus we unify our notation with [29]. Then, with this new notation, we repeat
(almost copy and paste) the passage from Section 5 of [29] beginning with (11)
from [29] until the very end of Section 5. The only updates will be as follows:
i ko (0, X i) should be everywhere replaced with A; ,(X}) = Ak (Xi g, X p) and
x € {l,...,N}\ {i} should be replaced everywhere with j € J(i).

Using this backstepping algorithm from [29], i.e., recursive design of controllers,
FT Lyapunov functions, and gain assignment by induction on k =1,2,...,y; for
each fixed ¢ € N and for each reduced order system

{ i’i,j:xi,j—i-l‘i‘Ai,j(Xi,jvXi,j)? .7 = 17 cee >k - 11 (41)
Ty = Tigr1 + Din(Xigs Xig), 1€EN,

and having designed inductively the feedbacks and FTISS Lyapunov functions
which satisfy Assumption (iii) of our main Theorem 1 with ¢®) >0,k =1,2,...,v
from (37) instead of e, we finally need to explain why Assumptions (i),(ii) hold
true as well.
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To obtain the uniform estimates from (i)-(ii), we note that, by (34)-(36) from
Assumption (A4), functions A;1(X;1)>0 from eq. (13) in [29] can be designed
such that all A;1(X;,1)>0 and all their partial derivatives are uniformly bounded
w.r.t. ¢ € N, on every closed ball of every fixed radius. From this, we will obtain
(ii) for the closed-loop system (41) with z;2 = 27, in the Base Case k = 1.
Condition (i) is straightforward in the Base Case k = 1 due to (38).

To obtain (i),(ii) at every Inductive Step (k — 1) — k, one uses the formulas

Vi Wi i 9
% =x;1, and Drir = i,quv and
GWZ x:‘ q, 0 o
ax.’lk — (2 - Qk) 8m"kl /(sqk — xi,qu )1 9k s (l < k) (42)

from [29] and notes that our Assumption (A4) implies that the functions ¢; 1 ;(-),
V1,5 (+) from eq. (12) in [29] are bounded on every compact subset of their domain
uniformly w.r.t. i € N. Similarly, Assumption (A4) implies that the functions
Cik1,j(-), from Lemma 1 of [29], p;x(-), from (23) from Lemma 3 of [29] are
bounded on every compact subset of their domain uniformly w.r.t. ¢ € N. Since
they are involved in (24), (25) of [29] we obtain that the coefficients A, B, @ from
(26)-(28) in [29] are also bounded on every compact subset of the corresponding
domain uniformly w.r.t. ¢ € N. Finally, ¢; x(-), from Lemma 4 of [29], are also
bounded on every compact subset of the corresponding domains uniformly w.r.t.
i € N similarly by (A4).

All this proves that A;1(X;1)>0, ..., Xix—1(X;%)>0 and all their partial
derivatives are uniformly bounded w.r.t. ¢ € N, on every closed ball of every fixed
radius. From this, we obtain (i)-(ii) for the closed-loop system (41) with z; ; = 27
at every Inductive Step (k — 1) — k, and finally for & = v;, which ends the proof
of Theorem 2.

Acknowledgement. This result was partially obtained when the author was
with the University of Groningen, and its special case devoted to finite-time stabi-
lity and stabilization of infinite networks without any external disturbance inputs
and even without the precise definition of £-FTS and its analysis was published
in the conference predecessor [30] of the current work.
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Teopema mpo MaJie TTOCUJIEHHS JJIsI CTifiIKOCTi BXiA-cTaH 3a
ITapmmakos C. C.
Darysomem mawurnobydyearts ma MeTHON0IYHUT NPOYECIS,
Texniunuti ynisepcumem Katisepcaaymepra
Tomai6-/atimaep wmpacce, 42, Katzepcaaymepn, Himewwuna, 67663
Mu n1oBOIMMO JIOCTATHIO YMOBY CTIMHKOCTI BXiJI-CTaH 3a CKiUY€HHHI YaC HECKiHYECH-
HUX MEPEXKEBUX CUCTeM B TepMinax Mmajoro mocusieHHs (small gain condition). Mepe-
2KeBa CUCTEMa, IO PO3TIIATAETHCH, CKIAJAETHCS 31 3JTITeHHOI MHOXKWUHN CKIHIYEHHOBUMIP-
HAX CUCTEM 3BHYANHNX AudepeHIiaJbHIX PIBHSAHDb, KOXKHA 3 IKAX 3’€aHaHa TIIbKH 3i
CKIYeHHOI0 MHOXKWHOIO CYCI/IHIX I/ICCTeéM, a TaKOXK MICTUTH 30BHIiIHE 30ypenns. [le-
peabadaeThesl, MO KOXKEH By30JI Mepexki (KOXKHa IijicncreMa) € CTIHKOK BXiJ-CTaH 3a
CKIHYEHHUI 9Yac BiTHOCHO HOr0 CKIHYEHHOBHMIDHUX BXO/IIB YTBOPEHMX (DA30BUMU 3MiH-
HUMH CyCigHix mijcucreM i 3oBHINmHIM 30ypeHHsAM. fK 3aCTOCYBaHHS I[HOIO PE3YJILTATY
(HACJIZIOK) MU OTPUMYEMO HOBY TeOpeMy IIPO JIelleHTPai30Bany crabiiizamnio BXiji-crad
3a CKiHYEeHHUU Yac [JIsi HECKIHYEHHUX MEPEXKEBHUX CHUCTEM, siKi IPEICTABJIAIOTH COOOIO
3/IideHHN HADIP 3’€IHAHUX TPUKYTHUX CHCTEM 3BUYANHUX Tu(MEPEHITaTbHUX PiBHSIHbD.
Jljist poro Mu KOMOGIHYEMO JOBEJIEHY B Jaiii pobori Teopemy Majoro mocusenns (small
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gain theorem) 3 MerTog0M HOBYIOBH JIEIEHTPAIZ0BAHUX CTAOLII3YIOUNX KepYBaHb, sIKHl
orpumano B pobori S. Pavlichkov and C. K. Pang (NOLCOS-2016) aus KiHneBux Mepe-
xkeBux cucreMm. Jlana pobora mepeHocuTh pe3ysbraru HeJaBHboI pobotu S. Dashkovskiy
and S. Pavlichkov, Stability conditions for infinite networks of nonlinear systems and
their application for stabilization, Automatica. — 2020. — 112. — 108643 na BUIIaJIOK CTa-
Gimizarii 3a ckivennuit gac. g cTaTTa mOMMUPIOE Ta y3araJbHIOE CBOTO TOMEPETHUKA -
KOH(DEPEHTIiHy CTaTTIO HA BUIAIOK CTIHKOCTI BXi/I-CTaH 3a CKiHUEHHUN Yac Ta JIEIeH-
TpaJsizoBanol cTabimizaril 3a HasSBHOCTI 30BHIMIHIX BXO/iB-30ypeHb. B okpeMomy BUIIAJIKY,
KOJIM BCl 30BHIIIHI 30yPEHHS € HYJIsIMUA, MU IIPOCTO OTPUMYEMO CTIAKICTh 38 CKIHYeHHUH
Jac Ta BiAMOBIIHO AEIEHTPAJI30BaHy CTabITI3AINI0 HECKIHIEHHNX MEPEXKEBUX CHCTEM 34
CKiHYeHHHI Jac.
Knaovoei crosa: HestiHiiHi cuCTeMU; CTIHKICTD BXi/I-CTaH; YMOBH MAJIOTO TTOCHJICHHSI.

A small gain theorem for finite-time input-to-state
stability of infinite networks and its applications
S. S. Pavlichkov
Department of Mechanical and Process Engineering,
Technical University of Kaiserslautern
42, Gottlieb-Daimler-Str., Kaiserslautern, 67663, Germany

We prove a small-gain sufficient condition for (global) finite-time input-to-state stabi-
lity (FTISS) of infinite networks. The network under consideration is composed of a
countable set of finite-dimensional subsystems of ordinary differential equations, each of
which is interconnected with a finite number of its “neighbors” only and is affected by some
external disturbances. We assume that each node (subsystem) of our network is finite-
time input-to-state stable (FTISS) with respect to its finite-dimensional inputs produced
by this finite set of the neighbors and with respect to the corresponding external di-
sturbance. As an application we obtain a new theorem on decentralized finite-time input-
to-state stabilization with respect to external disturbances for infinite networks composed
of a countable set of strict-feedback form systems of ordinary differential equations. For
this we combine our small-gain theorem proposed in the current work with the controllers
design developed by S. Pavlichkov and C. K. Pang (NOLCOS-2016) for the gain assi-
gnment of the strict-feedback form systems in the case of finite networks. The current
results address the finite-time input-to-state stability and decentralized finite-time input-
to-state stabilization and redesign the technique proposed in recent work S. Dashkovskiy
and S. Pavlichkov, Stability conditions for infinite networks of nonlinear systems and their
application for stabilization, Automatica. — 2020. — 112. — 108643, in which the case of
£5-1SS of infinite networks was investigated. The current paper extends and generali-
zes its conference predecessor to the case of finite-time ISS stability and decentralized
stabilization in presence of external disturbance inputs and with respect to these di-
sturbance inputs. In the special case when all these external disturbances are zeroes (i.e.
are abscent), we just obtain finite-time stability and finite-time decentralized stabilization
of infinite networks accordingly.

Keywords: nonlinear systems; input-to-state stability; small gain conditions.
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JlinitHa gudepenitiajgbHO-aaredpaidiHa KpaiioBa
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VY crarTi 3HAIEHO YMOBU PO3B’sI3HOCT, & TAKOXK KOHCTPYKIIO y3araJbHEHOIO
oneparopa ['pina 3amaai Komi qius nudepentianbao-aaredbpaiaHoro piBHAHHS
3 BUPOJ/ZKEHUM IMITYJIbCHUM BILTUBOM. 3HANIEHO YMOBH PO3B’SI3HOCTI, & TaKOXK
KOHCTPYKITIIO y3araJbHEHOTO oreparopa ['pina s JiniitHol HeTepoBoi Kpaito-
BOI 3a1a4i Jutst qudpepeHIiaabHO-aIredOpaldHoro piBHSIHHS 3 BUPOJIXKEHUM M-
IIYJbCHUM BILTHBOM.

Karuosi caosa: mudepentiaibao-aaredpalani piBHIHHS, KpalioBi 3a/1a4i, piB-
HAHHS 3 IMITYJTbCHIM BILTUBOM.

S. M. Chuiko, E. V. Chuiko, K. S. Shevtsova. Linear differential-algebraic
boundary value problem with singular pulse influence. In this article
we found the conditions of the existence and constructive scheme for findi-
ng the solutions of the linear Noetherian differential-algebraic boundary value
problem for a differential-algebraic equation with singular impulse action.
Keywords: differential-algebraic equations, boundary value problems, pulse
influence.

Yyiiko C. M., Yyiiko E. B., [Ilesuosa E. C. JInneitnas nuddepeHImaabHO-
anrebpamyeckasi KpaeBasi 3a7a4a C BbIPOX>KJIE€HHBIM HMILYJIbCHBIM BO-
37elictBueM. B crarbe HalijIeHBI yCJIOBUsI PAa3BSI3HOCTU, 8 TAKXKe KOHCTPY-
Kuio 0000Iennoro omeparopa 'puna 3agaun Komu myis qpuddepennuaabHo-
AJIredPanIecKOr0 yPABHEHUS C BBIPOXKIEHHBIM HMITYJIbCHBIM BO3IE€HCTBHEM.
Haitnenn! ycsioBust pa3Bsi3HOCTH, & TaKKe KOHCTPYKITHAsT 0O0OIIEHHOTO OIIepaTo-
pa I'puna jjis1 JimHEHOW HETepOBOIl KpaeBoil 3aa4un st auddepeHinaibHO-
aJIredpanvIecKoro ypaBHEHUsI C BBIPOXKIEHHBIM UMITYJIbCHBIM BO3IECTBUAEM.
Karuesvie caosa: muddepeHImagipbHO-aredpandecKne ypaBHEHUs, KPAaeBbIe
3a/1a9¥, YPABHEHUS C UMITYJIbCHBIM BO3/IEHCTBUEM.

2010 Mathematics Subject Classifications: 15A24; 34B15; 34C25.

1. ITocranoBka 3amadi. Posrisgremo 3agady Ipo 3HAXOMKEHHsT PO3B’SI3KiB
[1, 2]
0 € {0\ (k]

(© Yyitko C. M., Yyiixo O. B., [llesnosa K. C., 2021
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JIHIFHOTO HeOTHOPITHOrO AudepeHIliaabHO-aIredpalTHOr0 PiBHIHHS
A)'(t) = B(t)z(t) + f(t), t#Ti (1)
3 IMITyJICHUM BIIJIMBOM
Az(r) = Siz(7i —0) +a;, 1 =1, 2, ..., p, (2)
K1 33JI0BOJIHAIOTH KPaioBiil yMOBI
lz(-) = a € R (3)

Tyr A(t), B(t) € Cpxnla,b] — nenepepsui marpury, f(t) € Cla,b] — Henepeps-
Huii BekTOp; ¢z (+) — JiHiiiHKiT 06MexkeHmniT BeKTOpHUN (byHKITIOHAJ

lz(7) - (Cl{[a, bl \ {Ti}[} — R

Marpurio A(t) npuiyckaemo, B3araii KaxKydu, IPSIMOKYTHOI: m # m, abo XK
KBaJIPATHOIO, ajlé BUPOJIZKEHOI0 MAaTPUIIEIO CTAJIOr0 paHry. Po3s’sa30k z(t) BBaxKa-
TUMeMO HellepePBHUM 3J1iBa

2(75) Ztigin+02(t), ji=1,2 ..., p

Kpim Toro, po3s’si30k z(t) Hereposol (¢ # n) audepeniiaabHo-aarebpaiaHol Kpa-
fiosoi 3azadi (1) — (3) 3 IMILYJIbCHEM BILUIMBOM y TOYKAaX

a<T <7< ..<Tp<b
MO2KJINBO, 3a3Ha€ PO3PUBU
Az(ri) = 2(1; +0) —2(1; —0), i=1,2, ..., p

neprioro pojy; Tyt S;— crani (n X n)-sumipai marpuid, a; € R™. ImnyabcHuii
BIUIUB (2) IPUILYCKAEMO BUPOJZKEHNM, & CcaMe, IPUILYCKAEMO, 110 IIPUHANMHI It

omoro i =1, 2, ... , p marpuus I, +.5; crae Bupokenomw: (det(l,+S;) =0). V
IPOTIJIEXKHOMY BHITAQJIKY, a came, 3a ymosu (det(l, +.5;) # 0) ays ycix 3HadeHb
i=1, 2, ..., pGyaemMo KazaTu, MO IMIyIbCHUIT BB (2) HeBUpozKenuii [1].

Hocipkeraio udepeHIiajibHo-aIredpaldHuX pPiBHAHBb 3a JIOTIOMOIOK IeH-
TpaJbHOI KaHOHITHOI POPMU 1 JOCKOHAINX Iap i TPIiOK MaTpHIlb IPUCBSIIEHI
monorpadit [3, 4, 5|. Hocrarui ymosu 3BignHoCTi nudepeniiaabHo-aaredbpaaHol
JIIHIHOT CHCTEMH JI0 IIeHTPaJIbHOI KaHOHIYHOI popmu Oy orpumani A. M. Ca-
moitienkoM 1 B. I1. fkosuem [6]. ¥V crarTsax [7, 8] 3anporonoBaHo jocTaTHi yMOBH
PO3B’SI3HOCTI, a TaKOXK KOHCTPYKIIIO y3arajbHeHoro omeparopa ['pina mis iHiii-
Hol nudepeniiaabHo-anredbpaianoi Kpaitosol 3amadi (1), (3) 6e3 BUKOpHCTAHHS
[EHTPAJIbHOI KAaHOHIUHOT (POPMU i JOCKOHAIMX ITap i TPIOK MaTpPHIIh.
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Bagada (1), (2) € y3arajbHeHHAM 33189 3 HEBUPOZKEHUM IMITYJIbCHIM BIL/IH-
BoM [1] Ha Bunaok nudepeniiaabao-anrebpaidnol Jiniitnol cucremu (1). 3a ymo-
Bu A(t) = I,, 3a7a1a Ipo 3HAXO/KEHHST YMOB iCHYBaHHSI Ta 1MOOY/I0BY PO3B’sI3KiB
cucremu JudepeHIiagbHuX piBHsAHb (1) 3 HEBUPOKEHUM IMITYJILCHUM BILIHBOM
6yna poss’sizana A. M. Camoiisienkom ta M. O. Ilepectiokom y monorpadii [1]
Ta y3araJbHIOBaJja 3a/ady 3 Kpaifosumu ymoBamu tumy "shock conditions"[9]. 3a
ymoBu [7, 8|

PA* (t) =0 (4)

cucrema (1) po3s’si3Ha BiJIHOCHO MOXiIHOT
¢ = AT(t)B(t)z + Fo(t, wo(t)); (5)
ryT rank A(t) = m < n. Kpim Toro
So(t,w(t)) == AT (t) f(t) + Pa,, (t)vo(t),

A*(t) — ncennoobeprena (3a Mypom — ITenpoysom) marpurist, Pas(y) — MaTpuiis-
opTonpoekTop [2]:
Pp«(t) : R™ — N(A*(1)),

Pa, (t) — (n x pp)-Bumipna MaTpung, yTsopena i3 po JinifiHo-He3a/IeKHUX CTOB-
nniB (n X n)— MaTpPUIi-OPTOIPOEKTOPa

Pa(t) : R™ — N(A(t)).

Taxmm wmHOM, 38 ymoBH (4) cucrema (5), po3B’sizana BiaHOCHO MOXigHOL, 5K 1 1T
PO3B’sI30K, 3aJ/I€2KaTh BiJl JOBLIBHOI HenepepBHOI BeKTOp-(yHKIil vy(t). [Tosnaqau-
Mo X((t) HopmasbHy GyHIAMEHTATBHY MATPHUINO

Xo(t) = AT(H)B(t)Xo(t), Xo(a) = In
OTpPUMAaHOI TPaIUIIAHOI cucreMu 3Buvaiinux nudepeniiaabaux piBHAHb (5). 3a

ymoBu (4) jyist 1oBiibHOT HenepepBHOI BekTOp-byHKIT 1(t) cucrema (5), a Bij-
noBiHo i cucrema (1), mae po3s’si30k BurAdy |7, §|

z(t,c) = Xo(t)e + Ko [f(s), V()(S):| (t), ceR",
e

K [f(s), 1/0(5)] (t) := Xo(t) /Xol(s) So(s,p(s))ds, a<t<m

— ysarajgbHenuil oneparop I'pina 3amaui Komi z(a) = 0 misa nudepenniaabao-
asnrebpaivnol cucremu (1).

2. Kputnunnii Bunagok 3a ymosu (4) cucrema (1) poss’sisua st J10-
BibHOT HeoHOpinHOCTI f(t). KpiM Toro, HOpMasibHa (yHIaMeHTaIbHA MATPHILS
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Xo(t) meBupomKena, ToMy IS PO3B’si3aHHs TrdepeHIiaabHO-aIredpaiaHol cu-
cremu (1), (2) 3 HEBUPOJZKEHUM IMIIYJILCHUM BIJIMBOM 3aCTOCOBHHI METOJ, 3a-
uporonoanuii A. M. Cawmoitsienkom Ta M. O. Ilepecriokom y monorpadii [1].
Baranbuuii poss’szok 3aga4di Komi z(a) = 0 s audepeniiaabao-aaredbpalaHol
cucremu (1) 3 BUPOJRKEHUM IMITYJIbCHUM BILIUBOM (2) Jjisl JIOBIIBHOI HellepepBHOT
BeKTOP-DyHKIIT 1 (t) Ha BIAPI3KY [T1, 2] 300parKyeThest y BUTIsI

z(t,v1) = Xo(t)y1 + Xo(t) /Xol(s) So(s,vo(s))ds, 7 € R™.

T1

Hopmasibraa dbynmamenTanibia marpuris Xo(t) HEBUPOKEHA, TOMY

71 = X5 () (T + 1)Ko [ﬂs), w(sﬂ () + X (n) ar.

Takum umaOM, 3a ymoBu (4) JUIst JOBLIBHOI HemepepBHOI BeKTOP-byHKIIT ()
cucreMa (1) 3 HEBHPOZKEHUM IMITyJILCHUM BILIUBOM (2) Ma€ PO3B’SI30K BHIVISLILY

z(t,c) = X1(t)e+ K3 [f(s), 1/0(8)] (t), ceR",

e
Xi(t) = Xo®) X H () (I + S1) Xo(m1), 7 <t<Tm,

KpiM TOTO

K, [ﬂs), uo<s>} (1) = Xo(t) Xy (1) (In + S1) Ko [f<s>, uo<s>] ()4

t
+X0(t)XO_1(T1) al + Xg(t) /Xo_l(s) go(S,VQ(S)) dS, T1 S t S T2

— ysarajbHenuii oneparop ['pina 3amadi Komi z(a) = 0 misa audepenniaabHo-
anrebpalumnol cucremu (1) 3 BupozkennM iMmynbcanM BiumsoM (2). IIpogosxkyro-
qu, 3a ymoBH (4), /yisi (ikcoBaHOT HerepepBHOI BeKTOP-PyHKIIT 1/ (t) oTpumyemMo
po3B’s130K cucteMu (1) 3 BUPOZKEHUM IMITyJIBCHUM BILTHBOM (2)

z(t,c) = Xp(t) c+ Kp [f(s), Vo(s)] (t), ceR",

e

KpiM TOTO

K, [fcs), uo<s>] (1) = Xo(t) X5 () (In + S, Kpr [f<s>, uo<s>] (o)
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+Xo(t)Xg (1) ap + Xo(1) /Xol(s) So(s,vo(s))ds, 7 <t <b

— yzarajabHenuii oneparop ['pina 3amaqi Komi z(a) = 0 s audepenniaabHo-
anrebpaiunoi cucremu (1) 3 BupopKeHnM imiryiabcHuM BiummBoM (2). Takum wu-
HOM, 3a yMoBH (4), JJIsl JIOBUILHOT HerlepepBHOI BeKTOP-PyHKIIT /(1) oTpumyeMo
po3B’s130K cucremu (1) 3 HEBUPOJRKEHUM IMILYJILCHUM BILIMBOM (2)

2(t,c) = X(t)c+K[f(s),uo(s)] (t), ceR",

ne [10]

KpPiM TOro

— ysarajabHenuii oneparop ['pina 3amadi Komi z(a) = 0 s audepenniaabHo-
asnrebpaitnoi cucremn (1) 3 HEBHPOIZKEHNM IMITYyIbCHEM BIIHBOM (2). Ocrammiii
oneparop y Bunajxy A(t) = I, memo BiApisHsieTbCs BiJl MOOYIOBAHOTO y CTATTI
[10]. Ba ymoBu A(t) = I, 3a7a4a 1po 3HAXO/KEHHSI YMOB ICHYBaHHS Ta M0OYJI0-
By DO3B’#I3KiB JIiHIHOT KpaiioBol 3asa4i (1) — (3) 3 HEBUPOKEHUM IMILYJIbCHUM
BILTIBOM Oyia poss’sizana A.M. Camoitnerkom, M.O. Ilepectiokom Ta O.A. Boii-
gykoMm y crarri [11]. Takum 9uHOM, METOMO JIAHOT CTATTI € MEePEHEeCeHHs Pe3yIlb-
rarie |3, 4, 5, 6, 7, 8] Ha audepenianbHo-anrebpaiuny KpaiioBy samady (1) —
(3) 3 BupomkennM iMmysnscanM BrumBoM. Ha Bimminy Bix crarri [11], orpumana
HOpMaJibHa (yHIaMeHTa bHa MaTpulid X () cucremu (1) 3 BUPOJKEHUM IMITYJIb-
cHuM BILTHBOM (2) BUpo/KeHa 12|, npudomy 11 paHr B3J0BXK HPOMIXKKY [a, b] He
3POCTAE.

[TincraBisioun 3araibHUil pos3s’si3ok z(t,c) s3amadi Komi z(a) = ¢ mua
mudepeniianbHO-aarebpaidHol cucremu (1) 3 BUPOJRKEHUM IMITY/ILCHIM BILJIMBOM
(2) y xpaitoBy ymoBy (3), IpuxXoauMO J0 JIHIHHOrO aarebpaldHoro piBHsIHHSI

Qe a1 | £(9.(3)| . (6)

PiBustans (6) poss’sisue Toxi 1 TIIBKK TOJ, KOJIH

sz{a (K [f(s), 1/0(8)} (-)} = 0. (7)
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Tyr Pg- — opromnpoekrop: R? — N(Q*); marpus Pq+ yreopena 3 d niniftao-
He3aJIeXKHUX PsAJIKIB opronpoekTopa FPg«, kpim Toro @ = (X () € R?¥*". 3a
ymoBu (7) 1 TiibKu 3a Hel 3araibHuUil po3s’si30K piBHsiHHS (6)

c= Q*{a — (K [f(s),l/o(s)} (.)} + Py, ¢ry, ¢ ER”

BU3HAYAE 3arajbHUNl pO3B 30K JIiHINHOT HudepeniiaabHo-aaredpaidnoi KpaitoBol
sazadi (1) — (3)

£(t.00) = X)X OQ a0k 16).00(9)] )} 1| )09 1), 0 €

Tyr Py — marpuig-opronpoekrop: R™ — N(Q); marpung Pp, € R™™" yreopena
3 r JiHI{HO-He3a/IeKHIX CTOBIIIB opTonpoekTopa FPg. Takum dunoM, JoBeneHa
HACTYIIHA JIEMA.

Jlema 1. 3a ymosu (4) dasn dosinvnoi nenepepsnoi eexmop-dyrxuii vo(t) poss’s-
3o% 3adawi Kowi z(a) = 0 das cucmemu (1) 3 6upodotcerum imMnyabcHum 6NAUGOM

)
(0 € e\ ()

Mae 6u2Aa0

z(t,c) = X(t)c+ K{f(s), Vo(s)] (t), ceR™

Jlas dosinvhoi nenepepsnoi sexmop-gpymnruii vo(t), sa ymosu (7) i misvku 3a
Hel, 3a2a40HUll PO36°A30%K AIHITIHOT dudepenuiarsvho-anzebpaimol xkpatiosot 3adani

(1) = (3)
z2(t,er) = Xp(t)er + G [f(s); vo(s); a] (t), X.(t)=X()Pg,, c €R"
susnavae ysazasvrenutl onepamop I'pina

6| resmielsa] 0= x @+ fa - 1| rh )] 0} + 5 1060009 0

dugpeperyianoro-anzebpaivhoi kpatiosoi sadawi (1) — (3).

JloBeena JjiemMa y3arajbHIOE BiAIOBiHI Pe3y/JabTATH, OTPUMAHI I 3a/1ad
3 HEBUPO/KEHUM IMIyJbCHUM BImBoM |1, 2| Ha Bunanok maudepenmiaabHO-
asrebpaivnol niniitnol cucremu (1). Bigzuaunmo, mo wasiaminy Bif (5], mpu mgose-
JIGHHI JIEMI MU HE BUKOPHUCTOBYBAJIU IEHTPAJIbHY KAHOHIYHY (POPMY i JOCKOHAJ
apu MaTPUITh.
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Ilpuknanm 1. 3uatidemo po3s’sasox

2(t) € ccl{[o, 3n]\ {r, 27r},}

NHITHOT dudepenyiasvro-anrzebpaiuroi anmunepioduunol kpatiosot 3adayi 3 im-
NYABCHUM BTLAUBOM

A (t) = Bt)z(t) + f(t), t#7, Az(r)=S;z(r,—0), £z()=0. (8)

Tym
cost sint cost —sint  cost —sint
A(t) = < —sint cost —sint )’ B(t) = ( —cost —sint —cost )’
KPIM MO020
9gint -2 0 0 -1 0 O
f(t):<_cost),51:: 0O -1 0 , S = 0O 0 O ,

0z(+) = 2(0) + z(7) + z(27) + 2(3n).

YmoBy (4) BEHKOHAHO, OTXKe, cucreMa (8), po3B’si3Ha BLIHOCHO HOXiIHOTL, a i1
PO3B’SI30K, 3aJI€2KUTh BiJ| JOBLILHOI HelepepBHOI cKassipHoi yHKuil vo(t). [To-
KyaeMo vy(t) := 0, npu npomy cucreMa (8), Ma€ PO3B’SI30K BHIVISLY

z(t,c) = Xo(t)e + Ko [f(s),l/o(s)} (t), 0<t<m, ceR3

e
1 1 — cos2t
K [f(s), VO(S):| (t)== —2sin2t¢
4
1 — cos2t

— ysarajabHenuii oneparop I'pina 3azaqi Komi z(0) = 0 mis audepentianbHo-
anrebpaianoi cucremu (8), KpiM TOTo

1+cost sint cost—1
Xo(t)==-| —2sint 2cost —2sint
cost—1 sint 14 cost

Cucrema (8) 3 IMIIyJIbCHUM BILJIMBOM Ma€ PO3B’SI30K BUIJISIILY
w@—xmmunhwm@k»wsmamcew

e

K £(6).00(5)| () = K 61,09 0,
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KpiM TOTO
1 —1—cost 0 1-—cost
Xl(t):§ 2 sint 0 2sint
l—cost—1 0 —1—cost

Cucrema (8) 3 IMIIyJIbCHUM BIUIMBOM MA€ PO3B’SI30K BUTJISIILY
2(t,c) = Xa(t)c + Ko [f(s),yo(s)] (t), 2r<t<3m, ceR3

e
Ko 1(5).00(5)| () = Ko (61,9 1),
kpim Toro Xo(t) = 0. Y HACTI0K BEPOIZKEHOCT] IMITyIbCHOTO BILIHBY (8)
det(Ig + Sl) = det(Ig + Sz) =0

marpuist X () Bupojzkena. Kpaiiosa 3aada (8) 3 BUPOKEHUM IMITYJIbCHUM BILIH-
BOM $IBJISI€ CODOIO KPUTUYIHUN BUIAIOK, OCKIILKI

1 0 -1
Po-=| 0 0 0o |=o0.
-1 0 1

VY roii ke uac, kpaiioBa 3ajauda (8) po3s’si3Ha, oCKLIbKE yMOBY (7) BUKOHAHO.
3arajbHuil po3B’I30K

z(t,er) = Xy (t)er + G[f(s);l/o(s);a] ), X.(t)=X(t), ¢ €R!

KpaitoBol 3aja4i (8) 3 HEBHPOZKEHUM IMITYJILCHEM BILIMBOM (8) BH3HAUA€E y3a-
rajibHeHnit omeparop ['pina

G| 1m0 = & | 1(5)m(5)| 0

KpiM TOTO
1 -1
X, (t) = 0 |, 0<t<m X, (t)= 0 m<t<2m,
-1 1
0
X,(t)=| 0 |, 27 <t<3nm
0

VY 3arajibHOMY BHUIAJIKY, & CaMe JJis JIOBUIHLHOI HellepepBHOI BeKTOP-(DyHKITT

vy (t) € Cpyla, b]
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po3B’si3HicTh JiHiitHOT AudepeHianbHo-aaredpaitnol Kpaitosol 3amadi (1) — (3)
ICTOTHO 3aJIeKUTh Bij Bubopy i€l dyukmil. ITokiamxemo

w(t) == ¥(t)y, veRY;

TYyT

U(t) € Cpyxwla, b]

— JIOBLJIbHA HellepepBHA MaTPUIls IIOBHOTO PaHry. 3a ymoBu (4) y3arajabHeHui
oneparop I'pina 3amaqi Komi z(a) = 0 miusa nudepeniiaabao-aarebpalvaHol cucTe-
mu (1) 3 BUPOJZKEHUM IMITY/IHCHUM BIUIMBOM (2) 300parKy€eThesi y BUTJISI

K| )]0 = 1| 16)| (0 + 5 | P, (i) | 0
TTOSHAMHMO MATDHIO
D= [Q; (K [PAM (s)\I/(s)] (-)] e Rx(ntw),

Ilizcrapasiroun 3araJgbHUI po3B 130K 3a a1 Korri mist audepenIiaabHo-aaredpa-
TuHOro piBHsIHHS (1) 3 BUPO/KEHUM IMITYJIbCHUM BILIMBOM (2) y KpaiioBy yMOBY
(3), mpuxoauMoO 10 JIHIHHOrO aJreGpaldHOro piBHSHHS

Dé:a—ﬁK[f(s)](-), ¢é:=col(c,y) € R"v. 9)
PiBustanst (9) poss’si3He Toji 1 TUIBKK TOJ, KOJIH

Pp;{a K {f(s)] <->} —0. (10)

Tyt Pp+ — OpPTONPOEKTOD:
RY — N(D*);

MaTPUIIS PDZ yTBOpeHa 3 d JiHITHO-He3aJIEXKHUX PSIJIKIB OPTOIpoekTopa Pp+. 3a
ymou (10) i Tiibku 3a Hel 3arajbHUil po3B’si30K piBHstHHS (9)

e=p{a—tk 59| ()} + Pos. semr

BU3HAYAE 3arajbHII PO3B’sI30K MiHIMHOI audepeHIialbHO-aaredpalaHol KpaitoBol
zajadi (1) — (3)

c(0.6) = k[ 166)| 0+ {x & a, w0} {a x| 0 }+

+{X(t); K [PApO (s)\ll(s)] (t)}PD 5, 0e€R"Y,

Tyr Pp — wmarpung-opronpoektop: R"™ — N(D). Takum uuHOM, J0BejeHa
HACTYIIHA TEOPEMA.
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Teopema 1. 3a ymosu (4) daa Pikcosaroi nenepeperoi mampuyi noenozo parey
U(t) y eunadky (10) pose’sszor ainilinoi dugepenuyiarvro-arzebpaivnoi kpatiosoi
3adawi (1) — (8) 3 6upodrHCEHUM IMNYADCHUM BNAUBOM

(0 € e\ ()

Mae 6u2AA0

2(tier) = Wy(t)er + G [ﬂs); b(s): a} (1), o cR;

mym

6|03 0| 0= K| 19| )+ wiey D — e 0] 0}

— y3azaavrerut onepamop 1'pina dugeperyiarvoto-anzedbpainmtol kpatiosoi sadai
(1) — (3) 3 supodorcerum imnysvcrum enausom. Mampuua W, (t) ymeopena 3 r
MHITHO-He3aneschux cmosnyie mampuyi W (t) Pp; mym

W)= { X3 | P, (0] 0.

Bijznaunmo, mo Hasiaminy Bixg [5, 13| npu goBeenti Teopemu He BAKOPUCTO-
BYETBCsI BUMOTa [IPO [IPHUBEJeHHs cucteMu (1) 70 eHTpaabHol KaHOHITHOT (hopMH.
Ha sigminy Bin [14, 15] moBesena Teopema y3araibHIOE y3arajibHEHHN OIEPATOD
I'pina, orpumanmit a1st qudepeHIiaabHOl KpaitoBol 3aaadi, 10 audepeHIiajabHO-
asrebpaivaHol KpaitoBol 3aaadi (1) — (3) 3 HEBUPOKEHUM IMITYJILCHUM BILJIHBOM.

3. IlpuBegentst 40 HEKPUTUYHOTO BUOAAKY. 3a ymMoBU Pp+« # 0 Oymemo
KazaTH, 1o judepeHiianbHo-airebpaiuta Kpaitosa 3auada (1) — (3) 3 Bupozke-
HUM IMITyJIbCHUM BIUIMBOM IIPEJICTABJIAE KPUTUIHWUI BUIIAQJIOK, I HABIIAKU: 38 YMO-
B P« # 0, Pp+ = 0 Oyznemo kazartu, mo Judepeniaibao-aaredbpaiina Kpaiiosa
sagada (1) — (3) 3 BEUPO/KEHNM IMITYyJILCHIM BIUIMBOM IIPHBEIEHA [0 HEKPUTH-
YHOI'O BUIIQ/IKY. OCTaHHG O3HaYCHHsA € y3araJilbHEHHAM HEKPUTHUYIHOI'O BUIIQJIKY
(Pg+ = 0) nyast HeTepoBoi KpaiioBoi 3ajadi misi AudepeHItiagbHOl cCUCTeMN, SKa
orpumyerbest 3 cucremu (1) npu A(t) = I, Ha BUNAJOK 3aJI€2KHOCTI y3arajbHe-
Horo omeparopa I'pina 3agaqai Kol mist audepeHIiaabHO-aaredOpalTHol CuCTeMI
(1) Big poBinbHOI HenepepsHO! dyHKIT [8].

Ilpuknaan 2. 3natidemo po3s’sazox Ainitinoi dudepeniiasvro-ar2ebpaiunoi kpa-
10607 3a0a4% 3 BUPOIHCEHUM IMNYAOCHUM BNAUBOM

A (t) = BO2(t)+f(t), t#7 = Az(r) =5 2(r—0), Lz(-)=0. (11)

Tym
lz(-) == Q(2(0) + 2(2m)), Q:==(1 0 0);

mampuyi A(t), S1 ma dynryia f(t) nasedeni y npurasadi 1.
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Ockinbku ymoBy (4) Bukonamo, cucrema (11), po3B’si3Ha BIHOCHO MOXIIHOI,
a 11 po3B’sI30K, 3aJIe2KUTh Bijl JOBLIBHOI HEllepepBHOI CKaJsipHOl byHKIUT v(t).
IMokmamemo vy(t) := 0, npu 1pomy cucrema (11), Mae po3B’a30K BUIIsLY

z(t,c) = Xo(t)c + Ko |:f(8),1/0(8):| (t), 0<t<m, ceR?

Jie
1 1 —cos2t
K [f(s), I/()(S):| (t)== —2sin2t¢
4
1 — cos2t

— yzaranabHenuii oneparop I'pina 3amaqi Komi z(0) = 0 mis audepeniiaabHo-
asnrebpaivnol cucremu (11), Kpim Toro

1+cost sint cost—1
Xo(t)==| —2sint 2cost —2sint
cost—1 sint 1+ cost

Takoxk cucrema (11), Mae po3B’sI30K BULISLY
z(t,c) = Xq(t)e+ Ky [f(s), uo(s)] (t), m<t<2m, ccR3
e
1060009 (0 = Ko (01,0050 0

— yzarajbHeruit oneparop I'pina 3amadi Komi mist mudepenmianbpro-aaredbpait-
Hol cucremu (11), kpim Toro

1 —1—cost 0 1—-cost
Xi(t) = 3 2 sint 0 2 sint
1—cost—1 0 —1-—cost

Y HaCJIJI0K BUPOJIZKEHOCT] iMIysibcHOro BBy (11)
det(Ig + Sl) =0

marpuinst X (t) Bupomzkena. Kpaiiosa 3agada (11) 3 BUPOJKEHUM IMIYJIbCHUM
BILIMBOM sIBJISI€ COOOI0 KPUTHYHHIT BUIIAJIOK, OCKLILKH I (PIKCOBAHOI (PyHKIIII
vo(t) := 0 mae micre HepiBHICTH

PQ*:l#O.

B roii xe uac guist dynkiil U(t) = sint kpaiioBa 3azada (11) 3 Bupo/pKeHUM
IMITy/TbCHUM BILTUBOM $IBJISIE COOOI0 HEKPUTUIHUIT BUIIQIOK, OCKLILKY

D=(0 00 1)
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— MaTpHIlsl TIOBHOTO paHry, orzke ymoBy (10) BukoHaHO. 3arajbHuil po3B’si30K
z2(t,er) =We(t)er + G {f(s); vo(s); a} (t), ¢ € R3

KkpaiioBol 3aja4i (11) 3 BUPOJKEHUM IMITYJIbCHUM BIUIMBOM BH3HAYAE y3arajibHe-
Huit oneparop I'pina

1 — cos2t
G{f(s);vo(s);a}(t): —2sin2¢t |, 0<t<2m
4
1 — cos2t
TyT
1 1+cost sint cost—1
Wr(t):§ —2sint 2cost —2sint |, 0<t<m,
cost—1 sint 1+ cost
KpiM TOTro
1 —1—cost 0O 1—cost
W,.(t) == 2 sint 0 2 sint , w<t<2m.
1—cost—1 0 —1-—cost

Y maiinpocrimomy, a came, y HeKpurudHoro Bunaiaky Pg- = 0 ymosa (7)
BUKOHYEThCsI, OT2Ke JiiHiliHa judepennianpHo-anrebpalana Kpaitosa 3agada (1) —
(3) posB’si3na Jyrs JOBLIBHEX HeoaHopigHocTeit f(t) Ta o.

Hacainok. 3a ymos (4) ma Pg« = 0 das dosinvhol nenepeperoi eexmop-
Pyrruii vo(t) ma dosinvruz neodnopionocmed f(t) ma « poss’azox Ainitnoi du-
Ppepenyianvro-arzebpaivnoi kpatiosol 3a0aui 3 SUPOIHCEHUM IMNYALCHUM SNAU-

som (1) = (3)
z(t,er) = Xp(t)er + G [f(s); vo(s); 04] t), X,(t)=X{t)Py,, ¢ €R"
susnanae yaazasvrenuti onepamop I'pina

6| 1m0 = X a = x| 16| 0} + | 1661000 0

Ilpuknam 3. 3natidemo poss’s3or AtHitlinol Judeperyiarsvro-anzebpaiumol xpa-
110601 3adai

A2 (t) = B(t)z(t) + f(t), t#71, Az(r)=512(nn—0), £2()=0. (12)
3 6UPOOHCEHUM TMNYALCHUM 6naucom. Tym
lz(1) == Q(2(0) + 2(2m)), Q:=(0 1 0);

mampuyi A(t), S1 ma Ppynruia f(t) nasedeni y npuraadi 1.
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Ockinbku ymoBy (4) BukoHamo, cucreMa (12), po3B’si3Ha BIHOCHO MOXIIHOI,
a 11 po3B’sI30K, 3aJIe2KUTh Bijl JOBLIBHOI HEllepepBHOI CKaJsipHOl byHKIUT v(t).
IMokmamemo vy(t) := 0, npu 1pomy cucreMa (12), Mae po3B’S30K BUIIILY

z(t,c) = Xo(t)e + Ko |:f(8),V()(S):| (t), 0<t<m, ccR

e
1 1 — cos2t
K [f(s), I/Q(S):| (t)==1 —2sin2t¢
4
1 — cos2t

— yzaraabpHenuii omeparop I'pina 3amaqi Komi z(0) = 0 mus audepenniaabHo-
asnrebpaivnol cucremu (12); marpuns Xo(t) HaBegena y npukiazi 1. Cucrema (12)
3 BUPOJZKEHUM IMIIyJIbCHUM BILJIMBOM Ma€ PO3B’sI30K BUIJISLY

2(t,¢) = X1 (t)e + K, [f(s), Vo(s)] (t), m<t<2m ceR3
N K £(6).00(5)| () = K 61,9 ),
KpiM TOro

1 —1—cost 0 1—cost
Xl(t)zi 2 sint 0 2 sint , w<t<2m.
1—cost 0 —1-—cost

KpaiioBa 3amada (11) 3 BUPO/KEHNM IMITYJIbCHUM BILIHBOM SIBJISIE€ COOOI0 HEKPH-
THYHUI BUIAJIOK, OCKiIbKE P+ = 0, oT2Ke, BoHa PO3B’si3Ha, OCKLIBKI yMOBY (7)
BUKOHAHO. Po3B’s130K

z2(t,ep) = X (t)er + G[f(s); vo(S); oz] (), ¢ €R?

KkpaiioBol 3asa4i (11) 3 BUPOKEHUM IMIIyJIbCHUM BILIMBOM BHU3HAYAE y3araJibHe-
Huit oneparop I'pina

6| 1©ms)a|® = Ko r5) i) 0, 0 <122,
KpiM TOTO

1+cost 0O cost—1
X (t) == 2sint 0 —2sint |, 0<t<m,
cost—1 0 14 cost

1 —1—cost 0 1—cost
X, (t) = 3 2sint 0  2sint , w™<t<2m.
1—cost 0 —1-—cost
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Orpumani pesysibraru anasoriuno [17] moxyrs 6yTu BUKOpUCTaHI B Teopil

cTiikoCTl Jitsi JTrbepeHIiajlbHO-AIrebpaldHuX PiBHAHD 3 BUPOJKEHUM 1MITYJ/Ib-
CHUM BIIJIHBOM.
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Jlinilina nudepeniliaabHOo-anredpaiuna KpaiioBa
3a/1aYa 3 BUPOA2KEHUM IMITyJIbCHUM BILIMBOM
Yyiiko C. M., Hyiiko O. B., Ilesnosa K. C.
Lonbacvruti depoicasruti nedazozivnutl ynisepcumem, eya. Ienepana Bamioka, 19,
Mm. Cnos’ancor, Joneyvra oba., Yrpaina 84 116
Hocmimkents: nudepenIiagabHo-aaredpaiTHnx KpaoBuxX 33189 3aI0IaTKOBAHE ¥ PO-
borax K. Beitepmrpacca, M. M. Jlysina ta ®@. P. I'anrmaxepa. CucremarudHoMy BU-
BUYEHHIO JUpepeHIliabHO-aIrebpaldHnx KpatoBux 3aa4d npucesderi poboru C. Kewmri-
6emna, FO. €. Bosgpunnesa, B. @. HYucrsakosa, A. M. Camoitnenka, M. O. Ilepecrioka,
B. II. dxosng, O. A. Boituyka, A. Iraumanna ta T. Peiica. Busuenns mudepenmiagabao-
aredpalTHIX KPAOBUX 33/1a4 [IOB’s3aHe 3 YNCIACHHUMU 3aCTOCYBAHHAMI TAKUX 33189 Y
Teopil HeTiHINHNX KOJMWBAHL, Y MeXaHili, 6iosorii, pasioTexHimi, Teopil KepyBaHHs, T€O-
pii crifikocTi pyxy. B Toit ke qac qoctikeHHs TudepeHItiaIbHO-aIredpaiTHIX KpatoBuX
3a/1a9 TICHO TIOB’sI3aHe 3 JOC/IIPKEeHHSIM IMITYJIbCHUX KpailoBUX 3a/1a4 JJTst JuepeHItiab-
HUX PiBHSIHB, 3amodaTkoBanuM y poborax M. M. Borosmo6osa, A. JI. Mumxkica, A. M.
Cawmoitiienka, M. O. Ilepectioka ta O. A. Boituyka. OTKe, aKTyaJbHOIO TPOBJIEMOIO €
[epeHecents pe3yJabrariB, orpuManux y crartax C. Kemmbesta, A. M. Camoitnenka,
M. O. Ilepectioka ta O. A. Boituyka Ha iMIy/ibCHI KpailoBi 3aja4i Jijist JudepeHIiajibHO-
aredpaivyHuX PIBHSHB, 30KpEMa, 3HAXO2KEHHsT HeOOX1THIX Ta JOCTATHIX YMOB iCHYBaHHsI



Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHa MaTeMaTUKa 1 MexaHikay, Tom 94 (2021) 75

IMIyKAHUX PO3B’SI3KiB, a TAKOXK, KOHCTPYKIIii onepaTtopa ['pina 3amadi Korri ta y3araabme-
HOTO orepaTopa ['pina iMIyIbCHOT KpaitoBol 3a/1ati st audepeniiaabHo-aaredpaittHoro
PiBHSIHHS.

VY crarTi 3HANRIEHO YMOBH PO3B’SI3HOCTI, & TAKO2K KOHCTPYKIIIIO y3arajJbHEHOT0 Olepa-
Topa ['pina 3amadi Ko ayis audepenrtiaabHO-aaredbpalItHOro piBHSIHHS 3 BUPOZKEHUM
IMITyJIbCHUM BILJIUBOM. 3HANIEHO YMOBH PO3B’sI3HOCTI, & TAKOXK KOHCTPYKIIIO y3araJibHe-
HOrO omneparopa ['pina mjs JiHiiiHOT HeTEpOBOI KpaioBol 3a1adi s JudepeHIiaIbHO-
aJIredpalIHOrO PIBHSAHHS 3 BUPOKEHUM IMITYJIbCHAM BILJTMBOM. 3aIlPOIIOHOBAHA y CTAT-
Ti cxemMa JIOCTIKeHHsT JIHINHIX HETEPOBUX KpPaMOBUX 3a1ad s Ju(EpPeHIlaTbHO-
aareOpalIHoOrO PIBHAHHS 3 BUPO/KEHUM IMITYJILCHUM BIJIUBOM Y KPUTHUIHUX 1 HEKPU-
TUYHUX BUIAJKAX MOXKe OyTH IepeHeceHa Ha KpaiioBi 3ajadi st audpepeHIiaIbHO-
aJirebpalyHuX PIBHsIHb 3 BUPOJXKEHMM IMITYJIbCHUM BILIHBOM. llobymoBaHa cxema aHa-
JIi3y JIiHITHOT HeTepOBOI KpailoBol 3aadi st qudepeHIlia bHO-AredpaldHOro PiBHIHHS
3 BUPOJZKEHUM IMITYJIbCHAM BILIUBOM y3araybhioe pesyinbratu C. Kemnbena, A. M. Ca-
moitenka, M. O. Ilepectioka ta O. A. Boitayka i Moxke OyTu mommpena Jijisi JTOBee-
HHsI PO3B’SI3HOCTI Ta MOOYI0BU PO3B’SI3KiB HEJHIHHOT iMITy/ILCHOI KpaitoBol 3ajati Jijis
uepeHIfialbHO-aIreOpalaHOro PiBHsIHHS Y KPUTUYHUX 1| HEKPUTHIHUX BUITAIKAX.

Kmowosi crosa: mudepenitiaabHO-aaredpaldii piBHAHHS; KpailoBi 3a1a4i; piBHIHHS
3 IMIIyJIbCHUM BILJIHBOM.

Linear differential-algebraic boundary
value problem with singular pulse influence
S. M. Chuiko, E. V. Chuiko, K. S. Shevtsova
Donbas State Pedagogical University, 19, Batiuk General str.,
Slavyansk, Donetsk region, 84 116, Ukraine

The study of differential-algebraic boundary value problems was initiated in the works
of K. Weierstrass, N. N. Luzin and F. R. Gantmacher. Systematic study of differential-
algebraic boundary value problems is devoted to the work of S. Campbell, Yu. E. Boyari-
ntsev, V. F. Chistyakov, A. M. Samoilenko, M. O. Perestyuk, V. P. Yakovets, O. A. Boi-
chuk, A. Ilchmann and T. Reis. The study of the differential-algebraic boundary value
problems is associated with numerous applications of such problems in the theory of
nonlinear oscillations, in mechanics, biology, radio engineering, theory of control, theory
of motion stability. At the same time, the study of differential algebraic boundary value
problems is closely related to the study of pulse boundary value problems for differential
equations, initiated M. O. Bogolybov, A. D. Myshkis, A. M. Samoilenko, M. O. Perestyk
and O. A. Boichuk. Consequently, the actual problem is the transfer of the results obtai-
ned in the articles by S. Campbell, A. M. Samoilenko, M. O. Perestyuk and O. A. Boi-
chuk on a pulse linear boundary value problems for differential-algebraic equations, in
particular finding the necessary and sufficient conditions for the existence of the desired
solutions, and also the construction of the Green’s operator of the Cauchy problem and
the generalized Green operator of a pulse linear boundary value problem for a differential-
algebraic equation.

In this article we found the conditions of the existence and constructive scheme
for finding the solutions of the linear Noetherian differential-algebraic boundary value
problem for a differential-algebraic equation with singular impulse action. The proposed
scheme of the research of the linear differential-algebraic boundary value problem for
a differential-algebraic equation with impulse action in the critical case in this arti-
cle can be transferred to the linear differential-algebraic boundary value problem for
a differential-algebraic equation with singular impulse action. The above scheme of the
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analysis of the seminonlinear differential-algebraic boundary value problems with impulse
action generalizes the results of S. Campbell, A. M. Samoilenko, M. O. Perestyuk and
O. A. Boichuk and can be used for proving the solvability and constructing solutions of
weakly nonlinear boundary value problems with singular impulse action in the critical
and noncritical cases.

Keywords: differential-algebraic equations; boundary value problems; pulse influence.

Article history: Received: 14 August 2021; Final form: 10 October 2021;
Accepted: 20 October 2021.
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®opMa XBUJIHLOBUX ITAKETIB y TPUITAPOBiii
riIpoaAmHaMIvYHiil cucTeMi
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CrarTrs npucsstaeHa mpobseMi MOMMUPEHHsT XBUJIBOBUX ITAKETIB Y TPHUINAPOBiil
TiIpOIMHAMIYHIN CHCTeMI «ITap 3 TBEPJMM JIHOM — Iap — IIap 3 KPUIIKOIOY,
crpaTudiKoBaHiil 3a I'yCTHHOK. 3 BUKOPUCTAHHSIM METO/Y OaraToMaciiTabHUX
PO3BUHEHBb OTPUMAHO IEPII TPU HAOJIMKEHHsI JIOC/IZKYBAHOT 3aa4i, 3 sIKUX
B CTATTI HaBeJEHO mepiri jBa. [IpeacraBieHo po3B’si3KM MEPITOro HAOIUKEH-
Hs Ta JUCHepciiine crmiBBignomenns. BusemseHo eBooNiiini piBHIHHS 00BiIHIX
XBWJILOBUX TIAKETIB HA MOBEPXHAX KOHTAKTY y BUIJISAJ HEJIHIMHOTO PiBHSIHHS
Ipeninrepa. OTpuMano YacTUHHUIN PO3B 30K HeiHiiHoro pisusaaasa Ipemin-
repa. Busesieno hopmMyiiu BiIXuJIeHb MOBEPXOHb KOHTAKTY Ta YMOBH, [IPU SIKUX
3MIHIOETHCH (DOPMA XBUJILOBUX ITAKETIB HA BEPXHIll Ta HUXKHI TOBEPXHAX KOH-
takTy. HaBezeno ta mpoanasizoBano o0sacTi 3HakocTaaocTi koedirienTis npu
JPYTUX TapMOHIKAaX Ha BEPXHIiil Ta HIKHIN TOBEPXHIX KOHTAKTY I 000X map
qacToT. TakoxK rpadivHo MPOLTIOCTPOBAHO Ta IIPOAHAJIZ30BAHO Pi3HI BUIIAIKH,
IIpU SIKUX BUHUKAE acuMeTpist (bOpMU XBUJIBOBUX ITAKETIB.

Kaowo6i caosa: TpumapoBa TiaIpogmHaAMIUHa CUCTEMA; XBUIbLOBI MakeTn; pop-
Ma XBIJIBOBHUX ITAKETIB.

D. S. Kharchenko The shape of wave-packets in a three-layer
hydrodynamic system. The article is devoted to the problem of wave-packet
propagation in a three - layer hydrodynamic system "layer with a hard bottom
- layer - layer with a cover stratified by density. Using the method of multiscale
developments, the first three approximations of the studied problem are obtai-
ned, of which the first two are given in the article. The solutions of the first
approximation and the variance relation are presented. The evolution equations
of the circumferential wave packets on the contact surfaces are derived in the
form of the nonlinear Schrodinger equation. A partial solution of the nonlinear
Schrodinger equation is obtained. The formulas of deviations of contact surfaces
and the conditions under which the shape of wave-packets on the upper and
lower contact surfaces changes are derived. The regions of familiarity of the
coefficients for the second harmonics on the upper and lower contact surfaces
for both frequency pairs are given and analyzed. Various cases in which there
is an asymmetry in the shape of wave-packets also graphically illustrated and
analyzed

Keywords: three-layer hydrodynamic system; wave-packets; shape of wave-
packets.
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Xapuenko /[. C. @opma BOJHOBBIX MMAKETOB B TPEXCJIOWHON Truapoau-
HaMu4yeckoi cucreme. CTaThbsl MOCBSIIIEHA IPOOJIEMe PaCIIPOCTPaHEHHS BOJI-
HOBBIX IIAKETOB B TPEXCJIOWHON TI'MIPOINHAMUIECKON CHCTEME «CJIOH C TBep-
JBIM JTHOM - CJIOI - CJIOM ¢ KPBIMKOIT», CTPpaTU(PUIIMPOBAHHONE IO IIJIOTHOCTH.
C ucnosp30BaHneM METOa MHOTOMACIITAOHBIX PA3JI0XKEHMUIT [TOJTY I€HbI IEPBbIE
TPHU IPUOJINKEHIS UCCIIEIYEMOIT 3aa4, N3 KOTOPHIX B CTATHE IPUBE/IEHBI TIeP-
Bble JBa. [IpescTaBiiensl pellenns IepBOro NPUOJINKEHNS U JUCIIEPCHOHHOE CO-
oTHoOIIIeHNE. BbIBeIeHbI 9BOJIIOIMOHHBIE YPaBHEHUsI OOBOIHBIX BOJTHOBBIX ITaKe-
TOB Ha IIOBEPXHOCTSX KOHTAKTA B BHje HejunHeiHoro ypasHerus LlIpeaunrepa.
Tlosmygeno gactHoe pernenune Hesmueitnoro ypasaerus lpemqurarepa. Boiseme-
HbI (DOPMYJIbI OTKJIOHEHUI IMOBEPXHOCTEN KOHTAKTA U YCJOBUS, IPU KOTOPBIX
n3MeHsieTcss (hopMa BOJHOBBIX IIAKETOB HA BEPXHEN M HUXKHEN IOBEPXHOCTAX
KOHTakTa. [IpuBejieHbl U IPOAHAIU3UPOBAHBI 00JIACTU 3HAKOIIOCTOSIHCTBA, KO-
3¢ UIMEHTOB IPU BTOPHIX TAPMOHUKAX HA BEPXHEH M HUXKHEN MOBEPXHOCTSIX
KOHTAKTa JjIs 00enx map 9acToT. Takxke rpaduvyecKrn MPONLIIOCTPUPOBAHO U
[IPOAHAIM3NPOBAHBI PA3IUIHBIE CIYIaH, IPA KOTOPHIX BOZHUKAET aCHMMETPUS
bOpPMBI BOTHOBBIX ITAKETOB.

Kaouesnie caosa: TpexcyoitHast THIPOJIUHAMUYECKAs] CHCTEMA; BOJTHOBBIE TTaKe-
ThI; (OPMa BOJIHOBBIX ITAKETOB.

2010 Mathematics Subject Classification: 76 A02; 76B15; T6M35.

1. Beryn

[Turannsa anasizy Ta BUBYEHHS BJIACTUBOCTEH XBUJILOBUX IAKETIB Ta XBUJDb Y
piinHax pi3HOrO THUIY 3aJHUINAIOTHCA AKTYaJbHUMH Ta 3YCTPIUYAEThCS B 0AraThox
nociiypkennsx. Hanpukian, y crarti [1] 3pobienuit anagiTuaHuil aHaIi3 HOIIH-
penHs cyraboHeTIHeHHIX XBUJIbOBUX ITAKETIB y ABOIIAPOBIit piinHI 3 BiILHOIO ITO-
BepxHeo. Byiu orpuMani piBHSIHHS €BOJIIOINIT XBUJILOBUX MAKETIB Ha KOPJIOHI pO3-
iy 1 BUIBHOI MOBEpPXHI y BUIVISA HEeMHIAHUX AudepeHIliaJbHNX PiBHIHDb THILY
HIpeninrepa apyroro nmopsaky. IIpoananaizoBano BuJ BHYTPIMIHIX i MOBEPXHEBUX
XBUJIb B 3aJIE2KHOCTI BiJI CIIBBIJIHOIIIEHHS IIIJILHOCTI IIapiB 1 XBUJIBOBOI'O YHCJIA 3
ypaxyBaHHSIM ITOBEPXHEBOIO HaTATy. B pedysibrari Oyiu BusiiieHi edpeKTu 0OJKY
IPYroro HaOJIMXKEHHS IPU MOJIE/TIOBaHHI XBUJILOBUX PYXiB B JIBOIIAPOBOI CUCTE-
Mi, 1[0 IPU3BOJSATH 0 MPUTYILIEHHS ab0 3arocTpeHHs rpebeHiB i 3arauH XBUb.
AHaiTHYIHI pe3yIbTATH IMiATBEP/KEH] HATYPHUMHI CIIOCTEPEYKEHHSIMH.

Crarrs 2] npucssiuena JOCTIJPKEHHIO IIOMIMPEHHS CIAOKOHETIHIHIX XBH-
JIbOBUX IIAKETIB Ha IIOBEPXHAX KOHTAKTY T1JIPOJMHAMIYHOI CHUCTEMH <IIiBIIPO-
cTip—Iap—1iap 3 TBEPJOIO KPUINKOIO» 3 BUKOPUCTAHHAM METOJly HaraToMacIiTa-
6HOrO pospuHeHHs. OTPUMAHO PO3B’SI3KHU JIPYTOro HAOJIMYKEHHST CJIaOKOHE I HIHHOT
3a/a4i Ta BUBEJAEHO YMOBY 11 po3B’s3HOCTI. 18 KOXKHOT 9acTOTH XBUIHOBOTO IIa-
KeTy 1moOyIoBaHO 00J/1acTi 3HAKOCTAJIOCTI KoedilieHTa pu JIpyTriil rapMOHII Ha
HIKHIHT 1 BepXHiil TOBEPXHIX KOHTAKTY. BUSBIIEHO 3a/1€2KHOCTI BiJl r€OMETPUTHIX
i piznaHEX napaMeTpiB TiAPOIUHAMITHOI CUCTEMHU y 3aKOHOMIPHOCTI XBHUJIEYTBO-
penns. [IpoanasizoBano rpadiku popMu BiIXuIeHHT HUXKHBOI i BEpXHDBOI TIOBEP-
XOHb KOHTaKTY, SKi € XapaKTepHUMHU JJIs TOOYJ0BAHUX 00JIaCTell 3HAKOCTAJIOCTI
koedirienTa. BusiBireno obsacti, me xBuii HaOyBairoTh U-TIOMIOHOT Ta M-II0IiOHOT
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dopmu. Beranosieno icToTHUI BIVINB JTOBXKUHHA XBUJI Ha (POPMY BiIXUIEHHS I10-
BEPXOHb KOHTAKTY T'lJIPOJIMHAMIYHOI CUCTEM.

Y crarri [4] mocmipKyeThest 3a/iaua IOMIMPEHHs] XBUJIBOBUX IAKETIB Ha I10-
BEPXHI PO3JIiJy JIBOX PiJIKUX IIApiB 3 ypaxyBaHHSM CHUJI TOBEPXHEBOTO HATSTY.
AHaJji3 IpOBOAUTHCA ACUMITOTUYHUM METOIAOM 0araToMaciiTaOHUX PO3BUHEHD
0 TpeTboro HabmkeHHsi. Ha 11iif OCHOBI BHUBeJeHO HeJiHiifiHe eBOJIOIiiiHe pPiB-
uganng Tuny [lpeainrepa /st BUAIKy Majnx dacTOT, IO BiAIOBIIa€ KPUTHIHUM
XBUJIbOBUM ducjaM. OTpuMaHi BUpa3u JJIsl BIAXUIEHHS [TOBEPXHI PO3ILITY Ta KpH-
TUYHOT'O XBUJIBOBOT'O YMCJIA 3aJIEZKHO BiJl XapaKTEPHUX IapaMeTpiB 3aJ1adi.

3a1adi Ipo MOMUPEHHSI XBUJIBOBUX IAKETIB Ta XBUJIb B IIAPYBATUX TiApPOIn-
HAMIYHUX CHCTEMAaX € aKTyaJbHUMU Ha JAaHU{ MOMEHT Jacy. JlociKeHHsT TaKux
SABUIIT JIA€ MOYKJIMBICTH SKICHO Ta KIJIbKICHO aHAJI3yBATH OCHOBHI XapaKTEPUCTUKHI
MOIMMUPEHHS XBUJIb B pinmHax. Huxkue mpejcraBiieHO MOJEb st aHATI3Y (Hop-
MU XBWJIb, SKI MOXKYTb IOIAPIOBATUCS B TPUIIAPOBIN TiApoguHaMivdHIN crucTeMi
CKiHYeHHOI IVIMOMHMA..

2. ITocranoBka 3amaqi

Y namiit pobOTI TPOMOBKYETHCS IOCTIKEHHsST 3aJadi IOIMMPEHHs] XBHU-
JIbOBUX TIAKETIB y TPHUIIApPOBiil riipojuHaMivHill cucTemi «IIap 3 TBEPIUM
JHOM — miap — map 3 kpumkoo» [3]. Q= {(z,2): |z| < co,—h1 < 2 < 0},
Dy ={(x,2) : |z|] <00,0 <2< ha}, Q3={(x,2):|z|] <oo,ha <z< ha+hs} -
HUKHIN, cepeHil Ta BEpXHiil ITapy BiJITOBIIHO, PO3/Ii/IeH] TOBEPXHAMU KOHTAKTY
z=mn1(z,t) Ta z = n2(x,t). Bepxuiii map obmexxenuii Kpunikoo. Cnta TsKiHHs
HAIIPABJIEHA, [IEPIICHIUKYJISPHO TMOBEPXHI PO3IMOIIIY V Bil'€MHOMY Z-HAIPSIMKY.
MaremaTuvyHa IOCTAHOBKA MIPOOJIEMU BUTJISIAE HACTYIHUM UUHOM:

MIBUJIKICTD TIOMIAPEHHS MTaKeTiB:

Pjxx + Pj,zz = 0 y Qj7 J = 17 27 3 (1)
KiHeMaTHqu yMOBI/I Ha HOBerHHX KOHTaKTyZ
Mt — Qjz=—PjaMe upn z=m(zt), j=1,2 (2)

mie — $Pjz = —Pjal2e HNPU 2= ha + 772(x7t)7 J=23 (3)

JUMHAMIIHI YMOBHU Ha ITOBEPXHSX KOHTAKTY:

p1o1e — papay + 9(p1 — p2)m + 51 (Veo1)? — 5p2(Vipa)?—
~T1(1+ (m2)?) e =0 wpn 2z =ni(z,t)

p2021 — p3pas + g(p2 — p3)n2 + 3p2(Vpa)? — Sp3(Vips)?—
~To(1+ (12.2)%) 090 =0 1mpu 2 = hy + na(z,t)

YMOBa HEIIPOHUKJIMBOCTI Ha JIHI:

p1.=0 wpu z=-h (5)
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YMOBa HENPOHUKJIUBOCTI Ha KPUIIIITI:
p3. = 0 upu z=hy + h3 (6)

TYyT goj(j = 1,2,3) norenmiajaM MIBUIKOCTI YACTUHOK B €, m1,m2 - BiAXuIeHHS
[IOBEPXOHb KOHTaKTYy, 11,715 - KoedillieHTH MOBEpXHEBOIO HATATY Ha MOBEPXHSIX
KOHTAKTY, ¢ - IPUCKOPEHHSI BIILHOTO HaiHHsI. 3 BUKOPUCTAHHSIM METOLY 0araro
MacCINTaOHUX PO3BUHEHD, (DYHKIIIT BiXUIEHHS ITOBEPXOHb KOHTAKTY Ta, IIOTEHIT A II
IMBUJIKOCTEN TIPEJICTABICHO Y BUTJISIII:

3
77](55715) = Z an_lnjn(x();x17x27t07t17t2) + O(a3)7j = 172
= @
3
Saj('rvta Z) = Z an_lgojn(x(]axlax%Z7t07t1>t2) + O(a3)7j = 172a3

n=1

B peSyJII)TaTi, 3a/lava IIepuioro HaOJIM>KEHHA MA€E BUTJIA:

©ilaoro + Pilzz =0y Q5,5 =1,2,3
Mty — Pjlz = Onaz=0,7=1,2
M1ty — Pjlz = Onaz=hg,j=2,3

©11,to — P221.t0 + (1 — p2)m1 — T1m11,2920 = 0 HA 2 =0 (8)
P2P21,t0 — P3P31t0 + (P2 — p3)N21 — Tom21 2owo = 0 HA 2 = hg
Y1, =0Ha 2 = —Iy

w31, = 0 ipu 2 = hg + h3
3aJa4va ,IprFOI'O Ha6JII/I}KeHHH OHI/ICyeTbCH HaCTyHHI/IMI/I piBHHHHHMI/I:

SOjQ,CC()xO + ()OJQ,ZZ = _2s0j17370x1 y Q]?j == 17 27 3
M2t — Pj2,2 = —NMlazoPilaee — Mt +M1Pj1,2z Ha 2 =0,7 = 1,2
T122,tg — P52,z = —N21,20¥Pj1,20 — T121,t1 + N21Pj1,2> HA 2 = hQ,j — 27 3
P12,t0 — P2p22,t0 + (1 — p2)m2 — Timi2,mozy = —P11,6, — M1P1Ltg2T
+pa(pary +m1e2na:) = 5((P110)7 + (0112)7) + 502((021,30)% + (021,2)%)+
+ 2T M 1,200, HA 2 =0
P2022.40 — P3P32.40 + (P2 — P3)T22 — Toma2.00m0 = —P2(P214, + 21921 492)+
+ _1 2 2 1 2

P3Pt +1931002) = 3P2((P21,00)” + (£212)%) + 303((P31.00) "+
+ (¢31,2)%) + 212121 202, HA 2z = hy
Y12, =0mna 2 = —h
w32, =0 1pu z = hy + h3

9)

st 3amadi mepimoro HAOJIMKEeHHSI BUBEIeHe TUCIIepCiiiHe CIIiBBiIHOIITEHHS:

2w4
% — (1 = p2)k + T1k® — w?(cth(khy) + pacth(khs)))((p2 — p3)k+

(10)
+Tok? — w?(pacth(kha) + pscth(khs))) =0
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Orpumane gucnepciiiie piBHSIHHS Ma€ JBl Iapy HE3AJIEKHUX PO3B’sI3KiB:
JIJIsT MOJIA W :

gpgll) = %ch(l@(hl + 2))Asin(kx — wit)

1 wich(k(ha—z 2((1—p2)k+T1 k3 —w2cth(khi)—paw?cth(kha))ch(kz
S0§1) :7(2 1ksls(lgh22) ) + ((1=p2)k+Ty 1 tpi(ﬂz) pawicth(kha))ch( ))><
x Asin(kx — twy)

(1) 2sh(kh2)((1—p2)k+T1k3—wicth(khi)—pow?cth(kha))ch(k(ha+hz—2)) % (11)
Y31 = pown ksh(khs3)

x Asin(kx — tw)

778) = 2Acos(kx — wit)
1) _sh(khg)((1—p2)k+le3—wfcth(kh1)—pgw%cth(khg))
21 — w%pz

2Acos(kx — wit)
JUISL MOJIU Wo:

2 _ 2paw3ch(k(h1+2))Bsin(kz—wat)
P11 = 7 Esh(khy)sh(kha)((1—p2)k+T1 k3 —wdcth(khy)—pawicth(khy))

2 pawich(k(ha—z)) 2w2 Bsin(kz—wat)
o1 = (sh(khz)((l—pg)k+T113;3—w%cth(khl)—pzwgcth(/ﬂhg)) + Ch(kz)) : ksh(khz) :

(2) _ 2wach(k(he+hs—2z))Bsin(kz—wat)
P31 = Tesh(kh3)
(2) 2Bcos(kz—wat)w3 pa
M1 = = 5h(kha)((1—pa)k+T1 k3 —w2cth(khy ) — pawdcth(khz))

ng) = 2Bcos(kx — wat)
(12)
(1 _ s (1) .
e 1y, - XBUIS-BIANYK Ha XBUWJIIO 7);; 3 YaCTOTOI wj Ta aMIunryao A Ha

(2) (2)

HIZKHIN TOBEepXHI KOHTAKTY. A 7)5," € XBUJIEIO-BIITyKOM Ha XBUJIIO 7] 3 YaCTOTOIO
wy Ta aMIUIITYJI0I0 B, fKa NOIMHUPIOEThCA Ha BEPXHIN OBEPXHI KOHTAKTY.

3. Ananiz dopMu XBUIILOBOTO MAKETy HA HUXKHill MOBEpPXHi KOHTAKTY

Hizkve HaBeneHo pos3s’sizku Jpyroro HabsmzkeHHs 3ajadi (9), sxi Oy 3ua-
iileHl B HACTYITHOMY BHIVISIII:

M2 = Bo + Bie + Bae®” + ce

noa = Co + C1e? + C2e? + cc

12 = F11(2 + h1)sh(k(z + h1))e” + Fioch(k(z + h1))e?+

+ Fayoch(2k(z + h1))e? + cc

a9 = (Nl() + N11Z)6i6+k(h2—z) + N2062i0+2k(h2—z)+

+ (Mo + an)ew_k(hrz) + Myge2i0—2k(ha=2) | ¢

w32 = L1 (2 — (ha + h3))sh(k(z — (ha + h3)))e’+

+ Ligch(k(z — (ha + h3)))e + Logch(2k(z — (ha + h3)))e?? + cc

(13)

Hesimomi koedirientn y (13) MalOTh CKIa Uil aHAJIITHIHAN BT Ta Oyin
orpuMmaHi 3 Bukopuctanusim CAS Maple.
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PopMyIH BiIXU/IEHHA HUXKHBOI TOBEPXHI KOHTAKTY I MEPIINX ABOX HAOJIM-
2KEHb MaIOTh HACTYIHUN BUTJIS;

mi = Ae'? + Ae= (14)
g = B*AA + A1A262i6 + cc

e cC - KOMILIEKCHO cHpsKeHa, A - obBimHa xBuibosoro makery, Aj = By/A?
B* = By/AA.

EBosmroniiline piBHSAHHS Ha HUXKHIM TMOBEPXHI KOHTAKTY OTPUMAHO Y BUTJISII
weJtiniitnoro pisuauuga [IIpeninrepa:

A+ WAy — 050" A 4y =ia?LA%A (15)

BinmiTnMmo, 1m0 eBoJtoriiine piBHSAHHSI HA BEPXHill TOBEPXHI KOHTAKTY MATHME
TaKU caMuil BUTJIS.

[Ticsa mepexomy 0 cUCTEMH, STKA PYXAETHCs 3 TPYIIOBOIO MIBUIKICTIO, O3B si-
30K piBHsAHHS (2) Mae BHIVISI:

.9 9 1 —_ - 022 —1

— ia®aw™ Lt _ —tafa*w Lt
A=ae ,A=ae (16)
Je a — craa. [licas mijgcraHoBKH orpuMaHoro po3s’sizky (16) y pisasiabs (14) 3
BpaxyBaHHsIM pO3KJaLy (7) 3a MeTosoM GaraToMarnTabHUX PO3BUHEHBb, OTPUMY-
erbes piBHsiHHS (17), sIKMM BH3HAYA€ThCsl (hOpMa XBUIIBOBOIO MAKETY Ha HUXKHIii

ITOBEPXHI KOHTAKTY:

ni(z,t) = 2acos(kx — t) + a’a[2B* + 2A1cos(2(kx — t©))],

e w=w —a’a’w L (17)

3 oTpUMAHOTO PIBHIHHSI BUJIHO, IO JJIsT JTOCJIiI>KeHHsT (hOpMU TMTOBEPXHI KOH-
TaKTy OTPIOHO BU3HAUNTHU 3HAK Koedirienty Aq(pe, p3, Th, Ta, k, h1, ho, hg) = %
[Tpu nepexoxi uepes kpuby L; = 0 B310BK sikoi A1 (p2, p3, T1, To, k, h1, ha, hs) = 0,
abo Lo = 0 B3noBx sikoi Aq(p2, p3, 11, 1o, k, hi, he, hy) — 0o 3HaK Beqmumaum Aq
3MIHIOETHCSI HA TPOTUJIEIKHUIA.

Ha puc. la maBenenuii rpadik 3nakocragocti Bemanau Aj y cucremi (pg, k)
JUIST TIEPINOl Tapu YacToT wp JJIsl HACTyIHUX (DIKCOBAaHUX 3HAYEHb IapaMe-
tpiB: p3 = 0.8, 71 = 0,75 =0,hy = 1,hy = 1, hy = 1. 3 rpadiky BujHO, 1110 KPUBI
L1 =0 1a Ly = 0 posbuBaioTh IWIOMIKHY Ha 5 objacreit. B obyacrsax Si,53, Sy -
A1 >0, a B obmactax S, S5 - A1 < 0. Ha pucynkax 16 i 1B HaBemeHi rpadiku
[EPIIUX JIBOX FAPMOHIK 711 Ta 7)12 Ta BiJIXWJIEHHS] OBEPXHI KOHTAKTY 7)] JIJIsl BU-
najkis A1 > 0 r1a Ay < 0 BianosigHo 1J1st epinol napu 4acror wi. Pikcosani napa-
MeTpu HabyBaloTh HacTymHUX 3HadeHb: ¢t = 0,a = 0.1,a = 0.1,p2 = 0.85,k = 1.5
(puc. 16) ta p2 = 0.9,k = 0.5 (puc. 18). V¥V Bunagky A; > 0 ammuiirtyga nepurol
rapMOHIKH 7)11 3HAYHO MEHINa 3a aMIUITyLy JApyrol 712. Makcumym mpyroi rap-
MOHIKH 7)12 CHiBIa a€e 3 MIHIMYMOM IIepIIOl 711, JaJi HACTYHNHHUHM MaKCHMYyM 712
CIIBIIAIA€ ¢ MAKCUMYMOM 7)11. Lle MpU3BOIUTDL 1O 3arocTpeHHsi TPeOHIB Ta 3aTy-
mwirenHst migomB. OTKke, B obacTsx S, .53, .54 xBuiist Mmae U - ofibHy dopmy.
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Puc. 1. a) O6macri 3nakocranocti A; 6) A; > 08) A; <O0.

A

Anamizyroun Bunagok Ay < 0 BEAHO, IO aMILITyIa HEPIIOl TapMOHIKH 7)11
MEHIIIa 33 aMIUITYLy JIpyrol rapMoHikd 712. MiniMymu 719 1 1711 cHiBIamaioTh,
HACTYIIHHUI MiHIMyM ApyTol TapMOHIKH 712 CHIBIaIa€ 3 MAKCHMYMOM IIEPITO] rap-
MOHIKH 711. 3 IBOT'O CJIiJIyE, MO B 00JIaCTAX Sg, S5 XBuIsd Mae M - omioHy dopmy.

rl12 6) = B)

X ]‘]11 0.1 r|11 '112

> 4 6 8 1 g 3 o 15 20
VAVRIATE &Y

01 02 03 ﬂﬂp;l_'r 06 07 08 7 \/ \/ :02 \/ \/

Puc. 2. a) O6uacri 3uakocranocri A; 6) Ay >0 8) Ay <O0.

Ha puc. 2a naBesenmii rpadik 3nakocrajgocTi piBHsinHsg Ap y cucremi (ps, k)
JIISI TEepIol mapu 9acToT wi I HACTYIHUX 3HadeHnb: po = 0.9,77 = 0,715 = 0,
hi =1,he = 1,hg = 1. Anajyoriuno ;o nomnepeanboro rpadiky (puc. la) L1 =0
Tta Loy = 0 po3buBaroTh IJIOMUHY Ha 5 obsacreit. B obmacrsax Si, 59,54 - A1 > 0,
a B obmacrax S3, 55 - A < 0.

Ha pucynkax 26 i 2B naBemeni rpadiku meprmmx JBOX TapMOHIK 7)11, 712 Ta
BIIXUJICHHsT TIOBEPXHI KOHTaKTy 7)1 Jist BumajkiB A; >0 ta Ay < 0 Bignosi-
HO I Ilepinol mapu dactor wi. st Ap > 0 dikcoBani mapaMerpu ryCTUHI
BEPXHBOT'O IIApy 1 XBUWJIBOBOI'O YKC/Ia HaDyBaloTh 3HadeHb: p3 = 0.7,k = 2.5. Ha
puc. 26 TOMITHO, IO AMILTITY/Ia HIEePIIOol TAaPMOHIKN 3HATHO IEPEBUIILYE aMILIITYLy
apyroi. MakcumyM 719 CIiBIAJAE 3 MIHIMYMOM 111, Jajli MAKCUMYMUI TAPMOHIK 7)11
Ta 712 cuiBnajgaoTs. lle o3Hadae, mo B obactsax S, S2, Sy BiIOyBaeThCsT HE3HA-
qHEe 3aTYIJIEHHs IiIO0IB 1 3arocTpeHHsa rpebHiB. TakKuM 9MHOM, XBUJILOBUN HAKET
Mae U - nonibny dopmy.



84 1. C. Xapuenko

Ha puc. 2B ammuiTyma apyroi rapMOHIKH 7192 TaKOXK 3HATHO MEHIIA 33 aM-
IUITYAY [EPIIol TapMOHIKH 7)1, IPOTE MOPIBHSIHO 3 puc. 26, aMIiTyma Apyrol
rapMoHikHu 6Oisbina. Pikcopani mapamerpu y Bumaiaky Ay < 0 HaOyBarOTh HACTY-
nHux 3uadenb: p3 = 0.4,k = 0.5. 3 rpadiky BuIHO, 0 MiHIMYM JPYTol rapMOHIKHI
712 CIIBIAJIAE 3 MIHIMYMOM II€PIINOi rapMOHiKu 711. IToTiM MiHiMyM 719 criBmaae
3 MAKCUMyMOM 7)11. 4K HaCTi0K, B obsactsx Ss, S5 BiIOyBaeThCsl 3aroCTPEHHS
iJIONIB 1 3aTyIJIeHHs IPeOHIB, TOOTO XBUJIst Ma€ (N - moIibHy dopmy.

: a) :.Z L% 6) Zj L nlla)
iz Sl o i ]

06
L /\n\/\ /\ \ i
0a
s 0 5 1)[: 15 20
-01
090 092 094 096 092 100
P2 -02 -02

Puc. 3. a) Obsacri 3makocranocri A; 6) Ay > 08) A; <0.

Ha puc. 3a naBenennii rpadik 3nakocragocti piBHsiHHs Aq y cucremi (pg, k)
JJIst ApyTol mapu dacToT wg. Kpusi L1 =0 1ta Lo = 0 miigars maomuay Ha 81
obyracti. B obnacti S1 - A1 < 0, a B obsacti Sy - A1 > 0.

Ha pucynkax 306 i 3B HaBeseni rpadiku mepimx JBOX FapMOHIK 7)11 Ta 112 Ta
BIJIXUJIEHHSI TIOBEPXHI KOHTaKTY 7)1 i Bunajakis Ay > 0 ta Ay < 0 BijmosigHO
JIsi IpyTol mapu 9acToT wy. st A; > 0 (puc. 36) napamMeTpu I'yCTHHE CepeTHbO-
ro mapy i XBUJIBOBOrO 4ucja HacTymHi: po = 0.98, k = 2. 3 rpadiky BuiHO, 110
aMILITY 1a 1ePINol TapMOHIKH 7)1 3HAYHO OLJIbINA 38 aMIITY/Ly JIPyIol rapMOHIKI
N12. MakcumyM 112 choiBmajgae 3 MIHIMYMOM 711, JIajli HACTYIHUH MaKCUMYM 1)12
CIIBIAJIAE 3 MAKCUMYMOM 7)11. Lle mpu3BOIuTh /10 3aroCcTpeHHs MiIOIIB 1 3aTyIie-
uusi rpeduis. Tobro B obmacti So xBuisg mae N - noaibny dopmy. Ha rpadiky
3B mpu A; < 0 (p2 =0.98,k = 0.5) ammitya aApyrol rapMoHiku Gijbina HiXK y
BunaJKy Ha puc. 36. [Ipore ammiiTyma 712 TakoxK 3HaYHO MEHIIA 38 aMILIITYLy
n11. Minimymu 911 1 12 cniBIamaoTh, gajli MAaKCUMYM 711 CIIBIIAJIA€ 3 MiHIMYyMOM
N12. B pesynbraTi popMa XBHIBOBOIO IMaKeTy TAKOXK Ma€ (1 - momioHy dhopmy.

Ha puc. 4a upejcrabiennii rpadik 3Hakocrajgocti piBHsHHS A y cmcremi
(ps, k) must apyroi mapm 1gactor we. Kpusi L; =0 ta Ly = 0 po36uBaioTs 11710~
muHy Ha JBi obsacti. B obaacti Se - A1 > 0, a B obacti S7 - A1 < 0. Ha pu-
cyHky 46 HaBesieHi rpadiku BiIXU/IeHHS HU2KHBOI TOBEPXHI KOHTAKTY Ta HEPITUX
JIBOX TapMOHIK 711 Ta 712 y Bumagky Aj > 0 s Takux (hikcoBaHUX 3HAYEHD
p3 = 0.3,k = 1. Ammitya apyrol rapMOHIKE MEHIIa 3a aMILTTYLy mepiinol. Ma-
KCHUMYM 7)12 CIIBIIaJla€ 3 MIHIMyMOM 7)11, HACTYIIHUI MaKCUMyM JIPYTrol FapMOHIKHT
CIIBIAJIAE 3 MAKCUMYMOM TepInol. AK Hac/IiIoK XBUJIsd Mae M - HOIIOHY dopMy.
Axmo A1 < 0 (p3 = 0.5,k = 0.5) ammaiTysa Ipyrol rapMOHIKM IOMITHO MEHIIIA 3a
amniTyny nepimoi. MiHiMyM Apyroi rapMOHIKH 7)12 CHIBIIaJIa€ 3 MiHIMyMOM 711,



Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHa MaTeMaTUKa 1 MexaHikay, Tom 94 (2021) 85

Dip3 06 o7 08

-02

Puc. 4. a) O6uacri 3makocranocri Ay 6) Ay > 08) A; <0

HACTYIHUI MiHIMyM IPYrol rapMOHIKM CIIBIIAJIAE 3 MAKCUMyMOM mepinoi. Orxke,
XBHWJIA TAKOXK Ma€ M - nonibHy dhopmy.

4. Anani3z dopMu XBUJIBOBOTO MAaKeTy HA BepXHiii MOBEepXHi KOHTAKTY

s BEPXHBOI NOBEPXHI KOHTAKTY (POPMYJIN BiIXWJIEHHS MalOTh HACTYIHUN
BUTJIA:

no1 = K5Ae? + K5Ae %

_ . 18
oo = C*AA + Ny A%e?? + cc (18)

e A2 == CQ/AQ, Cc* = Co/AZ

Ilicnst BUKOHAHHS AHAJOTIYHAX JO MYHKTY 3 IEPETBOPEHb Ta IIiICTAHOBOK
orpumyerbest hopmyiia (19), sika BusHadae GopMy XBUIBOBOIO NAKETY HA BEPXHiii
IMOBEPXHI KOHTAKTY:

no(x,t) = 2K5acos(kx — t&) + a?a[20* + 2Ascos(2(kx — tw))] (19)

3 MaHOrO PIBHAHHA BUJHO, IO JJIS JOCTIIKEHHsT (pOPMU BEPXHDBOI ITOBEPXHI

KOHTAKTy IMOTPIOHO BU3HAYUTH 3HAK KoedirieHTy Ag = % IIpu mepexomi we-

pe3 kpuBy M; = 0 B3goBx sikol As(pa, p3, 11, 1o, k, h1, ha, hs) =0, abo My =0
B3710BXK K0T Ao(p2, p3, Th, To, k, h1, ho, hg) — 0o Besmunna Ao 3MiHIOE 3HAK.
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Puc. 5. a) O6acri 3aakocraszocti Ay 6) Ay > 0 B) Ag < 0.
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Ha puc. ba npeacrapiennii rpadik 3HaxocTagocTi KoedimieHTa Ay BEPXHBOT
HOBEpXHI KOHTAKTY y cucreMmi (pg, k) suisi mepmiol mapu kopenis wy. dist Ag > 0
(puc. 56) dikcoBani mapamerpu HabyBaroTh 3HadeHb: po = 0.85,k =1. a
Ay < 0 (puc. 5B) dikcoBani napamerpu HabyBaroTh 3Ha4YeHb: po = 0.95 k = 2.
Tumi mapamerpu anasorigni monepeaniv BumaakaMm. Kpusi My = 0, My = 0 pos-
JUISIOTH IJIOIUHY Ha JoTupu objacti. B obiactax S, S3 - A > 0, a B obacTax
S, 54 - Ay < 0. Anastizyroun rpadik 56 TOMITHO, IO aMILITYIa MMEPIIOl rapMo-
HIKU 721 OibIIA 38 aMIUIITYLy JAPYrol TapMOHIKHU 7)29, MAKCUMYM 7jo2 CIIIBIIAJIAE
3 MaKCHMYMOM 7)21, HACTYIIHUN MAKCHMYM 7)22 HABIAKM CIIBIAJA€ 3 MiHIMyMOM.
Orxke B obmactsax S1, 53, B 9xkux Ag > 0 COCTEpIraeThcst 3aTOCTPEHHST TPEOHIB
i 3arymienns migorms. ToOTO, XBUJS 12 B TAKOMY BUIAJKY MaTume U - TOIIOHY
dopmy. Ha puc. 5B mpencrapiiennii Bumaaok, Koiau As < 0. AmmiiTyma apyrol
FapMOHIKM MEHIIa 33 aMILUIITYy Iepirnol. MimiMyM apyroi rapMOHIKY CITiBIIaIa€ 3
MaKCHMyMOM TepIIol, Jaji MiHIMyMH )21 Ta 722 cHiBHaga0Th. OTHxe, B 001aCTAX
So, 54 CIOCTEpIraeThCst 3arOCTPEHHS OB 1 3aTyiieHHs rpebuiB. TobTro dpopma
xBwI Mae M - 11o/ibHy dopmy.
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Puc. 6. a) O6uacri 3aakocranocti Ay 6) Ay > 0 B) Ag < 0.

Ha puc. 6a mpesacrasieni rpadiku kpusux M = 0, My = 0 xoedimienta Ag,
[0 PO3/ISIOTE TUIOMuHY (p3, k) Ha doTupu 06s1acTi /s 1epIiol napu KOPEHiB.
B obmacrsix Sp, 53 - A2 < 0, B obmactsix Sa, Sy - Ag > 0. g Ay > 0 (puc. 66)
dbikcoBani napamerpu HabyBaloTh 3Ha4YeHb: p3 = 0.8,k = 2. Insa Ay < 0 (puc. 68)
dikcoBani napamerpu HabyBarOTh 3Ha4deHb: p3 = 0.5,k = 2. 3 puc. 66 BujHO, 1110
aMILIITy/1a IpYyrol TapMOHIKM 7)22 3HAYHO MEHIA 38 aMILITYAy IepIiol rapMoHi-
KN 7)21. MaKCHUMyMH 7)21 Ta 7)22 CHIBIQIAIOTH, Jajli MAKCUMYM 7jog CIIBIIAIAE 3
MiHIMyMOM 7)21. Taka curyariist o3Haqdae, mo B objactsax So, Sy BiOyBaeTbCs 3a-
rOCTPeHHs TPebHIB Ta 3aTyiieHHs migoms. OTxKe Xpujst Mae U - moaibHy ¢ opmy.
Ha puc. 68 npogemorcTpoBanuii Buna ok, koau As < 0. 3 rpadiky BUIHO, IO aM-
IUIITY/1a IPYTrol TapMOHIKY 3HAYTHO MEHIIA 338 aMILNTyay mepiroi. MiniMmym apyrol
FapMOHIKH 7)22 CHIBIAJA€ 3 MAKCUMYMOM II€PIIOl TapMOHIKH 7)1, JaJi MIHIMyMHI
000X rapMOHiK criBrmagaoTh. [le o3ravage, mo B obactsax S, .53 rpebHi 3aTyILIO-
IOTHCsI, & MIIOIIBU 3aroCTPIOIOThCs. OTrKe, XBUJIS B X 00JIaCTIX Ma€ (M - HOII0HY

opmy.
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Puc. 7. a) O6sacti suakocragocti Ay 6) Ag >0 8) Ay <0

=

Ipadik 7a rocrpye 3miny 3Haky Koedinienra Ag y cucremi (p2, k) st apy-
rol mapu KoperiB. Kpusi jguisars mionuay Ha Tpu objacti. B obnacrsix S, S5 -
Ay >0, a B obmacti Sy - Ay < 0. st Ay > 0 (puc. 76) dikcoBani napamerpu Ha-
GyBatoThb 3HaUeHb: po = 0.84,k = 0.5. Tnsa Ag < 0 (puc. 7B) dikcoBani napamerpu
HabyBaroTh 3HaUYeHb: po = 0.94, k = 0.5. Anamizyioun rpadikn 76 i 7B BUIHO, 11O
aMILIITY/Ia JIPYTOl TAPMOHIKH )29 3HAYHO MEHINA 3a aMILITYLy MePIIol TapMOHIKA
121 B 00ox Bumajkax. IIpore na rpadiky 76 MakcumyM g2 CHiBIIaJa€e 3 MiHiMYy-
MOM 17)21, HACTYIIHUI MaKCHUMyM )22 CIIBIaJAa€ 3 MakcuMyMoM 7)21. Ha puc. 7B
MiHIMyM# 000X TApMOHIK CIIiBIIAIaI0OTh, A/l HACTYIHUN MiHIMyM Apyroi rapmo-
HIKM CIIBIAJIAE 3 MaKCUMyMOM Iepinol rapMoHiku. [le o3nadae, 1mo B obsactsax
S1,S3 BimOyBaeTbCsi 3arocTpeHHsI I'PebHIB 1 3aryiieHHs migome. OTxKe, XBHUJISI
crae U - momibuol dopmu. B obiacti Sy cnocrepiraerhest 3aTyILIeHHsT TPEOHIB i
3arocTpeHHs mizonB. TobTo xBuig Mae M - 1oAibny dhopmy.

I'padik 8a imocTpye 3miny 3naky koedirienta Ay 1Tt Apyrol mapu KOPeHiB y
cucremi (p3, k). Kpusi My = 0, My = 0 ginsars mwionmuHy Ha Tpu obsacti. B obsia-
crax 51,53 - A2 > 0, a B obiacti Sz - A2 < 0. Just Ay > 0 (puc. 86) dikcosani
napamerpu HabyBaroTh 3HadeHb: p3 = 0.5,k = 2.5 . ljs Ay < 0 (puc. 88) dikco-
BaHi mapameTrpu HaOyBaiOTh 3HatdeHb: p3 = 0.5,k = 0.4.

3 a’)l

03 04 05 p3 06 07

Puc. 8. a) Obuacri 3Hakocranocti Ay 6) Ay >0 8) Ay <0
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Ha puc. 86 Bumno, 1mo aMmiiTyaa JIpyrol TapMOHIKH 7)o He Ha OaraTo MeH-
& 33 aMILITYAY I[epIInol TapMOHIKH 7)21. MakcuMyMm 129 cHiBHajgae 3 MiHIMyMOM
o1, JajIi MAKCUMyMHU TapMOHIK croiBmagaoTk. OTKe, B obacrsax Sy, S3 miaomBu
XBHUJI 3aTYILIIOIOTHCsI, & I'pebHi 3arocTpIoOThCcA. 106To XBuasd Mae U - HOIIOHY
dopmy. Ha rpadiky 8B amrutiTyma Apyroi rapMOHIKYM 3HATHO MEHIIA 33 aMILITY-
ny tepirnoi. MiniMyMu 060X TAPMOHIK CITiBIIAJIAI0TH, TIOTIM MIHIMYM 7)22 CIIiBIIa A€
3 MaKCHUMYMOM 7J21. 3 IIBOTO BUILIMBAE, IO B 06J/IacTi S XBUJIS Mae () - HMOIIOHY
dopwmy.

BucuoBok

B mamiit crarTi 6y/10 HOCIIIIKEHO HMOMUPEHHST XBUILOBUX IMAKETIB Y TPUIIAPO-
Biif rigpojmHaMIidHIN cuCTeMi «ITap 3 TBEPJAUM JHOM — Iap — Map 3 KPUIIKOIO».
st 000X OBEPXOHb KOHTAKTY BUBEJICHI DIBHSHHS, SIKUMU BU3HAYAETbCA hopMa
XBUJILOBOI'O MakKeTy. I'paditHo mpolIIocTPOBaHO Ta IIPOAHAJIZ0BAHO MeXKi 3HAKO-
crasiocTi KoedimienTiB A; Ta Ao, sKi BIIMBatOTh Ha (hopMy XBUJI, HjIsg 060X KO-
peHiB aucrepciiinoro piBHsHHs. TakoXK HaBeAeHO rpadiky BiIXMIEHb MTOBEPXOHD
KOHTaKTY Jijist 000X IIap 4acTOT i OTPUMAHO HACTYIIHI pe3yibraru. s HuKHbOT
noBepxHi KoHTakTy npu Ay > 0 jist nepinoi mapu dactor y cucremax (po, k) i
(p3, k) xBuisa npuitmae U - nonibuy dopmy. OTke, HaKIaJaAHHS MAKCUMYMIB JpY-
rol TapMOHIKHM Ta MIiHIMYMIB I€PIIOl, 1 HAK/IAJAHHST MAKCUMyMiB 000X TapMOHIK
[IPU3BOIUTD JI0 3arOCTpPeHHsI TpebHiB 1 3aryitenHs migoms. s A; < 0 npu Ha-
KJIaJIaHHI MiHIMyMiB 000X TapMOHIK BiJIOyBa€ThCsI 3aTyILJIEHHs IpeOHIB 1 3arocTpe-
HHst migommB. st apyroi napu yacror mpu Ay > 01 npu A; < 0 /11 HUXKHBOT TI0-
BEPXHI KOHTAKTY XBUJIbOBI MaKeTn MaiOTh M - nmoaidny dopmy. OTxe, s gpyrol
Iapyu 9acTOT HAKJ/IQJIaHHS MaKCHMYMIB JIpyrol TapMOHIKM Ta MIHIMYyMiB HepIol
i makmamanas MakcuMyMmiB (A > 0), Ta Hak/IaJaHHS MIHIMYyMiB i HAKJIaJaHHS
MaKCUMYMIB II€PIIOl TapMOHIKH Ta MiHiMyMiB apyroi (A1 < 0) npusBoauTh 10 3a-
TYILJIEHHsT TPEOHIB Ta 3arOCTPEHHSI ITi OB,

st BepxHBOI TIOBEPXHI KOHTAKTY TIpu Ao > 0 Ji1st 060X TIap 9acTOT XBUJIHOBI
nakeru MaroTh U - nogibny dopmy. Tobro, HakIamanHs MakCUMyMiB (Jj1s 1ep-
IIOr0 KOPEHsl) Ta HAKJIAJaHHsI MAKCUMYMIB JpyTol rapMOHIKY 1 MiHIMyMiB 1iepimnoi
(1151 IPyTOro KOPEHsl ) IPU3BOUTD JI0 3arOCTPEHHs IPeOHIB 1 3aTyIIIeHHST 111 0IIB.
Jns sunagky Ao < 0 11t 060X Ap KOPEHiB XBUJI MPUAMAOTh M - MoIi6HY hopMy.
Otxe, HaK/Ia/IaHHs MIHIMYMIB JIpyToi rapMOHIKK 1 MAKCUMyMIB 1iepiiol (st wi),
Ta HaKJIaJaHHsS MiHIMyMiB 060X rapMOHIK (J1s1 we) Beje /10 3aTyIUIeHHs] IPeOHIB
Ta 3arOCTPEHHS ITiJIOIIB.
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Dopma XBUJIBOBUX MaKETIB y TPUINAPOBil rimpoamHamivHiil cucremi
Xapuenxko /1. C.
Llenmpanrvroykpaincoruti deporcasHuti nedazozivnut yrisepcumem

imeni B. Bunnuuenka, eya. Illesuenka 1, m. Kponusnuyvkut, Yrpaina, 25000

CrarTs rpucBsiueHa 1pobJieMi HOMUPEHHsI XBUJIBOBUX IAKETIB y TPUIIAPOBIil rijpo-
JIUHAMIYHIN CHCTEM] «ITIap 3 TBEPIUM JTHOM — IIIap — MIap 3 KPUIIKOIO», cTpaTudikoBaHiit
3a I'yCTUHOK. BUKOHAHO OIJIsi) CyYacHUX JIOCJIIZKEeHb 3 00paHol Temaruku. MaremaTndysa
MOCTAHOBKA 33129l HaBeIeHa B 6€3PO3MIPHOMY BUIJISI Ta MICTUTBH PIBHSHHS PyXy piju-
HU, KIHEMATUYHI Ta JUHAMIYHI YMOBU Ha MTOBEPXHSX KOHTAKTY, & TAKOXK I'DAHUYHI YMOBU
Ha KPUINI Ta Ha JiHi. 3 BUKOPUCTAHHIM METOJy 0AraToOMacHITaOHUX PO3BUHEHDb OTDU-
MaHO TIEPIT TPU HAOJIUKEHHS JIOCTIIKYBAHOI 3a/adi, 3 IKUX B CTATTI HABEJIEHO MEPIIi
JIBa, OCKIJIbKY TpeTe HabJIMKEeHHsT Ma€ IPOMI3IKUil aHa iTuaHuit Burisiy. [Ipescrasieno
PO3B’SI3KH MEPIOro HabJIMKEHHsI Ta JUCIIePCiifHe criBBiaHOMEeHHsI. BUBeIeHO eBOTIONiiHI
pPIBHSIHHSI OOBITHUX XBUJIBOBHUX ITAKETIB HA MOBEPXHSX KOHTAKTY y BUIVISIl HEJIHIHOTrO
piBusiaag IlIpeminrepa Ha OCHOBI AMCIIEPCIAHOTO CIIBBiIHOIIEHHST Ta YMOB PO3B’sI3HOCTI
JIPYroro Ta TPeTboro HabjuxkeHb. OTPUMAHO YACTUHHUN PO3B’A30K HEJIHIAHOIO piBHSI-
unag [penmiarepa micss mepexojly JI0 CUCTEMU, STKa PYXAEThCS 3 IPYIIOBOIO IMIBUJIKICTIO.
JlJ1si mepmioro Ta Jpyroro HabJIMKEHHsI BUBEIEHO (DOPMYJIU BiJIXMJIEHb TTOBEPXOHb KOH-
TaKTy, 3 ypaxyBaHHAM PO3B 3Ky HeJiiHilinoro piusuus [IIpeninrepa. Buseneno ymosu,
MIPHU IKUX 3MIHIOETHCSA (pOpMa XBUILOBUX ITAKETIB Ha BEPXHIN Ta HMKHI TOBEPXHAX KOH-
TakTy. HaBe/eno ta mpoaHa/i30BaHO 00/IACTI 3HAKOCTAJIOCTI KOEMIIIEHTIB MPHU JAPYTUX
rapMOHIKaxX HA BEPXHiil Ta HMKHINl MOBEPXHAX KOHTAKTY JIJIsT 000X Tap YacToT, sKi €
KOPEHSIMU JUCIEPCIHHOro CHiBBiIHOMEHHs. TakoxK, st 060X map 4acToT rpadidHo mpo-
LTIOCTPOBAHO Ta MPOAHAJJII30BAHO Pi3HI BHIAIKN HAKIAIAHHI MAaKCUMYMiB Ta MIiHIMYMiB
mepInoi Ta JPyroi rapMOHIK, IPU SKAX BUHUKAE aCUMETPisi (DOPMU XBUIBOBUX ITAKETIB.
Bci pesyabrarn npoisrocTrpoBani rpadivHo. AHaJITUYHI IIepeTBOPEHHS, OOYKMCJIEHHS Ta,
rpadivne mpeacTaBIeHHS PE3YIHTATIB BUKOHAHO 3 BUKOPUCTAHHSIM ITaKETy CUMBOJILHUX
obuncyieHb Ta KoMIir'1oTepHol aysrebpu Maple.
Karwo6i caosa: TpuIiapoBa riipoinHaMIYHA CHCTEMA; XBUJIBOBI MAKeTH; (POPMa XBUIIHO-
BUX ITaKETIB.
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The shape of wave packets in a three-layer hydrodynamic system
D. S. Kharchenko
Volodymyr Vynnychenko Central Ukrainian State Pedagogical University
1 Shevchenko str., Kropyvnytskyi, 25000, Ukraine

The article is devoted to the problem of wave-packet propagation in a three - layer
hydrodynamic system "layer with a hard bottom - layer - layer with a cover stratified by
density. The current research on selected topics is reviewed. The mathematical formulati-
on of the problem is given in dimensionless form and contains the equations of fluid moti-
on, kinematic and dynamic conditions on the contact surfaces, as well as the boundary
conditions on the lid and on the bottom. Using the method of multiscale developments,
the first three approximations of the studied problem are obtained, of which the first two
are given in the article, because the third approximation has a cumbersome analytical
form. The solutions of the first approximation and the variance relation are presented.
The evolution equations of the circumferential wave-packets on the contact surfaces are
derived in the form of the nonlinear Schrodinger equation on the basis of the variance
relation and the conditions for the solvability of the second and third approximations.
A partial solution of the nonlinear Schrodinger equation is obtained after the transition
to a system moving with group velocity. For the first and second approximations, the
formulas for the deviations of the contact surfaces are derived, taking into account the
solution of the nonlinear Schrodinger equation. The conditions under which the shape
of wave-packets on the upper and lower contact surfaces changes are derived. The regi-
ons of familiarity of the coefficients for the second harmonics on the upper and lower
contact surfaces for both frequency pairs, which are the roots of the variance relation,
are presented and analyzed. Also, for both frequency pairs, different cases of superi-
mposition of maxima and minima of the first and second harmonics, in which there is
an asymmetry in the shape of wave packets, are graphically illustrated and analyzed. All
results are illustrated graphically. Analytical transformations, calculations and graphical
representation of results were performed using a package of symbolic calculations and
computer algebra Maple.
Keywords: three-layer hydrodynamic system; wave-packets; shape of wave-packets.
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VALERY IVANOVICH KOROBOV
To the 80th anniversary

On September 27, 2021, the Editor-in-Chief of our journal, Doctor of Physical
and Mathematical Sciences, Professor Valery Ivanovich Korobov turned the 80th
anniversary.

The whole life of this remarkable outstanding person got in touch with
mathematics and Kharkiv University. Valery Ivanovich graduated from the
Kharkiv State University in 1961, and in 1964 became a PhD student of Igor
Girsanov in Moscow State University. In 1967 he returned to Kharkiv and conti-
nued to work at Kharkiv University. In 1971 at the Faculty of Mathematics and
Mechanics, the first "applied" department was organized due to Valery’s efforts.
It was named "Department of Mathematical Theory of Systems" and Valery
Ivanovych became the head of the department at the age of 30 — the youngest
head of the department at the university.

Valery Ivanovych established a Kharkiv scientific school of the mathematical
control theory, which is well known in Ukraine and far beyond. Some of his results
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originated new scientific areas. For instance, for the first time ever, Valery Ivano-
vich investigated the controllability of triangular systems; stated and solved the
min-moment problem; he is the author of the controllability function method,
which is the extension of the Lyapunov functions method on control systems. He
has more than 180 scientific papers, including the monograph — "Controllability
Function Method" (2007).

Being a great teacher, Valery Ivanovich trained hundreds of students, became
a scientific advisor for 13 PhD students. Three of his students became Doctors of
Sciences — Nguyen Khoa Son (Vietnam), Rabah Rabah (France), Grigory Sklyar
(Ukraine).

For his outstanding scientific achievements, Valery Ivanovich Korobov was
awarded the M. V. Ostrogradsky Scholarship (2009), the State Prize of Ukrai-
ne in Science and Technology (2010). For the contribution to the development
of astronautics, he was awarded the S. P. Korolev Medal of the Cosmonautics
Federation of Russia (2009). In 2017, for significant results in pedagogical and
scientific activities, he was awarded the honorary title of "Professor Emeritus of
V. N. Karazin Kharkiv National University".

In September 2016, the School of Mathematics and Computer Sciences of
V. N. Karazin Kharkiv National University hosted the International Conference
"Differential Equations and Control Theory" dedicated to the 75th anniversary
of Valery Ivanovich Korobov. That conference brought together his students,
followers, colleagues from different countries. Since then, the conference "Di-
fferential Equations and Control Theory" was held annually.

We sincerely congratulate Valery Ivanovich with the jubilee and wish him
health and new scientific achievements.

Rabah Rabah, Nguyen Khoa Son, S. M. Chuiko, Y. Ya. Khruslov,
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IIpaBuna pas aBTOpiB
«Bicuunka XapkiBChbKOTO HAI[IOHAJIBHOTO YHiBEPCUTETY
imeni B. H. Kapasina»,
Cepia «MaremaTuka, IpUKJIaJHas MaTeMaTUKa i MexXaHiKa»

Penaxkiiist mpocuTh aBTOPIB IpK HAIIPABJICHHI cTaTell KepyBaTUCS HACTYITHIMU
MpaBUJIaAMH.

1. B xkypnaii myO/iKyloTbCs CTATTi, IO MAIOTh PE3Y/IbTATH MATEMATAIHUX
JTOCJTIIPKEHD (AHTIHCHKOI0 ab0 YKPATHCHKOIO MOBAMH).

2. llomamusaMm cTaTTi BBaXKAETHCI OTPUMAHHS peJakilieio daitais crarTi
odopmienux y pegakropi LATEX (Bepcis 2e), anoTariii, BijjoMocTeii Ipo aBTOPiB
Ta apxiBa, o Brjodae LATEX daitiu crarti Ta daiiim mamonkis. Qaita-3pasok
opOpMJIEHHST CTATTI MOXKHA 3HAWTH B PENAKINl >KypHALy Ta Ha BeO-CTOPIHIL
(http://vestnik-math.univer.kharkov.ua).

3. CrarTst HOBUHHA [TOYMHATHCS 3 AHOTAIII, B SIKUX HOBUHHI OyTH JiTKO cop-
MyJTbOBAHI MeTa Ta pe3ysbTaTu poboTh. AHoTalil MOBUHHI OYyTH TPHOMa MOBAMU
(aHICbKOI0, YKPATHCHKOIO Ta POCIHCKO0): HEPIIOI [MOBUHHA CTOSITH aHOTAIlisI
Ti€I0 MOBOIO, SIKOIO € OCHOBHHUI TEKCT CcTaTTi. 3aKOPJIOHHI aBTOPU MOXKYTh 3BEp-
HYTHCS 10 PEIAKINl 3a JIOMOMOIOI0 3 IMEPEKIaJOM AHOTAIN Ha YKpPalHCBKY Ta
pocificbKy mMoBy. B anorariil moBuHHi OyTH Mpu3BUINA, iHiIaan aBTOPiB, HA3BA PO-
00THU, KJIIOYOBI CJI0OBA Ta HOMED 328 MiKHAPOIHOIO MaTEeMATUIHOIO KJIACUMIKAIIEI0
(Mathematics Subject Classification 2010). AxoTamnis He TOBUHHA MaTH IIOCHJIAHD
Ha JiiTepaTypy uu mayonku. Ha neprmiit cropinti Bkazyerbea nomep Y/ K kiracu-
dikanii. B kinmi crarri Tpeba moxaru posmupeni (obcsirom He MeHmI Hixk 1800
3HAKIB KOXKHA) aHOTaIllil aHIVIIHCHKOIO Ta YyKPAIHCHKOIO MOBAMH.

4. Crnmcok jmiTeparypu MOBHHEH OyTH O(OpPMJIEHHH JIATHHCHKUM IIPUETOM.
[Ipukiaaun odopMIIeHHS CIIUCKA JITEpaTypH:

1. A.M. Lyapunov. A new case of integrability of differential equations of motion

of a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.

2. A.M. Lyapunov. The general problem of the stability of motion. 1892. Kharkov

Mathematical Society, Kharkov, 251 p.

5. Koxnwuit Ma/oHOK mOBHHEH OyTH NPOHYMEPOBAHUI Ta IIPEICTABICHUN
okpemuM daitsom B ogaomy 3 opmaris: EPS, BMP, JPG. B daiuri crarti mastio-
HOK ITOBMHEH OyTu BcTaBjienuit aBropom. Ilim MaaioHKOM MOBUHEH OyTu Miamuc.
Hazsu daitaip MaaioHKIB TOBUHHI TOYMHATHACEH 3 IPU3UIIA IIEPIITIOTO aBTOPA.

6. BimomocTi mpo aBTOpiB MOBMHHI MIiCTHTH: TpPI3BUINA, iMeHa, MO OATHKO-
Bi, cayk00Bi ajpecu Ta HOMepH TeiedOHIB, aapecn eJeKTPOHHUX IIOIMIT Ta iH-
dbopmarnito npo Haykosi npodaiiiun asropis (orcid.org, www.researcherid.com,
WWWw.scopus.com) 3 BianoBiaHuMu mocuiansamu. [IpoxaHHsI TakoxXK IIOBIOMUTH
[IPI3BUINE aBTOPA, 3 SKUM Tpeba BECTU JIUCTYBAHHS.

7. PexomenayeMo BUKOPHUCTOBYBATH B SIKOCTi 3pa3ka OQOPMJICHHS OCTAHHI
BUITyCKH KypHaJy (vestnik-math.univer.kharkov.ua/currentv.htm).

8. VY BunaKy nopyIieHHs npaBui opOPMIICHHS PeJaKIlist He Oyiae Po3rsaIaTu
CTaTTIO.

Estekrponna ckpunbka: vestnik-khnu@ukr.net
Enekrponna anpeca B [urepneri: http://vestnik-math.univer.kharkov.ua
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