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Лiнiйна нетерова крайова задача для
матричного рiзницево-алгебраїчного

рiвняння Ляпунова
С. М. Чуйко1, М. В. Дзюба2, Я. В. Калiнiченко1

1Донбаський державний педагогiчний унiверситет, Слов’янськ,
вул. Генерала Батюка, 19, Донецька обл., Україна 84 116

2Донбаська державна машинобудiвна академiя,
вул. Академiчна, 72, м. Краматорськ, Донецька обл., Україна 84313

chujko-slav@ukr.net

Знайденi умови розв’язностi, а також конструкцiя узагальненого оператора
Грiна для лiнiйної нетерової крайової задачi для матричного рiзницево-
алгебраїчного аналога рiвняння Ляпунова.
Ключовi слова: рiзницево-алгебраїчнi рiвняння; крайовi задачi; матричне
рiвняння Ляпунова.

S. M. Chuiko, M. V. Dzyuba, Ya. V. Kalinichenko. Linear Noetheri-
an boundary value problem for the matrix difference-algebraic
Lyapunov equation. In this article we found the conditions of the exi-
stence and constructive scheme for finding the solutions of the linear Noetherian
differential-algebraic boundary value problem for a matrix Lyapunov equation.
Keywords: differential-algebraic equation; boundary value problem; matrix
Lyapunov equation.

Чуйко С. М., Дзюба М. В., Калиниченко Я. В. Линейная нетерова кра-
евая задача для матричного разностно-алгебраического уравне-
ния Ляпунова. Найдены условия разрешимости, а также конструкция
обобщенного оператора Грина для линейной нетеровой краевой задачи для
матричного разностно-алгебраического аналога уравнения Ляпунова.
Ключевые слова: разностно-алгебраические уравнения; краевые задачи;
матричное уравнение Ляпунова.

2010 Mathematics Subject Classification: 15A24, 34В15, 34C25.

1. Постановка задачi. Дослiджено задачу про знаходження обмежених
розв’язкiв [1, 2]

Z(k) ∈ Rα×β, k ∈ Ω := {0, 1, 2, ... , ω}

лiнiйної нетерової (αβ 6= λµ) крайової задачi для матричного рiзницево-алгеб-
раїчного рiвняння Ляпунова

4
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A(k)Z(k + 1) = B(k)Z(k) + Z(k)C(k) + F (k), (1)

LZ(·) = Ǎ ∈ Rλ×µ. (2)

Компоненти
Z(i,j)(k), F (i,j)(k) : Ω→ R1

матриць Z(k) та F (k) ∈ Rα×β припускаємо обмеженими на множинi Ω фун-
кцiями. Тут A(k), B(k) ∈ Rα×α i C(k) ∈ Rβ×β — обмеженi на множинi Ω ма-
трицi,

LZ(·) : Rα×β → Rλ×µ

— лiнiйний обмежений матричний функцiонал, визначений на просторi обме-
жених матриць Z(k). Визначимо оператор [3]

M[B] : Rm×n → Rm·n,

як оператор, який ставить у вiдповiднiсть матрицi B ∈ Rm×n вектор-стовпець
M[B] ∈ Rm·n, складений iз n стовпцiв матрицi B, а також обернений оператор

M−1

{
M[B]

}
: Rm·n → Rm×n,

який ставить у вiдповiднiсть вектор-стовпцюM[B]∈Rm·n матрицю B∈Rm×n.
В англомовнiй лiтературi операторM[A] називають оператором векторизацiї
i позначають [4]:M[A] := vec(A).

Задача про знаходження обмежених розв’язкiв Z(k) лiнiйного матричного
рiзницево-алгебраїчного рiвняння Ляпунова (1) приводиться до задачi про
знаходження обмежених розв’язкiв [2]

z(k) :=MZ(k) ∈ Rαβ, k ∈ Ω

лiнiйного рiзницево-алгебраїчного рiвняння

A(k)Z(k + 1) = B(k)Z(k) + Z(k)C(k) + F (k). (3)

Позначимо
Θ(j) ∈ Rα×β, j = 1, 2, ... , α · β

— природний базис простору Rα×β та cj , j = 1, 2, ... , α · β — константи, якi
визначають розвинення матрицi

Ž =

α·β∑
j=1

Θ(j)cj , cj ∈ R1, j = 1, 2, ... , α · β

за векторами Θ(j) ∈ Rα×β базис простору Rα×β. Позначимо матрицi

A(k) :=
(
A(k)

1 A(k)
2 ... A(k)

αβ

)
, A(k)

i :=MA(k)Θi ∈ Rαβ,
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а також
B(k) :=

(
B(k)

1 B(k)
2 ... B(k)

αβ

)
∈ Rαβ×αβ,

де
B(k)
i :=M (A(k)Θi + ΘiB(k)) ∈ Rαβ.

Таким чином, задача про знаходження обмежених розв’язкiв Z(k) лiнiйно-
го матричного рiзницево-алгебраїчного рiвняння Ляпунова (3) приведена до
задачi про знаходження обмежених розв’язкiв

z(k) :=MZ(k) ∈ Rαβ, k ∈ Ω := {0, 1, 2, ... , ω}

лiнiйного рiзницево-алгебраїчного рiвняння

A(k)z(k + 1) = B(k)z(k) + f(k), f(k) :=MF (k). (4)

2. Умови розв’язностi для фiксованої функцiї νp(k). Припустимо,
що рiвняння (4) задовольняє вимогам теореми [5, c. 570], а саме: припустимо,
що має мiсце виродження або першого p = 1, або другого порядку: p = 2, при
цьому лiнiйна рiзницево-алгебраїчна система (4) має розв’язок вигляду

z(k, cρp−1) = Xp(k) cρp−1 +K[f(i), νp(i)](k), cρp−1 ∈ Rρp−1 ,

залежний вiд довiльної обмеженої вектор-функцiї νp(k) ∈ Rρp ; припустимо
також функцiю νp(k) фiксованою. Позначимо матрицю

Qp := `Xp(·) ∈ Rυ×ρp−1 ,

а також [6]
PQp : Rρp−1 → N(Qp), PQ∗

p
: Rυ → N(Q∗p)

— матрицi-ортопроектори. Пiдставляючи загальний розв’язок задачi Кошi
z(0) = cρp−1 ∈ Rρp−1 неоднорiдного лiнiйного рiзницево-алгебраїчного рiнян-
ня (4) у крайову умову

`z(·) = α̌ :=MǍ ∈ Rλµ,

приходимо до рiвняння

Qp c = α̌− `K[f(j), νp(j)](·),

розв’язного тодi i тiльки тодi, коли [6]

PQ∗
p

{
α̌− `K[f(j), νp(j)](·)

}
= 0; (5)

у цьому випадку розв’язок z(k) лiнiйної нетерової крайової задачi (1), (2)
визначає вектор

cρp−1 = Q+
p

{
α̌− `K[f(j), νp(j)](·)

}
+ PQrcr, cr ∈ Rr.
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Тут Q+
p ∈ Rρp−1×υ — псевдообернена за Муром – Пенроузом матриця; мат-

риця PQr ∈ Rρp−1×r утворена з r лiнiйно незалежних стовпцiв ортопроектора
PQp ∈ Rρp−1×ρp−1 . Таким чином, доведена наступна лема.

Лема 1. Задача про знаходження обмежених розв’язкiв лiнiйного
рiзницево-алгебраїчного рiвняння (1) у випадку виродження першого p = 1,
або другого порядку: p = 2 має розв’язок вигляду

Z(k, cρp−1) = W (k, cρp−1) +K[F (i), νp(i)](k),

залежний вiд довiльної обмеженої вектор-функцiї νp(k) ∈ Rρp . Тут

W (k, cρp−1) :=M−1
[
Xp(k) cρp−1

]
, cρp−1 ∈ Rρp−1 ,

крiм того
K[F (i), νp(i)](k) :=M−1 [K[f(i), νp(i)](k)] .

Задача про знаходження обмежених розв’язкiв лiнiйної нетерової рiзницево-
алгебраїчної крайової задачi (1), (2) у випадку виродження або першого
p = 1, або другого порядку: p = 2, для фiксованої обмеженої вектор-функцiї
νp(k) ∈ Rρp за умови (5) має розв’язок

Z(k, cr) = W (k, cr) +G[F (i), νp(i), α̌](k), cr ∈ Rr;

тут
W (k, cr) :=M−1 [Xr(k) cr] , Xr(k) := Xp(k)PQr , k ∈ Ω

та
G[F (i), νp(i), α̌](k) :=M−1 [G[f(j), νp(j), α̌](k)]

— узагальнений оператор Грiна лiнiйної нетерової рiзницево-алгебраїчної
крайової задачi (1), (2), крiм того

G[f(j), νp(j), α̌](k) := K[Fp(j, νp(j))](k)+

+Xp(k)Q+
p

{
α̌− `K[f(j), νp(j)](·)

}
.

Приклад 1. Знайдемо розв’язок лiнiйної матричної перiодичної задачi для
системи рiзницево-алгебраїчних рiвнянь першого порядку

A(k)Z(k + 1) = B(k)Z(k) + Z(k)C(k) + F (k), k ∈ Ω (6)

LZ(·) := Z(0)− Z(3) = 0, (7)

де

A(k) :=

 0 0 1
0 0 0
1 0 0

 , B(k) :=

 0 1 0
0 0 0
0 1 0

 ,

крiм того

C(k) :=

(
1 0
1 0

)
, F (k) :=

 1 1
2 0
1 1

 .
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Задача про знаходження обмежених розв’язкiв матричного рiзницево-
алгебраїчного рiвняння Ляпунова (6) приводиться до задачi про знаходження
обмежених розв’язкiв лiнiйного рiзницево-алгебраїчного рiвняння (4), де

A(k) =



0 0 1 0 0 0
0 0 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 0 0
0 0 0 1 0 0

 , B(k) =



1 1 0 1 0 0
0 1 0 0 1 0
0 1 1 0 0 1
0 0 0 0 1 0
0 0 0 0 0 0
0 0 0 0 1 0

 .

У цьому випадку система (4) вироджена, при цьому матриця

A1(k) =
1

2


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0


— матриця повного рангу, тому для рiзницево-алгебраїчного рiвняння (4) має
мiсце виродження першого порядку

PA1(k) 6= 0, PAρ1 (k) 6= 0,

тому шуканий розв’язок рiзницево-алгебраїчного рiвняння (4)

z(k, cρ0) = X1(k)cρ0 +K

[
f(j), ν1(j)

]
(k), cρ0 ∈ R5

залежить вiд довiльної обмеженої функцiї; покладемо її нульовою: ν1(k) := 0.
Оскiльки виконано умову (5), то лiнiйна матрична перiодична задача для
системи (6) має розв’язок

Z(k, cr) = W (k, cr) +G[F (i), νp(i), α̌](k), cr ∈ R2;

тут

Z(k, cr) =

 2 (cr1 + cr2) 0
−1 −1

2 (cr1 + cr2) 0

 , k ∈ Ω,

крiм того

cr :=

(
cr1
cr2

)
.

3. Умови розв’язностi для не фiксованої функцiї νp. У випадку
виродження або першого порядку p = 1, або другого порядку: p = 2, для не
фiксованої обмеженої вектор-функцiї

νp(k) ∈ Rρp
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розв’язнiсть лiнiйної нетерової крайової задачi для системи лiнiйних рiзницево-
алгебраїчних рiвнянь (4) суттєво залежить вiд вибору цiєї функцiї. Покладе-
мо

νp(k) := Ψp(k)γ, γ ∈ Rθ;

тут Ψp(k) ∈ Rρp×θ — довiльна обмежена матриця повного рангу. Оператор
Грiна задачi Кошi для системи лiнiйних рiзницево-алгебраїчних рiвнянь (4)
представимо у виглядi

K

[
f(j), νp(j)

]
(k) = K

[
f(j)

]
(k) +K

[
Ψp(j)

]
(k) γ;

тут

K

[
Ψp(j)

]
(k) :=

p−1∏
i=0

S−1
i (k − 1)PDρi (k)K

[
Ψp(j)

]
(k).

Пiдставляючи загальний розв’язок

z(k, cρp−1) = Xp(k) cρp−1 +K[f(i), νp(i)](k), cρp−1 ∈ Rρp−1 ,

системи лiнiйних рiзницево-алгебраїчних рiвнянь (4) в крайову умову

`z(·) = α̌ :=MǍ ∈ Rλµ,

приходимо до лiнiйного алгебраїчного рiвняння

Dp č = α− `K
[
f(j)

]
(·), č := col (cρp−1 , γ) ∈ Rρp−1+θ,

розв’язного тодi i тiльки тодi, коли [1, 2, 6]

PD∗
p

{
α− `K

[
f(j)

]
(·)
}

= 0. (8)

Тут PD∗
p
— ортопроектор: Rυ → N(D∗p). За умови (8) i тiльки за неї загальний

розв’язок крайової задачi для рiвняння (4)

z(k, δ) =

{
Xp(k);K

[
Ψp(j)

]
(k)

}
D+
p

{
α− `K

[
f(j)

]
(·)
}

+

+K

[
f(j)

]
(k) +

{
Xp(k);K

[
Ψp(j)

]
(k)

}
PDp δ, δ ∈ Rρp−1+θ

визначає загальний розв’язок крайової задачi (1), (2). Таким чином, доведена
наступна теорема.

Теорема 1. Задача про знаходження обмежених розв’язкiв лiнiйного ма-
тричного рiзницево-алгебраїчного рiвняння (1) у випадку виродження або
першого p = 1, або другого порядку: p = 2, має розв’язок вигляду

Z(k, cρp−1) = W (k, cρp−1) +K[F (i), νp(i)](k),
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залежний вiд фiксованої обмеженої матрицi повного рангу Ψp(k) :

K

[
f(j), νp(j)

]
(k) = K

[
f(j)

]
(k) +K

[
Ψp(j)

]
(k) γ.

Тут
W (k, cρp−1) :=M−1

[
Xp(k) cρp−1

]
, cρp−1 ∈ Rρp−1 ,

крiм того
K[F (i)](k) :=M−1 [K[f(i)](k)] .

Задача про знаходження обмежених розв’язкiв лiнiйної матричної рiзницево-
алгебраїчної крайової задачi (1), (2) у випадку виродження порядку p ≥ 1 для
фiксованої обмеженої матрицi повного рангу Ψp(k) при умовi (8) має розв’я-
зок

Z(k, cr) = W (k, cr) +G[F (i),Ψp(i), α̌](k), cr ∈ Rr;
тут

W (k, cr) :=M−1 [Xr(k) cr] , Xr(k) := Xp(k)PQr , k ∈ Ω

i
G[F (i),Ψp(i), α̌](k) :=M−1 [G[f(j), νp(j), α̌](k)]

— узагальнений оператор Грiна лiнiйної нетерової рiницево-алгебраїчної кра-
йової задачi (1), (2), крiм того

G[f(j), νp(i), α̌](k) := K[Fp(j)](k)+

+

[
Xp(k);K

[
Ψp(j)

]
(k)

]
D+
p

{
α̌− `K[f(j)](·)

}
.

Означення 1. За умови PD∗
p
6= 0 будемо казати, що лiнiйна нетерова кра-

йова задача для матричного рiницево-алгебраїчного рiвняння Ляпунова (1),
(2) у випадку виродження порядку p ≥ 1 представляє критичний випадок, i
навпаки: за умови

PQ∗
p
6= 0, PD∗

p
= 0

будемо казати, що матрична рiзницево-алгебраїчна крайова задача (1), (2)
приведена до некритичного випадку.

Приклад 2. Знайдемо розв’язок лiнiйної матричної крайової задачi для
системи рiзницево-алгебраїчних рiвнянь першого порядку

A(k)Z(k + 1) = B(k)Z(k) + Z(k)C(k) + F (k) (9)

LZ(·) := MM(Z(1) + Z(2)) = 0, (10)

де матрицi A(k), B(k), C(k) i вектор-функцiя F (k) наведенi в прикладi 1,
крiм того

M :=

 1 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

 , α :=

 0
−2
0

 , k ∈ {0, 1, 2, 3}.
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У прикладi 1 встановлено, що для рiзницево-алгебраїчного рiвняння (9)
має мiсце виродження першого порядку, тому шуканий розв’язок рiзницево-
алгебраїчного рiвняння (9) залежить вiд довiльної функцiї; покладемо

Ψp(n) :=
(

1 n n2
)
.

Остання матриця приводить матричну крайову задачу (9), (10) до некрити-
чного випадку: PQ∗

1
6= 0, PD∗

1
= 0; тут

Q1 =

 2 2 2 2 −1
0 0 0 0 0
0 0 0 0 1

 , D1 =

 2 2 2 2 −1 −1 0 0
0 0 0 0 0 2 1 1
0 0 0 0 1 1 0 0

 .

Таким чином, згiдно теореми 1, iснує розв’язок лiнiйної матричної крайової
задачi (9), (10) вигляду

Z(k, cr) = W (k, cr) +G[F (i),Ψ1(i), α̌](k), cr ∈ R5;

тут

W (0, cr) =

 −2 (cr1 + cr2 + cr3) −2 (cr1 − 3 cr2 + cr3)
−cr4 − cr5 cr4 + cr5

−2 (cr1 + cr2 − 3 cr3) 6 cr1 − 2 (cr2 + cr3)

 ,

W (1, cr) =

 4 cr1 − 4 cr2 + 4 cr3 − cr4 − cr5 cr4 + cr5

cr4 + cr5 −cr4 − cr5

−4 cr1 + 4 cr2 − 4 cr3 − cr4 − cr5 cr4 + cr5

 ,

W (2, cr) =

 −4 cr1 + 4 cr2 − 4 cr3 + cr4 + cr5 −cr4 − cr5

−cr4 − cr5 cr4 + cr5

4 cr1 − 4 cr2 + 4 cr3 + cr4 + cr5 −cr4 − cr5

 ,

W (3, cr) =

 4 cr1 − 4 cr2 + 4 cr3 − cr4 − cr5 cr4 + cr5

−5 cr4 − cr5 5 cr4 + cr5

−4 cr1 + 4 cr2 − 4 cr3 − cr4 − cr5 cr4 + cr5


та

G[F (i),Ψ1(i), α̌](k) ≡ K[F (i), ν1(i)](k) ≡

 0 0
−1 −1
0 0


— узагальнений оператор Грiна лiнiйної нетерової рiзницево-алгебраїчної кра-
йової задачi (9), (10).

Отриманi результати аналогiчно [7] можуть бути використанi в теорiї стiй-
костi для систем рiзницевих рiвнянь. Для розв’язання задачi про знаходжен-
ня обмежених розв’язкiв нетерової крайової задачi для матричного рiзницево-
алгебраїчного рiвняння Ляпунова (1), (2) в критичному випадку також може
бути застосована технiка регуляризацiї [8, 9, 10].
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Лiнiйна нетерова крайова задача для матричного
рiзницево-алгебраїчного рiвняння Ляпунова
ЧуйкоС.М.1, ДзюбаМ.В.2, КалiнiченкоЯ.В.1

1Донбаський державний педагогiчний унiверситет,
вул. Генерала Батюка, 19, м. Слов’янськ, Донецька обл., Україна 84 116

2Донбаська державна машинобудiвна академiя,
вул. Академiчна, 72, м. Краматорськ, Донецька обл., Україна 84313

Дослiдження диференцiально-алгебраїчних крайових задач започатковане у робо-
тах К. Вейєрштрасса, М. М. Лузiна та Ф. Р. Гантмахера. Систематичному вивчен-
ню диференцiально-алгебраїчних крайових задач присвяченi роботи С. Кемпбел-
ла, Ю. Є. Бояринцева, В. Ф. Чистякова, А. М. Самойленка, М. О. Перестюка,
В. П. Яковця, О. А. Бойчука, А. Iлчманна та Т. Рейса. Вивчення диференцiально-
алгебраїчних крайових задач пов’язане з численними застосуваннями таких задач
у теорiї нелiнiйних коливань, у механiцi, бiологiї, радiотехнiцi, теорiї керування, те-
орiї стiйкостi руху. В той же час дослiдження диференцiально-алгебраїчних крайо-
вих задач тiсно пов’язане з дослiдженням крайових задач для рiзницевих рiвнянь,
започаткованим у роботах А. А. Маркова, С. Н. Бернштейна, Я. С. Безиковича,
О. О. Гольфонда, С. Л. Соболєва, В. С. Рябенького, В. Б. Демiдовича, А. Хала-
ная, Г. I. Марчука, О. А. Самарського, Ю. О. Митропольського, Д. I. Мартинюка,
Г. М. Вайнiко, А. М. Самойленка, О. А. Бойчука та О. М. Станжицького. Дослi-
дженню нелiнiйних сингулярно збурених крайових задач для рiзницевих рiвнянь у
частинних рiзницях присвяченi роботи В. П. Аносова, Л. С. Франка, П. Є. Собо-
лєвського, О. Л. Скубачевського та А. Ашералiєва. Отже, актуальною проблемою
є перенесення результатiв, отриманих у статтях С. Кемпбелла, А. М. Самойлен-
ка та О. А. Бойчука на лiнiйнi крайовi задачi для рiзницево-алгебраїчних рiвнянь,
зокрема, знаходження необхiдних та достатнiх умов iснування шуканих розв’язкiв,
а також, конструкцiї оператора Грiна задачi Кошi та узагальненого оператора Грiна
лiнiйної крайової задачi для рiзницево-алгебраїчного рiвняння Ляпунова. У статтi
знайдено умови розв’язностi, а також конструкцiю узагальненого оператора Грi-
на задачi Кошi для рiзницево-алгебраїчного рiвняння Ляпунова. Знайдено умови
розв’язностi, а також конструкцiю узагальненого оператора Грiна для лiнiйної нете-
рової крайової задачi у випадку рiзницево-алгебраїчного рiвняння Ляпунова. Запро-
поновано оригiнальну класифiкацiю критичних i некритичних випадкiв для лiнiйної
нетерової крайової задачi у випадку рiзницево-алгебраїчного рiвняння Ляпунова.
Ключовi слова: рiзницево-алгебраїчнi рiвняння; крайовi задачi; матричне рiвняння
Ляпунова.

Linear Noetherian boundary value problem for a matrix
difference-algebraic Lyapunov equation

S.M.Chuiko1, M.V.Dzyuba2, Ya.V.Kalinichenko1
1Donbas State Pedagogical University, 19, Batiuk General st.,

Slavyansk, Donetsk region, 84 116, Ukraine
2Donbas State Engineering Academy, 72 Academic st.

Kramatorsk, Donbass region, 84 313, Ukraine
The study of differential-algebraic boundary value problems was initiated in the works
of K. Weierstrass, N. N. Luzin and F. R. Gantmacher. Systematic study of differential-
algebraic boundary value problems is devoted to the work of S. Campbell, Yu. E. Boyari-
ntsev, V. F. Chistyakov, A. M. Samoilenko, M. O. Perestyuk, V. P. Yakovets, O. A. Boi-
chuk, A. Ilchmann and T. Reis. The study of the differential-algebraic boundary value
problems is associated with numerous applications of such problems in the theory of
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nonlinear oscillations, in mechanics, biology, radio engineering, theory of control, theory
of motion stability. At the same time, the study of differential algebraic boundary value
problems is closely related to the study of boundary value problems for difference equati-
ons, initiated in A. A. Markov, S. N. Bernstein, Ya. S. Besikovich, A. O. Gelfond,
S. L. Sobolev, V. S. Ryaben’kii, V. B. Demidovich, A. Halanay, G. I. Marchuk,
A. A. Samarskii, Yu. A. Mitropolsky, D. I. Martynyuk, G. M. Vayniko, A. M. Samoilenko,
O. A. Boichuk and O. M. Standzhitsky. Study of nonlinear singularly perturbed boundary
value problems for difference equations in partial differences is devoted to the work of
V. P. Anosov, L. S. Frank, P. E. Sobolevskii, A. L. Skubachevskii and A. Asheraliev.
Consequently, the actual problem is the transfer of the results obtained in the articles by
S. Campbell, A. M. Samoilenko and O. A. Boichuk on linear boundary value problems
for difference-algebraic equations, in particular finding the necessary and sufficient condi-
tions for the existence of the desired solutions, and also the construction of the Green’s
operator of the Cauchy problem and the generalized Green operator of a linear boundary
value problem for a difference-algebraic equation.

Thus, the actual problem is the transfer of the results obtained in the articles
and monographs of S. Campbell, A. M. Samoilenko and O. A. Boichuk on the linear
boundary value problems for the differential-algebraic boundary value problem for a
matrix Lyapunov equation, in particular, finding the necessary and sufficient conditions
of the existence of the desired solutions of the linear differential-algebraic boundary value
problem for a matrix Lyapunov equation.

In this article we found the conditions of the existence and constructive scheme
for finding the solutions of the linear Noetherian differential-algebraic boundary value
problem for a matrix Lyapunov equation. The proposed scheme of the research of the li-
near differential-algebraic boundary value problem for a matrix Lyapunov equation in the
critical case in this article can be transferred to the seminonlinear differential-algebraic
boundary value problem for a matrix Lyapunov equation.
Keywords: differential-algebraic equation; boundary value problem; matrix Lyapunov
equation.
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Regularization of the electrostatics problem for
three spheres and an electrostatic charge

V. A. Rezunenko

V. N. Karazin Kharkiv National University,
4 Svobody sqr., Kharkiv, 61022, Ukraine

rezunenko@karazin.ua, varezunenko@yahoo.com

A numerical-analytical algorithm for investigation of the electrostatic potential
of a sphere with a circular hole and а charge surrounded by ribbon spheres
is constructed. The method of inversion of the integral operator and semi-
inversion of the matrix operator of the Dirichlet problem for the Laplace equati-
on is used. A system of the second kind with a compact operator in space `2 is
obtained. Particular variants of the problem are considered.
Keywords: spheres; hole; electrostatics; linear system of the second kind;
compact.

Резуненко В. О. Регуляризацiя задачi електростатики для
трьох сфер та електростатичного заряду. Побудований чисельно-
аналiтичний алгоритм дослiдження потенцiалу сфери з круговим отвором
i заряду, оточених стрiчковими сферами. Використаний метод обернення
iнтегрального оператора i напiвобернення матричного оператора задачi Дi-
рiхле для рiвняння Лапласа. Отримано система другого роду з компактним
оператором в просторi `2. Розглянуто окремi варiанти задачi.
Ключовi слова: cфери; отвiр; електростатика; лiнiйна система другого ро-
ду; компакт.

Резуненко В. А. Регуляризация задачи электростатики для
трёх сфер и электростатического заряда. Построен численно-
аналитический алгоритм исследования потенциала сферы с круговым
отверстием, окружённой ленточными сферами. Электростатический заряд
размещён между сферами. Использован метод обращения интегрального
оператора и полуобращения матричного операторов задачи Дирихе для
уравнения Лапласа. Получена система второго рода с компактным опера-
тором в `2. Рассмотрены частные варианты задачи.
Ключевые слова: сферы; отверстие; электростатика; линейная система вто-
рого рода; компакт.
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1. Introduction

Among the problems of electrostatics on classical surfaces, the interest in
problems on a sphere with various geometric and physical properties has not
faded for more than a hundred years. So, at present, the parts of the sphere, made
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up of conductive tapes, can be a model of microcircuit blocks, connecting nodes
and adapters of various wave-guides, electrical appliances, and charge storage
devices. New nanomaterials with complex molecular structures can be models
of thin conductive spherical ribbons [1, 2, 3, 4, 12]. In this work, an algorithm
is constructed for calculating the electrostatic field of a sphere with a circular
hole and an electrostatic charge placed between two closed spheres composed of
conductive ribbons.

The algorithm is based on the application of a variant of the regularizati-
on method for the non-self-adjoint Dirichlet problem for the Laplace equation,
proposed and developed in the works of Kharkiv mathematicians [17, 18, 16, 14,
13]. In this work, a system of linear algebraic equations of the second kind with a
compact matrix operator in the Hilbert space `2 of complex sequences is obtained.

2. Statement of the problem

The task has several parameters. Let’s consider on them in detail. Let the
origin of the Cartesian and spherical coordinate systems be aligned with the center
of the sphere with a circular hole. Let the radius of the sphere r = r0 and the
hole in the sphere formed by a plane cut, and the polar cut angle of the sphere is
θ0. At the hole, angle θ varies from θ0 to π. Let another closed sphere of radius
r1 be located inside the sphere with a hole. The third closed sphere of radius r2

encloses the sphere with a hole. In this case, respectively, a1 < a0 < a2. Closed
spheres are made up of infinitely thin ribbons. There are infinitely thin partitions
between the ribbons. The partitions lie in planes parallel to the plane XOY . The
polar angles of the partitions are θ1,k, k = 1, 2, ..., N for a sphere of radius r1. The
sphere of radius r2 has other ribbons. The partitions between ribbons have polar
angles θ2,m, m = 1, 2, ...,M . The number of ribbons is limited. All three spheres
are equipped with independent potentials. Let V0 be the potential of the sphere
with a hole, V1,k be the potential of the k -ribbon of the inner sphere, and V2,m be
the potential of m-ribbon of the outer sphere. We assume that the electrostatic
charge is located between the outer sphere and the sphere with a hole on the OZ
axis at point b0, a0 < b0 < a2. Assume the potential of the charge V3 6= 0. Pic. 1
(left) shows a cross section of three spheres by a vertical plane passing through
the OZ axis. In Pic. 1 (right) a three-dimensional model of the spheres is given.

Here we note that this work differs from work [5] by the geometry of the
problem and the presence of an electrostatic charge. The total electrostatic field
must satisfy Maxwell’s equations and material equations rot ~E = 0, div ~D = ρ0,
~D = ε ~E, where ρ0 is the density of charges on the surface of the conductors, ε is
the dielectric constant of the medium.

By the assumption, the magnetic permeability of the medium µ = 0 and the
magnetic field is absent ~H = 0, the magnetic induction ~B = 0.

Let us take into account the connection between the electrostatic field ~E and
its scalar potential ~E = −gradU and proceed to the scalar problem for the
potential U . The total potentials must satisfy the Laplace equation, must be
equal to the given potentials at the spherical boundaries are equal V0, V1, V2,
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Рiс. 1. Spheres and an electrostatic charge.

respectively. Its partial tangential derivatives must be continuous at the hole in the
open sphere r = a0, θ∈(θ0, π], must satisfy the condition of bounded electrostatic
energy in any limited volume of three-dimensional space. except for the volume,
containing the given electrostatic charge

∫
W |gradU |

2dW < ∞, have the requi-
red singularity at the point where the charge is placed, decrease at infinity as
O(r−1), r → ∞. It is required to find the electrostatic field of the three spheres
and the charge placed between them. In this statement, the problem is well-posed
– it has a stable unique solution [9, 15].

3. Functional equations

Let us represent the 3-dimensional space by the sum of four spherical domains
G1 = {r ≤ a1}, G2 = {a1 < r < a0}, G3 = {a0 < r < a2}, G4 = {r > a2} for
which θ ∈ [0, π], ϕ ∈ [0, 2π]. In the Laplace equation, we separate the spherical
variables and represent the charge potential and the unknown secondary potentials
by Fourier - Legendre power series in the corresponding domains.

V3 =

{
V3,1

V3,2

}
=
∞∑
n=0

{
Rnr

n, r < b0
Hnr

−n−1, r > b0

}
Pn(cos θ), (1)

U1

U2

}
=
∞∑
n=0

{
Anr

n, 0 ≤ r < a1

Fnr
−n−1, r > a2

}
Pn(cos θ), (2)

U3

U4

}
=
∞∑
n=0

{
Bnr

−n−1, a1 < r < a0

Cnr
n, a1 < r < a0

}
Pn(cos θ), (3)

U5

U6

}
=

∞∑
n=0

{
Dnr

n, a0 < r < a2

Enr
−n−1, a0 < r < a2

}
Pn(cos θ), (4)
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where Pn(cos θ) are Legendre polynomials of the 1st kind of order zero of integer
degree n of the argument cos θ, 0 ≤ θ ≤ π.

Note that the method of separation of variables and Fourier-Legendre series
for problems of mathematical physics on a sphere were first applied by Debye
in 1908–1909. Since then, the method has been effectively used for a wide range
of problems, including for problems on sphero-conical and other surfaces [9, 2,
14, 8, 10]. The coefficients of series (1)–(4) are sought in the Hilbert space `2,
ensuring the fulfilment of the condition that the energy integral is finite. Note
that the potential V3 (1) charge is known, and the potentials V1 and V2 of the
ribbon spheres are known, and the potential V0 of the sphere with a hole is also
known. First, we construct an algorithm for finding the coefficients of series (3)–
(4) for potentials U3,..,U6. We use the boundary conditions on spherical surfaces
for r = a0, r = a1, r = a2, 0 ≤ θ ≤ π. We use the completeness and orthogonality
of the Legendre polynomials Pn(cos θ) with weight sin θ in L2(0, π) and change
from the equalities of the Fourier series to the equalities of their coefficients. As
a result, from the boundary conditions, we obtain a system of 3 linear equations
with four sequences of unknowns Bn, Cn, Dn, En, n = 0, 1, 2... (2)–(4)

Bna
−n−1
1 + Cna

n
1 = V

(1)
1,n ,

Dna
n
2 + Ena

−n−1
2 = V

(2)
2,n ,

Bna
−n−1
0 + Cna

n
0 = Dna

n
0 +R

(1)
n ,

(5)

where the values V (2)
2,n , V

(1)
1,n , R

(1)
n are known. To find the coefficients, for example,

En we express from (5) the coefficients Bn, Cn, Dn through En, n ≥ 0. We
transform respectively, system (5) and calculate the determinant of the new
system. As a result, we get the determinant ∆n:

∆n = −an2
[

1

a1

(
a0

a1

)n
+

1

a0

(
a1

a0

)n]
. (6)

The determinant ∆n is nonzero, since by condition a2 > 0, 0 < a1 < a0. The
system has a unique solution. It is solvable, for example, according to Cramer’s
rule. So we get, in particular, the coefficients Bn of the potential U3 (3):

Bn =
1

∆n

{
V

(1)
1,n (−an0an2 ) + V

(2)
2,n a

n
0a

n
1

−Enan1a−n−1
2 an0 + Ena

n
2a
−n−1
0 an1 +R(1)

n an1a
n
2

}
, (7)

where V (1)
1,n are known, and V (2)

2,n = V
(1)

1,n −Hn, R
(1)
n = Rna

n
0 . Functional equations

for finding the coefficients En are obtained from the boundary conditions on a
sphere with a hole at r = a0

U4 + U5 = −V3,1 + V0, 0 ≤ θ < θ0, (8)

∂[U4 + U5]

∂r
=
∂[−V3,1 + U2 + U3]

∂r
, θ0 < θ ≤ π. (9)
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Now, in (8)–(9) we replace the potentials by series (3), (4). Then we substitute
the coefficients Bn, Cn, Dn in the series, particularly, by (5), (6), (7). As a result,
we obtain a paired system of functional equations:

∞∑
n=0

{
Ena

−n−1
0 [1− µ(0)

n ] + V
(2)

2,n µ
(0)
n +R(1)

n

}
Pn(cos θ) = V0, 0 ≤ θ < θ0, (10)

∞∑
k=0

(2k + 1)
{
Ena

−n−1
0 [1− ε(0)

n ]− Ln
}
Pn(cos θ) = 0, θ0 < θ ≤ π, (11)

where

µ(0)
n =

(
a0

a2

)2n+1

, ε(0)
n =

−
(
a1
a2

)2n+1
+
(
a1
a0

)2n+1

1−
(
a1
a0

)2n+1 , (12)

Ln =
(
V

(1)
2,n ε

(1)
n − V

(1)
2,n ε

(2)
n +Hnε

(2)
n a−n−1

2 −Rnε(2)
n

)
a−1

0 ,

ε(1)
n =

{
an0
an+1

1

[
1−

(
a1

a0

)2n+1
]}−1

, ε(2)
n =

(
a1

a2

)n{ an0
an+1

1

[
1−

(
a1

a0

)2n+1
]}−1

.

In (10)–(12) all quantities are infinitesimal µ(0)
n , ε

(0)
n , ε

(1)
n , ε

(2)
n , n→∞. The series

in (10), (11) belong to L2(0, π). System (10), (11) is prepared for transformati-
on into the system of algebraic equations of the second kind (SLAE-II). The
transformation is based on the method of regularization of paired summator and
integral functional equations, which is close to the method of the Riemann - Hi-
lbert problem.

4. System of linear algebraic equations of the second kind

The system of functional equations (10), (11) can be transformed into SLAE-II
in several ways.

Let us choose a variant leading to SLAE-II with the least compact matrix
operator in the norm in `2 [8, 11].

Note that (10), (11) is a system of the first kind. Despite the fact that it
can be relatively easily transformed into a system of the 11th kind, it is also not
effective for direct application of both analytical and numerical methods. Let us
redesignate in (10), (11)

En = Yna
n+1
0 [1− ε(0)

n ]−1, Tn = V
(2)

2,n µ
(0)
n +R(1)

n (13)

and introduce the smallness parameter

ε(3)
n =

−ε(0)
n + µ

(0)
n

1− ε(0)
n

, ε(3)
n = o(q2n−1), 0 < q < 1, n→∞. (14)

We obtain the system of equations
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∞∑
n=0

{
Yn

(
1− ε(3)

n

)
+ Tn

}
Pn(cos θ) = V0, 0 ≤ θ < θ0, (15)

∞∑
n=0

(2n+ 1) [Yn − Ln]Pn(cos θ) = 0, θ0 < θ ≤ π. (16)

which is convenient for further transformations.
Let us use that the series in (15), (16) belong to the space L2(0, π). Substi-

tute the Mehler-Dirichlet integral representation in the series (15) instead of the
Legendre polynomials and change the order of summation and integration. We
obtain a homogeneous Volterra integral equation of the 1st kind

θ0∫
0

f(ϕ) (cosϕ− cos θ)−
1
2 dϕ = 0, (17)

which has a unique solution f(ϕ) = 0, ϕ ∈ [0, θ0). This, instead of (15), we
obtain a functional equation for the complete orthogonal system cos

(
n+ 1

2

)
ϕ,

n = 0, 1, 2, ... in L2(0, π):
∞∑
n=0

{
Yn

(
1− ε(3)

n

)
+ Tn

}
cos

(
n+

1

2

)
ϕ = V0 cos

ϕ

2
, 0 ≤ θ < θ0. (18)

In (16), we replace (2n + 1)Pn(cos θ) by the difference (P ′n+1(cos θ) −
P ′n−1(cos θ))(sin θ) and reduce by sin θ. Then we integrate the series in (16) term
by term. In this case, the integration constant vanishes, since the polynomials
Pn+1(x), Pn−1(x) have the same parity and Pn+1(0)−Pn−1(0) = 0. Now, instead
of the Legendre polynomials, we substitute another (on the half-interval (θ0, π])
integral representation and using the uniform convergence of the integrated series,
we change the order of summation and integration. We obtain a homogeneous
Volterra integral equation of the 1st kind, similar to (17) on the half-interval
(θ0, π]. This integral equation has a trivial solution on (θ0, π]. The functional
equation (16) is thus transformed into the equation

∞∑
n=0

[Yn − Ln] cos

(
n+

1

2

)
ϕ = 0, θ0 < ϕ ≤ π. (19)

Let us single out the main part in (18) and, together with (19), prepare a
system of functional equations in trigonometric functions for the semi-inversion:

∞∑
n=0

Yn cos

(
n+

1

2

)
ϕ

=


∞∑
m=0

(
Ymε

(0)
m − Tm

)
cos
(
m+ 1

2

)
ϕ+ V0 cos ϕ2 , 0 ≤ ϕ < θ0,

∞∑
k=0

Lk cos
(
k + 1

2

)
ϕ, θ0 < ϕ ≤ π.

(20)
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Let us invert the left-hand side of the Fourier series (20). As a result, we obtain
a system of algebraic equations of the second kind (SLAE-II)

Yn =

∞∑
m=0

Ymε
(0)
m α(0)

n,m −
∞∑
m=0

Tmα
(0)
m,n + V0α

(0)
n,0 +

∞∑
k=0

Lkα
(1)
n,k, (21)

where
α(0)
n,m =

1

π

[
sin(n+m+ 1)θ0

n+m+ 1
+

sin(n−m)θ0

n−m

]
, n 6= m, (22)

α(0)
n,n =

1

π

[
sin(2n+ 1)θ0

2n+ 1
+ θ0

]
, α(1)

n,m = δn,m − α(0)
n,m, (23)

where δn,m is the Cronecer’s symbol. Let us write (21) in the following matrix
form

Y = MY + Z. (24)

Since the matrix operator of system (24) is compact in `2 and the right column
belongs to `2 and unity is not an eigenvalue of the operator, then system (24) has
a unique solution in `2.

The obtained SLAE-II (24) has a wider region of effective solvability both in
the parameter r = a0 and in the parameter θ0. This is due to the application of
integral equation of the Volterra type [8] on various intervals and new choice of
the small parameters.

Since elements α(0)
n,m are bounded by the value 2θ0/π, then the system is

solvable by the method of successive approximations for 0 ≤ θ0 << π. For the
numerical solution of the system, for example, with the selection of the main di-
agonal, it is necessary to re-designate the unknowns to accelerate the convergence
of the solution Y

(1)
n = Yn/(n + 1), n = 0, 1, 2, 3.... We note, in particular, that

the coefficients An, Fn, n = 0, 1, 2, ... of the Fourier - Legendre series of potenti-
als U1, U2 (2) are in explicit form. For this, it is sufficient to use the boundary
conditions at r = r1 and at r = r2 and take into account that θ belongs to
the (complete) segment [0, π]. An important particular variant of the problem
statement will be the lack of charge in the area G3. In this case, the final SLAE-II
will also change. So, on the right-hand side of SLAE-II, the quantities Tn and Ln
acquire the limiting form: V (2)

2,n instead of Tn (13), V (1)
2,n ε

(1)
n − V (1)

2,n ε
(2)
n instead of

Ln (12).

5. Conclusions

An efficient algorithm for calculating the electrostatic field of a complex
structure containing three nested spheres, among which the inner sphere has a
circular hole is constructed. A point charge is placed between the outer sphere
and the open sphere. The algorithm is based on the analytical method of semi-
inversion of the matrix operator of the problem in the space `2.
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Регуляризацiя задачi електростатики для трьох
сфер та електростатичного заряду

РезуненкоВ.О.
Харкiвський нацiональний унiверситет iм. В. Н. Каразiна

пл. Свободи, 4, Харкiв, Україна, 61022
Побудований чисельно-аналiтичний алгоритм дослiдження потенцiалу сфери з кру-
говим отвором, оточеної зовнiшньої i внутрiшньої замкненими стрiчковими сферами.
Число стрiчок на сферах довiльно. Стрiчки на сферах роздiленi непровiдними не-
скiнченно тонкими перегородками. Перегородки знаходяться в площинах, паралель-
них площинi зрiзу сфери з отвором. Кожна стрiчка має свiй незалежний потенцiал.
Електростатичний заряд розмiщений мiж зовнiшньою сферою i сферою з отвором на
осi структури. Повнi потенцiали повиннi задовольняти, зокрема, рiвнянь Максвелла
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з урахуванням вiдсутностi магнiтних полiв, задовольняти граничним умовам, мати
необхiдну особливiсть в точцi розмiщення заряду. Для вирiшення поставленого зав-
дання спочатку використанi метод часткових областей i роздiлення змiнних в сфери-
чної системi координат. При цьому для рядiв Фур’є застосовуємо степеневi функцiї i
полiноми Лежандра цiлих порядкiв. З граничних умов, використовуючи допомiжну
систему 3-х рiвнянь з 4-ма невiдомими, отримана парна система функцiональних
рiвнянь першого роду вiдносно коефiцiєнтiв рядiв Фур’є. Система неефективна для
вирiшення прямими методами. Застосованi метод обернення iнтегрального операто-
ра Вольтерра i напiвобернення матричного операторiв задачi Дiрiхле для рiвняння
Лапласа. Метод заснований на iдеях аналiтичного методу задачi Рiмана - Гiльбер-
та. При цьому використанi iнтегральнi уявлення для полiномiв Лежандра. Отримано
система лiнiйних алгебраїчних рiвнянь другого роду з компактним матричним опе-
ратором у гiльбертовому просторi `2. Система ефективно вирiшується чисельно для
довiльних параметрiв задачi i аналiтично для граничних параметрiв задачi. Розгля-
нуто окремi варiанти завдання.
Ключовi слова: cфери; отвiр; електростатика; лiнiйна система другого роду; ком-
пакт.

Regularization of the electrostatics problem for three
spheres and an electrostatic charge

V.A.Rezunenko
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A numerical-analytical algorithm for investigation of the potential of a sphere with a
circular hole, surrounded by external and internal closed ribbon spheres, is constructed.
The number of ribbons on the spheres is arbitrary. The ribbons on the spheres are
separated by non-conductive, infinitely thin partitions. The partitions are located in
planes parallel to the shear plane of the sphere with a hole. Each ribbon has its own
independent potential. An electrostatic charge is placed between the outer sphere and
the sphere with a hole on the axis of the structure. The full potential must satisfy, in
particular, Maxwell’s equations, taking into account the absence of magnetic fields, sati-
sfy the boundary conditions, have the required singularity at the point where the charge
is placed. To solve this problem, we first used the method of partial domains and the
method of separating variables in a spherical coordinate system. In this case, for the
Fourier series, we use power functions and Legendre polynomials of integer orders. From
the boundary conditions, using an auxiliary system of 3 equations with 4 unknowns,
a pairwise system of functional equations of the first kind with respect to the coeffici-
ents of the Fourier series is obtained. The system is not effective for solving by direct
methods. The method of inversion of the Volterra integral operator and semi-inversion of
the matrix operators of the Dirichlet problem for the Laplace equation are applied. The
method is based on the ideas of the analytical method of the Riemann - Hilbert problem.
In this case, integral representations for the Legendre polynomials are used. A system
of linear algebraic equations of the second kind with a compact matrix operator in the
Hilbert space `2 is obtained. The system is effectively solvable numerically for arbitrary
parameters of the problem and analytically for the limiting parameters of the problem.
Particular variants of the problem are considered.
Keywords: spheres; hole; electrostatics; linear system of the second kind; compact.
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It is proposed the generalized numerical based approaches to optimal control
the heat conduction processes based on solving the especially built ordinary di-
fferential equations. The example of using the proposed approaches is discussed
and it is shown that using these approaches can allow to decrease almost twice
the transient time required for heating-up structures.
Keywords: control; modeling; optimization; methods; heat conduction.

Невлюдов I. Ш., Ромашов Ю. В. Обчислювальний пiдхiд щодо опти-
мального управлiння процесами лiнiйної теплопровiдностi. Запро-
поновано обчислювальнi пiдходи щодо оптимального управлiння проце-
сами теплопровiдностi. Розглянуто приклад та показано, що оптимiзацiя
управлiння може зменшити вдвiчi час, необхiдний для нагрiвання констру-
кцiй.
Ключовi слова: управлiння; моделювання; оптимiзацiя; методи; теплопро-
вiднiсть.

Невлюдов И. Ш., Ромашов Ю. В. Численный подход к оптимально-
му управлению процессами линейной теплопроводности. Предло-
жены вычислительные подходы для оптимального управления процессами
теплопроводности. Рассмотрен пример и показано, что оптимизация управ-
ления может уменьшить вдвое время, необходимое для нагрева констру-
кций.
Ключевые слова: управление; моделирование; оптимизация; методы; тепло-
проводность
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1. Introduction

The optimal control of the heat conduction processes is the in current interest
scientific problem due to its relations with the global challenges of rational usi-
ng the different kinds of power equipments by means the integrating control and
design [1], by means introducing the new types of fuels like the biomass [1, 2], as
well as by means optimizing the thermal states during the industries processes [3]
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and others ways. The current state of the optimal control of power equipments
can be characterized as using the particular approaches for the particular tasks
[1, 2, 3] and as having no the all-accepted engineering approaches like using the
different kinds of governors for automation [4] for example. Considering these ci-
rcumstances, the optimal control of heat conduction processes are having a lot
attentions now [5, 6, 7, 8, 9, 10]. The most of existing research including the cited
above are about different mathematical approaches and results corresponding with
the optimal control. Really, the main difficulties of the optimal control problems
are in general due to necessity of consideration the transients between the di-
fferent states of researched systems which are defined by means the differential
equations usually. As the result of that, considering the optimal control requires
the complicated and often specific mathematical approaches in some cases like
in [11] for example. Thus, the mathematical complications significantly limit the
opportunities of engineering implementing the fundamental results existing in the
fields of of the optimal control. Besides, the most of known approaches are suitable
for the particular problems only and can not be used for engineering applications
usually.

It is clearly understood, the approaches based on the to be suitably
programmed numerical methods allowing to solve the problems using the
computers are the most useful for engineering applications of the optimal control.
Considering this circumstance, the purpose of this research is to develop the
generalized numerical based approaches to optimal control the heat conduction
processes useful for engineering applications. To realize this purpose, we will solve
the follows tasks:
• it will be proposed the generalized mathematical formulation of the problem

about the optimal control for the heat conduction processes represented by the
partial differential equation;
• to solve the problem about the optimal control for the heat conduction

processes it will be developed the numerical approaches based on reducing to the
especially built ordinary differential equations;
• the particular example of using the developed approaches will be considered

to illustrate their application technique.
All these will allow to give the clear representation of the proposed approaches

and the technique of their using to solve the engineering problems about the
optimal control of the heat conduction processes in different industrial systems.

2. The generalized mathematical formulation of the problem

To give the generalized approaches to solve the problem about the optimal
control of the heat conduction processes it is necessary to represent the generali-
zed but not particular mathematical formulation of the considered problem. Let
consider the heat conduction processes in the domain which is imagined as consi-
sting of the points of Euclidean space E3, and let denote as Υ and υ the sets of
the internal and boundary points P ∈ E3 of that domain (pic. 1a). We will choose
the arbitrary point O ∈ E3, and we will define each other point P ∈ E3 by the
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radius vector r =
→
OP (pic. 1a). The point P ∈ E3 defined by the radius vector r

will be noted as P (r) (pic. 1a). The temperature T can be different in each point
of the considered domain Υ

⋃
υ and it can be changing during the time t ≥ 0.

Thus, the temperature T depends both the r position vector both the scalar time
t so it can be represented as T = T (r, t).

Let the considered domain is having some given temperature field T = Tcur (r)
in some given current moment of the time t = tcur, but it is necessary to change
this temperature field of the considered domain so the temperature will be havi-
ng the required given field T = Treq (r) at the some undefined moment of the
time ttr defining the final of the transients, and it is necessary to find the opti-
mal control providing the required quality of the transients under the existing
restrictions on the temperature field during the transients. Such presented above
formulation represents the most general verbal description of the problem about
the optimal control of changing the temperature field of structures, but further
we will represent the formal mathematical formulation of this problem as it is
possible in general.

We will consider the most general case of the linear heat conduction processes
defining by the different typical kinds of thermal interacting on the considered
domain’s boundary (pic. 1b):

υ = υT
⋃
υq
⋃
υα, (1)

where υT is the part of the boundary υ having the given temperature as the result
of interacting with the surrounding environment; υq is the part of the boundary υ
obtaining the given heat flow from the surrounding environment; υα is the part of
the boundary υ having the given heat transfer with the surrounding environment.

Рiс. 1. The considered domain (a) and the constituents (b) of its boundary

It will be supposed, that it is exist the time dependent vector u = u (t)
consisted of some parameters and it is named as the control vector or just the
control which can have influencing on the temperature state of the considered
domain according with the well-known heat conduction principles:

c∂T∂t = λ∇2T +Q (r,u) ∀ P (r) ∈ Υ, t > tcur, (2)

T (r, tcur) = Tcur (r) ∀ P (r) ∈ Υ, (3)
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T (r, t) = Tυ (r,u) ∀ P (r) ∈ υT , t ≥ tcur, (4)

−λ~∇T (r, t) · n = qυ (r,u) ∀ P (r) ∈ υq, t ≥ tcur, (5)

−λ~∇T (r, t) · n = α (T (r, t)− Tα (r,u)) ∀ P (r) ∈ υα, t ≥ tcur, (6)

where c and λ are the heat capacity and the thermal conductivity of the material
of the considered domain; ∇2 is the Laplace operator; Q is the intensity of the
internal heat sources inside the material of the considered domain; Tυ is the given
temperature on the part υT of the boundary υ; ~∇ is the gradient of the scalar
field; n is the unit external normal vector to the boundary υ (see pic. 1b); qυ is
the given heat flow thru the part υq of the boundary υ; α is the heat transfer
coefficient thru the part υα of the boundary υ and Tα is the temperature of the
environment surround the part υα of the boundary υ.

It is necessary to note, the mathematical model (1)-(6) foresees the
temperature state can be changed by means the control vector only, so that
the depending of the temperature on the time is due to only the u = u(t).

Further, it will be required to find the control vector u so that in the some
undefined time moment t = ttr the temperature field in the considered domain
will become to given:

T (r, ttr) = Treq (r) ∀ P (r) ∈ Υ, t ≥ ttr. (7)

During the times tcur ≤ t ≤ ttr corresponding to the transients between the
current and required temperature states it is necessary satisfying some limitations.
The nature of such limitations can be different. These limitations can be due to
the strength restrictions considering with the thermal stresses or they can be
due to the finite power of the heating sources providing the control. It is really
impossible to foresee all possible kinds of limitations on the temperature state
and the control, but it is possible to imagine that such limitations are could be
reduces to some condition on the temperature and the control vector which must
be satisfied:

Θ (T (r, t) ,u (t)) = 0 ∀ P (r) ∈ Υ
⋃
υ, t ≥ tcur, (8)

where Θ is some function defining the limitations on the temperature state and
the control vector.

The limitations on the temperature state and on the control vector are
especially represented as (8) in this research to simplify the follows expositions
to represent the essence of the proposed numerical approaches for solving the
problem about the optimal control of the heat conduction processes. Really, in
general case it is possible to have such limitations represented by not the equality,
but by the inequality, it is possible to have several limitations like (8) and other
difficulties. At the same time, the most simple view (8) of these limitations is
fully sufficient to represent the general idea of the numerical approaches will be
proposed further, and different difficulties like due to inequalities for example or
others can be reduced separately.
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It is obviously that the required temperature field (7) can be achieved by a
lot of different controls u satisfying the limitation (8), but it is necessary to find
the optimal control providing the required qualities of the transients from the
current state (3) to the required state (7). It is impossible to foresee all kinds of
requirements to the transients and to formulate the most general form of their
mathematical representing. The most used requirement is the minimum time of
the transients, but to have understood about the power of the generality of the
proposed approaches it is necessary to give some general ways to formulate these
requirements to the transients. First of all, to formulate the requirements to the
transients it is necessary to consider some set υΨ of the points ∈ E3 defining some
part of the considered domain Υ

⋃
υ; to have the definiteness we will consider

further υΨ ∈ υ. Next, it is necessary to consider some function of the time:

ψT (t) =
∫
υΨ

Ψ (T ) dυΨ ∀ t ≥ tcur, (9)

where Ψ is some given function is needed to define the requirements to the transi-
ents.

The sense of the function (9) is predefined by the choosing the Ψ function. For
example, the function (9)will represent the power of heat flow thru the surface
υΨ in the case of Ψ (T ) = −λ~∇T . Finally, that relation (9) will help to formulate
the requirement to the transient as follows:

ϕ→ min : ϕ =
ttr∫
tcur

Φ (ψT ,u) dt, (10)

where Φ is some given function is also needed to define the requirements to the
transients.

Using the relations (9), (10) to define the requirements to the qualities of the
transients will allow to consider the different kinds of such requirements includi-
ng the minimal time of the transients, the minimal supplied power to realize
the necessary given transients and others. It will not be discussed in this research
because we will try to propose the generalized numerical approaches for solving the
problem about the optimal control of the heat conduction processes independently
to the kind of the particular formulations. Thus, we can give the generalized
formulation of the problem about the optimal control of the heat conduction
processes: the problem about the optimal control of the heat conduction processes
is in finding the control vector u allowing to transform the current temperature
state (3) to the required temperature state (7) so that it control vector provide the
qualities (9), (10) of the transients under the limitations (8) on the temperature
state (1)-(6). It is clearly understood, the initial and boundary conditions (3)-(6)
must satisfy some requirements providing the existence of the unique solution of
the initial-boundary-value problem (1)-(6). The required temperature field (7) also
cannot be arbitrary because this temperature field must be permissible for realizi-
ng. At the same time, all these restrictions are not discussed above. Nevertheless,
the presented above formulation (1)-(6) includes all necessaryitems to represent
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the principal idea of the numerical approaches will be considered next. Some of
the restrictions necessary to provide numerical solving of the problem will be
specified next if necessary.

3. The generalized approach for numerical solving the problem

The engineering applications of the optimal control the heat conduction
processes require the numerical approaches because the analytical approaches are
possible in limited numbers of the particular cases and are not applicable for all
possible cases. Next, we will consider the principal ideas of some approach which
will allow in principle to solve numerically the problem about the optimal control
for the heat conduction processes. It is understood that each particular realization
of these principal ideas can include some specific difficulties will be different for
each considered particular problem and these difficulties cannot be foresaw under
considering the general formulation of the problem. Thus further, we will consi-
der actually the principal ideas of the numerical approach taking into account the
difficulties of solving the problem about the optimal control principally inherent
from the considered heat conduction processes, but we will not take into account
the possible particular features.

To propose the numerical approach it is necessary to understand that the most
principal difficulties of the optimal control of heat conduction processes are due
to the partial differential equation representing the model of these processes by
means the initial-boundary-value problem (1)-(6). Considering this circumstance,
first principal idea of the proposed approach to numerical solving is to reduce
the partial differential equation (2) to the ordinary differential equations. To do
this, it is possible to use the different known approaches, but we will use the well-
known method of grids. Following this method, we will introduce the grid as the
set of predefined n nodal points of the considered domain defined by the following
radius vectors:

rk ∈ Υ
⋃
υ, k = 1, 2, ..., n, (11)

where rk is the radius vector defining the nodal point with the number k.
To having the grid (11), we can introduce the vector of the nodal values of

the temperature:
xn (t) = (T1 (t) T2 (t) ... Tn (t))T , (12)

where Tk (t) = T (rk, t) , k = 1, 2, ..., n and T is the transpose symbol.
Using the vector (12), and the well-known finite differences technique we can

reduce the partial differential equation (2) with the boundary conditions (4)-(6)
to the ordinary differential equations with the initial conditions occurring from
the initial condition (3) as follows:

dxn
dt = Anxn + Bnu, xn (tcur) = xn(cur), (13)

where An and Bn is the matrices built by using the finite differences for the
initial-boundary-value problem (1)-(6) and the grid (11) and the nodal values
(12); xn(cur) = (Tcur (r1) Tcur (r2) ... Tcur (rn))T .
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The discrete representation (13) of the temperature state (1)-(6) is due to the
significant assumption about linearly of the initial-boundary-value problem (1)-
(6). Thus, we have the ordinary differential equations with the initial conditions
(13) representing the discretisation of the initial-boundary-value problem (1)-(6).
Due to this circumstance, we can solve numerically the Cauchy problem (13) by
using any known numerical method, like the Runge-Kutta methods, for all given
control vectors u. At the same time, the problem about the optimal control is in
finding the optimal control which will allow transforming the current state (3) to
the required state (7) under the limitation (8) and providing the optimal transient
(9), (10). Thus, the grid (11) and the nodal values (12) will allow to reduce the
condition (7), the limitation (8) and the requirement (9), (10) to the transients
to the following views respectively

xn (ttr) = xn(req), (14)

Θn (xn (t) ,u (t)) = 0 ∀t ≥ tcur, (15)

ϕn → min : ϕn =
∫ ttr
tcur

Φn (xn,u) dt, (16)

where xn(req) = (Treq (r1) Treq (r2) ... Treq (rn))T ; Θn and Φn are the discrete
representations of the relation (8) and (9), (10) respectively.

The problem about the optimal control of the heat conduction processes is
reduced to the finding the optimal control u which will allow transforming the
current state defined by the initial condition (13) to the required state (14) under
the limitation (15) and providing the optimal transient (16) for the temperature
state defined by the Cauchy problem (13). We must finding the control vector
u as the function of the time t, but the most general approach to find some
unknown function is to formulate the ordinary differential equation and the initial
conditions so that this unknown function will be the solution of the corresponding
Cauchy problem because it is possible to use the well-known numerical methods
for to solve that problem. Thus, second principal idea of the proposed numerical
approach to solving the problem about the optimal control of the heat conduction
processes is in defining the unknown control vector as the solution of the follows
Cauchy problem:

du
dt = p (t,u) , u (tcur) = ucur, (17)

where p is some function defining the permissible velocity of the control vector
and ucur is the permissible control vector at the time moment t = tcur.

It is naturally, finding the control vector by solving the Cauchy problem (17)
requires having the permissible velocity p and the permissible initial ucur of the
control vector u. To find the initial permissible control vector ucur we will use the
condition (15) which will be reduced using the initial conditions from the Cauchy
problems (13) and (17) as follows:

Θn

(
xn(cur),ucur

)
= 0. (18)
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The relation (18) will allow building the equations necessary to find the initial
permissible control vector ucur, but view of these equations and technique of their
building is significantly defined by the view of the relation (18) predefined by the
constraint (15). It is seems, to find the initial permissible control vector ucur the
relation (18) in general can be resolved approximately only and the least squares
method can be used for it because it will allow to have the necessary number
of the equations. In some particular cases the relation (18) will give directly the
necessary equations necessary to find exactly the control vector ucur as will be
shown further on the considered example. To find the permissible velocity p of
the control vector we will use the the condition (15), but it had been especially
transformed as follows:

∂Θn
∂xn

dxn
dt + ∂Θn

∂u
du
dt = 0 ∀ t ≥ tcur. (19)

Taking into account the relation (19), we can suppose that

∂Θn
∂xn

= vTn (xn,u) , ∂Θn
∂u = wT

n (xn,u) , (20)

where vn and wn are some vector functions.
The introduced vector functions (20) allow having the suitable representing

the relation (19) and it will help formulating the condition to find the permissible
velocity of the control vector:

vTn (xn,u) dxndt + wT
n (xn,u)p = 0 ∀ t ≥ tcur. (21)

The reduced relation (21) allows to build all necessary equations to approximately
find the permissible velocity p of the control vector by using the least squares
method in a general case. Really, the least squares method will lead to the linear
algebraical equations:(

vn · vTn
)
· dxndt +

(
wn ·wT

n

)
· p = 0 ∀ t ≥ tcur. (22)

Solution of the linear algebraical equations (22) can be represented by using the
inverse matrix as follows:

p = −
(
wn ·wT

n

)−1 ·
(
vn · vTn

)
· dxndt ∀ t ≥ tcur. (23)

It is clearly understood that the permissible velocity p of the control vector from
the differential equation (17) is defined by the relation (23) considering with the
Cauchy problem (13), which will allow defining the vectors xn and dxn

dt for the
given time t and the given control vector u.

The control vector defined by the Cauchy problem (17) will allow infinite
changing the temperature state not violating the limitation (15), if the velocity of
this control vector will be defined by the relations (23) with the Cauchy problem
(13) and the initial control vector will be defined by the relation (18). At the
same time, it is not required to change the temperature state infinitely, but it is
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required to change the temperature state finitely to the given state defined by the
relation (14). Thus, in some time moment t = tswit is necessary to change the
velocity of the control vector and this changing can be imagined as switching. To
find the switching time tsw, it is necessary first of all to define the required control
vector and to do this we will use the mathematical model (13) of the temperature
state as well as the required temperature state defined by the condition (14). As
the result of all this, we can write the condition for defining the required control
vector providing the required temperature state (14) as follows:

Anxn(req) + Bnureq = 0, (24)

where ureq is the required control vector providing the required temperature state
(14).

The permissible kind of the required temperature field Treq used in the condi-
tion (7) was not defined above in the general formulation (1)-(10) of the problem
about the optimal control of the heat conduction processes. At the same time,
it is obviously, that the required temperature field cannot be arbitrary and must
providing the unique solution of the considered problem including. Let assume,
that the required temperature field is such so it is existed the unique control vector
ureq will be satisfied the relation (24). This assumption can be imagined as the
principal possibility of providing the required temperature field (7) represented
thru its discretisation (14) by means the control vector u. Let define the time
moment t = tsw so to satisfy the follows condition:

vTn (xn,u) dxndt + wT
n (xn,u) (ureq − u) δ(t− tsw) = 0, (25)

where xn, u, dxn
dt are all defined at the time moment t = tsw4 δ is the Dirac

function.
Using the relations (24), (25) we can formulate the third principal idea of the

proposed approach to solve the problem about the optimal control of the heat
conduction processes. This third principal idea is to satisfy the limitation (15)
and the condition (14) defining the required temperature state by formulating
the Cauchy problem to find the control vector as follows (pic. 2):

du
dt =

{
p (t,u) , tcur ≤ t ≤ tsw
(ureq − u) δ(t− tsw), t > tsw

, u (tcur) = ucur. (26)

The switching time tsw involved to the differential equation (26) is defined
thru the relation (25) of course, and it is naturally to suppose that this relation
(25) will allow finding the set of the time moments tsw which are the set of the
discrete or continuous values in some interval:

tmin
sw ≤ tsw ≤ tmax

sw , (27)

where tmin
sw and tmax

sw are some minimum and maximum values of the switching
times tsw satisfying the relation (25).
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Рiс. 2. Defining the velocity of the control vector

Solving numerically the Cauchy problem (26), we can choose the switching
time tsw arbitrary from the interval (27) and we will can estimating the transient
time ttr corresponded this choice. Thus, by numerical solving the Cauchy problem
(26) for the different chosen switching times tsw, we can build the function:

ttr = ttr (tsw) . (28)

This function (28) with the requirement (16) to the transients will allow to have
the follows function:

ϕn = ϕn (tsw) . (29)

Fourth principal idea of the proposed numerical approach to solve the problem
about the optimal control the heat conduction processes is to minimize the
approximately built function (29) inside the interval (27).

4. Example about the optimal control of the heat conduction

The discussed above generalized numerical approach to solve the problem
about the optimal control the heat conduction processes is included only the pri-
ncipals ideas, but somethings are not fully presented, because it can be specified
only considering to the each particular problem. Really, the approaches for defin-
ing of the permissible velocity using the relation (21), the required control vector
using the relation (24) as well as the switching time from the relation (26) is not
clear from the presented above principle ideas. Such approaches can have the di-
fferences for each particular case, but the proposed general scheme based on the
discussed above the principal ideas is same for the different kinds of the problems
about the optimal control the heat conduction processes. The follows example
will show the possible application of the discussed above principal ideas as well
as influencing the particulars on the solving process.

As example, we will consider the problem about the optimal control of heating-
up the planar wall (pic. 3a) representing the typical structures of the thermal and
nuclear power plants. We will assume that the heat flow is existed only along the
direction of the plane wall thickness, the initial temperature field of the planar
wall is uniform, the temperature state of the planar wall is controlled by the
temperature of one edge of this wall, but second edge has the thermal isolation
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(pic. 3a). Corresponding these assumptions, the temperature field T = T (z, t) is
depended on the z coordinate along the thickness of the plane wall (pic. 3a) and
on the time t ≥ 0, and the generalized mathematical formulation of the problem
(1)-(6) will be reduced to the follows [12]:

Υ : 0 < z < l, υT : z = 0, υq : z = l, υα = �, (30)

∂T
∂t = a∂

2T
∂z2 , ∀0 < z < l, t > 0, (31)

T (z, 0) = Tcur, ∀0 < z < l, (32)

T (z, t) = u (t) , z = 0, ∀ t ≥ 0, (33)

∂T
∂z (z, t) = 0, z = l, ∀ t ≥ 0, (34)

where l is the thickness of the planar wall (pic. 3a); a is the temperature conducti-
on coefficient of the structural material of the planar wall; Tcur = const is the given
current temperature at the time moment t = 0; u is the control.

Рiс. 3. The planar wall (a) and discretisation of their temperature state (b)

Further, we will find the control u so that in the some undefined time moment
t = ttr the temperature field of the considered planar wall will become to given:

T (z, ttr) = Treq ∀ 0 ≤ z ≤ l, t ≥ ttr, (35)

where Treq = const is the given required temperature so that Treq > Tcur.
During the times 0 ≤ t ≤ ttr corresponding to the transients between the

current and required temperature states it is necessary satisfying the strength
restriction which can be represented for the planar wall as follows:

|u (t)− T (l, t)| ≤ 2[σ]
Eβ ∀ t ≥ 0, (36)

where [σ], E and β are the the given permissible stress, the Young’s modulus
and the temperature expansion coefficient of the structural material of the planar
wall.
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The nature of the strength restriction (36) is not for discussing in this research,
but it is necessary to note that this restriction (36) represents limiting of the
temperature stresses on the planar wall with the fixed edges z = 0 and z = l
under the temperature field with the linear distribution along the thickness.

The requirement (9), (10) on the transients will be reduced in this example to
one of interesting particular cases corresponding to the high speed performance
problem:

ttr → min. (37)

Thus, we have the enough correspondence between the generalized formulation
(1)-(10) and the considered particular example (30)-(37).

Following the proposed approach, we will introduce the grid with n nodes
inside the interval 0 < z < l as show on pic. 3b; this grid will have the n+2 nodes
with the coordinates which will allow introducing the temperature nodes values:

zk = k ·∆z, Tk (t) = T (zk, t) , k = 0, 1, 2, ..., n, n+ 1, (38)

where zk is the coordinate of the grid node and Tk is the nodal value of the
temperature all corresponded with the grid node number k; ∆z = l

n+1 is the step
of the grid.

We will use the follows well-known formulas for approximate differentiating:

∂2Tk
∂z2 =

Tk−1−2Tk+Tk+1

∆z2 , ∂Tk∂z =
3Tk−4Tk−1+Tk−2

2∆z . (39)

The boundary condition (33) and second formula (39) with the boundary condi-
tion (34) allows to write:

T0 = u, Tn+1 = 4
3Tn −

1
3Tn−1. (40)

First formula (39) can be used for the "internal"nodes k = 1, 2, ..., n only, but
and formula (17) is used to exclude the temperature Tn+1 in the equation for the
k = n node. As the result, we will obtain the discrete approximation of the heat
conduction problem (30)-(34) in the form (13) in which we will have [12]

xn (t) = (T1 (t) T2 (t) ... Tn (t))T ,u = (u), (41)

An = a
∆z2



−2 1 0 0 0 . . . 0 0 0 0
1 −2 1 0 0 . . . 0 0 0 0
0 1 −2 1 0 . . . 0 0 0 0
0 0 1 −2 1 . . . 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
0 0 0 0 0 . . . 1 −2 1 0
0 0 0 0 0 . . . 0 1 −2 1
0 0 0 0 0 . . . 0 0 2/3 −2/3


, (42)

Bn = a
∆z2

(
1 0 0 0 0 . . . 0 0 0 0

)T
, (43)
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xn(cur) =
(
Tcur Tcur . . . Tcur

)T
. (44)

Thus, we have the discrete approximation (38)-(44) of the considered heat
conduction process (30)-(34) and this discrete approximation (38)-(44) is the
similar to the general representation was discussed previously in the proposed
approach. Using the discrete approximation (38)-(44) of the considered heat
conduction process, we can reduce the conditions (35), (36) regarding the general
approach as follows:

xn(req) =
(
Treq Treq . . . Treq

)T
, (45)

∣∣u (t)−
(

4
3Tn(t)− 1

3Tn−1(t)
)∣∣ ≤ 2[σ]

Eβ ∀ t ≥ 0. (46)

It seems, the condition (46) is not same kinds than the considered above relati-
on (18), but we show that the condition (46) will be reduced to the view
(18). Really, from the physical sense of the considered particular problem we
have u (t) ≥

(
4
3Tn(t)− 1

3Tn−1(t)
)
. Besides, corresponding to the high speed

performance problem (37), we can to reduce the inequality in the relation (46) to
the equality. As the results of all these, we can reducing the relation (46) to the
follows view:

u (t)−
(

4
3Tn(t)− 1

3Tn−1(t)
)

= 2[σ]
Eβ ∀ t ≥ 0. (47)

The condition (47) is the same kind that the condition (18). Defining the required
control ureq is significantly simpler in this considering example comparing the
general case (24):

ureq = Treq. (48)

Using the condition (47) with the relation (48), and we can beginning to build the
resolving Cauchy problem generally represented above as (26). In this consideri-
ng example, the resolving Cauchy problem generally represented as (26) will be
reduced to one ordinary first order differential equation with the initial condition:

du
dt =

{
wT
n
dxn
dt , 0 ≤ t ≤ tsw

−γ (u(tsw)− ureq) eγ(tsw−t), t > tsw
, u (0) = 2[σ]

Eβ + Tcur, (49)

where wT
n = (0 0 . . . 0 − 1/3 4/3); γ = 10 is some numerical parameter used

for the exponential approximating of the Dirac function.
The Cauchy problem (49) in this considered example is principally similar to

the Cauchy problem (26) in the general case. At the same time, it is necessary to
define the switching time t = tsw in the Cauchy problem (49). To do this, we will
use the analogue of the relation (25) which in this particular example can having
the follows view:

T (zm, tsw) = Treq, (50)

where m is the integer number can be chosen as m = 0, 1, 2, ..., n, n+ 1.
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The correspondence between the particular relation (50) ant its general
representation (25) is really not clear at once, but it is can be understood that the
relation (50) will satisfy the general formulated relation like (50) form the physi-
cal meaning of the considered problem and it will be shown on the computational
results. In any case, we can use the any of the relation (50) corresponding to any
value m = 0, 1, 2, ..., n, n + 1 and to have the numerical solution of the Cauchy
problem defined thru the relations (13), (41)-(44), (49), (50). As result of havi-
ng such numerical solutions, we can find the transient time ttr for any values
m = 0, 1, 2, ..., n, n+ 1:

ttr = ttr (m) , m = 0, 1, 2, ...n, n+ 1. (51)

Thus, to solve the problem about the optimal control in this particular case of the
high speed performance problem (37) it is necessary to minimize the numerically
built function (51).

Further, we will consider some results of computer simulations for the follows
input data:

a = 15 · 10−6 m/s, l = 0, 02 m, Tcur = 290 K, Treq = 790 K,
β = 10−5 1/K, E = 195 GPa, [σ] = 160 MPa. (52)

To make the computer simulations we will use the well-known and widely
used 4 order Runge-Kutta method. All further shown and discussed results are
corresponded to the count n internal grid nodes (see pic. 3b) and to the fixed time
integrating step ∆t which are defined as follows:

n = 31, ∆t = 0, 01s. (53)

Some results of computer simulations using the proposed numerical approach are
presented on the pic. 4. The fastest heating up of the planar wall is provided for
the optimal control u corresponding to the value m = 18 as shown on the pic.
4a. We can see (pic. 4a) that the minimal value ttr corresponding to the optimal
control u with the value m = 18 is approximately twice smaller than the worse
results, corresponded to the controls with the values m = 0 and m = 32, and this
circumstance illustrates the possible effect of optimization the control for industri-
es applications. The differences between the optimal control u corresponded to the
value m = 18 and the worse controls u with the values m = 0 and m = 32 can
be imagined from the pic. 4b. We can see that the control u corresponding to the
value m = 0 is worse due to premature stopping of increasing the temperature
on the edge z = 0, but the control u corresponding to the value m = 32 is worse
due to latecomer stopping of increasing the temperature on the edge z = 0; the
optimality of the control u corresponded to the value m = 18 is due to choosing
the optimal moment of stopping of increasing the temperature on the edge z = 0.
It is obviously, the optimization result is significantly depended on the value n of
the grid’s nodes, but the values (53) are seemed as sufficient in this research to
show the technique of using the proposed generalized approaches.
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Рiс. 4. The optimizing process (a) and some of possible controls (b)

5. Conclusions

This research allow to represent and to generalize the results obtained during
last three years, including the previous published results [12].
• It was proposed the generalized mathematical formulation of the problem

about the optimal control for the heat conduction processes represented by the
partial differential equation. At the same time, the proposed formulation not
includes the necessary clarifications about the conditions which must be satisfied
by the current and the required temperature fields, because it was difficult to
imagine the possible origin of such conditions. Nevertheless, during the further
generalized solving the formulated problem, it was established that the current
and required temperature fields must be agreed with the mathematical model of
the heat conduction processes so that to have possibilities to provide uniquely
these temperature fields by means the control vector. It is necessary to carefully
research this further.
• To solve the problem about the optimal control for the heat conduction

processes it was developed the numerical approaches based on reducing to the
especially built ordinary differential equations and minimization problem. This
reducing is based on discretisation the heat conduction problem and on defin-
ing the unknown control vector as the numerical solution of the especially built
Cauchy problem. To satisfy all limitations it is proposed to build the permissi-
ble velocity of the unknown control vector considering with the requirements of
necessary switching in some moments of the time. The proposed approach includes
some particulars which cannot be discussed for the generalized formulations and
must be resolved for each particular case. Considering these circumstances, it is
necessary to clarify further the proposed numerical approach to provide the most
universal satisfying the current and required temperature fields as well as the
restrictions on the transients.
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• The particular example of using the developed approaches will be consi-
dered to illustrate the application technique. It was shown that the proposed
generalized mathematical formulation is fully corresponded with the considered
particular example. It seems that uniform temperature fields used to define the
current and required states allow having the possibilities in providing uniquely
these temperature fields by means the control vector in most particular cases.
It is shown that the resolving Cauchy problem can be built and the switching
time can be found in the depending on the grid node choosing in this consi-
dered example. The minimization of the optimum defining parameter was reduce
to finding the minimum element of the array built by numerical integrating the
resolving Cauchy problems corresponded to the different possible switching times
of the control. It was shown that the transient time can be decrease almost twice
due to optimizing the control in the particular example at least.

All these results will allow to give the clear representation of the proposed
approaches and the technique of their using to solve the engineering problems
about the optimal control of the heat conduction processes in different industrial
systems.
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Обчислювальний пiдхiд щодо оптимального управлiння
процесами лiнiйної теплопровiдностi

Невлюдов I.Ш.1, РомашовЮ.В.1,2
1Харкiвський Нацiональний Унiверситет Радiоелектронiки
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2Харкiвський нацiональний унiверситет iм. В. Н. Каразiна

пл. Свободи, 4, Харкiв, Україна, 61022
Запропоновано узагальнене математичне формулювання задачi про оптимальне

управлiння процесами теплопровiдностi, що визначаються диференцiальним рiвня-
нням у частинних похiдних. Запропоноване формулювання не включає необхiдних
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роз’яснень щодо умов, яким повиннi вiдповiдати поточнi та необхiднi температур-
нi поля. Але, в процесi узагальненого розв’язування сформульованої задачi, вста-
новлено, що поточне та необхiдне температурнi поля повиннi бути узгодженими iз
математичною моделлю теплопровiдностi таким чином, щоб мати можливостi одно-
значно забезпечити цi температурнi поля за допомогою належного вибору вектору
управлiння. Для розв’язування сформульованої задачi про оптимальне управлiн-
ня процесами теплопровiдностi розроблено обчислювальнi пiдходи, що заснованi на
зведеннi до спецiально побудованих звичайних диференцiальних рiвнянь та задачi
мiнiмiзацiї. Це зведення засноване на дискретизацiї проблеми теплопровiдностi iз
застосуванням методу сiток та на визначеннi невiдомого вектора управлiння шля-
хом обчислювального розв’язування спецiально побудованої для цього задачi Ко-
шi. Для задоволення всiх потрiбних обмежень пропонується побудувати допустиму
швидкiсть невiдомого вектора управлiння з урахуванням необхiдностi перемикання
управлiння в деякi моменти часу. Приклад використання запропонованих узагальне-
них пiдходiв розглянуто для iлюстрацiї технiки їхнього застосування. Показано, що
запропонована узагальнена математична постановка повнiстю вiдповiдає розгляну-
тому прикладу. У цьому розглянутому прикладi можна побудувати розв’язувальну
задачу Кошi, а час перемикання можна знайти у залежностi вiд вибору вузла сiтки.
Показано, що в розглянутому прикладi перехiдний час може зменшуватися май-
же вдвiчi за рахунок оптимiзацiї управлiння. Усi цi результати дозволяють чiтко
уявити запропонованi пiдходи та технiку їхнього використання для розв’язування
iнженерних задач щодо оптимального управлiння процесами теплопровiдностi в рi-
зних промислових системах.
Ключовi слова: управлiння; моделювання; оптимiзацiя; методи; теплопровiднiсть.

One numerical approach to optimal control
the linear heat conduction processes
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It is proposed the generalized mathematical formulation of the problem about the optimal
control for the heat conduction processes representing by the partial differential equation.
The proposed formulation not includes the necessary clarifications about the conditions
which must be satisfied by the current and required temperature fields. But, during the
generalized solving of the formulated problem, it is established that the current and
required temperature fields must be agreed with the mathematical model of the heat
conduction so that to have possibilities to provide uniquely these temperature fields by
means the control vector. To solve the problem about the optimal control for the heat
conduction processes it is developed the numerical approaches based on reducing to the
especially built ordinary differential equations and minimization problem. This reducing
is based on discretisation the heat conduction by using the grid method and on defining
the unknown control vector as the numerical solution of the especially built Cauchy
problem. To satisfy the all limitations it is proposed to build the permissible velocity of
the unknown control vector considering with the requirements of necessary switching in
some moments of the time. The particular example of using the proposed generalized
approaches is considered to illustrate their application technique. It is shown that the
proposed generalized mathematical formulation is fully corresponded with the considered
particular example. In this considered particular example, the resolving Cauchy problem
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can be built and the switching time can be found in the depending on the grid node
choosing. It is shown that the transient time can be decrease almost twice due to optimi-
zing the control in the particular example at least. All these results will allow giving the
clear representation of the proposed approaches and the technique of their using to solve
the engineering problems about the optimal control of the heat conduction processes in
different industrial systems.
Keywords: control; modeling; optimization; methods; heat conduction.
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A study of a quasilinear model of the particles of a
suspension that are aggregated and settled in an

inhomogeneous field
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A quasilinear system of three differential equations of hyperbolic type, whi-
ch describes the settling of aggregating particles of a suspension placed in a
thin long tube in a field of external forces inhomogeneous along the tube, is
studied. The system of equations for mass and volume concentrations and the
average size of aggregates in a one-dimensional formulation allows disconti-
nuous solutions. The characteristics of the system correspond to the surfaces
of discontinuities, of which the outer one describes the subsidence rate, and
the inner one can have a different structure from a simple concentration jump
to a jump accompanied by a rarefaction wave and a fan of characteristics at
the moving boundary. A detailed study of the conditions for the existence of
different types of solutions is carried out. The application of the results for
different applied problems is discussed.
Key words: differential equations; hyperbolic systems; characteristics; sedi-
mentation; aggregation.

Кiзiлова Н. М., Пославський С. О., Баранець В. О. Дослiдження ква-
зiлiнiйної моделi осiдання частинок суспензiї, що агрегують, в
неоднорiдному полi сил. Дослiджується квазiлiнiйна система трьох ди-
ференцiальних рiвнянь гiперболiчного типу, яка описує осiдання частинок
суспензiї, що агрегують. Суспензiя помiщена в тонку довгу трубку в нео-
днорiдному уздовж трубки полi зовнiшнiх сил. Система рiвнянь для ма-
сових i об’ємних концентрацiй i середнього розмiру агрегатiв в одномiрної
постановцi допускає розривнi розв’язки. Характеристики системи вiдповiд-
ають поверхням розривiв концентрацiй агрегатiв, з яких зовнiшня поверх-
ня визначає швидкiсть осiдання, яка може вимiрюватися в експериментах,
а внутрiшня може мати рiзну структуру вiд простого стрибка концентрацiй
до стрибка, який супроводжується хвилею розрiдження або вiялом хара-
ктеристик на рухомий нижнiй границi. Проведено детальне дослiдження
умов iснування рiзних типiв розв’язкiв. Обговорюється застосування ре-
зультатiв для розв’язання рiзних прикладних задач.
Ключовi слова: гiперболiчнi системи; характеристики; седиментацiя; агре-
гацiя.
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Кизилова Н. Н., Пославский С. А., Баранец В. А. Исследование ква-
зилинейной модели оседания агрегирующих частиц суспензии в
неоднородном поле сил. Исследуется квазилинейная система трех диф-
ференциальных уравнений гиперболического типа, которая описывает осе-
дание агрегирующих частиц суспензии, помещенной в тонкую длинную
трубку в неоднородном вдоль трубки поле внешних сил. Система уравне-
ний для массовых и объемных концентраций и среднего размера агрегатов
в одномерной постановке допускает разрывные решения. Характеристики
системы соответствуют поверхностям разрывов концентраций агрегатов,
из которых внешняя поверхность определяет измеряемую в экспериментах
скорость оседания, а внутренняя может иметь разную структуру от просто-
го скачка концентраций до скачка, сопровождающегося волной разрежения
или веером характеристик на подвижной нижней границе. Проведено де-
тальное исследование условий существования разных типов решений. Об-
суждается применение полученных результатов для решения различных
прикладных задач.
Ключевые слова: гиперболические системы; характеристики; седимента-
ция; агрегация.
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1. Introduction
As is known, in contrast to solutions of systems of linear differential equations,

quasilinear equations of hyperbolic type

∂ui
∂t

+

n∑
j=1

Aij
∂uj
∂x

= Bi, i = 1, ..., n, (1)

where Aij(t, x, u1, ..., un) and Bi(t, x, u1, ..., un) is the matrix of coefficients
and the vector of the right-hand sides of the system, and the equation
det |Aij − λIij | = 0, where Iij is the unit matrix, has different real roots
(characteristic values), with smooth initial data admit discontinuous solutions
[1]. Such systems of equations describe wave propagation in multiphase [2] and
non-Newtonian fluids [3], filtration in porous media with suffusion [4], kinematic
waves in channels and cavities [5], as well as sedimentation of particles in polydi-
sperse suspensions [6, 7, 8]. Investigations of sedimentation models for particles
of dilute suspensions go back to the works of Batchelor [9, 10]. For concentrated
suspensions, it was shown that in the one-dimensional case the system of equations
describing the distribution of concentrations and volumes of settling aggregating
(coagulating) particles [6, 7], as well as particles of a polydisperse suspension [8]
remains hyperbolic if the Stokes drag coefficient depends on the size and shape
of the aggregate, when settling in a field of inhomogeneous force, and with a
number of other complications of the original one-dimensional model. Studies of
the solvability of problems in the theory of coagulation are of great interest for
the theory of differential equations [11], as well as for modern nanosciences, bio
and nanotechnologies [12].
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In most works, instantaneous stratification of settling particles into a
compressible sediment layer (zone III) at the bottom of the sedimentation tube,
a zone of settling particles (hindered settling layer, zone II) above it, and an area
of a stationary carrier fluid in the upper part of the tube (clear layer, zone I) for
both technical [13] and biological [14] suspensions. In this case, the formulation of
problem (1) in these cases includes the balance equations for the mass of particles
with a mass concentration C and a carrier liquid with concentrations 1 − C in
the form [8, 13, 14]

∂C

∂t
+
∂Cu1

∂x
= 0,

∂ (1− C)

∂t
+
∂ (1− C)u2

∂x
= 0, (2)

where u1 and u2 are velocities of the particles and fluid.
The sum of equations (2) with flow impermeability through the bottom of the

tube gives the relation
u1 = − (1− C)us, (3)

where us = u1 − u2 is the fluid velocity relatively to the aggregate [15].
The velocities u1 and u2 can be found from the momentum equations of parti-

cles and liquid [14], discrete equations of particle dynamics [16], or by introduci-
ng approximations for the coefficient us(C) accounting for the difficulty of flow
around settling particles in the zone II. Taking into account the known power-law
approximation for the viscosity of the concentrated suspension [17]

µeff = µ0 (1− C)1−n , (4)

where µ0 is the viscosity of the basic fluid, n is the empirical coefficient, it was
accepted for us(C) [15]

us(C) =

{
−us0(1− C)n, C ≤ C∗,
0, C > C∗,

(5)

where us0 = 2(ρs − ρf )gR2/9µ0 is the sedimentation rate of spherical particles
of radius R in the basic fluid, ρs, ρf are the densities of the particles and liquid,
respectively, g is the gravitational acceleration, C∗ is the critical concentration
at which the particles form a quasi-solid viscoelastic framework and cannot settle
(us = 0, and zone II transforms into zone III); i.e. at the boundary between zones
II and III, the condition C = C∗ is satisfied, and it is often assumed for simplicity
that C∗ = 1, so that in zone III there is also no movement of the basic fluid [15].

In this simple case, both characteristics are discontinuity lines of particle
concentrations [18]

dC

dT
= 0 along

dZ

dT
= γ(C) =

∂F

∂C
, (6)

where γ(C) is the characteristic equation, F = Cv1 (C) is the mass flow of the
particles, Z = z/L and T = Lus0/h are dimensionless longitudinal coordinate and



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том92 (2020) 47

time, L is the height of the sedimentation tube, and the speed of the discontinuity
line (Rankine–Hugoniot condition) is

c =
F (C+)− F (C−)

C+ − C−
, (7)

where C+, C− are the particle concentrations above and below the discontinuity
line.

The first characteristic separates zones I and II; it has a negative slope (z = 0
and z = 1 correspond to the bottom and top of the tube, respectively) and
determines the sedimentation rate measured in experiments [2, 3, 5, 6, 8, 14]. The
second characteristic is usually called internal [18]; it has a positive slope and can
correspond (Fig. 1) either to a jump to maximum packing with the disappearance
of zone II and the subsequent cessation of movement in zones I and III ( C− = C∗,
case 1), or a jump C− 6= C∗ with a subsequent rarefaction wave up to C− = C∗

(case 2) or a jump with a fan of rarefaction waves (rarefaction fan, case 3). The
upper of the characteristics always has the highest speed c (7), otherwise there
will be an intersection of the number of constitutive relations and conditions for
the evolutionary character of the discontinuity [1]. As a result, different types of
sedimentation curves are obtained (upper dashed lines in Fig. 1a-d).

a b c d

Fig. 1. Different options for internal concentration jump:
case 1 (a), case 2 (b, c), case 3 (d) (adapted from [18])

Similar versions of families of characteristics were obtained for a bidisperse
suspension [17]. As shown in a recently published article [16], discrete equations
of particle dynamics, taking into account all possible forces of interactions between
them, after averaging, give the Navier-Stokes equations of a two-phase suspension.
Similar calculations on discrete models of a suspension of settling aggregating
particles [19] showed good agreement with continual models [6, 8, 14].

In more complex cases, when the particles of the suspension during aggregation
can capture a part of the basic fluid, which is then gradually percolate through
the porous surface of the aggregate as it settles, the problem is reduced to a
hyperbolic system of three differential equations for the mass C and volume H
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concentrations and the average volume w of the aggregates (Fig. 2a). Many bi-
ological microparticles exhibit similar properties, for example, blood erythrocytes
(Fig. 2b), polymers, nanoparticles [3, 5], etc.

a b
Fig. 2. Structure of the aggregates in a three-phase liquid (a)

and in human blood (b).

In this case, in the hyperbolic systems of the form (1), (2) for the variables
{C,H,w}, a third family of characteristics appear, the slope of which can be either
positive or negative, depending on the parameters of the model [8]. For the case
of the aggregating particles in inclined tubes in an inhomogeneous external field,
it was shown that other variants of the arrangement of families of characteristics
can be added to the possible patterns of characteristics (Figs. 1a-d), which is also
confirmed by numerical calculations based on the initial hyperbolic system of the
continuum model [8, 20] by the finite volume method [21]. Since the settling of
the particles in inclined tubes at certain angles of inclination leads to a significant
acceleration of settling and separation of mixtures (Boycotte effect) and is wi-
dely used in oil and gas industry [22], biological [14, 23, 24] and nanotechnology
[3, 5], the study of such sort of problems is of interest not only for the theory
of hyperbolic differential equations, but also for many applied problems. Particle
sedimentation in the inhomogeneous field of centrifugal forces makes it possible to
accelerate the sedimentation process with the formation of sediments of different
variable density, which can be used for additional medical diagnostics in biomedi-
cal applications or for the manufacturing of various nanostructured samples of
particle-based materials in nanotechnology.

In this paper, a detailed analysis of the mathematical formulation of the
sedimentation for a three-phase suspension of aggregating particles [8] in an
inhomogeneous field is carried out. The difference of the studied model with similar
already known formulations is that the hyperbolic system of differential equations
is solved in the region (zone II), which has variable boundaries (characteristics of
the 1st and 2nd families), moving at the speeds c1, c2, respectively.

2. Description of the mathematical model

The model of the three-phase suspension composed of a free fluid (phase 1),
particles (phase 2) and fluid captured inside the aggregates (phase 3) is considered.
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The main system of equations has a form [8]:

∂w

∂t
+ u2∂w

∂x
= ϕ

w2

C
,

∂H

∂t
+ γ11

∂H

∂x
+ γ12

∂C

∂x
+ γ13

∂w

∂x
= θ + (1−H)

∂u1

∂x
,

∂C

∂t
+ γ21

∂H

∂x
+ γ22

∂C

∂x
+ γ23

∂w

∂x
= −C∂u

2

∂x
,

(8)

γ11 = u1 − (1−H)
∂u1

∂H
, γ12 = −(1−H)

∂u1

∂C
, γ13 = −(1−H)

∂u1

∂w
,

γ21 = C
∂u2

∂H
, γ22 = u2 + C

∂u2

∂C
, γ23 = C

∂u2

∂w
,

(9)

where C and H are mass and volumetric concentrations of aggregates, w is an
average volume of aggregate, ϕ is the aggregation rate, u1, u2, are the phase
velocities, θ = θ3/ρf , θ3 is the rate of the fluid capture during the aggregation.

In the matrix form the system (8)-(9) is:

∂

∂t

 w
H
C

+

 u2 0 0
γ13 γ11 γ12

γ23 γ21 γ22

 ∂

∂x

 w
H
C

 =


ϕw2

C
θ + (1−H)k1

−Ck2

 , (10)

where k1 =
∂u1

∂x
, k2 =

∂u2

∂x
.

The phase velocities are expressed explicitly through the variables x,w,H,C:

u1 =

[
−H(1−H)

F
+

(H − C)2

D

]
C(ρs − ρf )4π2ν2(x+ a),

u2 =

[
(1−H)2

F
+

(H − C)2

D

]
C(ρs − ρf )4π2ν2(x+ a),

u3 =

[
(1−H)2

F
+

(H − C)(1−H + C)

D

]
C(ρs − ρf )4π2ν2(x+ a),

(11)

where ρs, ρf are physical densities of particles and free fluid, ν is a centrifuge
rotation frequency, a is a distance from a disc center to tubes.

Thermodynamic coefficients F,D are [6]:

F = αηfH(1−H)−η1

(
H

C

)2/3

w−2/3,

D = βηfC

(
1− C

H

)−η2

w
−2/3
0 ,

(12)
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where α, β, η1, η2 are positive constants, w0 is a volume of one particle, ηf is a
fluid viscosity.

This system is hyperbolic with characteristic values of the defining parameters.
Therefore, for its analysis and solution the method of characteristics is effective.
The characteristic values λ1, λ2, λ3 are:

λ1 = u2

λ2,3 =
(γ11 + γ22)±

√
(γ11 − γ22)2 + 4γ12γ21

2

(13)

The families of characteristics and corresponding conditions at them are:(
dx

dt

)
1

= us + uf ,

(
dx

dt

)
2,3

= us + uf +
1

2
A
(

1±
√

1−B/A2
)
,

(14)

(
dw

dt

)
1

= ϕ
w2

C
,

1

2

[
A1

(
1±

√
1−B/A2

)
−A2

(
1∓

√
1−B/A2

)]
×

×

((
dH

dt

)
2,3

−θ−(1−H)k1

)
+ γ12

(
Ck2 +

(
dC

dt

)
2,3

)
= 0,

(15)

where

us =
(1−H)2C(ρs − ρf )4π2ν2(x+ a)

F
, uf =

(H − C)2C(ρs − ρf )4π2ν2(x+ a)

D
,

A1 = H
∂us
∂H
− (1−H)

∂uf
∂H

, A2 = C
∂us
∂C

+
∂uf
∂C

, A = A1 +A2,

B = 4C

(
∂us
∂H
·
∂uf
∂C
− ∂us
∂C
·
∂uf
∂H

)
.

The equations of the first family of characteristics coincide with the equations
for the trajectories of solid phase particles (similar to contact characteristics in gas
dynamics). Therefore, the boundary separating the area of settling particles from
the area occupied by a stationary fluid moves at the speed u2 of those particles
(aggregates) that are on it. In this case, the effective densities and velocities of the
phases at this boundary are discontinuous. There is no need to set special jump
conditions here, because in the area occupied by the suspension, all parameters
are determined by integrating the characteristic equations (by the method of
characteristics).
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The situation is quite different with the setting of boundary conditions at
the boundary of the compact zone. Depending on the relationship between the
characteristic speeds and the speed of this boundary, different regimes can be
realized.

If this boundary is a strong discontinuity, then corresponding conditions for
the limit values must be performed on it when approaching the jump from one
side and from the other:

wII = wIII , (1−HIII)ZII−III = (1−HII)
(
ZII−III − u1

II

)
,

ZII−IIICIII =
(
ZII−III − u2

II

)
CII ,

(16)

where ZII−III is a velocity of the discontinuity.

3. Analysis of possible cases

According to the general theory of discontinuous (or generalized, or weak)
solutions of systems of quasilinear equations [25, 26], existence of an evolutionary
(not decaying into a system of waves) discontinuity is ensured by the following
condition. The number of characteristic lines arriving to the same point at the di-
scontinuity surface should be such that, in the problem of small perturbations, the
perturbations of all the quantities are uniquely determined from the conditions
along these characteristics and the constitutive relations at the discontinuity. For
example, if the same hyperbolic system of n quasilinear equations is satisfied in
regions on both sides of the discontinuity, then the number of arriving characteri-
stics from one side and from the opposite should be exactly n+ 1. Indeed, in this
case, the number of unknowns is equal to 2n + 1 (n unknown functions on each
side of the discontinuity and an unknown speed of it), which means that there
should be the same number of equations for their determination. If, however, some
additional conditions are fulfilled at the jump, then the number of characteristic
lines arriving to the jump should be reduced by the number of conditions.

In the problem under consideration, the situation is somewhat different. The
main system of equations (8)-(9) is satisfied only on one side of the discontinuity,
and on the other, the state of all phases is considered to be specified (we mean the
packing density of aggregates and the volumetric content of fluid in the compact
zone, i.e., the values ofHIII and CIII) ). Only the quantity wIII remains unknown
in the compact zone, but it satisfies the condition wIII = wII .

Therefore, for the stability of the discontinuity, it is necessary that the
characteristics of two families enter the jump, and only the characteristics of
one family are outgoing (Fig. 3). Accordingly, the characteristic velocities and the
discontinuity velocity ZII−III must satisfy the following inequalities:(

ZII−III −
(
dx

dt

)
2

)
·
(
ZII−III −

(
dx

dt

)
3

)
< 0. (17)
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Fig.3. Location of characteristics relative to the strong discontinuity line.

If this condition is not satisfied, then there is no strong discontinuity on the
boundary of the compact zone, since it does not satisfy the evolutionary condition
and cannot be stable.

But then the structure of the solution should be different. Instead of a strong
discontinuity, the transition from zone II to zone III should be carried out in a
more complicated manner. Apparently, in this case, the mathematical model of
the studied process of particle sedimentation needs to be revised. At a sufficiently
high concentration of aggregates, the relationship between the phase velocities
and concentrations described by relations (11) is no longer sufficiently adequate.

4. Conclusions

In this paper, we consider the properties of solutions of a quasilinear hyperbolic
system of partial differential equations describing the process of settling and
aggregation of particles under conditions of an inhomogeneous field of external
forces. We study the conditions for the existence of different types of solutions.
The results obtained make it possible to analyze various modes and the influence
of model parameters on the sedimentation process. The estimation of the number
of incoming and outgoing characteristics for the strong discontinuity between the
zone of settling aggregates and the compact zone is carried out. The obtained
condition determines the existence and stability of this discontinuity. If it is not
satisfied, the mathematical model describing the process of settling and aggregati-
on of suspension particles requires correction. The results obtained can be used
to solve various applied problems, in particular, in the field of medicine.
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3. A. Farina, L. Fusi, A. Mikelić, G. Saccomandi, et al. Non-Newtonian
Fluid Mechanics and Complex Flows. 2018. Springer, Cham, 330 p.
https://doi.org/10.1007/978-3-319-74796-5

4. A. Yu. Kuznetsov, S. A. Poslavskyi. Investigation of a mathematical model of
the mechanical suffusion, Visnyk of V.N. Karazin Kharkiv National Universi-
ty. Ser. Mathematics, Applied Mathematics and Mechanics, – 2009. – № 875.
– P. 57-68 (in Russian). http://vestnik-math.univer.kharkov.ua/Vestnik-
KhNU-875-2009-kuznietsov.pdf

5. V. P. Singh. Kinematic wave modeling in water resources: Surface-water
hydrology. 1996. Wiley, New York, 1424 p.

6. E. S. Losev. Modelling of the aggregating particles sedimentation, Izvestiya
of AN SSSR, Ser. MZhG, – 1983. – № 3. – P. 71-78.

7. D. K. Basson, S. Berres, R. Bürger. On models of polydisperse sedimentati-
on with particle-size-specific hindered-settling factors, Applied Mathematical
Modelling, – 2009. – Vol. 33. – P. 1815-1835. doi:10.1016/j.apm.2008.03.021

8. V. Baranets, N. Kizilova. Mathematical modeling of particle aggregation and
sedimentation in the inclined tubes, Visnyk of V.N.Karazin Kharkiv National
University. Ser. Mathematics, Applied Mathematics and Mechanics, – 2019.
– Vol. 90. – P. 42-59. doi:10.26565/2221-5646-2019-90-03

9. G. K. Batchelor. Sedimentation in a dilute polydisperse system of inter-
acting spheres, Part 1. General theory, Journal of Fluid Mechanics, – 1982. –
Vol. 119. – P. 379-408. doi:10.1017/S0022112082001402

10. G. K. Batchelor, C.S. Wen. Sedimentation in a dilute polydisperse system of
interacting spheres, Part 2. Numerical results, Journal of Fluid Mechanics, –
1982. – Vol. 124. – P. 495-528. doi:10.1017/S0022112082002602

11. F. P. da Costa, R. Sasportes, Dynamics of a Non-Autonomous ODE System
Occurring in Coagulation Theory, Journal of Dynamics and Differential
Equations, – 2008. – Vol. 20. – P. 55-85. doi:10.1007/s10884-006-9067-5

https://doi.org/10.1016/S0301-9322(97)00089-X
https://doi.org/10.1016/S0301-9322(97)00089-X
https://doi.org/10.1016/j.apm.2008.03.021
https://doi.org/10.26565/2221-5646-2019-90-03
https://doi.org/10.1017/S0022112082001402
https://doi.org/10.1017/S0022112082002602
https://doi.org/10.1007/s10884-006-9067-5


54 N. N.Kizilova, S.A. Poslavskyi, V.A. Baranets

12. E. M. Hotze, T. Phenrat, G. V. Lowry. Nanoparticle Aggregation:
Challenges to Understanding Transport and Reactivity in the Environment,
Journal of Environmental Quality, – 2010. – Vol. 39. – P. 1909-1924.
doi:10.2134/jeq2009.0462

13. R. Bürger. Phenomenological foundation and mathematical theory of sedi-
mentation–consolidation processes, Chemical Engineering Journal, – 2000. –
Vol. 80. – P. 177-188. doi:10.1016/S1383-5866(00)00089-7

14. V. A. Levtov, S. A. Regirer, N. Kh. Shadrina. Rheology of blood. 1982. Medi-
cine, M., 270 p.

15. R. Dorrell, A. J. Hogg. Sedimentation of bidisperse suspensions, Internati-
onal Journal of Multiphase Flow, – 2010. – Vol. 36. – P. 481-490.
doi:10.1016/j.ijmultiphaseflow.2010.02.001

16. J. Zhang, W. Ma. Data-driven discovery of governing equations for fluid
dynamics based on molecular simulation, J. Fluid Mech., – 2020. – Vol. 892,
A5. – P. 1-15. doi:10.1017/jfm.2020.184

17. J. F. Richardson, W. N. Zaki. The sedimentation of a suspension of uniform
spheres under conditions of viscous flow, Chemical Engineering, – 1954. –
Vol. 3. – P. 65-78. doi:10.1016/0009-2509(54)85015-9

18. G. J. Kynch. A theory of sedimentation, Transactions of Faraday Society, –
1952. – Vol. 48. – P. 166-176. doi:10.1039/TF9524800166

19. V. A. Baranets, N. N. Kizilova. The discrete simulation and sedimentati-
on of micro- and nanoparticles in suspensions, Ser. Mathematical Modelling.
Information Technology. Automated Control Systems, – 2018. – V. 40. – P. 4-
14 (in Russian). doi:10.26565/2304-6201-2018-40-01

20. V. Baranets, N. Kizilova. On hyperbolicity and solution properties of the
continual models of micro/nanoparticle aggregation and sedimentation in
concentrated suspensions, Bulletin of Taras Shevchenko National Universi-
ty of Kyiv. Ser. Physics & Mathematics, – 2019. – N. 4, – P. 60-64.
https://doi.org/10.17721/1812-5409.2019/4.7

21. R. Ruiz-Baiera, H. Torres. Numerical solution of a multidimensional sedi-
mentation problem using finite volume-element methods, Applied Numerical
Mathematics, – 2015, V. 95, – P. 280-291. doi:10.1016/j.apnum.2013.12.006

22. T. Peacock, F. Blanchette, J. W. M. Bush. The stratified Boycott
effect, Journal of Fluid Mechanics, – 2005. – V. 529. – P. 33-49.
doi:10.1017/S002211200500337X

23. L. Derbel. The set of concentration for some hyperbolic models of chemotaxis,
Journal of Hyperbolic Differential Equations, – 2007. – V. 4, N. 2. – P. 331-
349. doi:10.1142/S021989160700115X

https://doi.org/10.2134/jeq2009.0462
https://doi.org/10.1016/S1383-5866(00)00089-7
https://doi.org/10.1016/j.ijmultiphaseflow.2010.02.001
https://doi.org/10.1017/jfm.2020.184
https://doi.org/10.1016/0009-2509(54)85015-9
https://doi.org/10.1039/TF9524800166
https://doi.org/10.26565/2304-6201-2018-40-01
https://doi.org/
https://doi.org/10.1017/S002211200500337X
https://doi.org/10.1142/S021989160700115X


ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том92 (2020) 55

24. H. Yan, W.-A. Yong. Stability of steady solutions to reaction-hyperbolic
systems for axonal transport, Journal of Hyperbolic Differential Equations, –
2012. – Vol. 9, N. 2. – P. 325-37. doi:10.1142/S0219891612500105

25. I. M. Gelfand. Some problems of the quasilinear equations theory, UMN, –
1959. – V. 14, 2 (86). – P. 87-158.

26. G. G. Cherniy. Gas dynamics. 1988. Nauka, M., 424 p.

Дослiдження квазiлiнiйної моделi осiдання частинок суспензiї,
якi агрегують, в неоднорiдному полi сил

Кiзiлова, Н. М., Пославський, С. О., Баранець, В. О.
Харкiвський нацiональний унiверситет iм. В. Н. Каразiна

пл. Свободи, 4, Харкiв, Україна, 61022
Математична модель процесу осiдання частинок суспензiї зазвичай являє собою

квазiлiнiйну гiперболiчного систему диференцiальних рiвнянь, доповнену початко-
вими i крайовими умовами. В данiй статтi дослiджується ускладнена модель, що
враховує агрегування частинок i неоднорiднiсть поля зовнiшнiх масових сил. Роз-
глянуто випадок однорiдних початкових умов, коли всi параметри руху, що виникає,
залежать тiльки вiд однiєї просторової декартової координати x i вiд часу t. На вiд-
мiну вiд вiдомих постановок задач для квазiлiнiйних систем рiвнянь (наприклад, в
газовiй динамiцi), розв’язки яких мiстять сильнi розриви, у дослiджуванiй поста-
новцi основна система рiвнянь виконується тiльки по один бiк вiд лiнiї розриву в
площинi змiнних (t;x). По iнший бiк вiд лiнiї розриву рiвняння, взагалi кажучи,
мають принципово iнший вигляд. Ми обмежуємося вивченням випадку, коли в ком-
пактнiй зонi, зайнятiй осiлими частинками, нiякого руху немає, тобто усi швидкостi
дорiвнюють нулю i об’ємнi частки всiх фаз не змiнюються з часом. Розглянуто за-
дачу про седиментацiю еритроцитiв в полi вiдцентрових сил в центрифузi, при її
рiвномiрному обертаннi з кутовою швидкiстю ω = const. Проведено дослiдження
умов iснування рiзних типiв розв’язкiв. Однiєю з основних є проблема еволюцiйно-
стi (стiйкостi) виникаючих сильних розривiв. Розв’язання цiєї проблеми пов’язано з
аналiзом спiввiдношень для характеристичних швидкостей i швидкостi перемiщен-
ня поверхнi розриву. Вiдповiдь залежить вiд числа характеристик, що приходять до
розриву, i вiд кiлькостi додаткових умов, що задаються на поверхнi роздiлу. Розрив
на нижнiй межi областi, зайнятої чистої плазмою, завжди стiйкий. Але для поверхнi
розриву, що роздiляє зони осiлих i рухомих частинок, умова еволюцiйностi може по-
рушуватися. В цьому випадку необхiдне коригування вихiдної математичної моделi.
Ключовi слова: гiперболiчнi системи; характеристики; седиментацiя; агрегацiя.

A study of a quasilinear model of the particles of a suspension
that are aggregated and settled in an inhomogeneous field

N. N. Kizilova, S. A. Poslavskyi, V. A. Baranets
V. N. Karazin Kharkiv National University,
4 Svobody sqr., Kharkiv, 61022, Ukraine

The mathematical model of the sedimentation process of suspension particles is usually
a quasilinear hyperbolic system of partial differential equations, supplemented by initial
and boundary conditions. In this work, we study a complex model that takes into account
the aggregation of particles and the inhomogeneity of the field of external mass forces.
The case of homogeneous initial conditions is considered, when all the parameters of
the arising motion depend on only one spatial Cartesian coordinate x and on time t. In
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contrast to the known formulations for quasilinear systems of equations (for example, as
in gas dynamics), the solutions of which contain discontinuities, in the studied formulati-
on the basic system of equations occurs only on one side of the discontinuity line in the
plane of variables (t;x). On the opposite side of the discontinuity surface, the equations
have a different form in general. We will restrict ourselves to considering the case when
there is no motion in a compact zone occupied by settled particles, i.e. all velocities are
equal to zero and the volumetric contents of all phases do not change over time. The
problem of erythrocyte sedimentation in the field of centrifugal forces in a centrifuge,
with its uniform rotation with angular velocity ω = const is considered. We have studied
the conditions for the existence of various types of solutions. One of the main problems
is the evolution (stability) problem of the emerging discontinuities. The solution of this
problem is related to the analysis of the relationships for the characteristic velocities
and the velocity of the discontinuity surface. The answer depends on the number of
characteristics that come to the jump, and the number of additional conditions set on
the interface. The discontinuity at the lower boundary of the area occupied by pure
plasma is always stable. But for the surface separating the zones of settled and of moving
particles, the condition of evolution may be violated. In this case, it is necessary to adjust
the original mathematical model.
Keywords: hyperbolic systems; characteristics; sedimentation; aggregation.

Article history: Received: 5 October 2020; Final form: 10 November 2020;
Accepted: 15 November 2020.



Вiсник Харкiвського нацiонального
унiверситету iменi В.Н. Каразiна
Серiя "Математика, прикладна
математика i механiка"
Том 92, 2020, с. 57–58
УДК 929

Visnyk of V.N.Karazin Kharkiv National University
Ser. “Mathematics, Applied Mathematics

and Mechanics”
Vol. 92, 2020, p. 57–58

DOI: 10.26565/2221-5646-2020-92-05

c© S. Ju. Favorov, V. P. Fonf, V. I. Korobov, M. I. Ostrovskii, M. M. Popov,
A. M. Vishnyakova, A. L. Yampolsky, G. N Zholtkevych., 2020

VLADIMIR MIKHAILOVICH KADETS
To 60th anniversary

Vladimir Kadets (Володимир Михайлович Кадець), a Professor of the
Department of Pure Mathematics in V.N. Karazin Kharkiv National Universi-
ty, a well-known expert on Banach space theory and a brilliant lecturer, turned
60 on November 15, 2020.

Vladimir was born on November 15,
1960 in Kharkiv. His mother, Diamara
Lazarevna, was a researcher at the
Institute for Medical Radiology; father,
Mikhail Iosifovich, was a mathematici-
an, famous for his outstanding results
in Banach space theory, which surely
influenced Vladimir’s choice of career.

After graduating of V.N. Karazin
Kharkiv University in 1982 Vladimir
became a PhD student of Naum Samoi-
lovich Landkof in Rostov Civil Engi-
neering Institute. Shortly after defendi-
ng in 1985 his PhD Thesis, Vladi-
mir obtained an elegant result by
constructing a conditionally convergent
series with non-convex set of sums in
any infinite dimensional Banach space,

and hereby obtained a complete solution for Problem 106 from the “Scottish
Book”. Since then, during some years, rearrangements of series in Banach spaces
were one of the favorite topics for Vladimir. The first monograph by V.M. Kadets
co-authored with his father was devoted to this topic.

Vladimir traveled a lot collaborating with mathematicians from other countri-
es: Poland, Israel, USA, Italy, Germany, France, Spain, Turkey, South Korea. As
a result, the majority of his papers were co-authored with colleagues from the
institutions visited by Vladimir. At the end of 20th century V.M. Kadets became
interested in the Daugavet equation in Banach spaces. One of the most important
papers by Vladimir was published in 2000, co-authored with Roman Shvidkoy,
Gleb Sirotkin and Dirk Werner. This paper had radically changed the approach
of specialists to investigation of the Daugavet property. Soon afterwards Vladimir
started a fruitful long-term cooperation with Spanish mathematicians (Bernardo
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Cascales, Miguel Mart́ın, Javier Meŕı and others). Among others, Vladimir jointly
with Maria Acosta (Spain) proved a Namioka’s hypothesis asserting that, every
nonreflexive Banach space admits an equivalent norm with respect to which the
set of all norm attaining functionals has empty interior. The second monograph by
V.M. Kadets “Spear operators between Banach spaces” co-authored with Spanish
colleagues was published in 2018.

Vladimir always enjoyed teaching activities. Since his student years, he liked
explaining mathematics to other people. When he became a teacher, this interest
was transformed into the exceptional clarity and rigor of his lectures. These quali-
ties attracted students to him, and many of Kharkiv’s students in mathematics
made their first steps in research under the supervision of V.M. Kadets. He was
an advisor of 8 PhD students. The situation in Ukraine in the late 20th century
contributed to the fact that some of his students finished their PhD programs in
other countries (e.g. D. Bilik, R. Vershynin, R. Shvidkoy).

From 1990 till nowadays V. M. Kadets works in V.N.Karazin Kharkiv National
University. In 1992 he passed habilitation in Warsaw “Conditional convergence
in infinite-dimensional spaces”, and in 2014 – another habilitation in Kharkiv
“Banach spaces with the Daugavet property and Banach spaces with numeri-
cal index one”. During his scientific and pedagogical career Vladimir has got a
Kharkiv mathematical society Prize for young researchers (1989), Soros’ grants
(1995, 1996), Humboldt Research Fellowship (Germany, 1999), State Award of
Ukraine in Science and Technology (2005), Séneca Foundation Grant (Spain,
2010), and currently leads a group of mathematicians of his Department whi-
ch was awarded a grant of the National research foundation of Ukraine.

We congratulate Vladimir with the jubilee, wish him health, creative inspi-
ration for many years and success in his scientific and pedagogical activities.
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ЙОСИП ВОЛОДИМИРОВИЧ ОСТРОВСЬКИЙ (некролог)
6.04.1934 – 29.11.2020

29 листопада 2020 року пiсля важкої тривалої хвороби пiшов з життя
видатний математик, член-кореспондент Нацiональної академiї наук України
Йосип Володимирович Островський.

Йосип Володимирович народився у 1934 роцi в Днiпропетровську. У 1951
роцi вiн вступив до фiзико-математичного факультету Харкiвського унiвер-
ситету, де працювали такi вiдомi математики i педагоги, як Н. I. Ахiєзер,
Я. П. Бланк, Г. I. Дрiнфельд, Б. Я. Левiн, В. О. Марченко, О. Я. Повзнер,
О. В. Погорєлов, А. К. Сушкевич.

У 1956 роцi Йосип Володимирович вступає до аспiрантури до одного з
провiдних у свiтi фахiвцiв з комплексного аналiзу Б.Я. Левiна, у 1959 захищає
кандидатську дисертацiю «Зв’язок мiж зростанням мероморфної функцiї та
розподiлом її значень за аргументами».

У 1958 роцi Й. В. Островський починає працювати в Харкiвському унiвер-
ситетi, з 1963 року вiн завiдує кафедрою теорiї функцiй цього унiверситету,
а у 1965, у вiцi 31 року, захищає докторську дисертацiю «Асимптотичнi вла-
стивостi цiлих i мероморфних функцiй i деякi їх застосування».

У 1956 роцi в Харковi почав роботу легендарний семiнар Б. Я. Левiна з те-
орiї функцiй. Й. В. Островський був активним учасником семiнару, а пiзнiше
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разом з Б. Я. Левiним керував його роботою. У 70-х роках Й. В. Островський
створив семiнар з аналiтичних питань теорiї ймовiрностей.

У 1968 роцi Йосип Володимирович стає спiвробiтником вiддiлу теорiї фун-
кцiй Фiзико-технiчного iнституту низьких температур АН СРСР, а з 1986
року очолює цей вiддiл, одночасно працюючи за сумiсництвом в Харкiвсько-
му унiверситетi. З 1994 року Йосип Володимирович – професор унiверситету
Бiлькент (Туреччина).

У 1978 роцi Йосипа Володимировича Островського обирають членом-
кореспондентом Академiї наук Української РСР (зараз Нацiональна академiя
наук України).

Опишемо стисло деякi напрямки наукової роботи Й.В. Островського.
На початку наукової дiяльностi Йосип Володимирович отримав тонкi ре-

зультати щодо зв’язку зростання мероморфної функцiї з розподiлом її зна-
чень по аргументах, якi посилили класичнi теореми Л. Бiбербаха, Р. Неван-
лiнни, М. Г. Крейна, А. Едрея. Сумiсно з Б. Я. Левiним Й. В. Островський
займався проблемою Полiа-Вiмана опису класу цiлих дiйсних функцiй, для
яких усi нулi самих функцiй i їх похiдних є дiйсними.

У 60-х роках Йосип Володимирович розпочав дослiдження аналiтичних
питань теорiї ймовiрностей. Вiн довiв гiпотезу Ю. В. Лiнника, тим самим
посиливши класичну теорему Марцинкевича. Йосип Володимирович також
розробив новi аналiтичнi методи i отримав вагомi результати в арифметицi
ймовiрнiсних розподiлiв.

Класикою стали роботи Й. В. Островського i В. О. Марченка з дослiджен-
ня спектру оператора Хiлла. Вони ґрунтуються на параметризацiї класу дiй-
сних цiлих функцiй з дiйсними ±1-точками конформними вiдображеннями
верхньої пiвплощини на верхню пiвплощину з вертикальними розрiзами. Ця
параметризацiя вiдiграє важливу роль в теорiї операторiв Штурма-Лiувiлля
i у дослiдженнях екстремальних властивостей цiлих функцiй експоненцiаль-
ного типу.

У 80-х роках Й. В. Островський спiльно з А. А. Гольдбергом описали
асимптотичну поведiнку i розподiл коренiв цiлих характеристичних функцiй
скiнченного порядку.

Ще один цикл робiт Й. В. Островського був присвячений вивченню класiв
комплекснозначних борелевих мiр на осi, у яких має мiсце однозначна визна-
ченiсть звуженнями на пiввiсь. Цi роботи пов’язанi з класичними задачами
теорiї функцiй: теоремою Тiтчмарша про згортку, другою основною теоре-
мою Неванлiнни-Картана для аналiтичних вектор-функцiй, факторизацiєю у
класах Гардi та iншими.

У 90-х роках Йосип Володимирович отримує серiю результатiв у теорiї
крайової задачi Рiмана з нескiнченним iндексом.

В останнi роки Й. В. Островський займався задачами зростання аналiти-
чних функцiй i розподiлу значень вiдрiзкiв та лишкiв їхнiх степеневих рядiв,
питанням зображуваностi гармонiчних функцiй iнтегралами типу Пуассона,



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том92 (2020) 61

зв’язком частоти осциляцiї функцiї iз гладкiстю її перетворення Фур’є, про-
блемами тотальної i кратної додатностi.

Й. В. Островський опублiкував бiльше 150 наукових робiт, вiн є спiвав-
тором двох широко вiдомих монографiй «Распределение значений меромор-
фных функций» (з А. А. Гольдбергом) та «Разложения случайных величин
и векторов» (з Ю. В. Лiнником). Його роботи i книги мали iстотний вплив
на подальший розвиток теорiї цiлих i мероморфних функцiй, аналiтичних
питань теорiї ймовiрностей, знайшли застосування в теорiї операторiв, гар-
монiчному аналiзi та iнших областях математики.

У 1992 роцi Й. В. Островський разом з А. А. Гольдбергом i Б. Я. Левiним
отримав Державну премiю України за роботи з теорiї функцiй.

Протягом багатьох рокiв Й. В. Островський був Президентом Харкiвсько-
го математичного товариства. З 1966 по 1993 роки вiн був вiдповiдальним
секретарем редколегiї журналу «Теорiя функцiй, функцiональний аналiз i їх
застосування», пiзнiше, з 2000 по 2005 роки – головним редактором «Жур-
налу математичної фiзики, аналiзу, геометрiї».

Бiльш як сорок рокiв Й. В. Островський викладав у Харкiвському унi-
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