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Korobov's controllability function method applied

to �nite-time stabilization of the R�ossler system

via bounded controls
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The problem of stabilizing the R�ossler system in �nite time by bounded control
is considered. We employ V. I. Korobov's controllability function method, which
involves a Lyapunov-type function. The controllability function is the solution
of an implicit equation. A family of bounded controls which solve the problem
is explicitly computed. Besides, the time that it takes the trajectory to reach
the desired equilibrium is estimated.
Keywords: R�ossler system; Korobov's controllability function; bounded control;
�nite time stabilization.

×îêå-Ðiâåðî À. Å., Ãîíçàëåñ Ãðàñiåëà À., Êðóç Ìóëëiñàêà Å. Ìåòîä ôóí-

êöi¨ êåðîâàíîñòi Êîðîáîâà, çàñòîñîâàíèé äî ñòàáiëiçàöi¨ ñèñòåìè

Ðîññëåðà çà îáìåæåíèé ÷àñ çà äîïîìîãîþ îáìåæåíèõ êåðóâàíü.

Ðîçãëÿíóòî çàäà÷ó ñòàáiëiçàöi¨ ñèñòåìè Ðîññëåðà çà ñêií÷åííèé ÷àñ çà äî-
ïîìîãîþ îáìåæåíèõ êåðóâàíü. Ìè çàñòîñîâó¹ìî ìåòîä ôóíêöi¨ êåðîâàíîñòi
Â. I. Êîðîáîâà, ÿêèé âèêîðèñòîâó¹ ôóíêöiþ òèïó Ëÿïóíîâà. Ôóíêöiÿ êå-
ðîâàíîñòi ¹ ðîçâ'ÿçêîì íåÿâíîãî ðiâíÿííÿ. Çàïðîïîíîâàíî ñiì'þ ÿâíî îá-
÷èñëþâàíèõ îáìåæåíèõ êåðóâàíü, ÿêi ðîçâ'ÿçóþòü çàäà÷ó ñèíòåçó. Îêðiì
òîãî, îöiíþ¹òüñÿ ÷àñ ðóõó, ïîòðiáíèé äëÿ äîñÿãíåííÿ òî÷êè ðiâíîâàãè.
Êëþ÷îâi ñëîâà: Ñèñòåìà Ðîññëåðà; ôóíêöiÿ êåðîâàíîñòi Êîðîáîâà; îáìåæå-
íå êåðóâàííÿ; ñòàáiëiçàöiÿ çà ñêií÷åííèé ÷àñ.

×îêå-Ðèâåðî À. Ý., Ãîíçàëåñ Ãðàñèåëà À., Êðóç Ìóëëèñàêà Ý. Ïîäõîä
ôóíêöèè óïðàëÿåìîñòè Êîðîáîâà ïðèëîæåííûé ê ñòàáèëèçàöèè

ñèñòåìû Ðîññëåðà çà êîíå÷íîå âðåìÿ ñ ïîìîùüþ îãðàíè÷åííûõ

óïðàâëåíèé. Ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè ñèñòåìû Ðîññëåðà çà
êîíå÷íîå âðåìÿ ïðè îãðàíè÷åííîì óïðàâëåíèè. Èñïîëüçóåì ìåòîä ôóíêöèé
óïðàâëÿåìîñòè Â. È. Êîðîáîâà, ÿâëÿþùèéñÿ ôóíêöèåé òèïà Ëÿïóíîâà.
Ôóíêöèÿ óïðàâëÿåìîñòè ÿâëÿåòñÿ ðåøåíèåì íåÿâíîãî óðàâíåíèÿ. Ïðåäëà-
ãàåòñÿ ñåìåéñòâî ÿâíî âû÷èñëÿåìûõ îãðàíè÷åííûõ óïðàâëåíèé, êîòîðûå
ðåøàþò çàäà÷ó ñèíòåçà. Êðîìå òîãî, îöåíèâàåòñÿ âðåìÿ äâèæåíèÿ, íåîáõî-
äèìîå äëÿ äîñòèæåíèÿ òî÷êè ïîêîÿ.
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Êëþ÷åâûå ñëîâà: Ñèñòåìà Ðîññëåðà; ôóíêöèÿ óïðàëÿåìîñòè Êîðîáîâà;
îãðàíè÷åííîå óïðàâëåíèå; ñòàáèëèçàöèè çà êîíå÷íîå âðåìÿ.

2010 Mathematics Subject Classi�cation: 93C15; 93B05; 34D20

1. Introduction

R�ossler system has become one of the reference chaotic systems. Its novelty
when introduced in [25], being that exhibits a chaotic attractor generated by a
simpler set of nonlinear di�erential equations than Lorenz system. It is given by:

ẋ1 =− x2 − x3,

ẋ2 =x1 + αx2, (1)

ẋ3 =β + x3(x1 − γ),

and it develops chaotic behaviour for certain values of the parameter triplet
(α, β, γ). The issue of controlling R�ossler system by stabilizing one of its unstable
equilibrium points has been previously dealt with in the literature. A feedback
controller is designed in [12] stabilizing a chosen equilibrium point with exponenti-
al convergence and estimating the negative Lyapunov exponent. In [2], a sliding
mode control is proposed by which global stabilization of an arbitrary given equi-
librium point is achieved, In [23], an optimal control strategy that directs the
chaotic motion to any desired equilibrium point is proposed. Both stability and
optimality are obtained in [24] by applying linear feedback controllers to the
chaotic R�ossler system. A suboptimal feedback controller has been tested on the
R�ossler system in [27]. The synchronization approach and bifurcation diagram
have been used in [18] to control the R�ossler system. In this work, control of the
R�ossler system is stated by putting:

ẋ1 =− x2 − x3,

ẋ2 =x1 + αx2, (2)

ẋ3 =β + x3(x1 − γ) + u,

and considering the synthesis problem. Let x = (x1, x2, x3)ᵀ. The synthesis
problem consists in constructing a positional control u = u(x) with |u(x)| ≤ u1

such that for any x0 belonging to a certain neighborhood of the equilibrium point
of the system (1), the trajectory x(t) initiated in x0 arrives at this equilibri-
um point in �nite time. Namely, by using V. I. Korobov's method, also called
the controllability function method, a family of bounded positional controls that
solve the synthesis problem for the R�ossler system is proposed. We mainly use
two ingredients. The �rst one concerns the general theory of the controllability
function [14]. The second ingredient is the family of bounded positional controls
that was obtained in [7]. Note that the �nite-time stabilization of control systems
was studied in [8], [5], [6], [19], [20] and references therein. Di�erent from previ-
ous works on �nite-time stabilization [20], [21], we propose an explicit family of
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bounded controls constructed by taking into account the only nonlinearity of the
R�ossler system, which is a quadratic function.

2. Dynamical features of the R�ossler system

The equilibrium point of the system (1) for the triplet (0, β, γ) with γ 6= 0 is

x̄ :=
(

0,−β
γ ,

β
γ

)ᵀ
. For the triplet (α, β, γ) with α 6= 0 and γ2 − 4αβ = 0, there

is only one equilibrium point: x̄ :=
( γ

2
, − γ

2α
, γ

2α

)ᵀ
. While if γ2 − 4αβ > 0,

there are two equilibrium points:

x̄± :=

(
γ ±∆

2
, −γ ±∆

2α
,
γ ±∆

2α

)ᵀ
, (3)

where ∆ :=
√
γ2 − 4αβ . For any other case, system (1) has no equilibrium point.

The typical chaotic R�ossler system is determined by α = β = 1
5
and γ = 57

10
,

resulting: x̄−=
(

1
20

(
57−

√
3233

)
, 1

4

(√
3233 − 57

)
, 1

4

(
57−

√
3233

))
and

x̄+ =
(

1
20

(
57 +

√
3233

)
, 1

4

(
−57−

√
3233

)
, 1

4

(
57 +

√
3233

))
.

The stability exponents of x̄− are {−5.686, 0.0970 ± i0.9951} so it is a
saddle-focus with a two-dimensional unstable manifold. Besides, this point is
placed in the nearness of the attractor. Instead, the stability exponents of x̄+

are {0.1929,−4.596 × 10−6 ± i5.428}. Hence, this equilibrium point has a two-
dimensional stable manifold but it is outside the region of the chaotic attractor.
For details, see [1], [22] or [10], where information about dynamical behavior of
this system for other parameter values is provided.

3. Canonical controllable form

Let us consider the case α 6= 0 . Introducing y = x− x̄±, system (2) takes the
following form:

ẏ = A±y +

 0
0

y1y3

+ bu, (4)

being y := (y1, y2, y3)ᵀ, b := (0, 0, 1)ᵀ and

A± :=

 0 −1 −1
1 α 0

γ±∆
2a

0 −γ∓∆
2

 (5)

Let us note that the linear part of (4) results a completely controllable system.
Then, there exists a coordinate change to transform it into its canonical
controllable form [11], [13]. This coordinates change is given by z = Fy with

F :=

 0 −1 0
−1 −α 0
−α 1− α2 1

 , (6)
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and system (4) can be rewritten as follows:

ż = A0z + bpᵀ±z + bu+

 0
0

(αz1 − z2) (z1 − αz2 + z3)

 , (7)

being z := (z1, z2, z3)ᵀ. Here

A0 :=

 0 1 0
0 0 1
0 0 0

 (8)

and

p± :=


±∆

(γ ∓∆)α2 − 2α− γ ∓∆
2α

α− γ
2
± ∆

2

 . (9)

Remark 1.1. For the case α = 0, the matrix (5) is given by 0 −1 −1
1 0 0
β
γ 0 −γ

 .

The matrix F of the transformation z = Fy is equal to

 0 −1 0
−1 0 0
0 1 1

. The
nonlinear part of (7) is given by

 0
0

−z2 (z1 + z3)

 and the vector (9) can be

written as
(
−γ, −β

γ − 1, −γ
)ᵀ
.

4. The controllability function method

Consider the canonical 3-dimensional control system

ż = f(z, u), z ∈ Rn, u ∈ Ω ⊂ R, (10)

where Ω is a closed interval of R.
Considering the synthesis problem for the system (10), in 1979, V. I. Korobov

[14] created the controllability function (CF) θ(x). The CF is a Lyapunov-type
function, i.e., θ(x) > 0 for x 6= 0 and θ(0) = 0. The CF satis�es the following
inequality:

n∑
i=1

∂θ(z)

∂zi
fi(z, u(z)) ≤ −ϕ(θ(z)), (11)
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where ϕ(θ) > 0 for θ 6= 0, ϕ(0) = 0 and

θ̄∫
0

dθ

ϕ(θ)
<∞, θ̄ > 0. (12)

Let us consider the canonical control system

ż = A0z + bw, |w| ≤ w1, (13)

where A0 is given in Equation (8). Following [7], a family of bounded positional
controls w(z) that stabilize the system (13) at �nite time can be constructed. In
particular, the value of the CF at the given initial position z0 is exactly T (z0)
the time that the trajectory from z0 takes to arrive at the origin. As in previous
works of V. I. Korobov and coauthors [15], [16], [17], the CF θ(z) is proposed in
[7] as the solution of the following implicit equation

2a0θ = (K(θ)z, z). (14)

Here (·, ·) is the canonical inner product while a0 is a positive number to be
determined and K(θ) is a 3 × 3 positive de�nite matrix for θ > 0 de�ned as
K(θ) := D(θ)K1D(θ) where

D(θ) :=

 θ−
5
2 0 0

0 θ−
3
2 0

0 0 θ−
1
2

 ,

and

K1 :=


40a1
a1+30

−240−12a1
a1+30

− 120
a1+30

−240−12a1
a1+30

−180−4a1
a1+30

− 60
a1+30

− 120
a1+30

− 60
a1+30

− 12
a1+30

 , (15)

for
a1 < −40. (16)

Furthermore,
1

θ
K − d

dθ
K =

1

θ
D(θ)K2D(θ),

K2 :=


240a1
a1+30

−5(240−12a1)

a1+30
− 480
a1+30

−5(240−12a1)

a1+30
−4(180−4a1)

a1+30
− 180
a1+30

− 480
a1+30

− 180
a1+30

− 24
a1+30

 (17)

and

2a0 ≤
36

a2
1 + 12a1 + 360

w2
1. (18)
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The bounded positional control w(z) that solves the synthesis problem for the
system (13) is given by

w(z) = aᵀ(θ(z))z, (19)

where

a(θ) :=


a1
θ3(

a1
3
− 10

)
1
θ2

−6
θ

 (20)

and θ(z) is the solution of the implicit equation (14).
The fact that the value θ(z0) coincides with T (z0) is guaranteed by the equality

θ̇ = −1, (21)

which in turn is a special case of the inequality (11).
In terms of the matrices A0, K = K(θ), the vector b and a = a(θ), Equality

(21) is equivalent to the following matrix equation

KA0 +Aᵀ0K + abᵀK +Kbaᵀ +
1

θ
K − d

dθ
K = 03.

Here 03 is the 3× 3 null matrix.

5. The CF for nonlinear control systems

The controllability function method for nonlinear control systems with non
controllable linear part was considered in [3], [4]. In the case when the linear part
of the nonlinear control system is completely controllable, the general solution of
the synthesis problem was proposed by V. I. Korobov in [14]. This is the case for
the controlled R�ossler system (2), so, we develop for it a rather speci�c family of
bounded controls based on the control (19). We also focus on the speci�c form of
the nonlinear part of the control system (2).

Note that the nonlinear part of the translated system (4)

g(y) := (0, 0, y1y3)ᵀ

is a Lipschitz function in a neighborhood of the origin; consequently, a positive
number C1 exists such that

||g(y)|| ≤ C1||y||. (22)

Let us introduce the positional control given by

u = w − pᵀz, (23)

where w is de�ned as in (19). To deal with the linear control part of the system
(7) as if it were the canonical control system (13), we look for the restriction on
control w. Here we use the same idea as in [14]. We set

w1 := u1 − u2

3∑
j=1

|pj |. (24)
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We assume that u2 <
u1

3∑
j=1
|pj |

. As in [14], we require that the system (7) is consi-

dered in the neighborhood

Q := {z : |zj | ≤ u2, j = 1, 2, 3}. (25)

Note that the linear part of the system (2) at equilibrium points described in
Section 2 is completely controllable.

In the following result, we calculate the time derivative of the CF θ with respect
to the system (7). Our goal is to verify the inequality (11) for some function ϕ.

Notation. Let S be an n× n matrix. The norm of S is de�ned by

||S|| := max
1≤j≤n

m∑
i=1

|sij |.

The number λmin,S is the smallest eigenvalue of matrix S. Here we suppose that
S is a symmetric matrix.

Theorem 1. Let K1, K2 and C1 be as in (15), (17) and (22). The following
inequality is valid:

θ̇ ≤ −1 + 2θ
C1||K1||
λmin,K2

. (26)

Proof. By taking the derivative of the equality (14) with respect to time t and the
system (7), we have

θ̇ =
((KA0 +Aᵀ0K + abᵀK +Kbaᵀ)z, z)

((1
θK −

d
dθK)z, z)

+ 2
(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

=− 1 + 2
(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

(27)

≤− 1 + 2θ
C1||K1||
λmin,K2

.

In the last inequality, we used the obvious inequality

(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

≤ θC1||K1||
λmin,K2

.

�
Note that inequality (12) is satis�ed if ϕ(θ) = 1−Mθ, for some positive M :

θ̄∫
0

1

1−Mθ
dθ = − 1

M
ln(1−Mθ̄), 1 ≥ θ̄M.

By employing inequality (26), the following remark yields. A similar remark
appeared in [9].
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Remark 1.2. Let θ̂ > 0, C2 > 0 such that for θ ≤ θ̂

− 1 + θ
C1||K1||
λmin,K2

≤ −C2. (28)

Then, the following inequality is valid:

θ̇ ≤ −C2. (29)

And the next bound on the arriving time is obtained

T (z) ≤ θ0

C2
. (30)

Proof. In view of (26), the inequality (29) readily follows. To prove (30), we inte-
grate (29) on the trajectory z = z(t). We attain θ(z(t))−θ0 ≤ −C2t. By employing
[14, page 552], we have that z(T ) = 0. This implies θ(z(T )) = 0; thus we obtain
inequality (30).

Remark 1.3. The following optimization problem will be useful for improving the
size of the neighborhood of the origin where initial conditions must be chosen to
achieve the control objective:

max
θ>0

χ(z, θ)

for ||z|| ≤ C and such that χ < 0, where

χ(z, θ) := −1 + 2
(Kz,Fg(F−1z))

((1
θK −

d
dθK)z, z)

.

Let θ̂ be the value at which the maximum of χ is achieved. This value of θ̂ can be
employed instead of θ̂ of Remark 1.2. On the other hand, for applications, available
software should be more adequate.

The existence of such θ̂ is veri�ed by Remark 1.2. The proof of this remark
can be carried out by using the Lagrange multipliers.

Remark 1.4. Considering the control system (10), in the case when the origin
is an equilibrium point of (10), according to [14, Theorem 1], the state variables
zk(t), for k = 1, 2, 3 do not leave a certain neighborhood of the origin and approach
the equilibrium point as t → T . For t > T the trajectory z(t) stays at the equili-
brium point. Both these phenomena are explained by the fact that the control is a
positional control that stabilizes the system at �nite time.

Lemma 1. Let ¯̄x be one of the equilibrium points described in Section 2. Let
a :=

(
a1, (

a1
3 − 10),−6

)ᵀ
, with a1 < −40. Furthermore, let (kj,`)

3
j,`=1 := K1, and

let the parameter a0 satisfy (18). Thus, θ(x− ¯̄x) is the unique positive solution of

E(x, θ, ¯̄x) = 0 (31)
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with

E(x, θ, ¯̄x) := 2a0θ
6 −

3∑
j,`=1

kj,`θ
j+`−2(c, Aj−1(x− ¯̄x))(c, A`−1(x− ¯̄x)), (32)

where vector c is such that (b, c) = 0, (Ab, c) = 0 and (A2b, c) = 1.

The proof of this lemma repeats the proof of the �rst part of [14, page 540].

Remark 1.5. Fixed θ, the set E := {x ∈ R3 : E(x, θ, ¯̄x) = 0} is an ellipsoid. The
trajectories of the system (2) starting from the volume embraced by E or on E do
not escape from this set. For t → T the trajectory of the system approaches the
equilibrium point ¯̄x.

Let Q1 be the domain in R3 that corresponds to (25), i.e., after the transfor-
mation y = F−1z and the translation y = x − ¯̄x, that is, Q1 := {x ∈ R3 : x =
F−1z + ¯̄x, z ∈ Q}. De�ne

Q2 := {x ∈ R3|θ(x− ¯̄x) < θ̃} (33)

where θ̃ ≤ θ̂ and such that Q2 ⊂ Q1. The main result of our work is seen below.

Theorem 2. Let p be de�ned as in (9). Under the conditions of Lemma 1, let

u(x, ¯̄x) =

3∑
j=1

aj(θ
j−3(x− ¯̄x))(c, Aj−1(x− ¯̄x))−

3∑
j=1

pj(x− ¯̄x)(c, Aj−1(x− ¯̄x)).

(34)

Suppose that x0 = (x0
1, x

0
2, x

0
3) belongs to Q2.

Thus, a) the control (34) satis�es the condition |u(x)| ≤ u1 and solves the syn-
thesis problem. b) The time taken by the trajectory from x0 to the equilibrium
point ¯̄x satis�es the following inequality:

T (x0, ¯̄x) ≤ θ0

C2
. (35)

Proof. Part a) is proven by employing (13), (23) and (25). Part b) readily follows
from (30), the transformation z = Fy and the translation y = x− ¯̄x. Recall that
u1 is a number that indicates the boundaries of the control set.

Remark 1.6. The parameter a1 determines the vector (20). For each a1 < −40, a
positional control which solves the synthesis problem is computed by (34). Besides,
both the neighborhood Q2 where the initial conditions must be taken to achieve
control objective and an upper bound of the time to reach the equilibrium, are also
obtained (formulae (33) and (35), respectively).

Remark 1.7. The value θ̂ as introduced in Remark 1.4, involves to solve on
optimization problem but it provides a better optimization of Q2 than if the value
θ̂ of Remark 1.6 is applied.
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6. Graph of the trajectory and control

For a given initial point (x0
1, x

0
2, x

0
3), to plot the graph of the trajectory x(t),

the di�erential equation (27) is extended as follows:

ẋ1 =− x2 − x3,

ẋ2 =x1 + αx2,

ẋ3 =β + x3(x1 − γ) + u(x, θ, ¯̄x),

θ̇ =− 1 + 2ψ(x, θ, ¯̄x)

with initial conditions x1(0) = x0
1, x2(0) = x0

2, x3(0) = x0
3 and θ(0) = θ0. Here θ0

is the root equation (31), and

ψ(x, θ, ¯̄x) :=
(D(θ)K1D(θ)(x− ¯̄x), Fg(F−1(x− ¯̄x)))

1
θ (D(θ)K2D(θ)(x− ¯̄x), (x− ¯̄x))

(36)

with θ = θ(x− ¯̄x).

Example 1. For α = β = 0.2 and γ = 5.7, we have the R�ossler chaotic system
and x̄+ = (5.69297,−28.4649, 28.4649) is one of the corresponding equilibrium
points. Let u1 = 3.2 and let a1 = −45. The positional control has the form

u(x) = −6(0.2(5.69297−x1)+0.96(x2+28.4649)+x3−28.4649)
θ + 45(x2+28.4649)

θ3
− −25x1−5x2

θ2
−

29.4249x1− 0.392x2− 0.192974x3 + 161.85. The graphs of x1(t)− x̄1
+, x2(t)− x̄2

+

and x3(t)− x̄3
+ are shown in Fig. 1.

0.2 0.4 0.6 0.8
t

-0.05

0.05

0.10

0.15

x(t)-x +

Fig. 1. Trajectories of x1(t)− x̄1
+, x2(t)− x̄2

+ and x3(t)− x̄3
+.

The graph of the position control u(x(t)) is displayed in Fig. 2.

The controllability function on the trajectory θ(x(t) is shown in Fig. 3.
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0.2 0.4 0.6 0.8
t

-3.0

-2.5

-2.0

-1.5

-1.0

-0.5

u(x(t))

Fig. 2. The positional control u(x(t)).

0.2 0.4 0.6 0.8
t

0.2

0.4

0.6

0.8

θ(x(t)

Fig. 3. The controllability function θ(x(t)).

By using Wolfram Mathematica, we have calculated that the time of arriving
from x0 = (5.80077379,−28.5038689, 28.6238689) to the equilibrium point x̄+ is
T (x0, x̄+) = 0.8898539650858471 and that |x1(T ) − 5.69297| ≤ 1.05197 ∗ 10−9,
x2(T ) = −28.4649 and |x3(T )− 28.6238689| ≤ 1.177185658 ∗ 10−5.

0.2 0.4 0.6 0.8 1.0
t

-0.10

-0.05

x(t)-x

Fig. 4. Trajectories of x1(t)− x̄1, x2(t)− x̄3 and x3(t)− x̄3.
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Example 2. Let α = 0, β = 1/5 and γ = 1. The corresponding equilibrium point
is equal to x̄ = (0,−1

5 ,
1
5). Let u1 = 1.1 and let a1 = −45. The positional control

has the form u(x) =
45(x2+ 1

5)
θ3

+ 25x1
θ2
− 6(x2+x3)

θ − 6x1
5 + x3 − 1

5 . The graphs of
x1(t)− x̄1, x2(t)− x̄3 and x3(t)− x̄3 are shown in Fig. 4.

The graph of the position control u(x(t)) is seen in Fig. 5.

0.2 0.4 0.6 0.8 1.0
t

-0.4

-0.2

0.2

0.4

0.6

0.8

1.0

u(x(t))

Fig. 5. The positional control u(x(t)).

The controllability function on the trajectory θ(x(t)) is shown in Fig. 6.

0.2 0.4 0.6 0.8 1.0
t

0.2

0.4

0.6

0.8

1.0

θ(x(t))

Fig. 6. The controllability function θ(x(t)).

By using Wolfram Mathematica, we have calculated that the time of arri-
ving from x0 = (−0.05,−0.17, 0.07) to the equilibrium point x̄ is T (x0, x̄) =
1.0528937566 and that |x1(T )| ≤ 3.19427 ∗ 10−11, |x2(T ) + 1

5 | ≤ 6.57807 ∗ 10−15

and |x3(T )− 1
5 | ≤ 3.48898 ∗ 10−8.

7. Conclusion

In this paper, a family of bounded �nite-time stabilizing positional controls for
the R�ossler system is built. By using the controllability function method, which is
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a Lyapunov-type function, the �nite time to reach the desired equilibrium point is
estimated. This is obtained for an arbitrary given control bound and an adequate
set Q2 of initial conditions to achieve the control objective is computed. Let us
note that this proposal may also be developed for any controlled system of the
form:

ẋ = f(x) + bu

being f(x) = A(x− x̄) + g(x), x̄ an equilibrium point of f , A the jacobian matrix
of f evaluated in x̄ and g the corresponding nonlinear part of f such that {A, b} is
completely controllable and g is a lipschitzian function in a neighborhood of x̄. We
claim that the smaller the constant bound is, the more reduced is the set of initial
conditions for which stabilization is guaranteed; see (14), (18) and (23). Moreover,
the smaller the bound is, the longer is the time to arrive at the equilibrium point
from the the same initial point; see (14), (18).

For the cases in which the R�ossler system is chaotic, this technique may
be implemented as a tool for control chaos. Indeed, if the equilibrium point is
embedded in the strange attractor, a trajectory initiated in the basin of attracti-
on of the attractor can reach the region Q2 and by this moment, this �nite-time
control strategy can be activated, so, the equilibrium point will be reached in
�nite time. The use of �nite-time stabilizing control for control chaos or for chaos
synchronization is not new (see for example [26]). Hence, the introduction of this
control strategy in these scenarios promises interesting future research.
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×îêå-Ðiâåðî À. Å., Ãîíçàëåñ Ãðàñiåëà À., Êðóç Ìóëëiñàêà Å. Ìåòîä ôóíêöi¨ êå-

ðîâàíîñòi Êîðîáîâà, çàñòîñîâàíèé äî ñòàáiëiçàöi¨ ñèñòåìè Ðîññëåðà çà îá-

ìåæåíèé ÷àñ çà äîïîìîãîþ îáìåæåíèõ êåðóâàíü. Ñèñòåìà Ðîññëåðà ñòàëà
îäíi¹þ ç ðåôåðåíòíèõ õàîòè÷íèõ ñèñòåì. �¨ íîâèçíà ïðè ââåäåííi, áóëà â òîìó, ùî
âîíà äåìîíñòðó¹ õàîòè÷íèé àòðàêòîð, ïîðîäæåíèé áiëüø ïðîñòèì íàáîðîì íåëiíié-
íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, íiæ ñèñòåìà Ëîðåíöà. Öÿ ñèñòåìà çà ïåâíèõ çíà÷åíü
¨¨ òðèïëåòà ïàðàìåòðiâ äåìîíñòðó¹ õàîòè÷íó ïîâåäiíêó. Ïèòàííÿ êåðóâàííÿ ñèñòå-
ìîþ Ðîññëåðà øëÿõîì ñòàáiëiçàöi¨ îäíi¹¨ ç ¨¨ íåñòiéêèõ òî÷îê ðiâíîâàãè ðàíiøå ðîç-
ãëÿäàëîñÿ â ëiòåðàòóði. Ó öié ðîáîòi çàïðîïîíîâàíî êåðóâàííÿ ñèñòåìîþ Ðîññëåðà
íà îñíîâi çàäà÷i ñèíòåçó. Äëÿ çàäàíî¨ ñèñòåìè òà îäíi¹¨ ç ¨¨ òî÷îê ðiâíîâàãè, çàäà-
÷à ñèíòåçó ïîëÿãà¹ ó ïîáóäîâi îáìåæåíîãî ïîçèöiéíîãî êåðóâàííÿ òàêèì ÷èíîì, ùî
äëÿ áóäü-ÿêîãî x0, ùî íàëåæèòü ïåâíîìó îêîëó òî÷êè ðiâíîâàãè, òðà¹êòîðiÿ x(t),
ùî ïî÷èíà¹òüñÿ â x0, äiñòà¹òüñÿ äî öi¹¨ òî÷êè ðiâíîâàãè çà ñêií÷åííèé ÷àñ. À ñàìå,
ç âèêîðèñòàííÿì ìåòîäó Â. I. Êîðîáîâà, ÿêèé òàêîæ íàçèâàþòü ìåòîäîì ôóíêöi¨
êåðîâàíîñòi, ïðîïîíó¹òüñÿ ñiì'ÿ îáìåæåíèõ ïîçèöiéíèõ êåðóâàíü, ÿêi ðîçâ'ÿçóþòü
çàäà÷ó ñèíòåçó äëÿ ñèñòåìè Ðîññëåðà. Â îñíîâíîìó ìè âèêîðèñòîâó¹ìî äâà êîìïî-
íåíòè. Ïåðøèé ñòîñó¹òüñÿ çàãàëüíî¨ òåîði¨ ôóíêöi¨ êåðîâàíîñòi. Äðóãèé êîìïîíåíò
- öå ñiì'ÿ îáìåæåíèõ ïîçèöiéíèõ êåðóâàíü, ÿêà áóäó¹òüñÿ â öié ðîáîòi. Íà âiäìiíó
âiä ïîïåðåäíiõ ðîáiò ùîäî ñòàáiëiçàöi¨ çà ñêií÷åíèé ÷àñ, ìè ïðîïîíó¹ìî ÿâíó ñiì'þ
îáìåæåíèõ êåðóâàíü, ïîáóäîâàíó ç óðàõóâàííÿì ëèøå íåëiíiéíîñòi ñèñòåìè Ðîññëå-
ðà, ÿêà ¹ êâàäðàòè÷íîþ ôóíêöi¹þ. Çà äîïîìîãîþ ìåòîäó ôóíêöi¨ êåðîâàíîñòi, ÿêà
¹ ôóíêöi¹þ òèïó Ëÿïóíîâà, îöiíþ¹òüñÿ ñêií÷åííèé ÷àñ, ïîòðiáíèé äëÿ äîñÿãíåííÿ
áàæàíî¨ òî÷êè ðiâíîâàãè. Öþ îöiíêó îòðèìàíî äëÿ äîâiëüíî çàäàíî¨ ìåæi êåðóâà-
ííÿ,à òàêîæ íàâåäåíî âiäïîâiäíó ìíîæèíó ïî÷àòêîâèõ óìîâ äëÿ äîñÿãíåííÿ ìåòè
êåðóâàííÿ. Öåé ïiäõiä ìîæå áóòè òàêîæ ðîçâèíóòèé äëÿ áóäü-ÿêî¨ êåðîâàíî¨ ñèñòå-
ìè, ëiíiéíà ÷àñòèíà ÿêî¨ ¹ ïîâíiñòþ êåðîâàíîþ, à ¨¨ âiäïîâiäíà íåëiíiéíà ÷àñòèíà -
ëiïøèöåâîþ ôóíêöi¹þ â îêîëi òî÷êè ðiâíîâàãè. Ó ñâîþ ÷åðãó, öÿ òåõíiêà ìîæå áóòè
ðåàëiçîâàíà ÿê iíñòðóìåíò êåðóâàííÿ õàîñîì.
Êëþ÷îâi ñëîâà: Ñèñòåìà Ðîññëåðà; ôóíêöiÿ êåðîâàíîñòi Êîðîáîâà; îáìåæåíå êåðó-
âàííÿ; ñòàáiëiçàöiÿ çà ñêií÷åííèé ÷àñ.

A. E.Choque-Rivero, Graciela A. Gonz�alez, E.CruzMullisaca. Korobov's controllabi-
lity function method applied to �nite-time stabilization of the R�ossler system

via bounded controls. R�ossler system has become one of the reference chaotic systems.
Its novelty when introduced, being that exhibits a chaotic attractor generated by a si-
mpler set of nonlinear di�erential equations than Lorenz system. It develops chaotic
behaviour for certain values of its parameter triplet. The issue of controlling R�ossler
system by stabilizing one of its unstable equilibrium points has been previously dealt
with in the literature. In this work, control of the R�ossler system is stated by consi-
dering the synthesis problem. Given a system and one of its equilibrium points, the
synthesis problem consists in constructing a bounded positional control such that for any
x0 belonging to a certain neighborhood of the equilibrium point, the trajectory x(t) initi-
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https://doi.org/10.1007/BF02115741


20 A. E. Choque-Rivero, Graciela A. Gonz�alez, E. Cruz Mullisaca

ated in x0 arrives at this equilibrium point in �nite time. Namely, by using V. I. Korobov's
method, also called the controllability function method, a family of bounded positional
controls that solve the synthesis problem for the R�ossler system is proposed. We mai-
nly use two ingredients. The �rst one concerns the general theory of the controllability
function The second ingredient is a family of bounded positional controls that was obtai-
ned in. Di�erent from previous works on �nite-time stabilization we propose an explicit
family of bounded controls constructed by taking into account the only nonlinearity of
the R�ossler system, which is a quadratic function. By using the controllability function
method, which is a Lyapunov-type function, the �nite time to reach the desired equi-
librium point is estimated. This is obtained for an arbitrary given control bound and
an adequate set of initial conditions to achieve the control objective is computed. This
proposal may also be developed for any controlled system for which its linear part is
completely controllable and its corresponding nonlinear part is a lipschitzian function in
a neighborhood of the equilibrium point. In turn, this technique may be implemented as
a tool for control chaos.
Keywords: R�ossler system; Korobov's controllability function; bounded control; �nite ti-
me stabilization.

Article history: Received: 15 February 2020; Final form: 15 May 2020;
Accepted: 18 May 2020.



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà
Ñåðiÿ "Ìàòåìàòèêà, ïðèêëàäíà
ìàòåìàòèêà i ìåõàíiêà"
Òîì 91, 2020, ñ. 21�35

ÓÄÊ 534.23, 519.6

Visnyk of V.N.Karazin Kharkiv National University
Ser. �Mathematics, Applied Mathematics

and Mechanics�

Vol. 91, 2020, p. 21�35
DOI: 10.26565/2221-5646-2020-91-02

© LukianovP.V., 2020

BVI-noise generation by

wing-shaped helicopter blade

P. V. Lukianov

Institute of Hydromechanics NAS of Ukraine,
Kyiv, Zhelyabova 8/4, 03680, Ukraine
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In this work, the problem of generation BVI-noise by wing-shaped rotor blade
of a helicopter is posed and solved. Research completed for near and far sound
�elds. In particular, it was discovered dependence of the distribution of density
pulsations on the longitudinal blade geometry, angle of attack and blade angle
to counter �ow. Air �ux speed increase promotes the generation of transverse
pulsations on the surface blade that dominate longitudinal pulsations in level.
The level of generated noise is in the range of 50 dB ≤ L ≤ 60 dB, which is
5-6 dB lower than the noise of the Blue Edge blades, and also rounded blade
at its end.
Keywords: sound generation; wing-shaped helicopter blade; BVI-noise.

Ëóê'ÿíîâ Ï.Â. Ãåíåðàöiÿ BVI-øóìó êðèëîïîäiáíîþ ëîïàòòþ ãåëi-

êîïòåðà. Â ðîáîòi ïîñòàâëåíî òà ðîçâ'ÿçàíî çàäà÷ó ãåíåðàöi¨ BVI-øóìó
êðèëîâèäíîþ ëîïàòòþ ðîòîðà ãåëiêîïòåðà. Âèâ÷åíà ïîâåäiíêà áëèæíüãî òà
äàëüíüîãî çâóêîâèõ ïîëiâ. Çîêðåìà, âèÿâëåíî çàëåæíiñòü ðîçïîäiëó ïóëü-
ñàöié ãóñòèíè âiä ïîâçäîæíüî¨ ãåîìåòði¨ ëîïàòi, êóòà àòàêè òà êóòà ïî-
ñòàíîâêè ëîïàòi äî çóñòði÷íîãî ïîòîêó. Çáiëüøåííÿ øâèäêîñòi ïîòîêó, ùî
íàáiãà¹, ñïðèÿ¹ çàðîäæåííþ ïîïåðå÷íèõ ïóëüñàöié íà ïîâåðõíi ëîïàòi, êî-
òði çà ðiâíåì äîìiíóþòü íàä ïîâçäîâæíèìè ïóëüñàöiÿìè. Ðiâåíü øóìó, ùî
ãåíåðó¹òüñÿ, çíàõîäèòüñÿ ó äèàïàçîíi 50 Äá ≤ L ≤ 60 Äá, ùî íèæ÷å íà
5-6 Äá ðiâíÿ Blue Edge ëîïàòi, à òàêîæ çàêðóãëåíî¨ ëîïàòi.
Êëþ÷îâi ñëîâà: ãåíåðàöiÿ çâóêó; êðèëîâèäíà ëîïàòü ãåëiêîïòåðà; BVI-øóì.

Ëóêüÿíîâ Ï.Â. BVI-øóì êðûëîâèäíîé ëîïàñòè ðîòîðà âåðòîë¼òà.

Â ðàáîòå ïîñòàâëåíà è ðåøåíà çàäà÷à ãåíåðàöèè BVI-øóìà êðûëîâèäíîé
ëîïàñòüþ ðîòîðà âåðòîë¼òà. Èçó÷åíî ïîâåäåíèå áëèæíåãî è äàëüíåãî çâó-
êîâûõ ïîëåé. Â ÷àñòíîñòè, îáíàðóæåíà çàâèñèìîñòü ðàñïðåäåëåíèÿ ïóëü-
ñàöèé ïëîòíîñòè îò ïðîäîëüíîé ãåîìåòðèè ëîïàñòè, óãëà àòàêè è óãëà ïî-
ñòàíîâêè ëîïàñòè ê âñòðå÷íîìó ïîòîêó. Óâåëè÷åíèå ñêîðîñòè íàáåãàþùåãî
ïîòîêà ñïîñîáñòâóåò çàðîæäåíèþ ïîïåðå÷íûõ ïóëüñàöèé íà ïîâåðõíîñòè
ëîïàñòè, êîòîðûå ïî óðîâíþ äîìèíèðóþò íàä ïðîäîëüíûìè ïóëüñàöèÿìè.
Óðîâåíü ãåíåðèðóåìîãî øóìà íàõîäèòñÿ â äèàïàçîíå 50 Äá ≤ L ≤ 60 Äá,
÷òî íèæå íà 5-6 Äá øóìà Blue Edge ëîïàñòè, à òàêæå çàêðóãë¼ííîé íà
êîíöå ëîïàñòè.
Êëþ÷åâûå ñëîâà: ãåíåðàöèÿ çâóêà; êðûëîîáðàçíàÿ ëîïàñòü âåðòîë¼òà;
BVI-øóì.
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1. Introduction

Current requirements of ICAO standards force us to search for new modi�cati-
ons of the rotor blade of the helicopter, which would allow reduce BVI noise. This
type of noise is most expressed at moderate and low �ight speeds (maneuvers)
and dominates other noise of aerodynamic origin. As established in early studies,
the vortex noise has a quadrupole character and substantially depends on the
longitudinal geometry of the blade, the angle attack and the angle of the blade
to the oncoming stream.

In earlier studies [1], [2], the main emphasis in modeling low noisy blades
was given to variations in the shape of the end of the blade, starting from
z = 0.8R, which made it possible to reduce the vortex noise for a number of blade
tips. The end part of the blade is responsible for the formation of the attached
vortex. Therefore, its variation allows, to one degree or another, to in�uence the
interaction of this vortex with the blade, generating of BVI noise. However, the
shape of the rest of the non-terminal part of the blade can also in�uence the
process of the formation of vortex noise in general. Recently, a lot of attention
has been paid to the study of this issue in the company "Eurocopter" - the world
leader in helicopter manufacturing [3], [4]. The same research also involved in
"Airbas". The noise of the blades of a modi�ed shape along the span has been
studied for today. The blade has up to the middle a straight shape, and then it is
bent twice, more - closer to the outer end. The second modi�cation of the blade is
sin-shaped blade [5]. The noise of the sin-shaped rotor was 3-5 dB lower than that
of the rectangular-shaped rotor. The third blade shape modi�cation represents a
wing of the bird that is not fully spread, that is, in its incomplete scope. This
form of the blade is called wing-shaped blade. In particular, it was noted [3], [6]
that the double swept blade is quieter by 6 dB than the blade without bending,
has improved �ight qualities.

Research in this direction is new, with a certain commercial interest, and
in connection with this, the mathematical statements of the problems are not
given in these works: all publications are limited only to indicating software
packages developed earlier in well-known research centers ONERA, DLR, external
demonstration of the shape of the blade.

In the present work, the problem of modeling noise with a wing-shaped type
blade has been posed and solved. The blade has two expressed bends along its
span, which give it the shape of an incompletely spread bird wing, that is, a
pterygoid. The problem is solved in a three-dimensional non-stationary formulati-
on. A comparative analysis of the results of numerical calculation of the near and
far sound �elds for a given blade and the calculated data for a rounded blade
without double bending is presented. The comparison of the generated noise level
of the pterygoid (wing shaped) blade with the blade rounded at the end, as well
as the noise level data for Blue Edge blades are presented in [3].
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2. Problem setting

Suppose we have a rigid double-swept blade along span, Fig.1, resembling the
shape of an incompletely straightened bird wing. The distance from the butt to
the outer end the blade remains equal to the length R of the unbent blade. If
pass along the curve of the bend of the blade, then the length of the curved blade
along this curve will exceed R.

Fig.1: Double-bent wing-shaped blade.

For the mathematical formulation of the problem, we use a rectangular
Cartesian coordinate system Oxyz. Moreover, we assume that on the front edge
of the blade runs a swirling stream with Taylor distribution:

Vθ = Vθmax
r

rc
exp1−(r/rc)2 , (1)

and at the outer, with respect to the axis of rotation, end of the blade, the attached
Scully vortex is induced:

Vθ = 1.2 · U∞
r̄c

1 + r̄2
c

, r̄ =
r

rc
, (2)

where r, θ, rc is the radial coordinate, azimuthal the coordinate and radius of
the vortex core, respectively. Values Vθmax, U∞ vary along the blade. The blade
in the plane of rotation is rotated by an angle α relative to the direction of its
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scope, and set at an angle of attack γ to the oncoming stream. Thus, the overall
picture of the �ow similar to the situation for a rectangular blade [7].

The whole problem is divided into aerodynamic and acoustic parts. The
aerodynamic problem is a system of equations, simulating an ideal compressi-
ble �ow around the blade. In dimensionless form it will be written [8]:
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where AR = R/c is the "aspect ratio", that is the ratio of blade span and lenth
chords of s cross section, and
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′
u
′
)

∂ξ
+ λc

∂(ρ
′
v
′
)

∂η
+

1

AR

∂(ρ
′
w
′
)

∂ζ
= 0. (6)

where
u
′

=
u

U∞
, v

′
=

v

U∞
, w

′
=

w

U∞
, p
′

=
p

ρ∞U2
∞
,

ρ
′

=
ρ

ρ∞
, ξ =

x

c
, η = λy, ζ =

z

R
, τ = kt.

The �rst three equations (3)-(5) are the equations of motion in the form of
Euler, and (6) is the continuity equation. Here c, R, λ, k is the length chords of
the blade, radius of the blade, thickness parameter, time parameter, respectively,
M is the Mach number, AR = R/c is "aspect ratio". The oncoming stream runs
at the blade at a speed U∞. Since the blade is rigid, then on its surface S normal
velocity vector is zero:

v̄n|S = 0̄. (7)

Equations (3)-(7), together with the distributions of the Taylor and Skully
vortices (1), (2), form an aerodynamic problem.
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The acoustics problem is based on the following system of two equations [9],
[10]:

∂2ρ̄
′

∂t2
− a2∇2ρ̄

′
= div[ ρ(∇v · ∇ϕ̄+ (∇× v)×

×∇ϕ+ v · ∇ϕ̄) + ρ̄
′
(∇v2

2
+ (∇× v)× v)]

+ div(v · div(ρ∇ϕ̄+ ρ̄
′
v))− div(ρ̄

′
F) +

+ div(∇ϕ̄ · divρv) +∇a2 · ∇ρ̄′ (8)

∂ρ̄
′

∂t
+ ρ∇2ϕ̄+∇ϕ̄ · ∇ρ+ ρ̄

′
divv + v · ∇ρ̄′ = 0, (9)

The �rst equation (8), in terms of density pulsation in sound wave, is an
equation describing the generation of sound and its propagation. Equation (9) of
the system is obtained from the continuity equation and closes the system with
respect to two acoustic unknowns ρ̄

′
, ϕ̄. We consider that before the interaction

of the blade with the �ow and vortices, small pulsations of the �ow are absent,
i.e. ρ̄

′ |t=0 = 0, ϕ̄|t=0 = 0.

3. Method of problem solving

Since the above problem is similar to the problem for the blade without
bending, then for it was taken as a basis a program using numerically-analytical
method [11], [12]. This program has been modi�ed taking into account variations
in the geometry of the problem being solved. The change in the shape of the
blade made the grid slightly thicker in the cross section of the blade: here on
the dimensionless coordinate 85 points were set along the chord, and for a blade
without double bend, recall, there were 80 of them. An increase in the number of
points along the span of the blade was not necessery.

4. Near �eld

To determine the e�ect of double bending on the generation of BVI noise
consider a wing-shaped blade along the span, section which y = x(1 − x) and
the relative thickness δ = 0.1. Since this modi�cation of the shape of the blade,
it is assumed will have a certain e�ect on the BVI noise, then we choose the
Mach number M = 0.2; 0.4. For large Mach numbers (M > 0.4) the noise is
not is predominantly vortex-type noise. Choose the following the angles of setting
the blade to the oncoming �ow α and angles of attack γ: α = 60◦, 90◦ and
γ = 5◦, γ = 10◦.

Figure 2a, M = 0.2, γ = 5◦, α = 60◦, shows the dimensionless pulsations of
the density ρ̄

′
, characteristic the feature of which is the presence of two clearly

de�ned smooth peaks in front of the blade. These peaks prevail over the rest of
the ripple �eld ρ̄

′
. Their shape is associated with the shape of the envelope of

the leading edge of the blade. Therefore they were not present for a rectangular
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blade with a rounding at the end [13]. It should be noted that in some areas
of the blade sharp local peaks appear, which indicates the existence of clearly
de�ned zones of �ow instability. All the above disturbance zones ρ̄

′
indicate intense

sound in these areas of the blade. Behind the �rst two smooth peaks, a whole
ridge of waves "crests" is observed. Its "crests" are 2-3 times lower than the
�rst main highs. Behind the second series of peaks, closer to the center of the
blade, several consecutive wave crests are observed that are lower the second
of these longitudinal series of peaks. Thus, we have three series of longitudinal
perturbations decreasing in amplitude and, in addition to of this, two locally
expressed transverse, at z = 0, 0.5R, zones instability. For the angle α = 90◦,
Fig.2b, the wave picture not substantially changed on the leading edge of the
blade. However, noticeable slight decrease in the level of the 2nd and 3rd series of
peaks, as well as signi�cant attenuation of transverse perturbations at z = 0, 0.5R.

Fig.2: Dimensionless acoustical density, M= 0.2, γ = 5◦: a) α = 60◦, b) α = 90◦.

Fig.3: Dimensionless acoustical density, M= 0.2, γ = 10◦: a) α = 60◦, b) α = 90◦.

With an increase in the angle of attack γ = 10◦, Fig.3a, two smooth peaks
of the 1st series are practically unchanged, and the series following it ridges of
a smaller size are no longer as smooth as in case γ = 5◦, which indicates the
origin of zones instability. Indeed, we see three transverse zones instabilities, at
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z = 0, 0.5R, R, with locally expressed bursts. For α = 90◦, Fig.3b, these local
disturbances fade out and the picture as a whole resembles the case γ = 5◦,
α = 90◦ with only a few slight di�erences.

An increase in the Mach numberM = 0.4, Fig.4-5, led to a sharp activation of
transverse perturbations ρ̄

′
, Fig.5a: they are in 1.5-3 times superior in amplitude

to the maximum longitudinal disturbances. For the angle α = 90◦, Fig.5b, the
situation is next: there are two local transverse bursts disturbances, however the
remaining smaller bursts are already less expressed. Thus, if the blade is not
located perpendicular to the oncoming �ow, α = 90◦, and under some angle,
for example α = 60◦, then the transverse disturbances are realized of a larger
magnitude. Increased angle of attack also contributes, Fig.5, to the formation
of zones of transverse disturbances ρ̄

′
. This is especially expressed in Fig.5a: a

number of local bursts, the maximum of which is located in the center of the
blade, ξ = 0.5, clearly shows two series of transverse perturbations of ρ̄

′
. These

perturbations for the case α = 90◦, Fig.5b, as already set above, fade out.

Fig.4: Dimensionless acoustical density, M= 0.4, γ = 5◦: a) α = 60◦, b) α = 90◦.

Fig.5: Dimensionless acoustical density, M= 0.4, γ = 10◦: a) α = 60◦, b) α = 90◦.
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5. Far �eld

To study the behavior of generated far-�eld noise we use the integral
representation of the far �eld [8], [10]:∫

S

[ 1

R

∂φ
′

∂n
+

1

Ra∞

∂R

∂n

∂φ
′

∂t
− φ′ ∂(1/R)

∂n

]
t∗
dS −

−M2
1

∫
S

[F
R

]
t∗
dS = 4πφ

′
(x, t1), (10)

where

F = ρ[(∇φ · ∇)v̄ + (v̄ · ∇) · ∇φ] + ρ
′
(v̄ · ∇)v̄ +

+v̄ · div(ρ∇φ+ ρ
′
v̄) +∇φdiv(ρv̄).

However, the directly numerical values of φ are not interesting. The sound
pressure level L is important, which is calculated from the received data of φ,
its derivatives. It should be recalled that the integral representation of the far
�eld 10 includes only those sound sources that contribute to the integral over
a considerable distance from the surface of the blade, that is, in the far �eld.
Secondly, this representation is derived from Kirchho�'s famous approach, the
essence of which is that sound potential at a given �xed point integrally depends
on the distribution of sound sources throughout the blade. In fact, it does not
re�ect a local disturbance, but the interference sound in general. Therefore, the
graphs of sound pressure level L, which are given below, are not separate local
perturbations, but nonlinear sound wave. Below are the graphs of sound pressure
level L and their analysis.

Changing the shape of the blade along its wingspan in the form of a wing
allowed distribute the energy of the generated sound wave more evenly throughout
the entire blade, Fig.6a. In addition, it can be seen that along the span of the
blade, the sound wave has a nonlinear shape with alternating maximums and

Fig.6: Standard pressure level, M= 0.2, γ = 5◦: a) α = 60◦, b) α = 90◦.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì 91 (2020) 29

minimums of L. The maximum value of L does not exceed 60 dB and is located
not on the outer, with respect to the axis of rotation, end of the blade, but its
central part. On the outside at the end of the blade there is a lower value of L. The
same situation is also observed for α = 90◦, Fig.6b, so the only di�erence is that
for 0.5R ≤ z ≤ R the level of L is somewhat higher, and the maximum-minimum
di�erence decreases.

For the angle of attack γ = 10◦, Fig.7a, the maximum of L at the end of the
blade is close to the other two maxima, that is, a signi�cant decrease in L at the
end of the blade is not achieved. However, the overall picture of the distribution
of the noise level is such that 50 dB ≤ L ≤ 60 dB. This suggests that the wing-
shaped blade is not noisy. Less noisy is the part of the blade in the region of
z = 0.3R. For α = 90◦, Fig.7b, the maximum of the noise level is lower by about
5 dB than for the case α = 60◦, in the region of the outer end of the blade. Note
that for the angle of attack γ = 5◦ the blade with a rounded edge generates noise
at about the same level as the wing-shaped blade. And for the angle of attack
γ = 10◦ the noise level of a blade rounded at the end higher, about 66-67 dB,
than the wing-shaped blade.

For the Mach number M = 0.4, γ = 5◦, Fig.8, the noise level reaches values
of 80 dB in the region of z = 0.7R − 0.8R, which indicates the dominance of
rotation noise over vortex noise. According to Gutin [14] the maximum rotation
noise should be located in this area. In the rest of the blade, closer to its ends, the
behavior of L is similar to the case of M = 0.2. For the angle of attack γ = 10◦,
Fig.9a, the pressure wave has a locally expressed maximum in the region of
z = 0.8R to 80 dB, which gradually decreases, to the butt, to 60 dB. The
prevalence of rotational noise is clearly visible here. The same situation was
observed for the blade with a rounding at the end. At the same time, for the
angle α = 90◦, Fig.9b, the vortex nature of noise reappears: the noise level is not
exceeding 60 dB, more smoothly distributed along the blade than in caseM = 0.2.
It is noteworthy that for a �xed value of the coordinate z along the span of the
blade the pressure level in the sound wave varies within 2 dB. However, on the
L charts due to the signi�cant di�erence in L this is practically not noticeable.
In absolute terms , not in dB, this di�erence means a tangible, tens of percent,
variation sound potential.

Let us compare the obtained pressure level data with the available data [3]
for the Blue Edge blades. Recall that the Blue Edge blade generates noise in the
range of 50 dB ≤ L ≤ 65 dB. The wing-shaped blade considered in this work
for most design situations showed a noise level of no higher than 60 dB. Only in
certain design situations rotation noise exceeds vortex noise.

As for the spectrum of the generated noise, it should be noted following
features. The envelope in the noise spectrum is more broken for lower values
of Mach numbers, M = 0.2, and smaller angles of attack, γ = 5◦. For M = 0.4,
γ = 10◦ envelope smoother. The envelope shape clearly shows the zones greatest
sound generation along the blade. Also, judging by the level individual harmoni-
cs, it can be seen that the main noise energy in the frequency the spectrum is
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Fig.7: Standard pressure level, M = 0.2, γ = 10◦ : a) α = 60◦, b) α = 90◦.

Fig.8: Standard pressure level, M= 0.4, γ = 5◦: a) α = 60◦, b) α = 90◦.

Fig.9: Standard pressure level, M = 0.4, γ = 10◦ : a) α = 60◦, b) α = 90◦.
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Fig.10: Spectral pressure level (dB), M= 0.2, γ = 10◦: a) α = 60◦, b) α = 90◦.

Fig.11: Spectralp pressure level (dB), M = 0.4, γ = 5◦: a) α = 60◦, b) α = 90◦.

Fig.12: Spectral pressure level (dB), M= 0.4, γ = 10◦: a) α = 60◦, b) α = 90◦.
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concentrated in the �rst 5-7 harmonics, Fig.10-12. The angle of attack γ = 5◦

is characterized by the appearance high-frequency harmonics, f ≈ 840 Hz, in
the spectrum. Note that a similar situation has already been observed for the
rectangular blade [15], but there the frequency was close to f ≈ 700 Hz. Estimated
in the work data are consistent with currently known estimates and experimental
results: BVI noise is in the range close to 60 dB [3], and the rotation noise above
it by 15-20 dB, i.e. varies in the range of 80 dB [16].

6. Conclusions

1.The problem of generating BVI noise is posed and numerically solved for
double-bent wing-shaped blade, interacting with swirl �ow.

2. The near �eld calculated data found the following interesting features. In
the near sound �eld a longitudinal series of two smoothly distributed peaks is
clearly visible, displaying the longitudinal bend geometry of the blade that are
not previously observed for a rectangular blade. These peaks are present in all
considered numerical situations. For this a series of two more longitudinal series of
smooth peaks are observed. Each of these series of peaks is 1.5-3 times smaller in
amplitude of the previous series. In addition to the longitudinal series of acoustic
density disturbances the appearance of 2-3 transverse series of locally expressed
peaks is �xed. These series dominate in amplitude with increasing Mach number
and angle of attack of the blade.

3. The results of the calculation of the far �eld showed that the blade wing-
shaped generates BVI noise in the region of 60 dB, which is 5-6 dB lower noise Blue
Edge blade. This suggests that the wing-shaped blade can consider low noise: only
in certain settlement situations it turned out that the generated noise is rotation
noise, with elevated level, on a certain part of the blade.

4.The obtained calculation results are consistent with the available calculated
and experimental data of other authors.
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Ëóê'ÿíîâ Ï. Â. BVI-øóì êðèëîâèäíî¨ ëîïàòi ðîòîðà ãåëiêîïòåðà. Øóì àåðî-
äèíàìi÷íîãî ïîõîäæåííÿ ñêëàäà¹òüñÿ ç ðÿäó êîìïîíåíò, ñåðåä ÿêèõ øóì îáåðòàííÿ
òà âèõðîâèé øóì, BVI-noise, äàþòü íàéáiëüøèé âíåñîê ó çàãàëüíèé ðiâåíü øóìó,
ùî ãåíåðó¹òüñÿ. Øóì îáåðòàííÿ çàëåæèòü âiä âåëè÷èíè øâèäêîñòi ïîòîêó, ùî íà-
áiãà¹ íà ëîïàòü, òà ïðåâàëþ¹ íàä iíøèìè ñêëàäîâèìè øóìó ïðè çíà÷íèõ ÷èñëàõ
Ìàõó îáòiêàííÿ ëîïàòi. Íà âiäìiíó âiä øóìó îáåðòàííÿ, âèõðîâèé øóì ïðîÿâëÿ¹-
òüñÿ ïðè íåâåëèêèõ øâèäêîñòÿõ ïîëüîòó ãåëiêîïòåðó, ïîìiðíèõ ÷èñëàõ Ìàõó. Ó éîãî
ôîðìóâàííi âàæëèâó ðîëü âiäiãðà¹ ïîâçäîâæíÿ ãåîìåòðiÿ ëîïàòi. Òîìó ó îñòàííié
÷àñ ôîðìó ëîïàòi ãåëiêîïòåðà âèáèðàþòü áëèçüêî¨ äî iñíóþ÷èõ ïðèðîäíèõ ôîðì,
ÿêi ìàêñèìàëüíî çáàëàíñîâàíi. Îäíi¹þ ç òàêèõ ôîðìè ìîæå áóòè êðèëîâèäíà ëî-
ïàòü - "wing-shaped blade". Â äàíié ðîáîòi ïîñòàâëåíî òà ðîçâ'ÿçàíî çàäà÷ó ãåíåðàöi¨
BVI-øóìó êðèëîâèäíîþ ëîïàòòþ ðîòîðà ãåëiêîïòåðà. Ìàòåìàòè÷íà ìîäåëü çàäà-
÷i ïîáóäîâàíà íà çàïðîïîíîâàíié ðàíiøå àâòîðîì òà óñïiøíî ïåðåâiðåíié ñèñòåìè
ðiâíÿíü àåðîàêóñòèêè äëÿ çàãàëüíîãî âèïàäêó. Ðîçðàõóíêîâèìè ôóíêöiÿìè ó äàíié
ñèñòåìi ¹ ïóëüñàöi¨ çâóêîâîãî òèñêó òà çâóêîâèé ïîòåíöiàë. Îòðèìàíi ðîçðàõóíêîâi
äàíi öèõ âåëè÷èí, à òàêîæ ¨õ ïîõiäíèõ, âèêîðèñòàíî äëÿ äîñëiäæåííÿ áëèæíüîãî
òà äàëüíüîãî çâóêîâèõ ïîëiâ, âèâ÷åíà ïîâåäiíêà áëèæíüãî òà äàëüíüîãî çâóêîâèõ
ïîëiâ. Çîêðåìà, âèÿâëåíî çàëåæíiñòü ðîçïîäiëó ïóëüñàöié ãóñòèíè âiä ïîâçäîæíüî¨
ãåîìåòði¨ ëîïàòi, êóòà àòàêè òà êóòà ïîñòàíîâêè ëîïàòi äî çóñòði÷íîãî ïîòîêó. Çáiëü-
øåííÿ øâèäêîñòi ïîòîêó, ùî íàáiãà¹, ñïðèÿ¹ çàðîäæåííþ ïîïåðå÷íèõ ïóëüñàöié íà
ïîâåðõíi ëîïàòi, êîòði çà ðiâíåì äîìiíóþòü íàä ïîâçäîâæíèìè ïóëüñàöiÿìè. Öiêà-
âîþ îñîáëèâiñòþ, ïîìi÷åíîþ ïiä ÷àñ ðîçðàõóíêiâ, ¹ òå ùî, ùî äëÿ ïîìiðíèõ çíà÷åíü
÷èñëà Ìàõó M = 0.2, 0.3 iñíóþòü ðîçðàõóíêîâi ñèòóàöi¨, ïðè ïåâíèõ êóòàõ ïîñòà-
íîâêè ëîïàòi äî ïîòîêó òà êóòàõ àòàêè, äå øóì îáåðòàííÿ äîìiíó¹ íàä âèõðîâèì
øóìîì. Äëÿ çíà÷åíü ÷èñëà Ìàõó M > 0.4 øóì îáåðòàííÿ âiäiãðà¹ îñíîâíó ðîëü
ó ãåíåðàöi¨ øóìó ëîïàòòþ. Ðiâåíü øóìó, ùî ãåíåðó¹òüñÿ, çíàõîäèòüñÿ ó äèàïàçîíi
50 Äá ≤ L ≤ 60 Äá, ùî íèæ÷å íà 5-6 Äá ðiâíÿ Blue Edge ëîïàòi, à òàêîæ çàêðóãëåíî¨
ëîïàòi. Êðiì òîãî, ïiäìi÷åíî àêòèâiçàöiþ âèñîêî÷àñòîòíî¨ îáëàñòi ó ñïåêòði øóìó íà
÷àñòîòi f ≈ 840 Ãö. Ðåçóëüòàòè ðîçðàõóíêiâ êàæóòü ïðî òå, ùî ëîïàòü êðèëîâèäíî¨
ôîðìè ¹ ìàëîøóìíîþ ó ðåæèìi ìàíåâðiâ ïðè ìàëèõ øâèäêîñòÿõ ïîëüîòó.
Êëþ÷îâi ñëîâà: ãåíåðàöiÿ çâóêó; êðèëîâèäíà ëîïàòü ãåëiêîïòåðà; BVI-øóì.

P. V. Lukianov. BVI-noise of wing-shaped helicopter's rotor blade. Aerodynamic
noise includes a number of noise components, among which rotational noise and vortex
noise (BVI-noise) make the largest contribution to the overall noise generated. Rotation
noise depends on the magnitude of the velocity of the incoming blade and prevails over
other noise components at signi�cant Mach Mach numbers. Unlike rotation noise, vortex
noise is evident at low helicopter �ight speeds, moderate Mach numbers. In the formation
of this type of noise,an important role is played by the longitudinal geometry. Therefore,
recently the shape of the helicopter blade is chosen close to existing natural forms, which
are as balanced as possible. One of these may be a wing-shaped blade. In this work,
the problem of generating BVI noise by the wing shaped blade of a helicopter is posed
and solved. The mathematical model of the problem is constructed on the previously
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proposed by the author and successfully tested system of aeroacoustic equations for the
general case. Estimated features in this system are pulsations of sound pressure and
sound potential. The calculated data of these quantities, as well as their derivatives,
were used to study near and far sound �elds. In particular, the dependence of the density
ripple distribution is revealed from the blade geometry, the angle of attack and the
blade angle to the oncoming �ow. Increasing �ow velocity contributes to the emergence
of transverse ripples on the surface blades that dominate the longitudinal ripples by
level. An interesting feature noticed in the calculations is that there are calculations for
moderate Mach numbers M = 0.2, 0.3 situations, at certain angles of blade placement to
the stream and angles of attack where rotation noise dominates eddy noise. For values
Mach numbers M > 0.4 rotation noise plays a major role in blade noise generation.
The noise level generated is in the range 50 dB ≤ L ≤ 60 dB, which is lower by 5-6 dB
for the Blue Edge blade, as well as the rounded blade. In addition, activation of the
high-frequency region in the frequency spectrum of noise was observed f ≈ 840 Hz. The
results of the calculations show that the blade of the wing-shaped is low-noise in the
mode of maneuvers at small �ight speeds.
Keywords: sound generation; wing-shaped helicopter blade; BVI-noise.
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It is considered the mathematical model which describes the processes of
liver regeneration with homogeneous approximation. Numerical calculations
revealed that the mathematical model corresponds to biological processes for
di�erent strategies of liver regeneration. Based on the calculations in the case
of partial hapatectomy it is concluded that the mixed strategy of regeneration
should be used for regeneration process.
Keywords: mathematical model; liver regeneration; numerical experiment.

Êàð¹âà Â. Â., Ëüâîâ Ñ. Â., Àðòþõîâà Ë. Ï. Ðiçíi ñòðàòåãi¨ â ïðîöåñàõ

ðåãåíåðàöi¨ ïå÷iíêè. ×èñåëüíi åêñïåðèìåíòè íà ìàòåìàòè÷íié ìî-

äåëi. Ó ðîáîòi ðîçãëÿíóòî ìàòåìàòè÷íà ìîäåëü, ÿêà îïèñó¹ ïðîöåñè ðåãå-
íåðàöi¨ ïå÷iíêè â îäíîðiäíîìó íàáëèæåííi. Ïîêàçàíî, ùî äàíà ìîäåëü ïðè
ðiçíèõ ñòðàòåãiÿõ ðåãåíåðàöi¨ ïå÷iíêè âiäïîâiäà¹ áiîëîãi÷íèì ïðîöåñàì. Íà
îñíîâi âèêîíàíèõ îá÷èñëåíü ó âèïàäêó ÷àñòêîâî¨ ãàïàòåêòîìi¨ çðîáëåíî âè-
ñíîâîê, ùî ïðè ðåãåíåðàöi¨ ïå÷iíêè ïîâèííà âèêîðèñòîâóâàòèñÿ çìiøàíà
ñòðàòåãiÿ ðåãåíåðàöi¨.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; ðåãåíåðàöiÿ ïå÷iíêè; ÷èñåëüíèé åêñ-
ïåðèìåíò.

Êàðåâà Â. Â., Ëüâîâ Ñ. Â., Àðòþõîâà Ë. Ï. Ðàçëè÷íûå ñòðàòåãèè â

ïðîöåññàõ ðåãåíåðàöèè ïå÷åíè. ×èñëåííûå ýêñïåðèìåíòû íà ìà-

òåìàòè÷åñêîé ìîäåëè. Â ðàáîòå ðàññìîòðåíà ìàòåìàòè÷åñêàÿ ìîäåëü,
îïèñûâàþùàÿ ïðîöåññû ðåãåíåðàöèè ïå÷åíè â îäíîðîäíîì ïðèáëèæåíèè.
Ïîêàçàíî, ÷òî äàííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ïðè ðàçëè÷íûõ ñòðàòåãèÿõ
ðåãåíåðàöèè ïå÷åíè ñîîòâåòñòâóåò áèîëîãè÷åñêèì ïðîöåññàì. Ïðîäåëàííûå
âû÷èñëåíèÿ â ñëó÷àå ÷àñòè÷íîé ãàïàòýêòîìèè äåìîíñòðèðóþò, ÷òî ïðè ðå-
ãåíåðàöèè ïå÷åíè äîëæíà èñïîëüçîâàòüñÿ ñìåøàííàÿ ñòðàòåãèÿ ðåãåíåðà-
öèè.
Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; ðåãåíåðàöèÿ ïå÷åíè; ÷èñëåííûé
ýêñïåðèìåíò.
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1. Introduction

In biology and medicine mathematical methods and models are emerging as
one of the main tools for obtaining new data on biological systems, their analysis
and explanation of the phenomena observed in the experiment. In some cases
mathematical methods and models make it possible to �nd new functions and
new phenomena in biological systems as well as to predict their behavior.

Liver regeneration is one of the most captivating phenomena in medicine
that has fascinated clinicians, surgeons, and scientists who have observed this
apparently supernatural process and studied its mechanisms for many years. The
liver is a large, meaty organ and possesses multiple substantial functions in the
human body. The identi�cation of the main dependencies and relationships that
determine the strategy of liver regeneration is one of the main problems in the
regenerative medicine. One way to solve this problem is to develop adequate
mathematical models that describe the processes of liver regeneration [1, 2, 3].

The article deals with the mathematical model that qualitatively describes the
processes of liver regeneration in explicit dependence on the control parameters
[4]. Developed "toy model"represents the processes of replication, polyploidizati-
on and the formation of binuclear cells, hyperplasia, and e�ects of toxic factors,
apoptosis, cell death and the e�ects of secondary toxicity, the protective reacti-
on of cells and process of detoxi�cation for cells of a generalized parenchymal
type. Numerical calculations con�rm that the mathematical model corresponds
to biological processes for di�erent strategies of liver regeneration.

2. Review of mathematical model

There are two events in which the liver has the capability to regenerate, one
being a partial hepatectomy and the other being damage to the liver by toxi-
ns or infection [10]. Earlier, we have developed a "toy model"of controlled liver
regeneration processes in the homogeneous approximation under conditions of
mild toxicity or partial hepatectomy [4].

The model is a system of discrete controlled equations of the Lotka �
Volterra type with transitions. These equations describe the controlled competi-
tive dynamics of liver cell populations' (hepatic lobules) various types in their
various states and controlled competitive transitions between types and states.

The liver regeneration occurs due to hyperplasia, replication, polyplodia
processes and division of binuclear hepatocytes into mononuclear.

Let us consider:

1) The dynamics of populations of liver cells is given by the equation:

x(t+ 1) = f(x(t), τ(t), λ(t)), (1)

Tox(t) = DP (t) + τ(t), (2)
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where x(t) - types of functional liver cells at moment t, τ(t) - given function of
external toxicity, λ(t) - control parameters, DP (t) - internal toxicity due to the
toxicity of the decay products as a result of necrosis.

The generalized liver function index is Φ(t) =
∑m

i=0 ci(xi(t), τ(t)), where ci -
own index of functionality for cell type xi(t). 0 ≤ Φ(t) ≤ 1, where 0 denotes a
dead organism and 1 is the most functional organism.

2) The change of the organism's functional state is described by the equation:

Φ̃(t+ 1) = Ψ(τ(t),Φ(t)). (3)

As the main functional cells we consider only various types of hepatocytes. The
functionality of the liver increases with replication, binuclear division, hyperplasia
and under the in�uence of toxic factors it falls.

In the proposed model the liver structure is described by the following
parameters: normal hepatocytes; diploid hepatocytes; tetraploid hepatocytes; bi-
nuclear hepatocytes; hepatocytes in a state of hyperplasia, apoptosis and necrosis.
Toxic factors are also given: the external toxicity and the secondary toxicity due
to decay products of necrosis.

The dynamics of the system is determined by the following control parameters:
a(t) - the number of hepatocytes which proceed to the replication; b(t) - the
number of hepatocytes which proceed to polyploidy; b2j(t) - the number of
hepatocytes which are initiated into binuclear cells; a2j(t) - the number of
hepatocytes which pass from binuclear hepatocytes per division; g(t) - the number
of hepatocytes which proceed to hyperplasia; ω(t) - the number of hepatocytes
which proceed to controlled apoptosis.

A distinctive feature of this model is that in controlled competitive dynamics
it explicitly takes into account signi�cantly di�erent characteristic times of the key
processes depending on the current level of toxicity. For example, the replication
time is 24-36 hours, the transition to polyploidy - 12-18 hours, hyperplasia - 6-8
hours, the division of binuclear hepatocytes - 1-2 hours. The toxic factors can
signi�cantly increase process times.

3. Numerical results and discussion

The liver has the capability to regenerate after a toxic injury. The pharmacologi-
cal model is easier to be executed with a greater clinical relevance as it induces
a necrotic injury that simulates certain liver diseases. These properties made this
model an acceptable option to study liver regeneration. However, raising the toxin
concentration can induce acute liver injury while repeated administration of the
toxin can lead to liver cirrhosis. Moreover, the systemic and local e�ects of the
toxin depend on doses, animal species, etc [5, 6].

In the proposed mathematical model the process of liver regeneration occurs
due to replication process, hyperplasia, polyplodia, division of binuclear cells and
controlled apoptosis. All these processes are necessary for adequate modeling of
liver regeneration.
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For example, single and constant toxic functions show that the above processes
are not able to cope with the toxic factors that are accumulated in the body. The
process of the body's functional state restoring requires the non-trivial strategy
of liver regeneration.

Firstly consider the replication process of hepatocytes for such cases:

(A) Tox(0) = Const, Tox(t) = 0, t = 1, 2, . . .
(B) Tox(t) = Const, t = 0, 1, 2, . . .

Fig. 1. The body's functionality restoring due to the replication process
in the case of single (A) and constant (B) toxic functions.

As shown in Figure 1.A, the time of the body's functionality restoring due to
the replication of liver cells is between 32 and 48 hrs. In Figure 1.B it is shown
that the body's functionality is gradually reduced due to toxic factors. Note that
after 30-40 hours the body's functionality slows down when hepatocytes end the
replication cycle. However, as illustrated in Figure 1.B, the replication of liver
cells is not able to cope with the growing e�ect of toxins. In addition to external
toxic factors, the decay products of necrosis also have a negative e�ect on liver
cells.

Figures 2.A and 2.B display how the hyperplasia process copes with single and
constant toxic functions. Since hyperplasia lasts about 1 hour, the functionality
restoring in case (A) occurs almost instantly. But Figure 2.B shows that the
hyperplasia process does not cope with prolonged toxicity. It is based on the fact
that the cell is unable to grow inde�nitely. Therefore, after the liver cells have
exhausted their growth resource, it will begin to die gradually.
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Fig. 2. The body's functionality restoring due to the hyperplasia process
in the case of single (A) and constant (B) toxic functions.

Next consider the liver regeneration process due to the division of binuclear
cells. Figure 3.A shows that after 6-10 hours the body's functionality is restoring.
However the number of binuclear cells in the liver is limited; once all the binuclear
cells have separated, the liver will not be able to regenerate. Thus, the liver is
destroyed by toxins.

Fig. 3. The body's functionality restoring due to the division of binuclear cells
in the case of single (A) and constant (B) toxic functions.

The polyplodia process is similar to the replication process. So that conclusions
can be made similar. The functionality restoring due to the polyplodia process is
in Figures 4.A and 4.B.

Thus, it is shown that the process of liver regeneration is a complex component
process.
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Fig. 4. The body's functionality restoring due to the polyplodia process
in the case of single (A) and constant (B) toxic functions.

Induction of liver regeneration by two-third hepatectomy is the most common
experimental rodent model used to study this outstanding phenomenon [7]. In
order to build a mathematical model for regulation of the regenerating liver after
partial hepatectomy, some basic speci�cations and abstractions of the biological
scenario are required.

Following resection, the remaining hepatic tissue proliferates and expands in
size to retain the original mass of �ve lobes within 5�7 days. The peak proliferation
time is after 24 hrs in rat whereas, in mice, it is between 36 and 48 hrs [9, 11]. The
latter study indicates that liver growth is driven by lobule growth rather than by
change of lobule number [8]. At a later remodeling phase liver lobes reorganize
into lobules of normal size via restructuring [12].

Fig. 5. The body's functionality restoring after partial hepatectomy.
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We simulated the liver regeneration following 70 % hepatectomy. We modeled
three regenerating modes of response to hepatectomy (Fig. 5): delayed, suppressed
and enhanced. The obtaining calculations correspond to the biological regenerati-
on process [14].

4. Conclusion

The results of the performed numerical experiments showed that indivi-
dually regeneration processes are not able to cope with the toxic factors that
are accumulated in the body. The process of the body's functional state restori-
ng requires the non-trivial strategy of liver regeneration. Numerical calculations
revealed that the mathematical model corresponds to biological processes for di-
�erent strategies of liver regeneration. Based on the calculations in the case of
partial hapatectomy it is concluded that the mixed strategy of regeneration should
be used for regeneration process.

Ñurrently we are assume to expand and clarify this model. In particular, to
expand the nomenclature of the main cells types and their states, taking into
account zoning; add the processes of ductal reaction, development of �brosis and
cirrhosis; clarify the processes leading to damage the liver cells and etc. This
model is the basis for the veri�cation of the principles and criteria for optimal
regulation of liver regeneration processes.
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Ëîòêè-Âîëüòåððà, ðiâíÿííÿ Ëîòêè-Âîëüòåððà ç çàïiçíiëèìè àðãóìåíòàìè, iíòåãðî-
äèôåðåíöiàëüíi ðiâíÿííÿ Âîëüòåððà. Ïiä ÷àñ ðîçðîáêè öi¹¨ ìîäåëi áóëî çðîáëåíî
íàñòóïíi ïðèïóùåííÿ: îäíîðiäíå íàáëèæåííÿ, íåçàëåæíiñòü áiîëîãi÷íèõ ïðîöåñiâ,
ïîìiðíèé òîêñè÷íèé âïëèâ. Ó çàäàíié ìàòåìàòè÷íié ìîäåëi ïðîöåñ ðåãåíåðàöi¨ ïå-
÷iíêè çäiéñíþ¹òüñÿ çà ðàõóíîê ïðîöåñiâ ðåïëiêàöi¨, ãiïåðïëàçi¨, ïîëiïëîäi¨, äiëåííÿ
äâîÿäåðíèõ êëiòèí i êîíòðîëüîâàíîãî àïîïòîçó. Âñi öi ïðîöåñè íåîáõiäíi äëÿ àäå-
êâàòíîãî ìîäåëþâàííÿ ðåãåíåðàöi¨ ïå÷iíêè. Íà ïðèêëàäi îäèíè÷íîãî i ïîñòiéíîãî
òîêñè÷íîãî âïëèâó ïîêàçàíî, ùî îêðåìî âèùåâêàçàíi ïðîöåñè íå â çìîçi âïîðàòèñÿ
ç òîêñè÷íèìè ôàêòîðàìè, ÿêi íàêîïè÷óþòüñÿ â îðãàíiçìi. Ïðîöåñ âiäíîâëåííÿ ôóí-
êöiîíàëüíîãî ñòàíó îðãàíiçìó âèìàãà¹ çàâäàííÿ íåòðèâiàëüíî¨ ñòðàòåãi¨ ðåãåíåðàöi¨
ïå÷iíêè, ÿêà áóäå âðàõîâóâàòè óñi ìîæëèâi øëÿõè ïiäòðèìêè/âiäíîâëåííÿ äèíàìi-
÷íîãî ãîìåîñòàçó ïå÷iíêè. ×èñåëüíi ðîçðàõóíêè âèÿâèëè, ùî çàäàíà ìàòåìàòè÷íà
ìîäåëü ïðè ðiçíèõ ñòðàòåãiÿõ ðåãåíåðàöi¨ ïå÷iíêè âiäïîâiäà¹ áiîëîãi÷íèì ïðîöåñàì.
Íà îñíîâi âèêîíàíèõ îá÷èñëåíü ó âèïàäêó ÷àñòêîâî¨ ãàïàòåêòîìi¨ çðîáëåíî âèñíîâîê,
ùî ïðè ðåãåíåðàöi¨ ïå÷iíêè ïîâèííà âèêîðèñòîâóâàòèñÿ çìiøàíà ñòðàòåãiÿ ðåãåíå-
ðàöi¨. Íàäàëi ïåðåäáà÷à¹òüñÿ ïîøèðèòè ìàòåìàòè÷íó ìîäåëü, ùîá âîíà âðàõîâóâàëà
ïðîöåñè ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïå÷iíêè, ÿêi âiäáóâàþòüñÿ
ïiä âïëèâîì ñèëüíèõ òîêñèíiâ, òîáòî çà äîïîìîãîþ ñòâîëîâèõ êëiòèí i ôiáðîçó. À
òàêîæ ïëàíó¹òüñÿ îá ðóíòóâàòè ïðèíöèïè i êðèòåði¨ îïòèìàëüíîñòi ðåãóëÿöi¨ ïðî-
öåñiâ ïiäòðèìêè/âiäíîâëåííÿ äèíàìi÷íîãî ãîìåîñòàçó ïå÷iíêè.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; ðåãåíåðàöiÿ ïå÷iíêè; ÷èñåëüíèé åêñïåðèìåíò.

V. V. Karieva, S. V. Lvov, L. P. Artyukhova. Di�erent strategies in the liver

regeneration processes. Numerical experiments on the mathematical model.

It is considered the generalized mathematical model which describes the processes
of maintaining / restoring dynamic homeostasis (regeneration) of the liver and obvi-
ously depends on the control parameters. The model is a system of discrete controlled
equations of the Lotka � Volterra type with transitions. These equations describe the
controlled competitive dynamics of liver cell populations' (hepatic lobules) various types
in their various states and controlled competitive transitions between types and states.
To develop this model there were accepted such assumptions: homogeneous approxi-
mation; independence of biological processes; small toxic factors. In the mathematical
model the process of the liver regeneration occurs due to hyperplasia processes, repli-
cation, polyplodia and division of binuclear hepatocytes into mononuclear and controlled
apoptosis. All these processes are necessary for adequate modeling of the liver regenerati-
on. For example, single and constant toxic functions show that the above processes are
not able to cope with the toxic factors that are accumulated in the body. The process
of restoring the body's functional state requires the non-trivial strategy of the liver
regeneration. Numerical calculations revealed that the mathematical model corresponds
to biological processes for di�erent strategies of the liver regeneration. Based on the
calculations in the case of partial hapatectomy it is concluded that the mixed strategy
of regeneration should be used for the regeneration process. Henceforward it is planned
to extend the mathematical model in the case of the liver regeneration, which occurs
under the in�uence of strong toxins, that is, using the stem cells and �brosis. It is also
supposed to justify the principles and criteria for optimal regulation of the processes of
maintaining / restoring liver's dynamic homeostasis.
Keywords: mathematical model; liver regeneration; numerical experiment.
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ÃÎÐÄÅÂÑÜÊÈÉ Âß×ÅÑËÀÂ ÄÌÈÒÐÎÂÈ×
äî 70 � ði÷÷ÿ ç äíÿ íàðîäæåííÿ

Â. Ä. Ãîðäåâñüêèé íàðîäèâñÿ 4-ãî ëèñòîïàäà 1949 ðîêó â ì. Õàðêîâi, â
ñiì'¨ ìàòåìàòèêà Ãîðäåâñüêîãî Äìèòðà Çàõàðîâè÷à òà ãåîãðàôà Ãîðäåâñüêî¨
Ðà¨ñè Ïåòðiâíè.

Â 1966 ðîöi çàêií÷èâ ñåðåäíþ ôiçèêî-ìàòåìàòè÷íó øêîëó � 27 ì. Õàðêî-
âà òà âñòóïèâ äî ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Õàðêiâñüêîãî óíiâåð-
ñèòåòó. Ïiñëÿ éîãî çàêií÷åííÿ ç âiäçíàêîþ ïðîäîâæèâ íàâ÷àííÿ â àñïiðàí-
òóði âiääiëó ìàòåìàòè÷íî¨ ôiçèêè Ôiçèêî-òåõíi÷íîãî iíñòèòóòó íèçüêèõ òåì-
ïåðàòóð ÀÍ Óêðà¨íè (çàâ. âiääiëîì � àêàäåìiê ÀÍ ÑÐÑÐ Â.Î. Ìàð÷åíêî).
Ç 1974 ðîêó ïî íèíiøíié ÷àñ ïðàöþ¹ íà êàôåäði ìàòåìàòè÷íîãî àíàëiçó
(ç 2015 ðîêó � ôóíäàìåíòàëüíî¨ ìàòåìàòèêè) Õàðêiâñüêîãî íàöiîíàëüíîãî
óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà.

Íàóêîâà äiÿëüíiñòü Âÿ÷åñëàâà Äìèòðîâè÷à ïî÷àëàñÿ íà ñòàðøèõ êóðñàõ
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46 Â. Ä. Ãîðäåâñüêèé

óíiâåðñèòåòó ïiä êåðiâíèöòâîì ïðîôåñîðà Âîëîäèìèðà Îëåêñàíäðîâè÷àÙåð-
áèíè é áóëà ïîâ'ÿçàíà ç ìàòåìàòè÷íèìè ïðîáëåìàìè êâàíòîâî¨ òåîði¨ ïî-
ëÿ. Â 1978 ðîöi âií çàõèñòèâ êàíäèäàòñüêó äèñåðòàöiþ, ïðèñâÿ÷åíó ñèñòå-
ìàì ðiâíÿíü äëÿ âåðøèííèõ ôóíêöié Ò-åêñïîíåíòè, ùî îïèñóþòü ïðîöåñè
ìåçîí-íóêëîííî¨ âçà¹ìîäi¨. Â ïîäàëüøîìó âií çàéìàâñÿ äåÿêèìè ïðèêëàäíè-
ìè ïèòàííÿìè, çîêðåìà, òåîði¹þ âèìiðþâàíü òà îáðîáêè ñèãíàëiâ, ìåòîäàìè
ðîçïiçíàâàííÿ çîáðàæåíü òîùî.

Â 90-òi ðîêè ìèíóëîãî ñòîði÷÷ÿ Â.Ä. Ãîðäåâñüêèé ïî÷àâ ðîçðîáëÿòè íîâèé
ïiäõiä äî ðîçâ'ÿçàííÿ ìàòåìàòè÷íèõ çàäà÷ êiíåòè÷íî¨ òåîði¨, ÿêèìè çàéìà¹-
òüñÿ é ïîíèíi. Îñíîâíèì îá'¹êòîì öèõ äîñëiäæåíü ñòàëî íåëiíiéíå iíòåãðî-
äèôåðåíöiàëüíå êiíåòè÷íå ðiâíÿííÿ Ë. Áîëüöìàíà òà äåÿêi éîãî ìîäèôiêàöi¨
(ðiâíÿííÿ Áðàéàíà-Ïiääàêà òîùî). Òàêi ðiâíÿííÿ îïèñóþòü âçà¹ìîäiþ âåëè-
êî¨ êiëüêîñòi ìîëåêóë ðiçíî¨ ïðèðîäè (òâåðäi àáî ïðóæíi êóëi, øîðñòêóâàòi
êóëi i ò. ií.). Äëÿ íèõ â ðîáîòàõ Âÿ÷åñëàâà Äìèòðîâè÷à òà â äèñåðòàöiÿõ éîãî
ó÷íiâ ïîáóäîâàíî öiëó íèçêó òî÷íèõ (ìàêñâåëiâñüêèõ) ðîçâ'ÿçêiâ, ÿêi âiäïîâiä-
àþòü òàêèì ñêëàäíèì ðóõàì ãàçó ÿê ãâèíòè, ñìåð÷i (òîðíàäî), ïðèñêîðåííÿ-
óùiëüíåííÿ i ò. ä., à òàêîæ íàáëèæåíèõ â ñòðîãîìó ñåíñi (áiìîäàëüíèõ àáî
áàãàòîìîäàëüíèõ) ðîçâ'ÿçêiâ.

Ðåçóëüòàòè îïóáëiêîâàíi â áàãàòüîõ âiò÷èçíÿíèõ i çàðóáiæíèõ âèäàííÿõ,
òà äîçâîëèëè éîìó â 2004 ðîöi çàõèñòèòè äîêòîðñüêó äèñåðòàöiþ íà òåìó: ¾Ái-
ìîäàëüíi íàáëèæåíi ðîçâ'ÿçêè ðiâíÿííÿ Áîëüöìàíà¿. Â 2011 ðîöi âií çäîáóâ
çâàííÿ ïðîôåñîðà. Ñâîþ íàóêîâó äiÿëüíiñòü Âÿ÷åñëàâ Äìèòðîâè÷ óñïiøíî ïî-
¹äíó¹ ç ïåäàãîãi÷íîþ, ïðîéøîâøè ïðîòÿãîì 46-òè ðîêiâ âñi âèêëàäàöüêi ïîçè-
öi¨ íà ìåõìàòi ÕÍÓ: àñèñòåíò, ñòàðøèé âèêëàäà÷, äîöåíò, ïðîôåñîð, çàâiäóâà÷
êàôåäðè ìàòåìàòè÷íîãî àíàëiçó. Â äàíèé ìîìåíò çàéìà¹ ïîñàäó ïðîôåñîðà
êàôåäðè ôóíäàìåíòàëüíî¨ ìàòåìàòèêè ÕÍÓ òà ¹ ÷ëåíîì äâîõ ñïåöiàëiçîâà-
íèõ â÷åíèõ ðàä ïî çàõèñòó äèñåðòàöié ç ìàòåìàòèêè.

Ïiä êåðiâíèöòâîì Â.Ä. Ãîðäåâñüêîãî óñïiøíî çàõèñòèëè êàíäèäàòñüêi äè-
ñåðòàöi¨ Ãóêàëîâ Î.Î., Ëåìåøåâà Í.Â., Ñàçîíîâà Î.Ñ.
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ÔÀÂÎÐÎÂ ÑÅÐÃÅÉ ÞÐÜÅÂÈ×
Ê ñåìèäåñÿòèëåòèþ ñî äíÿ ðîæäåíèÿ

3 äåêàáðÿ 2019 ãîäà èñïîëíèëîñü 70 ëåò ïðîôåññîðó êàôåäðû ôóíäàìåí-
òàëüíîé ìàòåìàòèêè, òîíêîìó àíàëèòèêó, èçâåñòíîìó ñïåöèàëèñòó â îáëàñòè
òåîðèè ôóíêöèé êîìïëåêñíûõ ïåðåìåííûõ, òåîðèè ïîòåíöèàëà è ãàðìîíè÷å-
ñêîãî àíàëèçà Ñåðãåþ Þðüåâè÷ó Ôàâîðîâó.

Ñ. Þ. ðîäèëñÿ â Õàðüêîâå â ñåìüå
ïðåïîäàâàòåëåé. Â õàðüêîâñêîé ôè-
çèêî-ìàòåìàòè÷åñêîé øêîëå � 27
åìó ïîâåçëî ó÷èòüñÿ â íåîáû÷íîì
êëàññå: ïÿòü ó÷åíèêîâ èç íåãî âïî-
ñëåäñòâèè ñòàëè äîêòîðàìè ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê. Â 1966 ãîäó
Ñ. Þ. ïîñòóïèë íà ìåõàíèêî-ìàòå-
ìàòè÷åñêèé ôàêóëüòåò Õàðüêîâñêîãî
óíèâåðñèòåòà. Íà 4 êóðñå îí íà÷àë
ïîñåùàòü çíàìåíèòûé Õàðüêîâñêèé
ãîðîäñêîé ñåìèíàð ïî òåîðèè ôóí-
êöèé ïîä ðóêîâîäñòâîì Á. ß. Ëåâèíà.
Ñ òåõ ïîð è äî íàñòîÿùåãî âðåìåíè
Ñ. Þ. ÿâëÿåòñÿ ïîñòîÿííûì ó÷àñòíè-

êîì ýòîãî ñåìèíàðà, à ñ 1999 ãîäà - îäíèì èç åãî ðóêîâîäèòåëåé.

Ïîñëå îêîí÷àíèÿ óíèâåðñèòåòà Ñ. Þ. ïîñòóïèë â àñïèðàíòóðó è â 1975
ãîäó çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ ¾Åìêîñòíûå õàðàêòåðèñòèêè ìíî-
æåñòâ è èõ ïðèìåíåíèå â òåîðèè öåëûõ ôóíêöèé è öåëûõ êðèâûõ¿ ïîä ðóêî-
âîäñòâîì Ëüâà Èñààêîâè÷à Ðîíêèíà. Â 1993 ãîäó Ñ. Þ. çàùèòèë äîêòîðñêóþ
äèññåðòàöèþ ¾Èñêëþ÷èòåëüíûå ìíîæåñòâà è àñèìïòîòè÷åñêèå ñâîéñòâà ãî-
ëîìîðôíûõ îòîáðàæåíèé â êîíå÷íîìåðíîå è áàíàõîâî ïðîñòðàíñòâà¿.

Ïåðâûå åãî ðàáîòû áûëè ïîñâÿùåíû âîïðîñàì ðîñòà íåêîòîðûõ êëàññîâ
ïëþðèñóáãàðìîíè÷åñêèõ ôóíêöèé. Â 1978 ãîäó îí äîêàçàë òåîðåìó î ñëî-
æåíèè èíäèêàòîðîâ öåëûõ ôóíêöèé ìíîãèõ ïåðåìåííûõ. Â 80-å ãîäû Ñ. Þ.
íà÷àë èññëåäîâàíèÿ ãîëîìîðôíûõ îòîáðàæåíèé â áàíàõîâû ïðîñòðàíñòâà, ïî-
ëó÷àåò áåñêîíå÷íîìåðíûå àíàëîãè òåîðåì Íåâàíëèííû. Îí òàêæå íàõîäèò
íîâîå íåðàâåíñòâî òèïà Õèí÷èíà è ñîâìåñòíî ñ Å. À. Ãîðèíûì îáîáùàåò åãî
íà ñóììû ñëó÷àéíûõ âåêòîðîâ. Â íà÷àëå 90-õ, ñîâìåñòíî ñ Â. Í. Ëîãâèíåíêî,
Ñ. Þ. ïîëó÷èë ðÿä ðåçóëüòàòîâ òèïà Êàðòðàéò î íîðìèðóþùèõ ìíîæåñòâàõ
äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òèïà. Ñ. Þ. òàêæå ïîëó÷èë íåîæè-
äàííî ïðîñòîå ïîëíîå îïèñàíèå íóëåé öåëûõ ôóíêöèé ýêñïîíåíöèàëüíîãî òè-
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ïà, îãðàíè÷åííûõ íà âåùåñòâåííîé îñè.
Â ñåðåäèíå 90-õ â ñîâìåñòíûõ ðàáîòàõ Ë. È. Ðîíêèíà, À. Þ. Ðàøêîâñêîãî

è Ñ. Þ. áûëà ðàçðàáîòàíà òåîðèÿ ïî÷òè ïåðèîäè÷åñêèõ äèâèçîðîâ, ãîëîìîð-
ôíûõ öåïåé. Â ÷àñòíîñòè, Ñ. Þ. â òåðìèíàõ êîãîìîëîãèé ïîëó÷àåò ïîëíîå
îïèñàíèå íóëåé ãîëîìîðôíûõ ïî÷òè ïåðèîäè÷åñêèõ ôóíêöèé. Äàëåå, îí âìå-
ñòå ñî ñâîèìè àñïèðàíòàìè èçó÷àåò ìåðîìîðôíûå ïî÷òè ïåðèîäè÷åñêèå ôóí-
êöèè, ñóáãàðìîíè÷åñêèå ïî÷òè ïåðèîäè÷åñêèå ôóíêöèè, ãîëîìîôíûå ïî÷òè
ïåðèîäè÷åñêèå ôóíêöèè â ìåòðèêàõ Âåéëÿ, Áåçèêîâè÷à, ïî÷òè ïåðèîäè÷åñêèå
äèñêðåòíûå ìíîæåñòâà, ïî÷òè ýëëèïòè÷åñêèå ôóíêöèè.

Â ïîñëåäíèå ãîäû Ñ. Þ. ñîâìåñòíî ñ Ë. Á. Ãîëèíñêèì â ñåðèè ðàáîò äî-
êàçûâàåò òåîðåìû òèïà Áëÿøêå î ñâîéñòâàõ ìíîæåñòâ íóëåé àíàëèòè÷åñêèõ
ôóíêöèé, ðàñòóùèõ ïðè ïðèáëèæåíèè ê êîìïàêòíûì ìíîæåñòâàì íà ãðàíèöå
îáëàñòè ãîëîìîðôíîñòè è íàõîäèò èõ ïðèëîæåíèÿ â òåîðèè íåñàìîñîïðÿæåí-
íûõ âîçìóùåíèé êëàññè÷åñêèõ îïåðàòîðîâ ìàòåìàòè÷åñêîé ôèçèêè. Îäíîâ-
ðåìåííî Ñ. Þ. ïîëó÷àåò íîâûå ðåçóëüòàòû â àêòèâíî ðàçâèâàþùåéñÿ îáëàñòè
ãàðìîíè÷åñêîãî àíàëèçà - òåîðèè êâàçèêðèñòàëëîâ. Â ÷àñòíîñòè, îí èñïîëü-
çóåò äîêàçàííûé èì ëîêàëüíûé âàðèàíò òåîðåìû Í. Âèíåðà î òðèãîíîìåòðè-
÷åñêèõ ðÿäàõ äëÿ òîãî, ÷òîáû ñóùåñòâåííî óñèëèòü êëàññè÷åñêóþ òåîðåìó
È. Ìåéåðà î ïðåäñòàâëåíèÿõ êâàçèêðèñòàëëà Ôóðüå â âèäå êîíå÷íîé ñóììû
¾÷èñòûõ¿ êðèñòàëëîâ. Ñåðãåé Þðüåâè÷ Ôàâîðîâ - àâòîð áîëåå 70 íàó÷íûõ
ðàáîò, ó÷àñòíèê îêîëî 70 íàó÷íûõ êîíôåðåíöèé â ðàçíûõ ñòðàíàõ ìèðà. Ïîä
ðóêîâîäñòâîì ÑåðãåÿÞðüåâè÷à çàùèòèëè êàíäèäàòñêèå äèññåðòàöèè Â. Áðè-
òèê, Í. Ïàðôåíîâà, Î. Óäîäîâà, À. Ðàõíèí, Í. Ãèðÿ, Å. Ìèëüñêàÿ è Ë. Ðàä-
÷åíêî. Â ïîñëåäíèå ãîäû Ñåðãåé Þðüåâè÷ ïðåïîäàåò îñíîâíîé êóðñ êîìïëå-
êñíîãî àíàëèçà è ìíîãèå êóðñû ïî âûáîðó: ¾Ïî÷òè ïåðèîäè÷åñêèå ôóíêöèè¿,
¾Ôóíêöèè íåñêîëüêèõ êîìïëåêñíûõ ïåðåìåííûõ¿, ¾Ñóáãàðìîíè÷åñêèå ôóí-
êöèè¿, ¾Ãàðìîíè÷åñêèé àíàëèç íà ãðóïïàõ¿ è äðóãèå.

Ñåðãåé Þðüåâè÷ ìíîãèå ãîäû çàíèìàëñÿ ãîðíûì òóðèçìîì, ïîáûâàë â ãî-
ðàõ Êàâêàçà, Àëòàÿ è äàæå Àíä. Ëþáîçíàòåëüíîñòü è ñòðàñòü ê îòêðûòèþ
íîâûõ äëÿ ñåáÿ ìåñò, ïîìíîæåííûå íà ïðîçðà÷íîñòü ãðàíèö â ñîâðåìåííîì
ìèðå, ïðèâåëè ê âïå÷àòëÿþùåé ãåîãðàôèè åãî ïóòåøåñòâèé: îò Áàéêàëà äî
Íèàãàðû, îò Ðåéêüÿâèêà äî Ñàíòüÿãî, îò ñåäëîâèíû Ýëüáðóñà (+5000) äî
Ìåðòâîãî ìîðÿ (-400). È íîâûå ïëàíû ñòîëü æå ãðàíäèîçíû: êàê ìèíèìóì
ïîñåòèòü îáà ìûñà Þæíîãî ïîëóøàðèÿ. Ñåðãåé Þðüåâè÷ òàêæå óâëåêàåòñÿ
ãîðíûìè ëûæàìè, îí êàæäóþ çèìó áûâàåò íà ãîðíîëûæíûõ êóðîðòàõ â Êàð-
ïàòàõ èëè íà Êàâêàçå, â Àëüïàõ, Ïèðåíåÿõ.

Ìû ïîçäðàâëÿåì Ñåðãåÿ Þðüåâè÷à ñ þáèëååì è æåëàåì åìó çäîðîâüÿ,
ýíåðãèè, íîâûõ íàó÷íûõ óñïåõîâ è ñîõðàíåíèÿ ïðèñóùèõ åìó çàìå÷àòåëüíûõ
îïòèìèçìà è æèçíåëþáèÿ.
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Ïðàâèëà äëÿ àâòîðiâ
¾Âiñíèêà Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó

iìåíi Â.Í.Êàðàçiíà¿,
Cåðiÿ ¾Ìàòåìàòèêà, ïðèêëàäíàÿ ìàòåìàòèêà i ìåõàíiêà¿

Ðåäàêöiÿ ïðîñèòü àâòîðiâ ïðè íàïðàâëåííi ñòàòåé êåðóâàòèñÿ íàñòóïíèìè
ïðàâèëàìè.

1. Â æóðíàëi ïóáëiêóþòüñÿ ñòàòòi, ùî ìàþòü ðåçóëüòàòè ìàòåìàòè÷íèõ
äîñëiäæåíü (àíãëiéñüêîþ, óêðà¨íñüêîþ àáî ðîñiéñêîþ ìîâàìè).

2. Ïîäàííÿì ñòàòòi ââàæà¹òüñÿ îòðèìàííÿ ðåäàêöi¹þ ôàéëiâ ñòàòòi
îôîðìëåíèõ ó ðåäàêòîði LATEX (âåðñiÿ 2e), àíîòàöié, âiäîìîñòåé ïðî àâòîðiâ
òà àðõiâà, ùî âêëþ÷à¹ LATEX ôàéëè ñòàòòi òà ôàéëè ìàëþíêiâ. Ôàéë-çðàçîê
îôîðìëåííÿ ñòàòòi ìîæíî çíàéòè â ðåäàêöi¨ æóðíàëó òà íà âåá-ñòîðiíöi
(http://vestnik-math.univer.kharkov.ua).

3. Ñòàòòÿ ïîâèííà ïî÷èíàòèñÿ ç àíîòàöié, â ÿêèõ ïîâèííi áóòè ÷iòêî ñôîð-
ìóëüîâàíi ìåòà òà ðåçóëüòàòè ðîáîòè. Àíîòàöi¨ ïîâèííi áóòè òðüîìà ìîâàìè
(àíãëiéñüêîþ, óêðà¨íñüêîþ òà ðîñiéñêîþ): ïåðøîþ ïîâèííà ñòîÿòè àíîòàöiÿ
òi¹þ ìîâîþ, ÿêîþ ¹ îñíîâíèé òåêñò ñòàòòi. Â àíîòàöi¨ ïîâèííi áóòè ïðèçâèùà,
iíiöiàëè àâòîðiâ, íàçâà ðîáîòè, êëþ÷îâi ñëîâà òà íîìåð çà ìiæíàðîäíîþ ìàòå-
ìàòè÷íîþ êëàñèôiêàöi¹þ (Mathematics SubjectClassi�cation 2010). Àíîòàöiÿ
íå ïîâèííà ìàòè ïîñèëàíü íà ëiòåðàòóðó ÷è ìàëþíêè. Íà ïåðøié ñòîðiíöi
âêàçó¹òüñÿ íîìåð ÓÄÊ êëàñèôiêàöi¨. Â êiíöi ñòàòòi òðåáà äîäàòè ðîçøèðåíi
(îáñÿãîì íå ìåíø ÿê 1800 çíàêiâ êîæíà) àíîòàöi¨ àíãëiéñüêîþ òà óêðà¨íñüêîþ
ìîâàìè.

4. Ñïèñîê ëiòåðàòóðè ïîâèíåí áóòè îôîðìëåíèé ëàòèíñüêèì øðèôòîì.
Ïðèêëàäè îôîðìëåííÿ ñïèñêà ëiòåðàòóðè:

1. A.M. Lyapunov. A new case of integrability of di�erential equations of motion of
a solid body in liquid, Rep. Kharkov Math. Soc., � 1893. � 2. V.4. � P. 81-85.

2. A.M. Lyapunov. The general problem of the stability of motion. 1892. Kharkov
Mathematical Society, Kharkov, 251 p.

5. Êîæíèé ìàëþíîê ïîâèíåí áóòè ïðîíóìåðîâàíèé òà ïðåäñòàâëåíèé
îêðåìèì ôàéëîì â îäíîìó ç ôîðìàòiâ: EPS, BMP, JPG. Â ôàéëi ñòàòòi ìàëþ-
íîê ïîâèíåí áóòè âñòàâëåíèé àâòîðîì. Ïiä ìàëþíêîì ïîâèíåí áóòè ïiäïèñ.
Íàçâè ôàéëiâ ìàëþíêiâ ïîâèííi ïî÷èíàòèñü ç ïðèçèùà ïåðøîãî àâòîðà.

6. Âiäîìîñòi ïðî àâòîðiâ ïîâèííi ìiñòèòè: ïðiçâèùà, iìåíà, ïî áàòüêî-
âi, ñëóæáîâi àäðåñè òà íîìåðè òåëåôîíiâ, àäðåñè åëåêòðîííèõ ïîøò òà ií-
ôîðìàöiþ ïðî íàóêîâi ïðîôàéëè àâòîðiâ (orcid.org, www.researcherid.com,
www.scopus.com) ç âiäïîâiäíèìè ïîñèëàíÿìè. Ïðîõàííÿ òàêîæ ïîâiäîìèòè
ïðiçâèùå àâòîðà, ç ÿêèì òðåáà âåñòè ëèñòóâàííÿ.

7. Ðåêîìåíäó¹ìî âèêîðèñòîâóâàòè â ÿêîñòi çðàçêà îôîðìëåííÿ îñòàííi
âèïóñêè æóðíàëó (vestnik-math.univer.kharkov.ua/currentv.htm).

8. Ó âèïàäêó ïîðóøåííÿ ïðàâèë îôîðìëåííÿ ðåäàêöiÿ íå áóäå ðîçãëÿäàòè
ñòàòòþ.

Åëåêòðîííà ñêðèíüêà: vestnik-khnu@ukr.net
Åëåêòðîííà àäðåñà â Iíòåðíåòi: http://vestnik-math.univer.kharkov.ua
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