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Korobov’s controllability function method applied
to finite-time stabilization of the Rossler system

via bounded controls
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The problem of stabilizing the Rossler system in finite time by bounded control
is considered. We employ V. I. Korobov’s controllability function method, which
involves a Lyapunov-type function. The controllability function is the solution
of an implicit equation. A family of bounded controls which solve the problem
is explicitly computed. Besides, the time that it takes the trajectory to reach
the desired equilibrium is estimated.

Keywords: Rossler system; Korobov’s controllability function; bounded control;
finite time stabilization.

Yoke-Pisepo A. E., Touzanec I'paciena A., Kpys Mysiicaka E. Meron, dyH-
K1ii kepoBaHocTti KopoboBa, 3acTocoBaHmMil 10 crabimizamii cumcremn
Poccaepa 3a obMmexkeHmMil 4ac 3a JOIOMOTOI0 OOMeXKeHUX KepyBaHb.
Posrnanryro 3amaqy crabinizamnii cucremu Poccepa 3a ckimdeHHuit 9ac 3a m10-
TOMOTOI0 OOMEXKEHUX KepyBaHb. Mu 3aCTOCOByEMO MeTO, (DYHKINT KEPOBAHOCTI
B. I. Kopoboga, skuii BukopuctoBye dbyukiiio tumy JlgmynoBa. @yHKINS Ke-
POBAHOCTI € PO3B’SI3KOM HESIBHOTO DIBHSHHS. 3AMPOIOHOBAHO CiM’I0 SBHO 00-
YUCTIOBAHUX OOMEKEHUX KepyBaHb, siKi PO3B’g3yIoTh 3ajady cuatesy. OKkpim
TOTO, OIIHIOETHCS YaC PyXy, MOTPIOHMIA /1)1 TOCATHEHHS TOYKH PiBHOBAIH.
Karuosi caosa: Cucrema Pocciepa; dynkuis keposanocri Kopobosa; obmerxe-
HE KEePYBaHHS; CTabIIi3aIlid 3a CKiHYEHHW Jac.

Yoxke-Pusepo A. 9., Touzanec I'pacuena A., Kpy3s Mymmcaka 9. IMoaxo
dbysknuu ynpasisemoctu KopoboBa npuiio>xeHHbIH K crabuiamsanuu
cuctembl Pocciiepa 3a KOHeYHOe BpeMs C MOMOINbI0 OTPAaHUYEHHBIX
ynpasJienuii. PaccmarpuBaercs 3amada crabunn3anuu cucreMbl Pocciepa 3a
KOHEYHOE BPEMsI IPY OTPAHWMYEHHOM yrpaBjerun. Vcnoab3yem meTos hyHKIui
yupasisemoctu B. U. Kopobosa, apastomumiica dbynknueii tuna JIsmyHosa.
QyHKIWS yIPABISEMOCTH SBJISIETCS PEIeHneM HesiBHOTO ypaBuenus. [Ipemra-
raeTcs CeMefiCTBO SIBHO BBIYHMC/ISEMBIX OMPAHWYEHHBIX YIIPABJIEHUI, KOTOPHIE
pemiaior 3a7a4y cuaTe3a. Kpome TOro, oreHnBaeTCs BpeMs [IBUKEHUs, He0OX0-
JMMOe JJ1d JIOCTUZKEHUA TOYKU 1TOKOs.

© A.E.Choque-Rivero, Graciela A. Gonzalez, E. Cruz Mullisaca, 2020
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OTpaHUYEHHOE YITPABJIEHNE; CTAOMIH3AINN 33, KOHEUYHOE BPEMSI.
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1. Introduction

Rossler system has become one of the reference chaotic systems. Its novelty
when introduced in [25], being that exhibits a chaotic attractor generated by a
simpler set of nonlinear differential equations than Lorenz system. It is given by:

Iy = —x — w3,
T =x1 + axo, (1)
i3 =P+ x3(z1 — 1),

and it develops chaotic behaviour for certain values of the parameter triplet
(a, B,7). The issue of controlling Rossler system by stabilizing one of its unstable
equilibrium points has been previously dealt with in the literature. A feedback
controller is designed in [12] stabilizing a chosen equilibrium point with exponenti-
al convergence and estimating the negative Lyapunov exponent. In [2], a sliding
mode control is proposed by which global stabilization of an arbitrary given equi-
librium point is achieved, In [23], an optimal control strategy that directs the
chaotic motion to any desired equilibrium point is proposed. Both stability and
optimality are obtained in [24] by applying linear feedback controllers to the
chaotic Rdssler system. A suboptimal feedback controller has been tested on the
Rossler system in [27]. The synchronization approach and bifurcation diagram
have been used in [18] to control the Rossler system. In this work, control of the
Rossler system is stated by putting:

T1 = — T2 — T3,
To =21 + axa, (2)

i3 =0+ x3(x1 — ) +u,

and considering the synthesis problem. Let x = (z1,22,23)T. The synthesis
problem consists in constructing a positional control u = u(z) with |u(z)| < u;
such that for any 2° belonging to a certain neighborhood of the equilibrium point
of the system (1), the trajectory z(t) initiated in 2 arrives at this equilibri-
um point in finite time. Namely, by using V. I. Korobov’s method, also called
the controllability function method, a family of bounded positional controls that
solve the synthesis problem for the Rossler system is proposed. We mainly use
two ingredients. The first one concerns the general theory of the controllability
function [14]. The second ingredient is the family of bounded positional controls
that was obtained in [7]. Note that the finite-time stabilization of control systems
was studied in [8], [5], [6], [19], [20] and references therein. Different from previ-
ous works on finite-time stabilization [20], [21], we propose an explicit family of
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bounded controls constructed by taking into account the only nonlinearity of the
Réssler system, which is a quadratic function.

2. Dynamical features of the Rossler system
The equilibrium point of the system (1) for the triplet (0, 3,) with v # 0 is
T = ( ,—g, g)T For the triplet (o, 3,7) with a # 0 and 72 — 4a3 = 0, there
is only one equilibrium point: z := ( 1 XL L )T. While if 42 — 4a8 > 0,

o ) 27 T2 2a
there are two equilibrium points:

i yEA A AEANT
r+ 1= —
= 2 ' 22 2a )

(3)

where A := y/v2 — 4a3. For any other case, system (1) has no equilibrium point.

The typical chaotic Rossler system is determined by a = 8 = % and v = %,

resulting: 7= ( 5 (57— V3233 ), 1 (/3233 —57), 1 (57— /3233)) and

7 = (& (57+/3233), 1 (-57 — V/3233), 1 (57 + v/3233) ).

The stability exponents of Z_ are {—5.686,0.0970 + 70.9951} so it is a
saddle-focus with a two-dimensional unstable manifold. Besides, this point is
placed in the nearness of the attractor. Instead, the stability exponents of Z,
are {0.1929, —4.596 x 107¢ 4 i5.428}. Hence, this equilibrium point has a two-
dimensional stable manifold but it is outside the region of the chaotic attractor.
For details, see [1], [22] or [10], where information about dynamical behavior of
this system for other parameter values is provided.

3. Canonical controllable form

Let us consider the case a # 0 . Introducing y = z — T, system (2) takes the
following form:
0
y=Aty+ 0 + bu, (4)
Y1y3

being y := (y1, 92, y3)7, b:= (0,0,1)T and

0 -1 -1
A= 1 o 0 (5)
A g _2FA
2a 2

Let us note that the linear part of (4) results a completely controllable system.
Then, there exists a coordinate change to transform it into its canonical
controllable form [11], [13]. This coordinates change is given by z = F'y with

0 -1 0
F= -1 —-a 0], (6)
—a 1-a? 1
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and system (4) can be rewritten as follows:

0
Z = Aoz +bpLz + bu + 0 ) (7)
(z1 — 29) (21 — aza + 23)

being z := (21, 22, 23)T. Here

010
Ag:=[ 00 1 (8)
0 0 0
and
+A
(1FA)? 20— 7 F A
b+ = 20 . (9)
_ Y4 A
a-yEg

Remark 1.1. For the case a = 0, the matriz (5) is given by

0 -1 -1
1 0 O
B _
v 0 v
0 -1 0
The matriz F of the transformation z = Fy is equal to -1 0 0 |. The
0 1 1
0
nonlinear part of (7) is given by 0 and the vector (9) can be
—z2 (21 + 23)

. B T
written as ( — Ty 1, —v ) .

4. The controllability function method

Consider the canonical 3-dimensional control system
z2=f(z,u), z€e R", ue QCR, (10)

where (2 is a closed interval of R.

Considering the synthesis problem for the system (10), in 1979, V. I. Korobov
[14] created the controllability function (CF) 6(z). The CF is a Lyapunov-type
function, i.e., §(z) > 0 for z # 0 and #(0) = 0. The CF satisfies the following
inequality:

> 20 e ue)) < —lor2), )
i=1 ¢
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where ¢(6) > 0 for 6 # 0, ¢(0) = 0 and

7
d _
/9 6> 0. (12)
0

Let us consider the canonical control system
z2=Apz+bw, |w|<w, (13)

where Ap is given in Equation (8). Following [7], a family of bounded positional
controls w(z) that stabilize the system (13) at finite time can be constructed. In
particular, the value of the CF at the given initial position 2% is exactly T'(z°)
the time that the trajectory from z° takes to arrive at the origin. As in previous
works of V. I. Korobov and coauthors [15], [16], [17], the CF 6(z) is proposed in
[7] as the solution of the following implicit equation

2000 = (K (0)z, z). (14)

Here (-,-) is the canonical inner product while ag is a positive number to be
determined and K () is a 3 x 3 positive definite matrix for § > 0 defined as
K(0) := D(0)K1D(0) where

5
02 0 0
3
D(Q) — 0 9_5 0 9
1
0 0 62
and
40a; _240—12a1 120
a1+30 a1+30 a1+30
L _240—12a; _ 180—4a; 60
Ky = a1+30 a1+30 a1+30 ) (15)
120 60 12
a1+30 a1+30 a1+30
for
a1 < —40. (16)
Furthermore,
1 d
fK——K—fDGKgDH
240a _5(240—12a1) 480
a1+30 a1+30 a1+30
— _ 5(240—12a1) _ 4(180—4a1) 180 1
Ky : a1+30 a1+30 a1+30 (17)
480 180 24
a1+30 a1+30 a1+30
and 36
2ap < w?. (18)

a? + 12a; + 360
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The bounded positional control w(z) that solves the synthesis problem for the
system (13) is given by

w(z) = aT(6(2))z, (19)
where
Z%
a(6) == (%1 - 10) 5 (20)
6
%

and 6(z) is the solution of the implicit equation (14).
The fact that the value §(z°) coincides with T'(2°) is guaranteed by the equality

f=-1, (21)

which in turn is a special case of the inequality (11).
In terms of the matrices Ay, K = K(#), the vector b and a = a(f), Equality
(21) is equivalent to the following matrix equation

1 d
KAo+ AJK + ab™K + Kba' + EK - @K = 03.

Here 03 is the 3 x 3 null matrix.

5. The CF for nonlinear control systems

The controllability function method for nonlinear control systems with non
controllable linear part was considered in [3], [4]. In the case when the linear part
of the nonlinear control system is completely controllable, the general solution of
the synthesis problem was proposed by V. I. Korobov in [14]. This is the case for
the controlled Rossler system (2), so, we develop for it a rather specific family of
bounded controls based on the control (19). We also focus on the specific form of
the nonlinear part of the control system (2).

Note that the nonlinear part of the translated system (4)

9(y) == (0,0,y1y3)"

is a Lipschitz function in a neighborhood of the origin; consequently, a positive
number C] exists such that

g < Cllyll- (22)
Let us introduce the positional control given by
u=w-—7p'z, (23)

where w is defined as in (19). To deal with the linear control part of the system
(7) as if it were the canonical control system (13), we look for the restriction on
control w. Here we use the same idea as in [14]. We set

3
W1 ‘= Ul — U2 Z |pj’. (24)
7j=1
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We assume that ug <

. As in [14], we require that the system (7) is consi-
Z IpJI

dered in the nelghborhood
Q:={z:]7z| <up, j=1,2,3}. (25)

Note that the linear part of the system (2) at equilibrium points described in
Section 2 is completely controllable.

In the following result, we calculate the time derivative of the CF 6 with respect
to the system (7). Our goal is to verify the inequality (11) for some function ¢.

Notation. Let S be an n x n matrix. The norm of S is defined by

1911 = max. Z [si51-

The number Ay, g is the smallest eigenvalue of matrix S. Here we suppose that
S is a symmetric matrix.

Theorem 1. Let Ky, Ky and Cy be as in (15), (17) and (22). The following
mequality is valid:

Ch| K|

min, Ko

f<—1+260 (26)

Proof. By taking the derivative of the equality (14) with respect to time ¢ and the
system (7), we have

J  ((KAg+ AlK + ab™K + KbaT)z, z) 4o (Kz,Fg(F~'2))
((%K - C%K)Z,Z) ((%K - (%K)ij)
(K2, Fg(F~'2))

=—1+4+2 (27)
K
<~ 14 20SIEAlL
)\min,Kg
In the last inequality, we used the obvious inequality
(Kz Fg(F~'z)) _ Gl |
((%K — C%K)Z,Z) - >\min,K2
O

Note that inequality (12) is satisfied if p(f) = 1 — M, for some positive M:
0

1 1 _ _
= _— - > .
/1_M9d«9 S n(l = M6), 1>6M

0

By employing inequality (26), the following remark yields. A similar remark
appeared in [9].
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Remark 1.2. Let § > 0, Co > 0 such that for 0 < )

K
WIS LLSUIPN (28)
Amin,Kg
Then, the following inequality is valid:
0 < —Cs. (29)

And the next bound on the arriving time is obtained

0o
T(z) < —. 30
()< o 30
Proof. In view of (26), the inequality (29) readily follows. To prove (30), we inte-
grate (29) on the trajectory z = z(t). We attain 6(z(t)) —6y < —Cst. By employing
[14, page 552|, we have that z(7") = 0. This implies 6(z(T")) = 0; thus we obtain
inequality (30).

Remark 1.3. The following optimization problem will be useful for improving the
size of the neighborhood of the origin where initial conditions must be chosen to
achieve the control objective:

0
max x(z,0)

for ||z|]| < C and such that x <0, where

(Kz,Fg(F~12))

z,0):=—-142 .
x(z,6) + ((éK—d%K)z,z)

Let O be the value at which the mazimum of x 1s achieved. This value 0f§ can be
employed instead of 0 of Remark 1.2. On the other hand, for applications, available
software should be more adequate.

The existence of such 8 is verified by Remark 1.2. The proof of this remark
can be carried out by using the Lagrange multipliers.

Remark 1.4. Considering the control system (10), in the case when the origin
is an equilibrium point of (10), according to [14, Theorem 1], the state variables
zk(t), for k =1,2,3 do not leave a certain neighborhood of the origin and approach
the equilibrium point as t — T. For t > T the trajectory z(t) stays at the equili-
brium point. Both these phenomena are explained by the fact that the control is a
positional control that stabilizes the system at finite time.

Lemma 1. Let T be one of the equilibrium points described in Section 2. Let
a:= (al, (%4 —10), —6)T, with a1 < —40. Furthermore, let (kj’g)?ézl = Ky, and
let the parameter ag satisfy (18). Thus, 0(x — &) is the unique positive solution of

E(2,0,%) =0 (31)
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with

3
E(x,0,3) :=2a00% — > kj 0" (e, AT @ - 2))(c, ANz — 7)), (32)
j=1

where vector ¢ is such that (b,c) =0, (Ab,c) =0 and (A?b,c) = 1.
The proof of this lemma repeats the proof of the first part of [14, page 540].

Remark 1.5. Fized 0, the set E := {x € R?: £(x,0,%) = 0} is an ellipsoid. The
trajectories of the system (2) starting from the volume embraced by E or on E do
not escape from this set. For t — T the trajectory of the system approaches the
equilibrium point Z.

Let Q1 be the domain in R? that corresponds to (25), i.e., after the transfor-
mation y = F~!z and the translation y = z — Z, that is, Q1 := {z € R® : 2 =
F~'2+2Z, z¢€Q}. Define

Q2 :={z e R®|0(x — %) < 6} (33)
where 0 < 0 and such that @2 C Q1. The main result of our work is seen below.

Theorem 2. Let p be defined as in (9). Under the conditions of Lemma 1, let

3
Z (0773 (x = F)) (e, AT (x — F)(c, AV (x — T)).

IIMM

(34)

Suppose that 20 = (29,29, 29) belongs to Qs.

Thus, a) the control (34) satisfies the condition |u(zx)| < uy and solves the syn-
thesis problem. b) The time taken by the trajectory from x° to the equilibrium
point T satisfies the following inequality:

T(2° z) < = (35)

Proof. Part a) is proven by employing (13), (23) and (25). Part b) readily follows
from (30), the transformation z = Fy and the translation y = x — Z. Recall that
u1 is a number that indicates the boundaries of the control set.

Remark 1.6. The parameter a; determines the vector (20). For each ay < —40, a
positional control which solves the synthesis problem is computed by (34). Besides,
both the neighborhood Qo where the initial conditions must be taken to achieve
control objective and an upper bound of the time to reach the equilibrium, are also
obtained (formulae (338) and (85), respectively).

Remark 1.7. The value 0 as introduced in Remark 1.4, involves to solve on
optimization problem but it provides a better optimization of Qo than if the value
0 of Remark 1.6 is applied.
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6. Graph of the trajectory and control

For a given initial point (29,29, 29), to plot the graph of the trajectory z(t),
the differential equation (27) is extended as follows:

1 =— 19 — T3,

To =21 + axa,

i3 =f + x3(r1 — ) +u(z,0,7),
0=—1+2¢(z,0,7)

with initial conditions z1(0) = 29, 29(0) = 23, 23(0) = 29 and 6(0) = 6. Here 6o
is the root equation (31), and

U(x,0,%) =

(DOKDO &) FolF (1)) (36)
%

(D(O)K2D(0)(x — T), (x — T))

with 6 = 0(x — ).

Example 1. For a = § = 0.2 and v = 5.7, we have the Rdssler chaotic system
and T4 = (5.69297, —28.4649, 28.4649) is one of the corresponding equilibrium

points. Let u; = 3.2 and let ay = —45. The positional control has the form
_ 6(0.2(5.69297 —21)+0.96(x2428.4649)+ 13 —28.4649) | 45(x2+28.4649)  —25x1—b5xo
u(r) = — 0 + 03 T e -

29.4249z1 — 0.392z5 — 0.192974x3 + 161.85. The graphs of z1(t) — z}, z2(t) — 2%
and z3(t) — 73 are shown in Fig. 1.

0.151
0.10-

0.05F

-0.05+

Fig. 1. Trajectories of z1(t) — 1, x2(t) — 2% and x3(t) — 23

The graph of the position control u(z(t)) is displayed in Fig. 2.

The controllability function on the trajectory 6(z(t) is shown in Fig. 3.
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u(xgt))

‘/\It

Fig. 2. The positional control u(z(t)).

aIx(t)

I I I I t
0.2 0.4 0.6 0.8

Fig. 3. The controllability function 6(x(t)).

By using Wolfram Mathematica, we have calculated that the time of arriving
from 20 = (5.80077379, —28.5038689, 28.6238689) to the equilibrium point Z is
T(2°, ;) = 0.8898539650858471 and that |z1(T) — 5.69297| < 1.05197 * 1079,
2o(T) = —28.4649 and |z3(T) — 28.6238689| < 1.177185658 * 107>,

X(t)-x

-0.05

-0.10+

Fig. 4. Trajectories of z1(t) — Z', z2(t) — 2> and x3(t) — 7.
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Example 2. Let « = 0,5 = 1/5 and v = 1. The corresponding equilibrium point
is equal to T = ( —1,1). Let uy = 1.1 and let a; = —45. The positional control
has the form u(z ) M + 25“’1 - w — 81 4 33— 1. The graphs of
z1(t) — T, 2o(t) — and ZE3( ) — xs are shown in Flg 4.

The graph of the position control u(z(t)) is seen in Fig. 5.

u(x(t))

101

0.8r
0.6
041
0.2r
012 ‘.4 0‘.6 .8 WV’ t

-0.21

—04f

Fig. 5. The positional control u(z(t)).

The controllability function on the trajectory 6(z(t)) is shown in Fig. 6.

Fig. 6. The controllablhty function 0(x(t)).

By using Wolfram Mathematica, we have calculated that the time of arri-
ving from 20 = (—0.05,—0.17,0.07) to the equilibrium point z is T(2°,z) =
1.0528937566 and that |z1(T)| < 3.19427 % 1071, |2o(T) + 1| < 6.57807 x 10715
and |z3(T) — £| < 3.48898 % 1075,

7. Conclusion

In this paper, a family of bounded finite-time stabilizing positional controls for
the Rossler system is built. By using the controllability function method, which is
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a Lyapunov-type function, the finite time to reach the desired equilibrium point is
estimated. This is obtained for an arbitrary given control bound and an adequate
set (o of initial conditions to achieve the control objective is computed. Let us
note that this proposal may also be developed for any controlled system of the
form:

T = f(x)+bu

being f(z) = A(x —Z) + g(z), T an equilibrium point of f, A the jacobian matrix
of f evaluated in  and g the corresponding nonlinear part of f such that {A,b} is
completely controllable and g is a lipschitzian function in a neighborhood of z. We
claim that the smaller the constant bound is, the more reduced is the set of initial
conditions for which stabilization is guaranteed; see (14), (18) and (23). Moreover,
the smaller the bound is, the longer is the time to arrive at the equilibrium point
from the the same initial point; see (14), (18).

For the cases in which the Rossler system is chaotic, this technique may
be implemented as a tool for control chaos. Indeed, if the equilibrium point is
embedded in the strange attractor, a trajectory initiated in the basin of attracti-
on of the attractor can reach the region ()2 and by this moment, this finite-time
control strategy can be activated, so, the equilibrium point will be reached in
finite time. The use of finite-time stabilizing control for control chaos or for chaos
synchronization is not new (see for example [26]). Hence, the introduction of this
control strategy in these scenarios promises interesting future research.
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Yoxke-Pisepo A. E., Touzanec I'paciesna A., Kpy3 Mysuiicaka E. Merox dyHKIT Ke-
poBanocTti KopoboBa, 3acTocoBaumii mo crabiiizaiii cucremu Pocciepa 3a 06-
MeXKeHUuil 4Yac 3a JoIoMOrorw obmexxkeHmx KepyBaub. Cucrema Poccriepa crama
onHi€o 3 pedepeHTHNX XaOTHYHAX CHCTEM. li HOBU3HA IPH BBEIEHHI, Oyia B TOMY, IO
BOHA JEMOHCTPYE XAOTUIHHUN aTPAKTOP, MOPOIKEHHH OiIbII MPOCTHM HAOOPOM HEJiHii-
HuX audepeniaabHuX PiBHAHB, HiXK cucrema Jlopenna. s cucrema 3a neBHUX 3HAYEHD
ii Tpunsiera mapamMeTrpiB JIEMOHCTPYE XaoTHYHy moOBeAiHKYy. [luTanms kepyBaHHs cucTe-
Moio Poccniepa mastxom crabismizarii oaHiel 3 11 HecTIiKUX TOYOK piBHOBATHM PAHIIe PO3-
TJIAAI0CA B JiiTeparypi. ¥ Iiif poOOTi 3ampoOnoHOBAHO KepyBaHHs cucTemMor Pocciepa
Ha OCHOBIi 3ajadi cuHTe3y. Jlms 3a7aH0i cucteMu Ta OfHi€el 3 1T TOYOK piBHOBAru, 3ajia-
9a CHHTE3Y IOJISATa€ y Mo0yI0Bi 00MEKeHOro MO3UITHOrO KePYBAHHS TAKUM YHHOM, IO
Juis Gyib-akoro ¥, 10 HaJle;KUTh MEBHOMY OKOJTy TOYKH PiBHOBard, TpaekTopisa x(t),
IO ToYMHaeThes B 20, JAiCTA€ThCs 11O Ii€l TOYKM piBHOBArM 3a CKiHdeHHHMit wac. A cawme,
3 Bukopucranaam meroay B. I. Kopobosa, sikmii Tak0K Ha3WBAOTH METOAOM (QYHKITT
KEpPOBAHOCTi, TPOTMOHYETHCA CiM’sT OOMEXKEHUX TO3UIIHHNX KepyBaHb, sKi PO3B’SI3yIOTHh
3a/ady cuHTe3y 1y cucremu Pocciepa. B ocHOBHOMY MU BHKOPHCTOBYEMO JBa KOMIIO-
mentu. [leprmuii crocyerbesa 3aranbHOl Teopil ¢dyHKIII KepoBanocTi. JIpyruit KoMmoneHT
- me ciM’s oOMeKeHUX TO3MILITHIX KepyBaHb, fKa OyayeTrnhcs B miit poboti. Ha Bimminy
Bij momepemnix pobiT momo crabimizamnii 3a CKiHYeHuil 9ac, MU MPOMOHYEMO SBHY CiM’i0
0oOMexKeHNX KepyBaHb, MOOYI0BAaHY 3 ypaxyBaHHSIM JHINe HesiHiinocTi cucremn Poccie-
pa, dKa € KBAAPATUIHOI (PYHKIHEH. 3a JOMOMOro0 Meroay (byHKIHI KePOBAHOCTI, KA
€ dyukmieo tumy JIAmyHosa, OIMIHIOETbCH CKiHYEHHMIT Yac, MOTPIOHUN /11 [TOCATHEHHS
Oaxkanoi Toukm piBHOBarm. L{10 OIiHKY OTpUMAaHO /st JOBIIBHO 33JaHOI MEXKi KepyBa-
HHS,a TAKOXK HABEJEHO Bi/IMOBIIHY MHOXKWHY MOYATKOBUX YMOB /I JIOCATHEHHS METHU
kepyBanus. Lleit miaxinx moxe OyTu TaKOXK PO3BUHYTHH [jis Oy/Ib-sKOI KEPOBAHOI CHCTE-
MH, JIiHIfIHA 9acTUHA SKOI € MOBHICTIO KEpPOBAHOIO, a 11 Bi/IMOBI/IHA HeJiHifiHA YacTHHA, -
JINIUIeBo0 PyHKIHEID B OKOJIL TOYKHM PIBHOBAru. Y CBOIO YEPIYy, I TEXHIKA MOxKe OyTu
peaJii3oBaHa fK IHCTPYMEHT KepPyBaHHS XaOCOM.

Karwuosi caosa: Cucrema Poccnepa; dyukilis kepoBanocti Kopobosa; obMexeHe kepy-
BaHH#A; CTabLII3aIlisa 38 CKIHYEHHWH Jac.

A.E. Choque-Rivero, Graciela A. Gonzdlez, E. Cruz Mullisaca. Korobov’s controllabi-
lity function method applied to finite-time stabilization of the R&ssler system
via bounded controls. Rossler system has become one of the reference chaotic systems.
Its novelty when introduced, being that exhibits a chaotic attractor generated by a si-
mpler set of nonlinear differential equations than Lorenz system. It develops chaotic
behaviour for certain values of its parameter triplet. The issue of controlling Rdssler
system by stabilizing one of its unstable equilibrium points has been previously dealt
with in the literature. In this work, control of the Rdssler system is stated by consi-
dering the synthesis problem. Given a system and one of its equilibrium points, the
synthesis problem consists in constructing a bounded positional control such that for any
20 belonging to a certain neighborhood of the equilibrium point, the trajectory z(t) initi-
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ated in 2 arrives at this equilibrium point in finite time. Namely, by using V. I. Korobov’s
method, also called the controllability function method, a family of bounded positional
controls that solve the synthesis problem for the Rdssler system is proposed. We mai-
nly use two ingredients. The first one concerns the general theory of the controllability
function The second ingredient is a family of bounded positional controls that was obtai-
ned in. Different from previous works on finite-time stabilization we propose an explicit
family of bounded controls constructed by taking into account the only nonlinearity of
the Rossler system, which is a quadratic function. By using the controllability function
method, which is a Lyapunov-type function, the finite time to reach the desired equi-
librium point is estimated. This is obtained for an arbitrary given control bound and
an adequate set of initial conditions to achieve the control objective is computed. This
proposal may also be developed for any controlled system for which its linear part is
completely controllable and its corresponding nonlinear part is a lipschitzian function in
a neighborhood of the equilibrium point. In turn, this technique may be implemented as
a tool for control chaos.

Keywords: Rossler system; Korobov’s controllability function; bounded control; finite ti-
me stabilization.
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wing-shaped helicopter blade
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In this work, the problem of generation BVI-noise by wing-shaped rotor blade
of a helicopter is posed and solved. Research completed for near and far sound
fields. In particular, it was discovered dependence of the distribution of density
pulsations on the longitudinal blade geometry, angle of attack and blade angle
to counter flow. Air flux speed increase promotes the generation of transverse
pulsations on the surface blade that dominate longitudinal pulsations in level.
The level of generated noise is in the range of 50dB < L < 60 dB, which is
5-6 dB lower than the noise of the Blue Edge blades, and also rounded blade
at its end.

Keywords: sound generation; wing-shaped helicopter blade; BVI-noise.

Jlyk’smos I1.B. Teneparfis BVI-uiymy kpuiaonoaibHoOr JonaTTio reJi-
komrepa. B pobori mocraBieno ta po3s’s3aHo 3amady renepariii BVI-mmymy
KPHUJIOBHIHOIO JIOMIATTIO POTOPA resikonTepa. Bupdena nopeainka OMMKHBIO Ta
JAJIbHBOTO 3BYKOBHUX MHOJIB. 30KPEMa, BHABJIEHO 3AJIEKHICTH PO3MOILIY IIyJIb-
caliifi ryCTUHU BiJ| IOB3/I02KHBOI reoMerpil Jionari, KyTa aTaku Ta KyTa IO-
CTAHOBKM JIOMATI 10 3yCTPIYHOrO TOTOKY. 301LIbITEHHS TIIBUAKOCTI MOTOKY, IO
Habirag, Cripusi€ 3apOKEHHIO MOTIEPEYHUX MMyJIbCAIll HA MOBEPXHI JIOMATI, KO-
Tpi 3a piBHEM JIOMIiHYIOTH HAJI MOB3JO0BXKHUMH MYJIbcallisiMi. PiBeHb 1Iymy, 110
reHepyeTbes, 3HaxoauThes y mmanaszoni 5016 < L < 60 16, mo HmKde HA
5-6 16 piBus Blue Edge sonari, a Takoxk 3akpyriieHol jomari.

Kmovosi caosa: TeHepaliis 3ByKy; KpUIOBUIHA JIONATH refikonTepa; BVI-mrywm.

JIykbanor I1.B. BVI-urym KpblIOBHU/IHOI JiIomAacTU pPOTOpa BepPTOJIETA.
B pabore mocrassena u periena 3amada renepanuu BVI-mryma kpbuioBumHO
JIONACTHIO POTOpa Beproséra. VI3yueHo mosemenne OJIMAKHETO U JAJTHHETO 3BY-
KOBBIX moJieit. B gacTtaocTu, oOHapyKeHa 3aBUCHMOCTH DPACIIPEIEICHUS IIyiIb-
canuii IJIOTHOCTH OT IPOJOJILHON I'eOMEeTPUH JIOMACTHU, YIJIa ATAKU U YIJIa I0-
CTAHOBKH JIOMACTH K BCTPEYHOMY TIOTOKY. ¥YBEJUUEHNE CKOPOCTH HADETAIOIIEr0
MMOTOKA CITOCOOCTBYET 3apOXKIEHWIO TOMEPETHBIX IMyJIbCAIIMI HA MOBEPXHOCTH
JIONACTH, KOTOPBIE [0 YPOBHIO JOMUHUPYIOT HAJT TPOIOJLHBIMY MYJIbCAIUSIME.
Yposens remepupyemoro iryma Haxomgurces B mmanazone 50 116 < L < 60 6,
gro uuxke Ha -6 /16 myma Blue Edge nonacru, a takxke 3akpyri€Huoil Ha
KOHIIE JIOTIACTH.

Karouesvie caoea: renepaims 3ByKa; KpPbLIOOOpa3Hasi JIOMACTh BEPTOJIETA;
BVI-mywm.
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1. Introduction

Current requirements of ICAO standards force us to search for new modificati-
ons of the rotor blade of the helicopter, which would allow reduce BVI noise. This
type of noise is most expressed at moderate and low flight speeds (maneuvers)
and dominates other noise of aerodynamic origin. As established in early studies,
the vortex noise has a quadrupole character and substantially depends on the
longitudinal geometry of the blade, the angle attack and the angle of the blade
to the oncoming stream.

In earlier studies [1], [2], the main emphasis in modeling low noisy blades
was given to variations in the shape of the end of the blade, starting from
z = 0.8 R, which made it possible to reduce the vortex noise for a number of blade
tips. The end part of the blade is responsible for the formation of the attached
vortex. Therefore, its variation allows, to one degree or another, to influence the
interaction of this vortex with the blade, generating of BVI noise. However, the
shape of the rest of the non-terminal part of the blade can also influence the
process of the formation of vortex noise in general. Recently, a lot of attention
has been paid to the study of this issue in the company "FEurocopter" - the world
leader in helicopter manufacturing [3], [4]. The same research also involved in
"Airbas". The noise of the blades of a modified shape along the span has been
studied for today. The blade has up to the middle a straight shape, and then it is
bent twice, more - closer to the outer end. The second modification of the blade is
sin-shaped blade [5]. The noise of the sin-shaped rotor was 3-5 dB lower than that
of the rectangular-shaped rotor. The third blade shape modification represents a
wing of the bird that is not fully spread, that is, in its incomplete scope. This
form of the blade is called wing-shaped blade. In particular, it was noted [3], [6]
that the double swept blade is quieter by 6 dB than the blade without bending,
has improved flight qualities.

Research in this direction is new, with a certain commercial interest, and
in connection with this, the mathematical statements of the problems are not
given in these works: all publications are limited only to indicating software
packages developed earlier in well-known research centers ONERA, DLR, external
demonstration of the shape of the blade.

In the present work, the problem of modeling noise with a wing-shaped type
blade has been posed and solved. The blade has two expressed bends along its
span, which give it the shape of an incompletely spread bird wing, that is, a
pterygoid. The problem is solved in a three-dimensional non-stationary formulati-
on. A comparative analysis of the results of numerical calculation of the near and
far sound fields for a given blade and the calculated data for a rounded blade
without double bending is presented. The comparison of the generated noise level
of the pterygoid (wing shaped) blade with the blade rounded at the end, as well
as the noise level data for Blue Edge blades are presented in [3].
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2. Problem setting

Suppose we have a rigid double-swept blade along span, Fig.1, resembling the
shape of an incompletely straightened bird wing. The distance from the butt to
the outer end the blade remains equal to the length R of the unbent blade. If
pass along the curve of the bend of the blade, then the length of the curved blade
along this curve will exceed R.

0 X
Fig.1: Double-bent wing-shaped blade.

For the mathematical formulation of the problem, we use a rectangular
Cartesian coordinate system Ozyz. Moreover, we assume that on the front edge
of the blade runs a swirling stream with Taylor distribution:

Vp = Vem;expl—“/"c)? (1)

C

and at the outer, with respect to the axis of rotation, end of the blade, the attached
Scully vortex is induced:

r=—, (2)

where r, 0, r. is the radial coordinate, azimuthal the coordinate and radius of
the vortex core, respectively. Values Vyae, Uso vary along the blade. The blade
in the plane of rotation is rotated by an angle a relative to the direction of its
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scope, and set at an angle of attack v to the oncoming stream. Thus, the overall
picture of the flow similar to the situation for a rectangular blade [7].

The whole problem is divided into aerodynamic and acoustic parts. The
aerodynamic problem is a system of equations, simulating an ideal compressi-
ble flow around the blade. In dimensionless form it will be written [8]:

8u+ /87u+)\ /87u+£ ,Ou'
or 0¢ on R 5’(
1 8p
R @)
871)_1_ /671]_’_)\ /8’0 1 /87)
ar " e on T ar" ac T
e 9p
_]\42/)/8777 (4>
8w +u /aw —|—)\C’U/8l+i /8711]/_
or 3 on ¢
1 op
__ARM2p/87C7 (5)

where AR = R/c is the "aspect ratio", that is the ratio of blade span and lenth
chords of s cross section, and

dop  Ap'u) apv) 1 apw)
- A — = 0. 6
or T o oy TAR ac (6)
where , u , v , w , D
YT T T T el
/ X z
=2 p=2A =2 5=kt
p = poo’ g Y, C Rv T

The first three equations (3)—(5) are the equations of motion in the form of
Euler, and (6) is the continuity equation. Here ¢, R, A, k is the length chords of
the blade, radius of the blade, thickness parameter, time parameter, respectively,
M is the Mach number, AR = R/c is "aspect ratio". The oncoming stream runs
at the blade at a speed Uy. Since the blade is rigid, then on its surface S normal
velocity vector is zero:

6n|S =0. (7)

Equations (3)-(7), together with the distributions of the Taylor and Skully
vortices (1), (2), form an aerodynamic problem.
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The acoustics problem is based on the following system of two equations [9],
[10]: )
0 _ 292 — div p(Vv - V5 + (¥
Gz VP = iv[p(Vv-Vg+ (V x v) X
2
XV +v-VE) + 7 (Vo + (V x v) x V)

+ div(v - div(pV@ + p v)) — div(p F) +
+ div(V@ - divpv) + Va2 - V' (8)

op . :
8—§+pv2@+V¢.Vp+ﬁdlvv+v.Vﬁ:0, 9)

The first equation (8), in terms of density pulsation in sound wave, is an
equation describing the generation of sound and its propagation. Equation (9) of
the system is obtained from the continuity equation and closes the system with
respect to two acoustic unknowns ,6/, @. We consider that before the interaction
of the blade with the flow and vortices, small pulsations of the flow are absent,
i.e. pli=0 =0, @li=0 = 0.

3. Method of problem solving

Since the above problem is similar to the problem for the blade without
bending, then for it was taken as a basis a program using numerically-analytical
method [11], [12]. This program has been modified taking into account variations
in the geometry of the problem being solved. The change in the shape of the
blade made the grid slightly thicker in the cross section of the blade: here on
the dimensionless coordinate 85 points were set along the chord, and for a blade
without double bend, recall, there were 80 of them. An increase in the number of
points along the span of the blade was not necessery.

4. Near field

To determine the effect of double bending on the generation of BVI noise
consider a wing-shaped blade along the span, section which y = x(1 — x) and
the relative thickness 4 = 0.1. Since this modification of the shape of the blade,
it is assumed will have a certain effect on the BVI noise, then we choose the
Mach number M = 0.2; 0.4. For large Mach numbers (M > 0.4) the noise is
not is predominantly vortex-type noise. Choose the following the angles of setting
the blade to the oncoming flow o and angles of attack v: a = 60°, 90° and
v =5° ~v=10°.

Figure 2a, M = 0.2, v = 5°, a = 60°, shows the dimensionless pulsations of
the density ﬁ/, characteristic the feature of which is the presence of two clearly
defined smooth peaks in front of the blade. These peaks prevail over the rest of
the ripple field ,6’. Their shape is associated with the shape of the envelope of
the leading edge of the blade. Therefore they were not present for a rectangular
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blade with a rounding at the end [13]. It should be noted that in some areas
of the blade sharp local peaks appear, which indicates the existence of clearly
defined zones of flow instability. All the above disturbance zones ,6/ indicate intense
sound in these areas of the blade. Behind the first two smooth peaks, a whole
ridge of waves "crests" is observed. Its "crests" are 2-3 times lower than the
first main highs. Behind the second series of peaks, closer to the center of the
blade, several consecutive wave crests are observed that are lower the second
of these longitudinal series of peaks. Thus, we have three series of longitudinal
perturbations decreasing in amplitude and, in addition to of this, two locally
expressed transverse, at z = 0,0.5R, zones instability. For the angle a = 90°,
Fig.2b, the wave picture not substantially changed on the leading edge of the
blade. However, noticeable slight decrease in the level of the 2nd and 3rd series of
peaks, as well as significant attenuation of transverse perturbations at z = 0,0.5R.

Fig.2:

Fig.3: Dimensionless acoustical density, M = 0.2, v = 10°: a) a = 60°b) o = 90°.

With an increase in the angle of attack v = 10°, Fig.3a, two smooth peaks
of the 1st series are practically unchanged, and the series following it ridges of
a smaller size are no longer as smooth as in case v = 5°, which indicates the
origin of zones instability. Indeed, we see three transverse zones instabilities, at
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z =0, 0.5R, R, with locally expressed bursts. For a = 90°, Fig.3b, these local
disturbances fade out and the picture as a whole resembles the case v = 5°,
o = 90° with only a few slight differences.

An increase in the Mach number M = 0.4, Fig.4-5, led to a sharp activation of
transverse perturbations ﬁ/, Fig.5a: they are in 1.5-3 times superior in amplitude
to the maximum longitudinal disturbances. For the angle @ = 90°, Fig.bb, the
situation is next: there are two local transverse bursts disturbances, however the
remaining smaller bursts are already less expressed. Thus, if the blade is not
located perpendicular to the oncoming flow, & = 90°, and under some angle,
for example a = 60°, then the transverse disturbances are realized of a larger
magnitude. Increased angle of attack also contributes, Fig.5, to the formation
of zones of transverse disturbances p . This is especially expressed in Fig.5a: a
number of local bursts, the maximum of which is located in the center of the
blade, £ = 0.5, clearly shows two series of transverse perturbations of p . These
perturbations for the case o = 90°, Fig.hb, as already set above, fade out.

Fig.5: Dimensionless acoustical density, M = 0.4, v = 10°: a) a = 60°,b) o = 90°.
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5. Far field

To study the behavior of generated far-field noise we use the integral
representation of the far field [8], [10]:

194 1 ORO¢ . I(1/R)
/[R on + Ras, On Ot ¢ on ]t*ds
S

F

—M? /[R]t*ds = d7¢ (z,t1), (10)
S

where
F=p[(V¢-V)o+ (0-V)-Vo|+p (5-V)o +
+0 - div(pV + p ©) + Vdiv(pv).

However, the directly numerical values of ¢ are not interesting. The sound
pressure level L is important, which is calculated from the received data of ¢,
its derivatives. It should be recalled that the integral representation of the far
field 10 includes only those sound sources that contribute to the integral over
a considerable distance from the surface of the blade, that is, in the far field.
Secondly, this representation is derived from Kirchhoff’s famous approach, the
essence of which is that sound potential at a given fixed point integrally depends
on the distribution of sound sources throughout the blade. In fact, it does not
reflect a local disturbance, but the interference sound in general. Therefore, the
graphs of sound pressure level L, which are given below, are not separate local
perturbations, but nonlinear sound wave. Below are the graphs of sound pressure
level L and their analysis.

Changing the shape of the blade along its wingspan in the form of a wing
allowed distribute the energy of the generated sound wave more evenly throughout
the entire blade, Fig.6a. In addition, it can be seen that along the span of the
blade, the sound wave has a nonlinear shape with alternating maximums and

Fig.6: Standard pressure level, M= 0.2, v =5 a) a = 60°% b) a = 90°.
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minimums of L. The maximum value of L does not exceed 60 dB and is located
not on the outer, with respect to the axis of rotation, end of the blade, but its
central part. On the outside at the end of the blade there is a lower value of L. The
same situation is also observed for a = 90°, Fig.6b, so the only difference is that
for 0.5R < z < R the level of L is somewhat higher, and the maximum-minimum
difference decreases.

For the angle of attack v = 10°, Fig.7a, the maximum of L at the end of the
blade is close to the other two maxima, that is, a significant decrease in L at the
end of the blade is not achieved. However, the overall picture of the distribution
of the noise level is such that 50 dB < L < 60 dB. This suggests that the wing-
shaped blade is not noisy. Less noisy is the part of the blade in the region of
z = 0.3R. For a = 90°, Fig.7b, the maximum of the noise level is lower by about
5 dB than for the case a = 60°, in the region of the outer end of the blade. Note
that for the angle of attack v = 5° the blade with a rounded edge generates noise
at about the same level as the wing-shaped blade. And for the angle of attack
v = 10° the noise level of a blade rounded at the end higher, about 66-67 dB,
than the wing-shaped blade.

For the Mach number M = 0.4, v = 5°, Fig.8, the noise level reaches values
of 80 dB in the region of z = 0.7R — 0.8R, which indicates the dominance of
rotation noise over vortex noise. According to Gutin [14] the maximum rotation
noise should be located in this area. In the rest of the blade, closer to its ends, the
behavior of L is similar to the case of M = 0.2. For the angle of attack v = 10°,
Fig.9a, the pressure wave has a locally expressed maximum in the region of
z = 0.8R to 80dB, which gradually decreases, to the butt, to 60dB. The
prevalence of rotational noise is clearly visible here. The same situation was
observed for the blade with a rounding at the end. At the same time, for the
angle a = 90°, Fig.9b, the vortex nature of noise reappears: the noise level is not
exceeding 60 dB, more smoothly distributed along the blade than in case M = 0.2.
It is noteworthy that for a fixed value of the coordinate z along the span of the
blade the pressure level in the sound wave varies within 2 dB. However, on the
L charts due to the significant difference in L this is practically not noticeable.
In absolute terms , not in dB, this difference means a tangible, tens of percent,
variation sound potential.

Let us compare the obtained pressure level data with the available data [3]
for the Blue Edge blades. Recall that the Blue Edge blade generates noise in the
range of 50dB < L < 65dB. The wing-shaped blade considered in this work
for most design situations showed a noise level of no higher than 60 dB. Only in
certain design situations rotation noise exceeds vortex noise.

As for the spectrum of the generated noise, it should be noted following
features. The envelope in the noise spectrum is more broken for lower values
of Mach numbers, M = 0.2, and smaller angles of attack, v = 5°. For M = 0.4,
v = 10° envelope smoother. The envelope shape clearly shows the zones greatest
sound generation along the blade. Also, judging by the level individual harmoni-
cs, it can be seen that the main noise energy in the frequency the spectrum is
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Fig.12: Spectral pressure level (dB), M = 0.4, v =10% a) o = 60° b) o = 90°.
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concentrated in the first 5-7 harmonics, Fig.10-12. The angle of attack v = 5°
is characterized by the appearance high-frequency harmonics, f ~ 840 Hz, in
the spectrum. Note that a similar situation has already been observed for the
rectangular blade [15], but there the frequency was close to f =~ 700 Hz. Estimated
in the work data are consistent with currently known estimates and experimental
results: BVI noise is in the range close to 60 dB [3], and the rotation noise above
it by 15-20 dB, i.e. varies in the range of 80 dB [16].

6. Conclusions

1.The problem of generating BVI noise is posed and numerically solved for
double-bent wing-shaped blade, interacting with swirl flow.

2. The near field calculated data found the following interesting features. In
the near sound field a longitudinal series of two smoothly distributed peaks is
clearly visible, displaying the longitudinal bend geometry of the blade that are
not previously observed for a rectangular blade. These peaks are present in all
considered numerical situations. For this a series of two more longitudinal series of
smooth peaks are observed. Each of these series of peaks is 1.5-3 times smaller in
amplitude of the previous series. In addition to the longitudinal series of acoustic
density disturbances the appearance of 2-3 transverse series of locally expressed
peaks is fixed. These series dominate in amplitude with increasing Mach number
and angle of attack of the blade.

3. The results of the calculation of the far field showed that the blade wing-
shaped generates BVI noise in the region of 60 dB, which is 5-6 dB lower noise Blue
Edge blade. This suggests that the wing-shaped blade can consider low noise: only
in certain settlement situations it turned out that the generated noise is rotation
noise, with elevated level, on a certain part of the blade.

4.The obtained calculation results are consistent with the available calculated
and experimental data of other authors.
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JIyk’sinos I1. B. BVI-mmym kpuiioBugHOT jomaTi poropa resgikonrepa. [Ilym aepo-
JWHAMIYHOTO TTOXOIKEHHS CKIIAJAETHCS 3 PSIy KOMIIOHEHT, CepeJl IKUX MyM OOepTaHHS
Ta BuxpoBwit mrym, BVI-noise, marorh Hailbiibinii BHECOK y 3arajbHUN PiBEHb IIyMYy,
o remepyerbesd. lym obepranHHs 3a7€KUTh Bi/l BEIUYIWHY ITBUIKOCTI MOTOKY, IO Ha-
Oirae Ha JONaTh, TA MPEBAJIOE HAJ IHIIMMHU CKJIATOBUMU IIyMY MPH 3HAYHUX YUCIAX
Maxy obrikamms jomari. Ha Bigminy Bim mrymy obepTanHsI, BUXPOBHUI IIyM IMIPOSBJISE-
ThCS MPU HEBEJIMKUX MIBUIKOCTSAX TOMBLOTY TeMiKOTTEPY, MOMipHUX yucaax Maxy. ¥ ##oro
dopmyBaHHI BaXKJWBY POJIb Bifirpa€ MOB30BXKHs reoMmerpis jomari. Tomy y ocrammiit
qac ¢GopMy JIOIATI reIiKonTepa BHOMPAIOTH OMMU3BKOI 10 ICHYIOYHX TPHPOTHUX (GopM,
sKi MarcuMasbHO 30anmancoBani. QHie0 3 Takux Gopmu MoxKe OyTH KPUIOBUIHA JIO-
nark - "wing-shaped blade". B naniit po6oti nocrapiieHo Ta po3B’s3aHO 3a/1ady reHeparii
BVI-mymy kpmjioBHAHOIO JIOTATTIO POTOpa rejikomnrTepa. MaremarwdaHa MOIeNIb 3a1a-
4qi moOyI0BaHa, HA 3AMPOMOHOBAHIN paHile aBTOPOM Ta YCHINIHO MEpEeBipeHiit cucremu
PiBHSIHb aepPOaKyCTHUKH JIJIs 3arajbHOro BN IKy. Po3paxynkoBuMmu hyHKIiIMEU y naHii
cucTeMi € TyJabcarlii 3ByKOBOIO THCKY Ta 3ByKoBuil morenrian. Orpumani po3paxyHKOBi
JAaHI MUX BEJIUYMH, a TAKOXK I1X MOXITHUX, BUKOPHUCTAHO JJis HOCJiIKEHHS OJMKHBOIO
Ta JAJBHBOIO 3BYKOBUX II0JIiB, BUBYEHA IOBEIIHKA OJIM)KHBIO Ta JAJIbHHOI'O 3BYKOBHUX
mOIiB. 30KpeMa, BUSIBJIEHO 3aJI€XKHICTh PO3MOJLLY MYJIbCAINN TYCTUHA BiJl MOB3I0XKHBOT
reoMerpii JIomaTi, KyTa araku Ta KyTa MOCTAHOBKH JIOMATI A0 3yCTPIYHOrO MOTOKY. 301i1b-
MIEHHS MBUIKOCTI TOTOKY, IO HADIrae, CIpHUs€ 3apPOKEHHIO MONEPEYHNX MyIbCAlliil Ha
TIOBEpXHi JI0maTi, KOTpi 3a piBHEM AOMIHYIOTH HAJ MOB3IOBXKHUMHE mynbcamigmu. lika-
BOIO OCOOJTHBICTIO, TIOMIYEHOIO i1 YaC PO3paxyHKIiB, € Te IO, IO /s IOMIPHUX 3HAYEHD
yncia Maxy M = 0.2,0.3 icHYIOTH PO3PaxXyHKOBI CUTYyAaIlii, TPU TEBHUX KYTaxX TOCTa-
HOBKH JIOMATI 70 TOTOKY Ta KyTaX aTaKW, /1€ IIyM ODepTaHHs JOMIHYE HAJ BUXPOBUM
mymom. g 3nadens umcia Maxy M > 0.4 mym obepranHs Bifirpa€ OCHOBHY POJIb
y TeHeparii mymy JomarTio. PiBeHb miyMmy, M0 reHepyeThes, 3HAXOMUTHCA Y AUANA30H]
50 16 < L < 60 16, uro amxkdge ua 5-6 16 pisua Blue Edge sonari, a Takoxk 3akpyrienol
gionari. Kpim roro, migmiveno aktuBizaniio BUCOKOYACTOTHOT 00J1acTi y CriekTpi nrymy Ha
qactori f & 840 I'. Pe3yaprarn po3paxyHKiB KaxKyTh PO Te, IO JIOMATh KPUJIOBUIHOL
dopmMu € MaJIOIMIYMHOIO ¥ PEKUMI MAHEBPIB MPU MAJNUX IMBUIKOCTIX MOJIBOTY.

Karwnoei caoea: Terepariisi 3ByKy; KPUIOBUIHA JonaTh remikonTepa; BVI-mym.

P. V. Lukianov. BVI-noise of wing-shaped helicopter’s rotor blade. Aerodynamic
noise includes a number of noise components, among which rotational noise and vortex
noise (BVI-noise) make the largest contribution to the overall noise generated. Rotation
noise depends on the magnitude of the velocity of the incoming blade and prevails over
other noise components at significant Mach Mach numbers. Unlike rotation noise, vortex
noise is evident at low helicopter flight speeds, moderate Mach numbers. In the formation
of this type of noise,an important role is played by the longitudinal geometry. Therefore,
recently the shape of the helicopter blade is chosen close to existing natural forms, which
are as balanced as possible. One of these may be a wing-shaped blade. In this work,
the problem of generating BVI noise by the wing shaped blade of a helicopter is posed
and solved. The mathematical model of the problem is constructed on the previously



Bicuuk XHY, Cep. «MaremaTuka, IpuKIaIHa MaTeMaTuKa i Mexadikay, Tom 91 (2020) 35

proposed by the author and successfully tested system of aeroacoustic equations for the
general case. Estimated features in this system are pulsations of sound pressure and
sound potential. The calculated data of these quantities, as well as their derivatives,
were used to study near and far sound fields. In particular, the dependence of the density
ripple distribution is revealed from the blade geometry, the angle of attack and the
blade angle to the oncoming flow. Increasing flow velocity contributes to the emergence
of transverse ripples on the surface blades that dominate the longitudinal ripples by
level. An interesting feature noticed in the calculations is that there are calculations for
moderate Mach numbers M = 0.2,0.3 situations, at certain angles of blade placement to
the stream and angles of attack where rotation noise dominates eddy noise. For values
Mach numbers M > 0.4 rotation noise plays a major role in blade noise generation.
The noise level generated is in the range 50 dB < L < 60 dB, which is lower by 5-6 dB
for the Blue Edge blade, as well as the rounded blade. In addition, activation of the
high-frequency region in the frequency spectrum of noise was observed f ~ 840 Hz. The
results of the calculations show that the blade of the wing-shaped is low-noise in the
mode of maneuvers at small flight speeds.

Keywords: sound generation; wing-shaped helicopter blade; BVI-noise.
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It is considered the mathematical model which describes the processes of
liver regeneration with homogeneous approximation. Numerical calculations
revealed that the mathematical model corresponds to biological processes for
different strategies of liver regeneration. Based on the calculations in the case
of partial hapatectomy it is concluded that the mixed strategy of regeneration
should be used for regeneration process.

Keywords: mathematical model; liver regeneration; numerical experiment.

Kapesa B. B., JIbsos C. B., Aptioxosa JI. II. Pi3Hi crparerii B mporecax
pereneparii nedinku. YucejabHi eKCIEepUMEHTH Ha MaTeMaTAIHINA MO-
medti. Y poboTi pO3IJISHYTO MaTEMATHIHA MOJEJIb, KA OMUCYE MPOIECH pere-
Hepariil Iedinknd B ogHOpiaHOMY HabmmKeHHi. [loka3zaHo, Mo JaHa MOJEb IPH
PI3HMX CTpaTerisgx pereHepariil mediHku Biamosimae Giomoriuaum mporecam. Ha
OCHOBi BUKOHAHUX O0YUC/IEHD Y BUAMAJIKY IaCTKOBOI ramaTekToMii 3po0IeHo Bu-
CHOBOK, IO TPU pereHepariii meviHKW MOBUHHA BUKOPWCTOBYBATHUCS 3MilIaHa,
CTpaTerisi pereHeparii.

Kaowosi crosa: MaTeMaTUIHA MOJIENIb; PETeHEPAIlisd TMeYiHKN; YMCeTbHUN eKC-
[IEPUMEHT.

Kapesa B. B., JIseos C. B., Aptioxosa JI. I[I. Paznuunuble crparernu B
mporeccax pereHepanuu rnedyeHn. UunciieHHbIe KCIIEPUMEHTHI HA Ma-
TeMaTn4deckoii mozesin. B pabore paccMorpena MareMaTrwdecKash MOIENb,
OMMCHIBAIOIIAS MIPOIECCHI PEre€HePAIUU IMeY€HN B OJHOPOIHOM IPUOJIMKEHUH.
Ilokazano, 4T0 naHHAS MATEMATHYECKAs MOEJb IPHU PA3JIUIHBIX CTPATErUIX
pereHepaliu MevYeHn COOTBETCTBYET OMOIOTHYIECKUM Tporieccam. IIpomenanubie
BBIYUCJIEHUS B CJTyYae YaCTUIHON TrarmaT3KTOMUN IEMOHCTPUPYIOT, UTO TPHU pe-
reHepalyuu MeveHn JI0JIZKHA, UCTIOIB30BAThCS CMEITaHHAsA CTPATETUS PereHepa-
[IAH.

Karouesvie caosa: maremarndeckas MO/IE/Ib; PErEHEPAIS [1€Y€HU; IUCIEHHBII
IKCIIEPUMEHT.
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1. Introduction

In biology and medicine mathematical methods and models are emerging as
one of the main tools for obtaining new data on biological systems, their analysis
and explanation of the phenomena observed in the experiment. In some cases
mathematical methods and models make it possible to find new functions and
new phenomena in biological systems as well as to predict their behavior.

Liver regeneration is one of the most captivating phenomena in medicine
that has fascinated clinicians, surgeons, and scientists who have observed this
apparently supernatural process and studied its mechanisms for many years. The
liver is a large, meaty organ and possesses multiple substantial functions in the
human body. The identification of the main dependencies and relationships that
determine the strategy of liver regeneration is one of the main problems in the
regenerative medicine. One way to solve this problem is to develop adequate
mathematical models that describe the processes of liver regeneration |1, 2, 3|.

The article deals with the mathematical model that qualitatively describes the
processes of liver regeneration in explicit dependence on the control parameters
[4]. Developed "toy model"represents the processes of replication, polyploidizati-
on and the formation of binuclear cells, hyperplasia, and effects of toxic factors,
apoptosis, cell death and the effects of secondary toxicity, the protective reacti-
on of cells and process of detoxification for cells of a generalized parenchymal
type. Numerical calculations confirm that the mathematical model corresponds
to biological processes for different strategies of liver regeneration.

2. Review of mathematical model

There are two events in which the liver has the capability to regenerate, one
being a partial hepatectomy and the other being damage to the liver by toxi-
ns or infection [10]. Earlier, we have developed a "toy model"of controlled liver
regeneration processes in the homogeneous approximation under conditions of
mild toxicity or partial hepatectomy [4].

The model is a system of discrete controlled equations of the Lotka —
Volterra type with transitions. These equations describe the controlled competi-
tive dynamics of liver cell populations’ (hepatic lobules) various types in their
various states and controlled competitive transitions between types and states.

The liver regeneration occurs due to hyperplasia, replication, polyplodia
processes and division of binuclear hepatocytes into mononuclear.

Let us consider:

1) The dynamics of populations of liver cells is given by the equation:

T(t+1) = f(@(t), 7(t), A(2)), (1)

Tox(t) = DP(t) + 7(t), (2)
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where Z(t) - types of functional liver cells at moment ¢, 7(¢) - given function of
external toxicity, A(t) - control parameters, DP(t) - internal toxicity due to the
toxicity of the decay products as a result of necrosis.

The generalized liver function index is ®(t) = > 7" ¢i(z4(t), 7(t)), where ¢; -
own index of functionality for cell type x;(t). 0 < ®(¢) < 1, where 0 denotes a
dead organism and 1 is the most functional organism.

2) The change of the organism’s functional state is described by the equation:

O(t+1) = U(7(t), D(t)). (3)

As the main functional cells we consider only various types of hepatocytes. The
functionality of the liver increases with replication, binuclear division, hyperplasia
and under the influence of toxic factors it falls.

In the proposed model the liver structure is described by the following
parameters: normal hepatocytes; diploid hepatocytes; tetraploid hepatocytes; bi-
nuclear hepatocytes; hepatocytes in a state of hyperplasia, apoptosis and necrosis.
Toxic factors are also given: the external toxicity and the secondary toxicity due
to decay products of necrosis.

The dynamics of the system is determined by the following control parameters:
a(t) - the number of hepatocytes which proceed to the replication; b(t) - the
number of hepatocytes which proceed to polyploidy; bo;(t) - the number of
hepatocytes which are initiated into binuclear cells; ag;(t) - the number of
hepatocytes which pass from binuclear hepatocytes per division; g(t) - the number
of hepatocytes which proceed to hyperplasia; w(t) - the number of hepatocytes
which proceed to controlled apoptosis.

A distinctive feature of this model is that in controlled competitive dynamics
it explicitly takes into account significantly different characteristic times of the key
processes depending on the current level of toxicity. For example, the replication
time is 24-36 hours, the transition to polyploidy - 12-18 hours, hyperplasia - 6-8
hours, the division of binuclear hepatocytes - 1-2 hours. The toxic factors can
significantly increase process times.

3. Numerical results and discussion

The liver has the capability to regenerate after a toxic injury. The pharmacologi-
cal model is easier to be executed with a greater clinical relevance as it induces
a necrotic injury that simulates certain liver diseases. These properties made this
model an acceptable option to study liver regeneration. However, raising the toxin
concentration can induce acute liver injury while repeated administration of the
toxin can lead to liver cirrhosis. Moreover, the systemic and local effects of the
toxin depend on doses, animal species, etc [5, 6].

In the proposed mathematical model the process of liver regeneration occurs
due to replication process, hyperplasia, polyplodia, division of binuclear cells and
controlled apoptosis. All these processes are necessary for adequate modeling of
liver regeneration.
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For example, single and constant toxic functions show that the above processes
are not able to cope with the toxic factors that are accumulated in the body. The
process of the body’s functional state restoring requires the non-trivial strategy
of liver regeneration.

Firstly consider the replication process of hepatocytes for such cases:

(A) Tox(0) = Const,Tox(t) =0,t =1,2,...
(B) Tox(t) = Const,t =0,1,2,...
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Fig. 1. The body’s functionality restoring due to the replication process
in the case of single (A) and constant (B) toxic functions.

As shown in Figure 1.A; the time of the body’s functionality restoring due to
the replication of liver cells is between 32 and 48 hrs. In Figure 1.B it is shown
that the body’s functionality is gradually reduced due to toxic factors. Note that
after 30-40 hours the body’s functionality slows down when hepatocytes end the
replication cycle. However, as illustrated in Figure 1.B, the replication of liver
cells is not able to cope with the growing effect of toxins. In addition to external
toxic factors, the decay products of necrosis also have a negative effect on liver
cells.

Figures 2.A and 2.B display how the hyperplasia process copes with single and
constant toxic functions. Since hyperplasia lasts about 1 hour, the functionality
restoring in case (A) occurs almost instantly. But Figure 2.B shows that the
hyperplasia process does not cope with prolonged toxicity. It is based on the fact
that the cell is unable to grow indefinitely. Therefore, after the liver cells have
exhausted their growth resource, it will begin to die gradually.
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Fig. 2. The body’s functionality restoring due to the hyperplasia process
in the case of single (A) and constant (B) toxic functions.

Next consider the liver regeneration process due to the division of binuclear
cells. Figure 3.A shows that after 6-10 hours the body’s functionality is restoring.
However the number of binuclear cells in the liver is limited; once all the binuclear
cells have separated, the liver will not be able to regenerate. Thus, the liver is
destroyed by toxins.
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Fig. 3. The body’s functionality restoring due to the division of binuclear cells
in the case of single (A) and constant (B) toxic functions.

The polyplodia process is similar to the replication process. So that conclusions
can be made similar. The functionality restoring due to the polyplodia process is
in Figures 4.A and 4.B.

Thus, it is shown that the process of liver regeneration is a complex component
process.
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Fig. 4. The body’s functionality restoring due to the polyplodia process
in the case of single (A) and constant (B) toxic functions.

Induction of liver regeneration by two-third hepatectomy is the most common
experimental rodent model used to study this outstanding phenomenon [7]. In
order to build a mathematical model for regulation of the regenerating liver after
partial hepatectomy, some basic specifications and abstractions of the biological
scenario are required.

Following resection, the remaining hepatic tissue proliferates and expands in
size to retain the original mass of five lobes within 57 days. The peak proliferation
time is after 24 hrs in rat whereas, in mice, it is between 36 and 48 hrs |9, 11]. The
latter study indicates that liver growth is driven by lobule growth rather than by
change of lobule number [8]. At a later remodeling phase liver lobes reorganize
into lobules of normal size via restructuring [12].

1.2
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Fig. 5. The body’s functionality restoring after partial hepatectomy.
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We simulated the liver regeneration following 70 % hepatectomy. We modeled
three regenerating modes of response to hepatectomy (Fig. 5): delayed, suppressed
and enhanced. The obtaining calculations correspond to the biological regenerati-
on process [14].

4. Conclusion

The results of the performed numerical experiments showed that indivi-
dually regeneration processes are not able to cope with the toxic factors that
are accumulated in the body. The process of the body’s functional state restori-
ng requires the non-trivial strategy of liver regeneration. Numerical calculations
revealed that the mathematical model corresponds to biological processes for di-
fferent strategies of liver regeneration. Based on the calculations in the case of
partial hapatectomy it is concluded that the mixed strategy of regeneration should
be used for regeneration process.

Currently we are assume to expand and clarify this model. In particular, to
expand the nomenclature of the main cells types and their states, taking into
account zoning; add the processes of ductal reaction, development of fibrosis and
cirrhosis; clarify the processes leading to damage the liver cells and etc. This
model is the basis for the verification of the principles and criteria for optimal
regulation of liver regeneration processes.
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Jlorku-Bosibreppa, piBusinna Jlorku-Bosbreppa 3 3amisainumu aprymenramu, iHTerpo-
maudepentianbui piBHgauasg Bomabreppa. Ilig wac po3pobku 1iei momesni 0ymo 3pobieHo
HACTYTHI TPUIYIIEHHS: OJHOPiTHE HAOIUKEHHS, HE3AJEKHICTH OIOJOTIYHUX MPOIECIB,
TIOMIipHHMI TOKCUYHUI BILJIUB. ¥ 3a/IaHifi MaTeMaTUdHi MO/ MPOIEeC pereHeparii me-
YiHKM 3JIHCHIOETbCA 3a PAXyHOK IPOIECIB peIuTiKariil, rineprniasii, mominaomfil, JiTeHHs
JBOSIEPHAX KJITHH 1 KOHTPOJBOBAHOTO amonro3y. Bci mi mpomecn HeoOximni mus ame-
KBaTHOIO MOJIEJIOBaHHsI pereHepaiii nedinku. Ha npukiaai oamHUYHOrO i moCTiiHOrO
TOKCHUYHOTO BIIJIUBY MOKA3aHO, IO OKPEMO BHUINEBKA3aHI MPOIECH HE B 3MO3i BIOPATHUCS
3 TOKCUIHUMEU (DAKTOPAMHU, SKi HAKOMUIYIOThCA B oprani3mi. [Iporec BimnoBmeHus dyH-
KIIIOHAJTBHOTO CTaHYy OPraHi3My BUMAra€ 3aBJIaHHS HETPHUBIATBHOI cTpareril pereneparii
nedinku, sika Oy/le BPAxOBYyBaTH yCi MOXKJIMBI ILIAXHU OLATPUMKY/BIIHOBJIEHHS JIMHAMI-
YHOI'O I'OMEOCTa3y Iedinku. JucesabHi PO3PAXyHKU BUSBUJIU, IO 33/1aHA MATEMATHIHA
MOJIEJIb TIPU PI3HUX CTPATErisX pereHepariil MediHKy BiAmoBimae GiOJOTIYHUM MTPOIECaM.
Ha ocHoBi BuKOHAHUX 00YUCIEHD Yy BUTIQIKY YACTKOBOI TamaTeKToOMil 3p00JIeHO BUCHOBOK,
IO TIpU pereHeparii mediHkyd MOBUHHA BUKOPHUCTOBYBATHUCS 3MillIaHA CTpATerisd pereHe-
parii. Hagasmi nepenbadaeTbes IOMUPUTH MATEMATHIHY MOJIE/Nb, 1100 BOHA BPaXOBYBaJIa
LPOLECU NIATPUMKY /BIAHOBJIEHHS AMHAMIYHOIO 'OMEOCTa3y NEYiHKHU, Kl BiAOyBalOTHCs
i/l BIUIMBOM CHJIBHUX TOKCHUHIB, TODOTO 3a JOIOMOIOI0 CTBOJIOBUX KJliTuH i (pibposy. A
TaKOXK TIJIAHYETHCS OOI'PYHTYBATH MPHUHITUIN i KPUTEPIl ONTUMAIHLHOCTI PETryJIalii mpo-
1eCiB MATPUMKHY /BiIHOBIEHHS THHAMIYHOIO FOMEOCTA3y MEYiHKH.

Kaono6i cro6a: MaTeMaTHIHA MOIEb; PereHepallis MeUiHKN; IUCeTbHIUNA eKCIIePUMEHT.

V. V. Karieva, S. V. Lvov, L. P. Artyukhova. Different strategies in the liver
regeneration processes. Numerical experiments on the mathematical model.
It is considered the generalized mathematical model which describes the processes
of maintaining / restoring dynamic homeostasis (regeneration) of the liver and obvi-
ously depends on the control parameters. The model is a system of discrete controlled
equations of the Lotka — Volterra type with transitions. These equations describe the
controlled competitive dynamics of liver cell populations’ (hepatic lobules) various types
in their various states and controlled competitive transitions between types and states.
To develop this model there were accepted such assumptions: homogeneous approxi-
mation; independence of biological processes; small toxic factors. In the mathematical
model the process of the liver regeneration occurs due to hyperplasia processes, repli-
cation, polyplodia and division of binuclear hepatocytes into mononuclear and controlled
apoptosis. All these processes are necessary for adequate modeling of the liver regenerati-
on. For example, single and constant toxic functions show that the above processes are
not, able to cope with the toxic factors that are accumulated in the body. The process
of restoring the body’s functional state requires the non-trivial strategy of the liver
regeneration. Numerical calculations revealed that the mathematical model corresponds
to biological processes for different strategies of the liver regeneration. Based on the
calculations in the case of partial hapatectomy it is concluded that the mixed strategy
of regeneration should be used for the regeneration process. Henceforward it is planned
to extend the mathematical model in the case of the liver regeneration, which occurs
under the influence of strong toxins, that is, using the stem cells and fibrosis. It is also
supposed to justify the principles and criteria for optimal regulation of the processes of
maintaining / restoring liver’s dynamic homeostasis.

Keywords: mathematical model; liver regeneration; numerical experiment.
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ITOPAEBCBHKINI BAYECJIAB IMUTPOBUY
do 70 — pinus 3 Ons Hapodorcers

B. 1. I'opaeecrkuit mapogusea 4-ro mucronaga 1949 poxky B M. Xapkosi, B
cim’T maremaruka Lopaescekoro Imurpa 3axaposuua Ta reorpada [opaeBcbrol
Paicu IlerpiBan.

B 1966 porii 3akinuams cepenmio dizuko-maremaruany mkoay Ne 27 m. Xapxo-
Ba Ta BCTYIHUB [0 MEXAHIKO-MaTeMaTHIHOr0 (aky/IbTeTy XapKiBCBKOIO yHIBEp-
curery. Ilicag #oro 3akinvenHsd 3 BiI3HAKOIO MPOIOBXKWB HABYAHHS B ACIipaH-
Typi Bimmiay MareMaTndHOl (pizukn PI3HKO-TEXHIYHOTO IHCTUTYTY HH3LKHX TEM-
neparyp AH Vkpaiau (3aB. sigginom — akagemik AH CPCP B.O. Mapuenxo).
3 1974 poky no HuHIIIHIA yac npairoe Ha Kadeapi MaTeMaTHYHOIO aHAJIZY
(3 2015 poky — dyHIAMEHTAJBLHOI MATEMATHKHN) XapPKIBCHKOrO HAIIOHAIBHOTO
yHiBepcuTeTy iMeri B. H. Kapazina.

Haykosa pignbnicts Bagecnasa JIMuTpoBrda movasacsd Ha CTAPITUX Kypcax

© V.D. Gordevskyy, 2020
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yHiBepcuTeTy I1iJ1 KepiBHUIITBOM npodecopa Bostogumupa Outekcaniposuya llep-
Ownu # Oysa nop’g3aHa 3 MATEMATUIHUMH IPOOJIEMaMU KBAHTOBOI TeOpii 1mo-
ag. B 1978 pormi BiH 3aXUCTUB KAHIWJATCHKY AUCEPTAINIO, MPUCBAYEHY CHUCTe-
MaM piBHSIHB I BEPIIUHHUX (DYHKIN T-eKCIOHeHTH, 10 OMHCYIOTH MPOIECH
ME30H-HYKJIOHHOI B3aeMoil. B mogambimoMy BiH 3aiiMaBCd AedKUMU TPUKIATHHA-
MU TUTAHHIMH, 30KPEMa, T€OPI€0 BUMIDIOBAHb Ta 00POOKHU CUTHAJIB, METOAMU
pozmizHaBaHHS 300payKeHb TOIIO.

B 90-7i poku munysioro cropivus B. /1. I'opneBchkuit mouas po3podiidTu HOBHI
MAXiT 70 po3B’I3aHHST MATEMATHIHUX 3319 KIHETHIHOI Teopil, aKkuMu 3aiiMae-
Thes i monmHi. OCcHOBHMM 00’€KTOM IHX JOCTIIKEHbL CTaJ0 HediHiiiHe iHTerpo-
mudepeniiaTbHe KiHeTuuHe piBHAHHs JI. Bonkiimana Ta meski #oro momgudikariii
(piBugnHa Bpaitana-Ilingaka tomo). Taki piBHAHHSA OOUCYIOTH B3aEMOJII0 BEJIH-
KOT KLIBKOCTI MOJIEKYJ1 pi3HOI npupogu (TBepai abo npyxkHi Kysi, HIOPCTKyBaTi
Ky i 1.in.). dag aux B poborax Bsdeciasa IMurpoBuda Ta B JUCEPTAIAX fOTO
YUHIB MOOYI0OBAHO TLTy HU3KY TOYHUX (MAKCBEJIBCHKUX) PO3B’SI3KIB, sIKi BIAMOBII-
AI0TH TAKUM CKJIAJHUM PyXaM rady siKk TBUHTH, CMePUl (TOPHAJ0), TPUCKOPEHHS-
VITJIbHEHHST 1 T. ., a TAKOK HAOJMKEHHX B CTPOromy ceHci (6imoaibHuX abo
faraToMoIabHIX) PO3B SI3KIB.

Pesyabratu ony6/ikoBani B 6araTrbox BITUM3HSAHUX 1 3apyOiKHUX BUIAHHSIX,
Ta go3sosusn fiomy B 2004 porii 3axucTUTH JOKTOPCHKY AUCEPTAIlifo Ha TeMy: «Bi-
MOJaJIbHI HabJuKeHl po3B’a3Ku piBHAHHA Boabmmanas. B 2011 pormi Bim 3100yB
3BaHHs 1podecopa. CBoOI HAYKOBY istibHICTH Badecaas JIMuTpoBud yCImimnmHo mo-
€JTHY€E 3 TeJarOTivHOI0, TPOUIIIOBIIH TPOTAToM 46-T1 pOKIB BCl BUKJIAJAITBKI TO3HU-
i ma mexmvari XHY: acucrent, crapiiuit BUK1a/1a4, J0IEHT, TPOdecop, 3aBiayBad
Kade pu MaTeMaTUYHOroO aHafidy. B jganuii MoMmenT 3alimae mocajy mpodecopa
xadenpu pyHIAMEHTATBHOT MaTeMaTuku XHY Ta € wieHoM JBOX CHeriasIizoBa-
HUX BYEHUX PaJ 10 3aXUCTy JACEPTAIif 3 MaTEMaTHUKH.

ITin kepisrurTBOoM B. /1. T'opIeBCHKOr0 YCIINTHO 3aXUCTUIN KaHANAATCHKI U~
ceprarnii I'ykanos O.O., Jlememera H. B., Cazonosa O. C.

ORCID ID: V.D. Gordevskyy https://orcid.org/0000-0003-3642-8036
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®ABOPOB CEPI'EN IOPBEBUY
K cemudecamunemuro co ousa poocderus

3 mexabps 2019 roga ucmosramaock 70 et npodeccopy xKadenpnl dbyHmamMen-
TaJbHOM MaTeMaTUKM, TOHKOMY aHAJUTUKY, N3BECTHOMY CIIEIHATUCTY B 00/1aCTH
Teopun (PYHKINH KOMILIEKCHBIX TIEPEMEHHBIX, TEOPUN MOTEHITHAJIA U TAPMOHUYe-
ckoro anaiusa Ceprewo IOpeesuay Papoposy.
C. FO. ponuncs B XapbkoBe B CeMbe
npemnozasareseit. B xapbkoBckoit du-
BUKO-MaTeMaTudeckoit mrxoge Ne 27
€My TIOBE3JI0 YYUTbCS B HEOOBITHOM
KJIacCe: MdTh YYEHUKOB M3 HETO BIIO-
CJIEJICTBUM CTAJU JOKTOpaMu (DU3UKO-
maremarnyeckux Hayk. B 1966 romy
C. IO. mocTynui Ha MEXaHUKO-MaTe-
MaTunydeckuil pakysabTeT XapbKOBCKOIO
yHuBepcuTeTa. Ha 4 Kypce oH Hadag

é IOCeIaTh 3HAMEHUTHIN XaPbKOBCKUMN

——

.

FOPOJICKOI CeMHUHAp II0 Teopuu QyH-
kuit o pykosogcreom b. d. Jleuna.

1"- |

|

“ 4
C Tex mop u /10 HACTOSAIIErO BPEMEHU
C. 1O. gBseTcs MOCTOSTHHBIM yIaCTHY-

KOM 3TOTO ceMWHapa, a ¢ 1999 roga - ofHUM W3 €ro PyKOBOJUTETEN.

il

TTocne oxornuanust yausepcurera C. FO. moctymun B acnupantypy u B 1975
TOJly 3aIUTUI KAHIUIATCKYIO JIMCCEPTAINIO «EMKOCTHBIE XapaKTEePUCTUKU MHO-
JKECTB ¥ UX IIPUMEHEHWE B TEOPUU IEIbIX (DYHKIWH U MEIbIX KPUBLIX» 0T PYKO-
BojcrBOM JIbBa Mcaakosrdaa Poukuna. B 1993 roay C. FO. zammTni 70KTOPCKYIO
Anccepranuro <<I/ICKJ'[IO‘-H/IT6.HBH])IQ MHOXKeCTBa 1 aCUMIITOTUYECKUE CBOHCTBA I'0-
JIOMOPGHBIX 0TOOpAKEHUN B KOHEIHOMEPHOE W DAHAXOBO TTPOCTPAHCTBAS.

TlepBoie ero paborhl OBLIM MOCBSIIEHBI BOMPOCAM POCTA HEKOTOPBIX KJIACCOB
wiopucybrapmonuveckux (yukiuit. B 1978 roay oH pokazaj TeopeMy O CJ0-
JKEHUHU WHAUKATOPOB Teqbix (hyHKIM MHOTHX nepeMentbix. B 80-e roner C. FO.
HadaJI UCCIIEJIOBAHUS TOJI0MODPGHBIX 0TODpaXKeHui B HaHAXOBBI TPOCTPAHCTBA, 110~
Jgydaer OeckoHeUHOMepHble aHajgorn TeopeM Hepamnmasabl. OH TakKe HAXOAUT
HOBOE HEPABEHCTBO THIIa XMHYMHA U coBMecTHO ¢ K. A. I'opumbiM obobiiaer ero
Ha CYMMBI CIIyIafiHnbIX BeKTOpoB. B mawane 90-x, comectno ¢ B. H. Jlorsunenko,
C. FO. monyuwni psig pesyiabrator Tuna KaprpaiiT 0 HOpMUPYIOMINX MHOYKECTBAX
JUTst TieqibiX (pyHKnM sxcnonennuaabaoro tuma. C. ). Takke moydna HeOXu-
MAHHO MPOCTOE TOJTHOE OMUCAHNEe HYJIeH 1e/biX (QYHKINH SKCIOHEHITHAIBHOTO TH-
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1a, OI'PAHUYEHHBIX HA BEIIECTBEHHON OCH.

B cepennne 90-x B copmecthbix paborax JI. . Poukuna, A. FO. Pamkosckoro
u C. HO. bouia paspaborana Teopusd MOYTH HEPUOIUUYECKUX JUBU30POB, I'OJIOMOD-
dupix neneit. B wactaoctu, C. 0. B TepMuHax KOroMOJOTHiI TOTYyYaeT TOJTHOE
OTIMCAHMEe HyJIel TOJOMOP(HBIX TOUTH mepuognvecknx (gpyukmmit. lamsee, on Bme-
CTe CO CBOMMU ACIUPAHTAME U3YYAET MEPOMOP(HBIE MOYTH nepuoandeckue hyH-
KIWH, CyOrapMOHWYECKHE TMOUTH mepuoanydeckne (MyHKINUN, TOIOMOMHBIE TOUTH
nepuonuyeckne (PyHKINU B MeTpukax Beiiisi, Beaukopuda, HOUTH TEPUOIHYECKIE
AVUCKPETHBIC MHOXKECTBA, IMTOYTH JJIJIUIITUICCKHE (byHKLU/H/I

B nocnemgaue roaer C. FO. coBmectno ¢ JI. B. IosmuackuMm B cepun pabor 10-
Ka3bIBaCT TE€OPEMbI THUIIA B.HH]_HKQ 0 CBOMCTBAaxX MHOXKECTB Hyﬂeﬁ AHAJINTUYECKUX
dyHKINN, pACTYIIUX IPU TPUOJIMKEHUN K KOMIAKTHBIM MHOXKECTBAM Ha IDAHUIIE
obJiacty TOJIOMOPGHOCTH U HAXOAUT UX IMPUAOKEHUS B TEOPUM HECAMOCOIIPSIKEH-
HBIX BO3MYIIEHNH KJIACCUYECKUX ONEPATOPOB MareMaTuudeckoil dpusuku. OmHOB-
pemento C. FO. mosydaeTr HOBbIE pe3y/IbTaThl B AaKTUBHO pa3BUBAOIIelics obacTn
TAPMOHUYECKOTO aHAJIN3a - TEOPUH KBAa3WKPUCTAJJIOB. B 4acTHOCTH, OH MCITOJIh-
3yeT JO0Ka3aHHBII UM JIOKAJbHBIN BapuaHT Teopembl H. Bunepa o Tpuronomerpu-
YeCKUX PSAJaX JJIsT TOTO, ITODBI CYIIECTBEHHO YCHJIUTEH KJIACCHUECKYH0 TEOPEMY
1. Metiepa o mpencTaBiaernax Kasukpucrauia Pypbe B BUe KOHETHONH CyMMBI
«ancthixy KpuctawioB. Cepreit FOpbresuu @aBopos - aBrop Gojee 70 HAydHBIX
pabot, yuacTHuK 0K0j10 70 HaydIHBIX KOH(EPEHIUi B pa3HbIX cTpaHax mupa. [los
pykoBojgcTBoM Cepres FOpresnua 3ammrum KauaugaTckue quccepranuu B. Bpu-
muk, H. ITapdenosa, O. Yaomnosa, A. Paxawun, H. ['upsa, E. Munsckas u JI. Paa-
qenko. B mocaemaue ronpl Cepreit FOpbeBnd npernogaer OCHOBHON Kype KOMILIe-
KCHOTO aHAJIN3a U MHOTHE KYPCHI TI0 BEIGOpY: «IlouTn mepronnaeckme pyHKITHIS,
«DyHKINN HECKOJBKUX KOMILIEKCHBIX MepeMeHHbIXy, «Cybrapmonndeckue ¢byH-
krumy, «lapMoHnYIecKuit aHaIM3 Ha TPYIIaXy U JPyTrHue.

Cepreit IOpbeBuy MHOTHE TO/IBI 3AHUMAJICS TOPHBIM TYPU3MOM, TTOOBIBAJ B TO-
pax Kaskaza, Anrag u maxke Ang. JIo0603HATEILHOCT U CTPACTh K OTKPBITHIO
HOBBIX JJisi ceDsi MECT, OMHOXKEHHBIE HA TPO3PATHOCTb T'PAHUIL B COBPEMEHHOM
MUpe, IPUBeIN K BIEUAT/IAONEH reorpadpun ero myremecTsuii: or Balikaaa 1o
Huaraper, or PeiikbsiBuka mo CaHTbsAro, oT cemyioBunbl Duabdpyca (+5000) 1o
Meptroro mopst (-400). "I HOBbIE MIAHBI CTOTH K€ IPAHIMO3HBL: KAK MUHUMYM
nocetuTh 06a Mbica FOxkuoro nosymapus. Cepreit FOpbeBuu Takike yBJiieKaeTcs
TOPHBIMUW JIBI2KaMW, OH KA2KAYI0 3UMY 6bIBaeT Ha T'OPHOJIBI2ZKHBIX KYyPOPTaX B Kap—
matax win Ha Kaskaze, B Anpnax, [lupemesx.

M= mozgapasisem Cepres HOpbeBuda ¢ p0OmIeeM U XKeJTaeM eMy 310POBbs,
QHEPIrUU, HOBBIX HAYYIHBIX YCIIEXOB W COXPAHCHUA TPUCYIITNX €My 3aMeYaTeIbHBIX
OTITUMU3BMA U YKU3HETFOOUS.

Buwnaxosa A. M., Toaunckuti /1. B., Kopobos B. H., Pawwxosckuti A. IO.,
Xetigpey A. 4., Amnoavcrut A. JI.
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Penakitist mpocuTh aBTOPIB IpM HAITPABJIEHH] cTaTell KepyBaTHUCI HACTYITHUMHI
MTPABUJIAMA.

1. B xypHami nybJiKyoThCS CTATTI, M0 MAOTh PE3YIBTATH MATEMATHIHUX
JOCTIKEHDb (AHTTIHCHKOI0, YKPATHCHKOI0 ab0 POCICKOI0 MOBaM™).

2. llomaHHsiM cTaTTi BBasKAETHCsl OTPUMAHHs peAakiiero daiip crarTi
odopmnernx y perakropi LATEX (Bepcis 2e), amoraniit, BijomocTeit mpo aBropis
Ta apxiBa, mo Bkao9ae LATEX daiinu crarti Ta daiian mamonkis. Paitn-3pa3ox
odopmieHHS CTATTI MOXKHO 3HAWTH B PEIAKINl KypHaJy Ta HA BeO-CTOpPIHIM
(http://vestnik-math.univer.kharkov.ua).

3. Crarrsi TOBUHHA IOYMHATHACS 3 AHOTAILI, B 9KUX HOBUHHI OyTH 9iTKO ¢hOp-
MyJILOBaHI MeTa Ta pe3yabTaTu poboru. Amoraril moBwHHI OyTH TPHOMa MOBAMMY
(aHDI#ICEKOI0, YKPAIHCBKOK Ta POCIHCKOIO): TEPIIOK MOBUHHA CTOSTH AHOTAIS
TI€I0 MOBOIO, KO0 € OCHOBHMIT TeKCT CTaTTi. B anorarii noBruHi OyTH NpU3BUIIA,
HimiaIn aBToOPiB, Ha3Ba pOOOTH, KIOYOB] CJ0BA Ta HOMEpP 33 MiXKHAPOIHOIO MaTe-
marnano kinacudikarieo (Mathematics Subject Classification 2010). Anorarnis
He TOBWHHA MATHW IMOCUJAHL Ha JiTeparypy 4m Majonku. Ha mepmmiit cTopinti
BrazyeTbcs nomep YJIK kmacudikarii. B kinmmi crarri tpeda momatu posmmperi
(06csrom me Mentn sk 1800 3HAKIB KOKHA) aHOTAI] AHIVIIHCHKOIO Ta yKPATHCHKOIO
MOBaMU.

4. Crucok Jjiteparypu moBuHeH OyTu oOpMJIEHUI JIATUHCHKUM MIPUMTOM.
[Tpukiamgum odopmeHHST CIIUCKA JITEPATY PU:

1. AM. Lyapunov. A new case of integrability of differential equations of motion of

a solid body in liquid, Rep. Kharkov Math. Soc., — 1893. — 2. V.4. — P. 81-85.
2. AM. Lyapunov. The general problem of the stability of motion. 1892. Kharkov
Mathematical Society, Kharkov, 251 p.

5. Koxnwnit mManoHOK mOBHHEH OyTH NPOHYMEPOBAHWI Ta IIPEICTABICHUN
okpemuM paitiiom B ogaomy 3 hopmaris: EPS, BMP, JPG. B daiiii crarti mastio-
HOK 1noBuHEH OyTw BCrapaenuit asropom. Ilin mastonkom noBunen OyrTu mmnuc.
Hazsu ¢aitnip ManoHKiB MTOBUHHI TTOYMHATUCEH 3 TPUBUIIA, TIEPIIIOTO aBTOPA.

6. BimoMocTi mpo aBTOpPIB MOBMHHI MICTATH: IpPI3BHINA, iMeHa, IO OATHKO-
Bi, cayxk00Bi agpecu Ta HOMEpH Teae(OHIB, AAPECH €JEKTPOHHWX IOIIT Ta iH-
dbopmanito npo waykosi mpodaiiim asropis (orcid.org, www.researcherid.com,
WWW.SCOPUS.COm) 3 BiAmoBigaMMEU mocumansyu. [IpoxaHHs TakOXK MOBiIOMEUTH
NpI3BUILE ABTOPA, 3 SKUM Tpeba BECTU JUCTYBAHHSI.

7. PexomenayemMo BUKOPHCTOBYBATH B AKOCTI 3pa3ka O(POPMICHHS OCTAHHI
Bunycku )ypraiay (vestnik-math.univer.kharkov.ua/currentv.htm).

8. Y Buma Ky nopyIneHHs mpasu 0hOPMICHHS PeAaKIlis He Oyae po3rasaaTu
CTaTTIO.
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