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Statistical convergence cannot be generated by a single
statistical measure
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We demonstrate that statistical convergence cannot be generated by a single
statistical measure, thus solving in negative a question from recent paper by
Li Xin Cheng, Li Hua Lin, and Xian Geng Zhou.
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TUCTUYHOIO Miporo. Mu moBoauMO, M0 CTATHUCTUYHY 3012KHICTH HE MOXKHA,
3aJ1aTH OJTHIEI0 CTATUCTUYHOIO MipOIO, BiJITOBIIAI0YN TAKUM YHMHOM Ha ITUTAHHS
3 memomasuol crarti Jlicima Yenra, Jlixya Jlin ta Csnrenra Yxkoy.
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Introduction

This short note is a follow-up of [2], where the reader can find an extensive list
of references related to the subject. We do not repeat historic remarks, connections
with other mathematical concepts and motivation presented in [2], but for the
reader’s convenience we give below precisely those definitions and explanations
that are necessary to understand our article.
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Recall that a filter F on the set N of all naturals is a non-empty collection of
subsets of N satisfying the following axioms: () ¢ F; if A, B € F then AN B € F;
and for every A € F if B D A then B € F.

A sequence (z,,), n € N in a topological space X is said to be F-convergent
to z if for every neighborhood U of x the set {n € N : z,, € U} belongs to F. In
particular if one takes as F the filter of those sets whose complements are finite
(the Fréchet filter), then F-convergence coincides with the ordinary one.

The natural ordering on the set of filters on N is defined as follows: Fq = Fo if
F1 D Fo. Maximal in this ordering filters are called wultrafilters. For an ultrafilter
U on N the following is true: for every subset A C N that does not belong to U,
the complement N\ A belongs to U.

A filter F on N is said to be free if it dominates the Fréchet filter. In this case
every ordinary convergent sequence is automatically F-convergent.

For a subset A of naturals its lower density is defined as

<n:
04(A) := lim inf #{k<n:ke A},

n n

(1)

where # stands for the number of elements of the set. The upper density 6*(A) is
defined in a similar way by substituting lim inf by lim sup in . If the ordinary
limit in exists, i.e., upper and lower densities coincide, this limit is called
natural density and is denoted by §(A). Remark, that §,(A) = 1 if and only if
d(A) =1, and 6*(A) = 0 if and only if §(A4) = 0.

A sequence (zj) in a topological space X is statistically convergent to x if for
every neighborhood U of x the set {k : z; € U} has natural density 1. In other
words, statistical convergence is the same as convergence with respect to the filter
Fa={Aec2V:6,(A) =1}

A non-negative finitely additive measure p defined on the collection of all
subsets of N is said to be a statistical measure if (N) =1 and pu({k}) = 0 for all
k € N. Evidently, a statistical measure cannot be countably additive. An example
of statistical measure is the characteristic function 1;; of a free ultrafilter ¢ on
N: 14(A) = 1if A € U, and 15(A) = 0 if A € 2V \ U. More examples can be
easily given by combining several statistical measures of above-mentioned type,
like % (1 + 1y), where U and V are two different free ultrafilters.

For a given statistical measure p, a sequence (z,) in a topological space X
is said to be p-convergent to x € X, if u({n € N : z, € U}) = 1 for every
neighborhood U of z.

For a given non-empty family S of statistical measures, a sequence (z,) in a
topological space X is said to be S-convergent to x € X, if (x,,) is p-convergent
tox for all y € S.

Lingxin Bao and Lixin Cheng [I] remarked that for every free filter F there
is a non-empty family S of statistical measures such that S-convergence is
equivalent to convergence with respect to F (one can take & = {1 : U >
F, U is an ultrafilter}).
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In their recent paper [2], Li Xin Cheng, Li Hua Lin, and Xian Geng Zhou
performed an extensive study of u-convergence generated by a single statistical
measure p and presented a number of nice characterizations. But, as they mention
in [2, Remark 5.4], for the classical statistical convergence (which was one of
motivations of the study) they were not able to determine whether it is equivalent
to u-convergence for a single statistical measure u. In other words, the question
whether there exists a statistical measure p such that

{AGQN:,u,(A):1}:{A62N:5*(A):1}

remains unsolved. Passing to complements, one reduces the problem to the
following one:

Question 1. Does there exist a statistical measure p such that
{AGQN:/,L(A):O} :{A62N:5*(A):0}? 2)
The aim of this article is to give the negative answer to Question 1.

Some elementary lemmas

Lemma 1 Let A C N be a set with §*(A) = 1. Then, for everyn € N and ¢ > 0
there is an m > n such that for B = AN{n+1,n+2,...,m} we have % >1—e.

Proof. Due to the definition of 0*(A), there is a sequence m; < mg < ... such
that . 4
k my

Then, denoting By = AN{n+ 1,n+2,...,my} we obtain that

#Be  #i<me:jeAy 1
mg my my k—o00

Consequently, when k is large enough, my and Bj can serve as our m and B
respectively.

Lemma 2 Fvery set A C N of 6*(A) =1 can be represented as a disjoint union
of two sets of upper density 1. In other words, there are Ay, Ao C N with §*(A1) =
0*(Az) =1 such that A = A; U As.

Proof. Using repetitively Lemma 1) we can find 0 = m; < mg < ... and B; =

An{mj+1,m;+2,...,mjq1}, j=1,2,... such that % >1- % It remains
J

to take Ay = BiUB3UDBsU..., Ay = BoU B4 U BgU. .. Indeed,

#{k <mojro: k€ Ar} #DB2j 11

Jj—00 m2j+2 J—00 m2j+2
< i+t A By,
§*(A2) > lim #ik S map k€ Ao} o #By

j—00 mMoj+1 T j—ooo maj+1
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Lemma 3 Let A, C N form a decreasing sequence of sets A1 D As D ... with
0*(Apn) = 1. Then there is a set B C N with 6*(B) =1 such that #(B\ A,) < o0
for every n € N.

Proof. Again, using repetitively Lemma [1] we can find m; < mo < ... and B; =
Ain{m;+1,m; +2,...,mjt1}, j = 1,2,... such that % > 1-— % Then
B = J;en Bj is the set we are looking for.

Two sets A, B C N are said to be almost disjoint, if #(AN B) < oo.

Lemma 4 Let i be a statistical measure, and let Ay C N, v € I' be a collection
of pairwise almost disjoint subsets with u(A,) > 0 for all v € T'. Then I' is at
most countable.

Proof. First, remark that since u(A) = 0 for every finite set A, the finite-additivity
formula p(Up_; Dk) = > r_q #(Dk) remains true for every finite collection of
pairwise almost disjoint subsets. Now, for every n € N denote I',, = {y € T :
(Ay) > L}, Then for every finite subset E C I;, we have

#E <n Z (A, = n,u( U A'y) < nu(N) =n.

~yeE yeE

Consequently, #I';, < n. Since I' = | J,,c I'n, T is at most countable.
The main result

Theorem 1 For any statistical measure i, p-convergence is not equivalent to the
standard statistical convergence.

Proof. Assume contrary that there is a statistical measure g such that the identity
holds true. Then, every subset A C N with §*(4) > 0 has p(A) > 0.
Consequently, according to Lemma [4 there is no uncountable pairwise almost
disjoint collection of sets of positive upper density. So, in order to get the desired
contradiction, it is sufficient to build an uncountable collection of pairwise almost
disjoint subsets of N of positive upper density. We will do this even with §*(By) = 1
for all members By of that uncountable collection.

In order to do this, let us construct a tree of subsets of upper density one
Al, AQ, A171, ALQ, A271, AQ’Q, A17171, etc. as follows. At ﬁI‘St, using Lemma@split
N = A; U Ay in such a way that §*(A1) = 6*(A2) = 1. Then, using the same
lemma, split each of them: A; = Al,l (] Al,g, Ay = A2’1 UJ A272 with (5*(141’1) =
0*(A12) = 6"(A2,1) = 6"(Az2) = 1. Next, split each of these four sets in two new
sets, etc.

For every sequence 6 = (61, 02,...) € {1,2}" the corresponding branch

A01 5 A01,025 A91,92793’ ce
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is a decreasing sequence of sets of upper density one, hence Lemma3|comes in play.
Namely, there is a set By C N with 6*(By) = 1 such that #(By \ Ag,...0,) < 00
for every n € N. This collection {By : 6 € {1,2}"} is uncountable (in fact, of
continuum cardinality) and pairwise almost disjoint, which completes the proof.

Acknowledgement. The research is done in frames of Ukrainian Ministry of
Science and Education Research Program 0115U000481.

REFERENCES

1. Bao, Lingxin; Cheng, Lixin. On statistical measure theory. // J. Math. Anal.
Appl., 2013. — 407, No. 2. — P. 413-424.

2. Cheng, Li Xin; Lin, Li Hua; Zhou, Xian Geng. Statistical convergence and
measure convergence generated by a single statistical measure. // Acta Math.
Sin., Engl. Ser., 2016. — 32, No. 6. — P. 668-682.

Article history: Received: 7 December 2016; Final form: 12 December 2016;
Accepted: 16 December 2016.



