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Â ðàáîòå èññëåäîâàíû è îïèñàíû ðåøåíèÿ ñèñòåìû íåëèíåéíûõ
óðàâíåíèé, ëåæàùåé â îñíîâå ïîñòðîåíèÿ òðåóãîëüíûõ ìîäåëåé äëÿ
êîììóòàòèâíûõ ñèñòåì ëèíåéíûõ íåñàìîñîïðÿæåííûõ îïåðàòîðîâ.
Ðàññìîòðåí ñëó÷àé êðàòíîãî ñïåêòðà ñïåêòðàëüíîé ïëîòíîñòè.
Êëþ÷åâûå ñëîâà: òðåóãîëüíûå ìîäåëè, êîììóòàòèâíûå ñèñòåìû ëèíåé-
íûõ íåñàìîñîïðÿæåííûõ îïåðàòîðîâ, ñîáñòâåííûå âåêòîðà.
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Ââåäåíèå

Â ðàáîòå èçó÷àåòñÿ ñèñòåìà n íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé, êîòîðàÿ ëåæèò â îñíîâå ïîñòðîåíèÿ òðåóãîëüíûõ ìîäåëåé
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äëÿ êîììóòàòèâíûõ ñèñòåì ëèíåéíûõ íåñàìîñîïðÿæåííûõ îãðàíè÷åííûõ
îïåðàòîðîâ. Äëÿ ñëó÷àÿ dimE = 3, J = I, α(x) = 0 è êðàòíîãî ñïåêòðà ãëàä-
êîé ìàòðèöû a(x) ïîêàçàíî, ÷òî ìîæíî íàéòè ñîáñòâåííûå âåêòîðà ìàòðèöû
a(x) ïðè èçâåñòíûõ ñîáñòâåííûõ çíà÷åíèÿõ ìàòðèö a(x), γ(x) è äåéñòâèè σ2 â
áàçèñå ýòèõ ñîáñòâåííûõ âåêòîðîâ, è òàêèì îáðàçîì, ïðåäñòàâèòü ÿâíûé âèä
ðåøåíèé èçó÷àåìîé ñèñòåìû óðàâíåíèé.

Ïóñòü çàäàíà {A1, A2} êîììóòàòèâíàÿ ñèñòåìà ëèíåéíûõ îãðàíè÷åííûõ
îïåðàòîðîâ, äåéñòâóþùèõ â ãèëüáåðòîâîì ïðîñòðàíñòâåH, à òàêæå ëèíåéíûé
îãðàíè÷åííûé îïåðàòîð ϕ: H → E.

Ñîâîêóïíîñòü

∆ =
(
{A1, A2} ;H;ϕ;E; {σ1, σ2} ;

{
γ−
}

;
{
γ+
})
, (1)

ãäå {σk}21, {γ±} � ñàìîñîïðÿæåííûå îïåðàòîðû â E, íàçûâàåòñÿ êîììóòàòèâ-
íûì óçëîì [3], åñëè:

1. [A1, A2] = 0;
2. Ak −A∗k = iϕ∗σkϕ; σk = σ∗k; k = 1, 2;
3. σ1ϕA

∗
2 − σ2ϕA∗1 = γ−ϕ;

4. γ+ = γ− + (σ1ϕϕ
∗σ2 − σ2ϕϕ∗σ1) .

(2)

Ëþáàÿ êîììóòàòèâíàÿ ñèñòåìà îãðàíè÷åííûõ ëèíåéíûõ îïåðàòîðîâ {Ak}21
ìîæåò áûòü âêëþ÷åíà â óçåë [2].

Ðàññìîòðèì êîììóòàòèâíûé óçåë (1) êîãäà dimE = n <∞, ïðè÷åì σ1 = J
(J = J∗ = J−1) � èíâîëþöèÿ.

Îáîçíà÷èì ÷åðåç S1 (λ) õàðàêòåðèñòè÷åñêóþ ôóíêöèþ îïåðàòîðà A1 óç-
ëà ∆ (1)

S1 (λ) = I − iϕ(A1 − λI)−1ϕ∗σ1 (3)

Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ S1 (λ) [3] îïåðàòîðà A1 â ñëó÷àå âåùåñòâåííîãî
ñïåêòðà îïåðàòîðà A1 è àáñîëþòíîé íåïðåðûâíîñòè ìàòðè÷íîé ìåðû Ñòèëü-
òüåñà ìóëüòèïëèêàòèâíîãî èíòåãðàëà èìååò âèä:

S1 (λ) = Sl (λ) ; Sx(λ) =

x
x∫

0

exp

{
iJa(t)dt

λα(t)

}
, (4)

ãäå α(t) � âåùåñòâåííàÿ, îãðàíè÷åííàÿ, íåóáûâàþùàÿ ôóíêöèÿ íà [0, l]
(0 < l < ∞), à ìàòðèöà a(t) ≥ 0 ðàçìåðà [n × n] òàêàÿ, ÷òî tr a(t) ≡ 1.
Ìàòðèöà-ôóíêöèÿ a(·) ÿâëÿåòñÿ ñïåêòðàëüíîé ïëîòíîñòüþ èç ìóëüòèïëèêà-
òèâíîãî ïðåäñòàâëåíèÿ Ïîòàïîâà äëÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè [7]. Èç (2)
ñëåäóåò, ÷òî õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ S1 (λ) óäîâëåòâîðÿåò óñëîâèþ ñïëå-
òàåìîñòè [3]: (

σ2λ+ γ−
)
JS1 (λ) = S1 (λ)

(
σ2λ+ γ+

)
J. (5)



36 Îëåéíèê Å. Â.

Çàäà÷à ïðîäîëæåíèÿ óñëîâèÿ ñïëåòàåìîñòè (5) âäîëü öåïî÷êè èíâàðè-
àíòíûõ ïîäïðîñòðàíñòâ îïåðàòîðà A1, êîòîðîé îòâå÷àåò ìóëüòèïëèêàòèâíîå
ïðåäñòàâëåíèå Sx(λ) (4), ïðèâîäèò ê ñîîòíîøåíèþ:

(σ2λ+ γ(x)) JSx(λ) = Sx(λ)
(
σ2λ+ γ+

)
J (∀x ∈ [0, l]). (6)

Â [3] ïîêàçàíî, ÷òî âûïîëíåíèå óñëîâèÿ ñïëåòàåìîñòè (6) ýêâèâàëåíòíî
ñèñòåìå óðàâíåíèé:

[Ja(x), (σkα(x) + γ(x)) J ] = 0; x ∈ [0, l],

γ′(x)J = i [Ja(x), σkJ ] ; x ∈ [0, l],

γ(0) = γ+.

(7)

Ðåøåíèå ýòîé ñèñòåìû γ(x) èñïîëüçóåòñÿ ïðè ïîñòðîåíèè òðåóãîëüíûõ
ìîäåëåé êîììóòàòèâíûõ ñèñòåì îïåðàòîðîâ [3].

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå è îïèñàíèå ðåøåíèé ñèñòå-
ìû óðàâíåíèé (7) â ñëó÷àå dimE = 3, êðàòíîãî ñïåêòðà ìàòðèöû a(x), ïðè÷åì
äëÿ ïðîñòîòû áóäåì ïîëàãàòü, ÷òî ìàòðèöà a(x) äîñòàòî÷íî ãëàäêàÿ, α(x) = 0
è J = I.

1. Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìàòðèöû a(x)
â ñëó÷àå êðàòíîãî ñïåêòðà

I. Èññëåäóåì ðàçðåøèìîñòü ñèñòåìû óñëîâèé ñïëåòàåìîñòè â ñëó÷àå, êîãäà
dimE = 3 < ∞ , äëÿ a(x) ≥ 0, ïðè÷åì a(x) èìååò êðàòíûé ñïåêòð, ãäå
J = J∗ = J−1, à α(x) � âåùåñòâåííàÿ, îãðàíè÷åííàÿ, íåóáûâàþùàÿ ôóíêöèÿ
íà [0, l] (0 < l < ∞). Ñèñòåìà óðàâíåíèé (7) â ñëó÷àå α(x) = 0, è J = I
ïðèìåò âèä: 

[a(x), γ(x)] = 0, x ∈ [0, l],

γ′(x) = i[a(x), σ2], x ∈ [0, l],

γ(0) = γ+.

(8)

Ïðîèíòåãðèðóåì ñèñòåìó (8), ïîëó÷èì{
γ(x) = i [A(x), σ2] + γ+;

[A′(x), γ(x)] = 0,
(9)

ãäå A(x) =
x∫
0

a(t)dt. Òàêèì îáðàçîì, çàäà÷à íàõîæäåíèÿ ðåøåíèé ñèñòåìû

óðàâíåíèé (8) ñâîäèòñÿ ê íàõîæäåíèþ ìàòðèöû-ôóíêöèè A(x) èç íåëèíåéíî-
ãî óðàâíåíèÿ

[A′(x), [A(x), σ2]− iγ0] = 0. (10)
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Òî åñòü íåîáõîäèìî íàéòè ìàòðèöó A(x) êàê ðåøåíèå íåëèíåéíîãî óðàâíå-
íèÿ (10), à çàòåì îïðåäåëèòü γ(x) èç (9).

Ïóñòü a(x) � ãëàäêàÿ ìàòðèöà ñ êðàòíûì ñïåêòðîì. Âûáåðåì îðòîíîðìè-
ðîâàííûé áàçèñ hk(x)

hk(x) ⊥ hs(x), (k 6= s) , ‖hk(x)‖ = 1, (1 ≤ k, s ≤ 3) (11)

òàê, ÷òîáû a(x)hk(x) = µk(x)hk(x), ãäå µk(x) � ñîáñòâåííûå çíà÷åíèÿ ìàò-
ðèöû a(x). Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ñ÷èòàòü, ÷òî µ1(x) = µ2(x),
µ1(x) 6= µ3(x). Âîñïîëüçóåìñÿ âòîðûì óðàâíåíèåì â (8):

γ′(x)hk(x) = ia(x)σ2hk(x)− iσ2a(x)hk(x) = ia(x)σ2hk(x)− iσ2µk(x)hk(x).

Ââåäåì îáîçíà÷åíèå

〈σ2hk(x), hs(x)〉 = βsk(x), (1 ≤ k, s ≤ n) (12)

Ó÷èòûâàÿ σ2hk(x) =

3∑
s=1

βsk(x)hs(x), ïîëó÷èì, ÷òî

γ′(x)hk(x) = ia(x)σ2hk(x)− iµk(x)σ2hk(x) = i (a(x)− µk(x))σ2hk(x) =

= i
n∑
s=1

βsk(x) (a(x)− µk(x))hs(x) = i
∑
s 6=k

βsk(x) (µs(x)− µk(x))hs(x). (13)

Òîãäà

γ′(x)h1(x) = i

3∑
s=1

βs1(x) (µs(x)− µ1(x))hs(x) =

= iβ31(x) (µ3(x)− µ1(x))h3(x);

γ′(x)h2(x) = i
3∑
s=1

βs2(x) (µs(x)− µ2(x))hs(x) =

= iβ32(x) (µ3(x)− µ2(x))h3(x);

γ′(x)h3(x) = i
3∑
s=1

βs3(x) (µs(x)− µ3(x))hs(x) =

= i (µ1(x)− µ3(x)) (β13(x)h1(x)− β23(x)h2(x)).

(14)

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (8) ïîëó÷èì
γ(x)h1(x) = ξ11(x)h1(x) + ξ12(x)h2(x);

γ(x)h2(x) = ξ12(x)h1(x) + ξ22(x)h2(x);

γ(x)h3(x) = ξ33(x)h3(x),

(15)

ãäå ξks(x) ∈ C, (1 ≤ k, s ≤ 3).
Ïðîäèôôåðåíöèðóåì ïåðâîå èç óðàâíåíèé ñèñòåìû (15)

γ′(x)h1(x) + γ(x)h′1(x) =
= ξ′11(x)h1(x) + ξ11(x)h′1(x) + ξ′12(x)h2(x) + ξ12(x)h′2(x).

(16)
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Óìíîæèì (16) íà h3(x) ñêàëÿðíî, ó÷èòûâàÿ (11), ïîëó÷èì

iβ31(x) (µ3(x)− µ1(x)) 〈h3(x), h3(x)〉+
+〈h′1(x), γ(x)h3(x)〉 =
〈ξ11(x)h′1(x), h3(x)〉+ 〈ξ12(x)h′2(x), h3(x)〉;
iβ31(x) (µ3(x)− µ1(x)) +
+(ξ33(x)− ξ11(x))〈h′1(x), h3(x)〉 = ξ12(x)〈h′2(x), h3(x)〉.

(17)

Àíàëîãè÷íî, ïðîäèôôåðåíöèðîâàâ âòîðîå óðàâíåíèå (15) è äîìíîæèâ åãî ñêà-
ëÿðíî íà h3(x), ïðèäåì ê âûðàæåíèþ

iβ32(x) (µ3(x)− µ2(x)) +

+(ξ33(x)− ξ22(x))〈h′1(x), h3(x)〉 = ξ12(x)〈h′2(x), h3(x)〉, (18)

è, ïðîäèôôåðåíöèðîâàâ òðåòüå óðàâíåíèå ñèñòåìû (15), ïîëó÷èì, ÷òî

γ′(x)h3(x) + γ(x)h′3(x) = ξ′33(x)h3(x) + ξ33(x)h′3(x);
i(β13(x)h1(x) + β23(x)h2(x)) (µ1(x)− µ3(x)) +
+γ(x)h′3(x) = ξ′33(x)h3(x) + ξ33(x)h′3(x);
〈h′3(x), γ(x)h3(x)〉 = ξ′33(x) + 〈ξ33(x)h′3(x), h3(x)〉;
ξ33(x)〈h′3(x), h3(x)〉 − ξ33(x)〈h′3(x), h3(x)〉 = ξ′33(x).

(19)

Òàêèì îáðàçîì, ξ′33(x) = 0, òî åñòü ξ33 íå çàâèñèò îò x. Óìíîæèì (16) ñêàëÿðíî
íà h1(x), ïîëó÷èì

iβ31(x) (µ3(x)− µ1(x)) 〈h3(x), h1(x)〉+
+〈h′1(x), γ(x)h1(x)〉 =
〈ξ11(x)h′1(x), h1(x)〉+ 〈ξ12(x)h′2(x), h1(x)〉+ ξ′11(x);
〈h′1(x), ξ11(x)h1(x) + ξ12(x)h2(x)〉 =
〈ξ11(x)h′1(x), h1(x)〉+ 〈ξ12(x)h′2(x), h1(x)〉+ ξ′11(x),

(20)

òî åñòü

ξ12(x)〈h′1(x), h2(x)〉 = ξ12(x)〈h′2(x), h1(x)〉+ ξ′11(x). (21)

Ïðè óìíîæåíèè (16) ñêàëÿðíî íà h2(x), ïîëó÷èì

ξ12(x) (〈h′1(x), h1(x)〉 − 〈h′2(x), h2(x)〉) +
+(ξ22(x)− ξ11(x))〈h′1(x), h2(x)〉 = ξ′12(x).

(22)

Ïðîäèôôåðåíöèðîâàâ âòîðîå óðàâíåíèå ñèñòåìû (15) è óìíîæèâ åãî ñêàëÿð-
íî íà h1(x), à ïîòîì íà h2(x), ïîëó÷èì ñëåäóþùèå ñîîòíîøåíèÿ

ξ12(x) (〈h′2(x), h2(x)〉 − 〈h′1(x), h1(x)〉) +

+(ξ11(x)− ξ22(x))〈h′1(x), h2(x)〉 = ξ12
′
(x);

(23)

ξ12(x)〈h′2(x), h1(x)〉 = ξ12(x)〈h′1(x), h2(x)〉+ ξ′22(x); (24)
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Ñëîæèâ (21) è (24), ïîëó÷èì, ÷òî ξ′11(x) + ξ′22(x) = 0. Èñïîëüçóÿ (17) è (18),
çàïèøåì ñèñòåìó óðàâíåíèé

(ξ33 − ξ11(x))〈h′1(x), h3(x)〉 − ξ12(x)〈h′2(x), h3(x)〉 =

= iβ31(x) (µ1(x)− µ3(x)) ;

(ξ33 − ξ22(x))〈h′1(x), h3(x)〉 − ξ12(x)〈h′2(x), h3(x)〉 =

= iβ32(x) (µ2(x)− µ3(x)) .

(25)

Ðåøèì åå ïî ïðàâèëó Êðàìåðà

∆ =

∣∣∣∣ ξ33 − ξ11(x) −ξ12(x)

ξ33 − ξ22(x) −ξ12(x).

∣∣∣∣ =

= ξ12(x)(ξ33 − ξ22(x))− ξ12(x)(ξ33 − ξ11(x)).

∆1 =

∣∣∣∣ iβ31(x) (µ1(x)− µ3(x)) −ξ12(x)

iβ32(x) (µ2(x)− µ3(x)) −ξ12(x)

∣∣∣∣ =

= i (µ1(x)− µ3(x)) (β32(x)ξ12(x)− β31(x)ξ12(x)

∆2 =

∣∣∣∣ ξ33 − ξ11(x) iβ31(x) (µ1(x)− µ3(x))
ξ33 − ξ22(x) iβ32(x) (µ2(x)− µ3(x))

∣∣∣∣ =

= i (µ1(x)− µ3(x)) (β32(x)(ξ33 − ξ11(x))− β31(x)(ξ33 − ξ22(x)))

Òî åñòü, ñ ó÷åòîì òîãî, ÷òî µ1(x) = µ2(x)

〈h′1(x), h3(x)〉 =
∆1

∆
=

=
i (µ1(x)− µ3(x)) (β32(x)ξ12(x)− β31(x)ξ12(x))

ξ12(x)(ξ33 − ξ22(x))− ξ12(x)(ξ33 − ξ11(x))

(26)

à

〈h′2(x), h3(x)〉 =
∆2

∆
=

=
i(µ1(x)− µ3(x)) [β32(x)(ξ33 − ξ11(x))− β31(x)(ξ33 − ξ22(x))]

ξ12(x)(ξ33 − ξ22(x))− ξ12(x)(ξ33 − ξ11(x))

(27)

Ïðîäèôôåðåíöèðîâàâ òðåòüå óðàâíåíèå ñèñòåìû (15) ñ ó÷åòîì òîãî, ÷òî ξ33
íå çàâèñèò îò x, è ïîñëå, óìíîæèâ åãî ñíà÷àëà íà h1(x), à ïîòîì íà h2(x),
ïîëó÷èì ñëåäóþùóþ ñèñòåìó óðàâíåíèé

(ξ33 − ξ11(x))〈h′3(x), h1(x)〉 − ξ12(x)〈h′3(x), h2(x)〉 =
= iβ13(x) (µ1(x)− µ3(x)) ;

−ξ12(x)〈h′3(x), h1(x)〉+ (ξ33 − ξ22(x))〈h′3(x), h2(x)〉 =
= iβ23(x) (µ1(x)− µ3(x)) .

(28)

Òàêæå ðåøèì åå ïî ïðàâèëó Êðàìåðà,

∆ =

∣∣∣∣ ξ33 − ξ11(x) −ξ12(x)
−ξ12(x) ξ33 − ξ22(x)

∣∣∣∣ =

= (ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x);
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∆1 =

∣∣∣∣ iβ13(x) (µ1(x)− µ3(x)) −ξ12(x)
iβ23(x) (µ1(x)− µ3(x)) ξ33 − ξ22(x)

∣∣∣∣ =

= i(µ1(x)− µ3(x))(β23(x)ξ12(x) + β13(x)(ξ33 − ξ22(x)));

∆2 =

∣∣∣∣ ξ33 − ξ11(x) iβ13(x)(µ1(x)− µ3(x))
−ξ12(x) iβ23(x)(µ1(x)− µ3(x))

∣∣∣∣ =

= i(µ1(x)− µ3(x))(β23(x)(ξ33 − ξ11(x)) + β13(x)ξ12(x)).

Òî åñòü

〈h′3(x), h1(x)〉 =
∆1

∆
=

=
i (µ1(x)− µ3(x)) (β23(x)ξ12(x) + β13(x)(ξ33 − ξ22(x))

(ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x)
,

(29)

à

〈h′3(x), h2(x)〉 =
∆2

∆
=

=
i (µ1(x)− µ3(x)) (β23(x)(ξ33 − ξ11(x)) + β13(x)ξ12(x))

(ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x)
.

(30)

Èòàê, ïîëó÷åíû âûðàæåíèÿ äëÿ 〈h′1(x), h3(x)〉, 〈h′2(x), h3(x)〉, 〈h′3(x), h1(x)〉,
〈h′3(x), h2(x)〉 â âèäå (26), (27), (29), (30).

2. Ðåøåíèå ñèñòåìû óðàâíåíèé ïðè äîïîëíèòåëüíûõ óñëîâèÿõ

II. Â ñëó÷àå, åñëè ξ12(x) ∈ R, è îïåðàòîð σ2 äåéñòâóåò íà áàçèñíûå âåêòîðà
{hk(x)}31 ñëåäóþùèì îáðàçîì:

σ2h1(x) = ψ(x)h1(x),
σ2h2(x) = ν(x)h3(x),
σ2h3(x) = ν(x)h2(x),

(31)

ãäå ψ(x) � âåùåñòâåííàÿ ôóíêöèÿ, à ν(x) � êîìïëåêñíîçíà÷íàÿ ôóíêöèÿ,
ïîëó÷èì, ÷òî β12(x) = β21(x) = β13(x) = β31(x) = 0, β32(x) = ν(x),
β23(x) = ν(x). Òîãäà

〈h′1(x), h3(x)〉 =
i (µ3(x)− µ1(x))ϕ(x)

ξ22(x)− ξ11(x)
;

〈h′2(x), h3(x)〉 =
i(µ3(x)− µ1(x))ϕ(x)(ξ33 − ξ11(x))

ξ12(x)(ξ22(x)− ξ11(x))
;

〈h′3(x), h1(x)〉 =
i (µ1(x)− µ3(x))ϕ(x)ξ12(x)

(ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x)
;

〈h′3(x), h2(x)〉 =
i (µ1(x)− µ3(x))ϕ(x)(ξ33 − ξ11(x))

(ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x)
.

(32)
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Òàê êàê 〈hk(x), hs(x)〉 = 0, íåòðóäíî çàìåòèòü, ÷òî (〈hk(x), hs(x)〉)′ =
= 〈h′k(x), hs(x)〉+ 〈hk(x), h′s(x)〉 = 0, èëè

〈h′k(x), hs(x)〉 = −〈h′s(x), hk(x)〉. (33)

Â òàêîì ñëó÷àå

i (µ3(x)− µ1(x))ϕ(x)

ξ22(x)− ξ11(x)
= − i (µ1(x)− µ3(x))ϕ(x)ξ12(x)

(ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x)
,

çíà÷èò, (ξ22(x)− ξ11(x))ξ12(x) = (ξ33 − ξ22(x))(ξ33 − ξ11(x))− ξ212(x).
Ïðåäïîëîæèì, ÷òî 〈hk(x), h′k(x)〉 = iδk(x), à 〈h′1(x), h2(x)〉 = a(x) + ib(x), ãäå
δk(x), a(x), b(x) ∈ R. Èç (21) ïîëó÷èì ñëåäóþùåå âûðàæåíèå

ξ′12(x) = iξ12(x)(δ1(x)− δ2(x)) + (ξ22(x)− ξ11(x))(a(x) + ib(x)). (34)

Ïðèðàâíÿâ âåùåñòâåííûå è ìíèìûå ÷àñòè, ïðèäåì ê ñîîòíîøåíèÿì:

a(x) =
ξ′12(x)

ξ22(x)− ξ11(x)
, b(x) =

ξ12(x)(δ2(x)− δ1(x))

ξ22(x)− ξ11(x)
.

Òî åñòü 〈h′1(x), h2(x)〉 =
ξ′12(x)

ξ22(x)− ξ11(x)
+ i

ξ12(x)(δ2(x)− δ1(x))

ξ22(x)− ξ11(x)
.

Ðàçëîæèâ âåêòîðà h′k(x) ïî áàçèñó hk(x), ïîëó÷èì

h′k(x) =

3∑
s=1

〈h′s(x), hs(x)〉hs(x). (35)

Ïîäñòàâèâ ïîëó÷åííûå âûðàæåíèÿ, ïðèäåì ê ñèñòåìå

h′1(x) = iδ1(x)h1(x) +

(
ξ′12(x) + iξ12(x)(δ2(x)− δ1(x))

ξ22(x)− ξ11(x)

)
h2(x)+

+
i (µ3(x)− µ1(x))ϕ(x)

ξ22(x)− ξ11(x)
h3(x);

h′2(x) =

(
−ξ′12(x) + iξ12(x)(δ2(x)− δ1(x))

ξ22(x)− ξ11(x)

)
h1(x) + iδ2(x)h2(x)+

+
i(µ3(x)− µ1(x))ϕ(x)(ξ33 − ξ11(x))

ξ12(x)(ξ22(x)− ξ11(x))
h3(x);

h′3(x) = − i (µ3(x)− µ1(x))ϕ(x)

ξ22(x)− ξ11(x)
h1(x)−

− i(µ3(x)− µ1(x))ϕ(x)(ξ33 − ξ11(x))

ξ12(x)(ξ22(x)− ξ11(x))
h2(x) + iδ3(x)h3(x).

(36)

Ââåäåì îáîçíà÷åíèÿ, ñ÷èòàÿ, ÷òî ξks = const (k, s = 1, 3),

m =
ξ33 − ξ11

ξ12(ξ22 − ξ11)
, k =

ξ12
ξ22 − ξ11

, n =
1

ξ22 − ξ11
,

d(x) = (µ3(x)− µ1(x))ϕ(x). Òîãäà ñèñòåìà (35) çàïèøåòñÿ â ñëåäóþùåì âèäå:
h′1(x) = iδ1(x)h1(x) + ik(δ2(x)− δ1(x))h2(x) + ind(x)h3(x);

h′2(x) = −ik(δ2(x)− δ1(x))h1(x) + iδ2(x)h2(x) + imd(x)h3(x);

h′3(x) = −ind(x)h1(x)− imd(x)h2(x) + iδ3(x)h3(x).

(37)
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Ïóñòü fk(x) = exp
−i

x∫
0

δk(t)dt
. Òåïåðü ñèñòåìà (36) ïðèìåò âèä

f ′1(x) = ik(δ2(x)− δ1(x))exp
i
x∫
0

(δ2(t)−δ1(t))dt
f2(x)+

+ind(x)exp
i
x∫
0

(δ3(t)−δ1(t))dt
f3(x);

f ′2(x) = −ik(δ2(x)− δ1(x))exp
−i

x∫
0

(δ2(t)−δ1(t))dt
f1(x)+

+imd(x)exp
i
x∫
0

(δ3(t)−δ2(t))dt
f3(x);

f ′3(x) = −ind(x)exp
−i

x∫
0

(δ3(t)−δ1(t))dt
f1(x)−

−imd(x)exp
−i

x∫
0

(δ3(t)−δ2(t))dt
f2(x).

(38)

Â ñëó÷àå δ2(t) = δ1(t) ñèñòåìà ïðèìåò ðàíåå èçó÷åííûé âèä, à èìåííî

f ′1(x) = ind(x)exp
i
x∫
0

(δ3(t)−δ1(t))dt
f3(x);

f ′2(x) = imd(x)exp
i
x∫
0

(δ3(t)−δ2(t))dt
f3(x);

f ′3(x) = −ind(x)exp
−i

x∫
0

(δ3(t)−δ1(t))dt
f1(x)−

−imd(x)exp
−i

x∫
0

(δ3(t)−δ2(t))dt
f2(x),

(39)

ðåøåíèÿ êîòîðîé ëåãêî íàõîäÿòñÿ ïðè íåêîòîðûõ äîïîëíèòåëüíûõ óñëîâè-

ÿõ. Íàïðèìåð, åñëè d(x) � âåùåñòâåííàÿ ôóíêöèÿ, à nd(x)exp
i
x∫
0

(δ3(t)−δ1(t))dt
,

md(x)exp
i
x∫
0

(δ3(t)−δ2(t))dt
ëèíåéíî çàâèñèìû, òî åñòü m · exp

i
x∫
0

(δ3(t)−δ2(t))dt
=

= k · n · exp
i
x∫
0

(δ3(t)−δ1(t))dt
= k · v(x), ãäå k ∈ R, k 6= 0, òîãäà ñèñòåìà (39)

ïðèìåò âèä: 
f ′1(x) = iv(x)f3(x),

f ′2(x) = ikv(x)f3(x),

f ′3(x) = −iv(x)(f1(x) + kf2(x)),

fj(0) = f j0 , j = 1, 3

(40)

Ëåììà 1. Åñëè k ∈ R, òî ñèñòåìà óðàâíåíèé (40) èìååò åäèíñòâåííîå

ðåøåíèå: 
f1(x) =

if30√
1 + k2

expϕ(x),

f2(x) =
ikf30√
1 + k2

expϕ(x),

f3(x) = f30 exp
ϕ(x),

(41)
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ãäå ϕ(x) =
√

1 + k2

x∫
0

v(t)dt.

Äëÿ ñèñòåìû (38) ïðèìåì îáîçíà÷åíèÿ
a(x) = ik(δ2(x)− δ1(x))exp

i
x∫
0

(δ2(t)−δ1(t))dt
;

b(x) = ind(x)exp
i
x∫
0

(δ3(t)−δ1(t))dt
;

c(x) = imd(x)exp
i
x∫
0

(δ3(t)−δ2(t))dt
,

(42)

áóäåì ñ÷èòàòü, ÷òî a(x), b(x), c(x) � âåùåñòâåííîçíà÷íûå ôóíêöèè,
òîãäà ñèñòåìà (38) ïðèìåò âèä

f ′1(x) = a(x)f2(x) + b(x)f3(x);

f ′2(x) = a(x)f1(x) + c(x)f3(x);

f ′3(x) = b(x)f1(x) + c(x)f2(x).

(43)

Òåîðåìà 1. Ïóñòü a(x), b(x), c(x) - âåùåñòâåííîçíà÷íûå ôóíêöèè, ïîëî-

æèì

A(x) = exp
2

x∫
0

a(t)dt
,

P (x) = (b(x) + c(x))exp
−

x∫
0

a(t)dt
,

Q(x) = (b(x)− c(x))exp

x∫
0

a(t)dt
.

(44)

Êðîìå òîãî, âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ

Q′(x) := k(x)Q(x), (45)

(P (x)A2(x))′ = k(x)P (x)A2(x), (46)

P 2(x)A2(x) +Q2(x) =
1

2A(x)
exp
−

x∫
0

k(t)dt
, p > 0, p ∈ R, (47)

ãäå k(x) � âåùåñòâåííàÿ äèôôåðåíöèðóåìàÿ ôóíêöèÿ. Òîãäà ñèñòåìà (43)
èìååò åäèíñòâåííîå ðåøåíèå

f1(x) = f1(0) +
1

2

√A x∫
0

P (t)f3(t)dt+
1√
A

x∫
0

Q(t)f3(t)dt

 (48)

f2(x) = f2(0) +
1

2

√A x∫
0

P (t)f3(t)dt−
1√
A

x∫
0

Q(t)f3(t)dt

 (49)

f3(x) = f3(0)cos
√
p

x∫
0

g1(t)dt+
2(b(0)f1(0) + c(0)f2(0))

√
p

sin
√
p

x∫
0

g1(t)dt. (50)
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Äîêàçàòåëüñòâî. Ñêëàäûâàÿ è âû÷èòàÿ ïåðâûå äâà óðàâíåíèÿ ýòîé ñèñòå-
ìû, ïîëó÷èì ñëåäóþùèé åå âèä

(f1(x) + f2(x))′ = a(x)(f1(x) + f2(x)) + (b(x) + c(x))f3(x);

(f1(x)− f2(x))′ = −a(x)(f1(x)− f2(x)) + (b(x)− c(x))f3(x);

f ′3(x) = b(x)f1(x) + c(x)f2(x).

(51)

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå ôóíêöèè
F+(x) = exp

−
x∫
0

a(t)dt
(f1(x) + f2(x));

F−(x) = exp

x∫
0

a(t)dt
(f1(x)− f2(x)).

(52)

Òåïåðü ñèñòåìà (38) ïðèîáðåòàåò âèä

F ′+(x) = (b(x) + c(x))f3(x)exp
−

x∫
0

a(t)dt
;

F ′−(x) = (b(x)− c(x))f3(x)exp

x∫
0

a(t)dt
;

f ′3(x) = 1
2(b(x) + c(x))exp

x∫
0

a(t)dt
F+(x)+

+1
2(b(x)− c(x))exp

−
x∫
0

a(t)dt
F−(x).

(53)

Óïðîñòèì ñèñòåìó, èñïîëüçóÿ îáîçíà÷åíèÿ (44)
F ′+(x) = P (x)f3(x);

F ′−(x) = Q(x)f3(x);

f ′3(x) = 1
2P (x)A(x)F+(x) + 1

2Q(x)A−1(x)F−(x).

(54)

Ââåäåì óñëîâèÿ (45) è (46), òåïåðü ñèñòåìà (54) ïðèîáðåòàåò âèäB
′(x) = k(x)B(x) + (P 2(x)A2(x) +Q2(x))f3(x);

f ′3(x) =
1

2A(x)
B(x).

(55)

ãäå B(x) = P (x)A2(x)F+(x)+Q(x)F−(x). Ïóñòü G(x) = exp
−

x∫
0

k(t)dt
B(x), òîãäà

G′(x) = (P 2(x)A2(x) +Q2(x))f3(x);

f ′3(x) =
1

2A(x)
G(x)exp

−
x∫
0

k(t)dt
.

(56)

Ïåðåïèøåì ñèñòåìó, èñïîëüçóÿ (47) è, îáîçíà÷èâ g1(x) = P 2(x)A2(x)+

+Q2(x) = 1
2A(x)exp

−
x∫
0

k(t)dt
, ïðèäåì ê ñîîòíîøåíèÿì{
G′(x) = g1(x)f3(x);

f ′3(x) = pg1(x)G(x), p ∈ R .
(57)
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Äèôôåðåíöèðóÿ âòîðîå óðàâíåíèå ñèñòåìû (57) è ïîäñòàâëÿÿ ïåðâîå, ïî-
ëó÷èì ñîîòíîøåíèå

f ′′3 (x)− g′1(x)

g1(x)
f ′3(x)− pg21(x)f3(x) = 0. (58)

Ðåøàÿ (58), ïîëó÷èì

f3(x) = f3(0)cos
√
p

x∫
0

g1(t)dt+ C2 sin
√
p

x∫
0

g1(t)dt. (59)

Èñïîëüçóÿ (52) è (54) íàéäåì âûðàæåíèÿ äëÿ f1(x) è f2(x):

f1(x) + f2(x) = exp

x∫
0

a(t)dt
(
x∫
0

P (t)f3(t)dt+ f1(0) + f2(0)

)
,

f1(x)− f2(x) = exp
−

x∫
0

a(t)dt
(
x∫
0

Q(t)f3(t)dt+ f1(0)− f2(0)

)
.

(60)

Íåòðóäíî çàìåòèòü, ÷òî âûðàæåíèÿ (60) ìîãóò áûòü çàïèñàíû â âèäå (48)
è (49).

Áëàãîäàðíîñòü. Àâòîð âûðàæàåò èñêðåííþþ ïðèçíàòåëüíîñòü çà ïîñòà-
íîâêó çàäà÷è è âíèìàíèå ê ðàáîòå äîêòîðó ôèç.-ìàò. íàóê, ïðîôåññîðó Çîëî-
òàðåâó Â. À.
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