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Ëèíåéíûå ìàòðè÷íûå óðàâíåíèÿ øèðîêî èñïîëüçóþòñÿ â òåîðèè
óñòîé÷èâîñòè äâèæåíèÿ, òåîðèè óïðàâëåíèÿ, à òàêæå â çàäà÷àõ
âîññòàíîâëåíèÿ èçîáðàæåíèé. Â ñòàòüå ïðåäëîæåíû îðèãèíàëüíûå
óñëîâèÿ ðàçðåøèìîñòè, à òàêæå ñõåìà íàõîæäåíèÿ ðåøåíèé íåîäíî-
ðîäíîãî îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ è, â ÷àñòíîñòè, óðàâíåíèÿ
Ñèëüâåñòðà, â îáùåì ñëó÷àå, êîãäà ëèíåéíûé ìàòðè÷íûé îïåðàòîð L,
ñîîòâåòñòâóþùèé îäíîðîäíîé ÷àñòè îáîáùåííîãî ìàòðè÷íîãî óðàâíå-
íèÿ íå èìååò îáðàòíîãî.
Êëþ÷åâûå ñëîâà: ìàòðè÷íîå óðàâíåíèå Ñèëüâåñòðà, ìàòðè÷íîå óðàâíå-
íèå Ëÿïóíîâà, ïñåâäîîáðàòíûå ìàòðèöû.

×óéêî Ñ. Ì., Ïðî ðîçâ'ÿçàííÿ ëiíiéíèõ ìàòðè÷íèõ ðiâíÿíü.

Ëiíiéíi ìàòðè÷íi ðiâíÿííÿ øèðîêî âèêîðèñòîâóþòüñÿ â òåîði¨ ñòié-
êîñòi ðóõó, òåîði¨ óïðàâëiííÿ, à òàêîæ ó çàäà÷àõ ïðî âiäíîâëåííÿ
çîáðàæåíü. Ó ñòàòòi çàïðîïîíîâàíi îðèãiíàëüíi óìîâè ðîçâ'ÿçíîñòi,
à òàêîæ ñõåìà çíàõîäæåííÿ ðîçâ'ÿçêiâ íåîäíîðiäíîãî óçàãàëüíåíîãî
ìàòðè÷íîãî ðiâíÿííÿ i, çîêðåìà, ðiâíÿííÿ Ñiëüâåñòðà, ó âèïàäêó, êîëè
ëiíiéíèé ìàòðè÷íèé îïåðàòîð L, âiäïîâiäíèé äî îäíîðiäíî¨ ÷àñòèíè
óçàãàëüíåíîãî ìàòðè÷íîãî ðiâíÿííÿ íå ìà¹ îáåðíåíîãî.
Êëþ÷îâi ñëîâà: ìàòðè÷íå ðiâíÿííÿ Ñèëüâåñòðà, ìàòðè÷íå ðiâíÿííÿ
Ëÿïóíîâà, ïñåâäîîáåðíåíà ìàòðèöÿ.

S.M.Chuiko. The solution of the linear matrix equations. Linear
matrix equations widely used in the theory of stability of motion, control
theory and signal processing. We suggest an algorithm for �nding solutions
of the inhomogeneous generalized matrix equation and, in particular, the
Sylvester equation in general case when the linear matrix operator L,
corresponding to the homogeneous part of the linear generalized matrix
equation, has no inverse.
Keywords: Lyapunov matrix equation, Sylvester matrix equation,
pseudoinverse matrix.
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Ìàòðè÷íûå óðàâíåíèÿ Ëÿïóíîâà, à òàêæå èõ îáîáùåíèÿ � ìàòðè÷íûå
óðàâíåíèÿ Ñèëüâåñòðà [1, 2, 3, 4, 6] øèðîêî èñïîëüçóþòñÿ â òåîðèè óñòîé÷èâî-
ñòè äâèæåíèÿ [3, c. 245], à òàêæå ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé
Ðèêêàòè è Áåðíóëëè [7]. Åñëè ñòðóêòóðà îáùåãî ðåøåíèÿ îäíîðîäíîé ÷àñòè
óðàâíåíèÿ Ëÿïóíîâà õîðîøî èçó÷åíû [1, 6], òî ðåøåíèå íåîäíîðîäíîãî óðàâ-
íåíèÿ Ñèëüâåñòðà è, â ÷àñòíîñòè, óðàâíåíèÿ Ëÿïóíîâà äîñòàòî÷íî ãðîìîçäêî.
Â ñòàòüå [7] ïðåäëîæåíû óñëîâèÿ ðàçðåøèìîñòè, à òàêæå ñõåìà ïîñòðîåíèÿ
÷àñòíîãî ðåøåíèÿ óðàâíåíèÿ Ëÿïóíîâà íà îñíîâå ïñåâäîîáðàùåíèÿ [9] îïåðà-
òîðà L, ñîîòâåòñòâóþùåãî îäíîðîäíîé ÷àñòè óðàâíåíèÿ Ëÿïóíîâà.

Èñïîëüçóÿ òåõíèêó ïñåâäîîáðàòíûõ (ïî Ìóðó-Ïåíðîóçó) ìàòðèö è ïðî-
åêòîðîâ, â äàííîé ñòàòüå ïðåäëîæåíû îðèãèíàëüíûå óñëîâèÿ ðàçðåøèìîñòè,
à òàêæå ñõåìà íàõîæäåíèÿ ñåìåéñòâà ëèíåéíî íåçàâèñèìûõ ðåøåíèé íåîäíî-
ðîäíîãî îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ è, â ÷àñòíîñòè, óðàâíåíèÿ Ñèëü-
âåñòðà, â îáùåì ñëó÷àå, êîãäà ëèíåéíûé ìàòðè÷íûé îïåðàòîð L, ñîîòâåò-
ñòâóþùèé îäíîðîäíîé ÷àñòè îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ íå èìååò
îáðàòíîãî. Íàéäåíî âûðàæåíèå äëÿ ñåìåéñòâà ëèíåéíî íåçàâèñèìûõ ðåøåíèé
íåîäíîðîäíîãî îáîáùåííîãî ìàòðè÷íîãî óðàâíåíèÿ è, â ÷àñòíîñòè, óðàâíåíèé
Ñèëüâåñòðà è Ëÿïóíîâà ñ èñïîëüçîâàíèåì ïðîåêòîðîâ è ïñåâäîîáðàòíûõ (ïî
Ìóðó-Ïåíðîóçó) ìàòðèö [3, 8, 10].

Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé ëèíåéíîãî ìàòðè÷íîãî óðàâíå-
íèÿ

LX = A. (1)

Çäåñü L : Rβ×γ → Rα×δ � ëèíåéíûé îãðàíè÷åííûé ìàòðè÷íûé ôóíêöèîíàë,
X ∈ Rβ×γ � íåèçâåñòíàÿ ìàòðèöà, A ∈ Rα×δ � çàäàííàÿ ìàòðèöà. Îáîçíà÷èì{

Θj

}β·γ
j=1

∈ Rβ×γ

åñòåñòâåííûé áàçèñ [11] ïðîñòðàíñòâà Rβ×γ . Îáùåå ðåøåíèå óðàâíåíèÿ (1)
èùåì â âèäå ñóììû

X =

β·γ∑
j=1

Θjcj , cj ∈ R1.

Ïîñëåäíåå âûðàæåíèå ïðèâîäèò óðàâíåíèå (1) ê âèäó

β·γ∑
j=1

[
LΘj

]
cj = A.

Îïðåäåëèì îïåðàòîðM[A] : Rm×n → Rm·n, êàê îïåðàòîð, êîòîðûé ñòàâèò â
ñîîòâåòñòâèå ìàòðèöå A ∈ Rm×n âåêòîð-ñòîëáåö B := M[A] ∈ Rm·n, ñîñòàâ-
ëåííûé èç n ñòîëáöîâ ìàòðèöû A, à òàêæå îáðàòíûé îïåðàòîð [8]

M−1
[
B
]

: Rm·n → Rm×n,
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êîòîðûé ñòàâèò â ñîîòâåòñòâèå âåêòîðó B ∈ Rm·n ìàòðèöó A ∈ Rm×n. Çà-
ìåòèì, ÷òî îïåðàòîð M[A], êàê è îáðàòíûé îïåðàòîð M−1[B], ìîãóò áûòü
ïðåäñòàâëåíû â ÿâíîì âèäå. Îïðåäåëèì ìàòðèöû

Υ1 := ( 1 ) ∈ R1×1, Υ2 := ( 1 0 0 1 )∗ ∈ R4×1,

Υ3 := ( 1 0 0 0 1 0 0 0 1 )∗ ∈ R9×1, ... .

Âåêòîð Υm ñîñòîèò èç m − 1 öåïî÷êè âèäà ( 1 0 0 ... 0 )∗ ∈ R(m−1)×1 è
çàêàí÷èâàåòñÿ åäèíèöåé:

Υm :=

(
1 0 0 ... 0 1 0 0 ... 0 ... 1 0 0 ... 0 1

)∗
∈ Rm

2×1.

Â íîâûõ îáîçíà÷åíèÿõ îïåðàòîðM[A] ïðåäñòàâèì â ÿâíîì âèäå:

M[A] =

(
In ⊗A

)
·Υn ∈ Rm·n.

Îïðåäåëèì òàêæå ìàòðèöû [8][
Emn

]
j

:=

[
Em1

]
j

⊗ In ∈ Rn×m·n,
[
Em1

]
j

:=

{
δij

}m
i=1

∈ R1×m;

çäåñü δij � ñèìâîë Êðîíåêêåðà [11]. Òàêèì îáðàçîì, îáðàòíûé îïåðàòîð
M−1[B] ïðåäñòàâèì â ÿâíîì âèäå:

M−1[B] =
n∑
k=1

[
Emn

]
k

· B ·
[
Em1

]
k

.

ÎÑÍÎÂÍÎÉ ÐÅÇÓËÜÒÀÒ

Îáîçíà÷èì ìàòðèöû Ξj := LΘj ∈ Rα×δ. Òàêèì îáðàçîì, óðàâíåíèå (1)
ðàâíîñèëüíî ñëåäóþùåìó óðàâíåíèþ

Q c =M[A] (2)

îòíîñèòåëüíî âåêòîðà c ∈ Rβ·γ ; çäåñü

Q :=

{
M[Ξ1] M[Ξ2] ...M[Ξβ·γ ]

}
=

β·γ∑
j=1

{[
Eαβ1

]
j

⊗M[Ξj ]

}
∈ Rα·δ×β·γ .

Ïðè óñëîâèè
PQ∗M[A] = 0. (3)

è òîëüêî ïðè íåì óðàâíåíèå (2) ðàçðåøèìî

c = Q+M[A] + PQrcr, cr ∈ Rr,
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ïðè ýòîì óðàâíåíèå (1) èìååò r-ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé

X = Φ[A] + Ψ[cr],

ãäå

Φ[A] :=M−1
{
Q+M[B]

}
, Ψ[cr] :=M−1

[
PQrcr

]
.

Çäåñü Q+ � ïñåâäîîáðàòíàÿ (ïî Ìóðó-Ïåíðîóçó) ìàòðèöà [1, 11],

PQ : Rβ·γ×β·γ → N(Q), PQ∗ : Rα·δ×α·δ → N(Q∗)

� îðòîïðîåêòîðû ìàòðèö Q è Q∗.Ìàòðèöà PQr ñîñòàâëåíà èç r ëèíåéíî íåçà-
âèñèìûõ ñòîëáöîâ ìàòðèöû-îðòîïðîåêòîðà PQ. Óñëîâèÿ ñóùåñòâîâàíèÿ è âèä
îáùåãî ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ (1) îïðåäåëÿåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà. Ìàòðè÷íîå óðàâíåíèå (1) ðàçðåøèìî òîãäà è òîëüêî òîãäà,

êîãäà âûïîëíåíî óñëîâèå (3). Ïðè óñëîâèè (3) è òîëüêî ïðè íåì, óðàâíåíèå

(1) èìååò r-ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé

X = Φ[A] + Ψ[cr], Φ[A] :=M−1
{
Q+M[B]

}
, Ψ[cr] :=M−1

[
PQrcr

]
.

Ïðè óñëîâèè PQ∗ 6= 0 áóäåì ãîâîðèòü, ÷òî äëÿ ìàòðè÷íîãî óðàâíåíèÿ (1)
èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé, ïðè ýòîì óðàâíåíèå (1) ðàçðåøèìî ëèøü
äëÿ òåõ íåîäíîðîäíîñòåé A, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå (3).

Ïðèìåð 1. Ìàòðè÷íîå óðàâíåíèå îáùåãî âèäà

LX = A (4)

ðàçðåøèìî ïðè

LX :=
3∑
i=1

2∑
j=1

SiXRj +

∫ 1

0

∫ 1

0
U(t, s)XV (t, s) dtds;

çäåñü

S1 :=

 1 0
0 1
0 0

 , S2 :=

 0 0
1 0
0 0

 , S3 :=

 0 0
0 0
0 1

 ,

R1 :=

 0 1 0 0
0 0 0 0
1 0 0 0

 , R2 :=

 1 0 0 0
0 0 0 1
0 0 0 0

 ,

U(t, s) :=

 t 0
t s
0 s

 , V (t, s) :=

 s s 0 0
0 s t 0
0 0 t t

 ,
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A :=

 84 905 350 3 018 490 14 616 420 −5 670 300
42 288 650 1 673 270 8 255 910 −3 126 750
−42 616 700 −1 345 220 −6 360 510 2 543 550

 .

Åñòåñòâåííûé áàçèñ ïðîñòðàíñòâà R2×3 ñîñòàâëÿþò ìàòðèöû

Θ1 :=

(
1 0 0
0 0 0

)
, Θ2 :=

(
0 0 0
1 0 0

)
, ... , Θ6 :=

(
0 0 0
0 0 1

)
.

Êëþ÷åâàÿ ïðè èññëåäîâàíèè óðàâíåíèÿ (4) ìàòðèöà

Q =
1

12



15 0 0 0 12 0
15 16 0 0 12 12
0 16 0 0 0 12
15 0 3 0 0 0
15 16 3 4 0 0
0 16 0 4 0 0
0 0 4 0 4 0
0 0 4 3 4 3
0 0 0 3 0 3
0 0 12 0 4 0
0 0 12 12 4 3
0 0 0 12 0 3


îïðåäåëÿåò ìàòðèöó-îðòîïðîåêòîð PQ∗ 6= 0, ïðè ýòîì äëÿ óðàâíåíèÿ (4) èìå-
åò ìåñòî êðèòè÷åñêèé ñëó÷àé. Ïîñêîëüêó âûïîëíåíî óñëîâèå (3), ïîñòîëüêó,
ïîñòàâëåííàÿ çàäà÷à ðàçðåøèìà. Åäèíñòâåííîå (PQ = 0) ðåøåíèå óðàâíåíèÿ
(4) ïðåäñòàâèìî â âèäå

X = Φ[A] =

(
8 500 808 −30 430 080 74 279 340
−3 976 935 11 872 080 −37 314 120

)
.

Ïðè óñëîâèè PQ∗ = 0 áóäåì ãîâîðèòü, ÷òî äëÿ ìàòðè÷íîãî óðàâíåíèÿ (1)
èìååò ìåñòî íåêðèòè÷åñêèé ñëó÷àé, ïðè ýòîì óðàâíåíèå (1) ðàçðåøèìî äëÿ
ëþáîé íåîäíîðîäíîñòè A.

Ñëåäñòâèå. Ìàòðè÷íîå óðàâíåíèå (1) â íåêðèòè÷åñêîì ñëó÷àå (PQ∗=0)
ðàçðåøèìî äëÿ ëþáîé íåîäíîðîäíîñòè A ∈ Rα×δ. Â ýòîì ñëó÷àå óðàâíåíèå

(1) èìååò r-ïàðàìåòðè÷åñêîå ñåìåéñòâî ðåøåíèé C = Φ[A] + Ψ[cr].

Ïðèìåð 2. Ìàòðè÷íîå óðàâíåíèå îáùåãî âèäà

LX = A (5)

ðàçðåøèìî ïðè

L :=

∫ 2π

0
U(t)XV (t)dt, V (t) :=

 sin t cos t 0 0
0 sin t cos t 0
0 0 sin t cos t

 ;
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çäåñü

U(t) :=
1

π

(
sin t cos t

)
, A :=

(
1 0 1 0

)
.

Êëþ÷åâàÿ ïðè èññëåäîâàíèè óðàâíåíèÿ (5) ìàòðèöà

Q =


1 0 0 0 0 0
0 1 1 0 0 0
0 0 0 1 1 0
0 0 0 0 0 1


îïðåäåëÿåò îðòîïðîåêòîðû PQ∗ = 0 è

PQ =
1

2



0 0 0 0 0 0
0 1 −1 0 0 0
0 −1 1 0 0 0
0 0 0 1 −1 0
0 0 0 −1 1 0
0 0 0 0 0 0

 .

Ïîñêîëüêó PQ∗ = 0, ïîñòîëüêó äëÿ óðàâíåíèÿ (5) èìååò ìåñòî íåêðèòè÷å-
ñêèé ñëó÷àé, ñëåäîâàòåëüíî, ïîñòàâëåííàÿ çàäà÷à ðàçðåøèìà. Îáùåå ðåøåíèå
óðàâíåíèÿ (5)

X = Φ[A] + Ψ[cr]

îïðåäåëÿþò ìàòðèöû

Φ[A] =
1

2

(
2 0 1
0 1 0

)
, Ψ[cr] =

(
0 −c1 −c2
c1 c2 0

)
.

Äîêàçàííàÿ òåîðåìà è ñëåäñòâèå îáîáùàþò ñîîòâåòñòâóþùèå óñëîâèÿ ðàç-
ðåøèìîñòè, à òàêæå ñõåìó ïîñòðîåíèÿ ðåøåíèÿ óðàâíåíèé Ëÿïóíîâà [7, 10] è
Ñèëüâåñòðà [8] íà ñëó÷àé ëèíåéíîãî ìàòðè÷íîãî óðàâíåíèÿ (1) îáùåãî âèäà è
ìîãóò áûòü èñïîëüçîâàíû â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ [3, 4, 5, 15], ïðè
ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé Ðèêêàòè è Áåðíóëëè [7, 13], à òàêæå
ïðè ðåøåíèè ëèíåéíûõ êðàåâûõ çàäà÷ äëÿ ìàòðè÷íûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé [12]. Ïîëó÷åííûå ðåçóëüòàòû àíàëîãè÷íî [14] ìîãóò áûòü ïåðåíå-
ñåíû íà îáîáùåííûå óðàâíåíèÿ òèïà Ñèëüâåñòðà, ñîäåðæàùèå íåèçâåñòíûå
ìàòðèöû ðàçëè÷íûõ ðàçìåðíîñòåé.
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