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Ðàññìîòðåíà çàäà÷à ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà
îãðàíè÷åííîãî óïðàâëåíèÿ ñèñòåìîé ñ íåèçâåñòíûìè îãðàíè÷åííûìè
âîçìóùåíèÿìè. Íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè Â. È. Êîðî-
áîâà ïðåäëîæåíû ðàçëè÷íûå ïîäõîäû ê íàõîæäåíèþ ãðàíèö èçìåíåíèÿ
âîçìóùåíèÿ. Ïîñòðîåíî íåçàâèñÿùåå îò âîçìóùåíèÿ óïðàâëåíèå,
êîòîðîå ïåðåâîäèò ïðîèçâîëüíóþ íà÷àëüíóþ òî÷êó â íà÷àëî êîîðäèíàò
çà êîíå÷íîå âðåìÿ, äëÿ êîòîðîãî ïðèâåäåíà îöåíêà ñâåðõó.
Êëþ÷åâûå ñëîâà: çàäà÷à ðîáàñòíîãî ñèíòåçà, ïîçèöèîííîå îãðàíè÷åííîå
óïðàâëåíèå, íåèçâåñòíîå îãðàíè÷åííîå âîçìóùåíèå.
Ðåâiíà Ò. Â., Êiëüêà ïiäõîäiâ äî âèçíà÷åííÿ ìåæ çìiíè çáóðåí-
íÿ â çàäà÷i ãëîáàëüíîãî ðîáàñòíîãî ñèíòåçó. Ðîçãëÿíóòî çàäà÷ó
ãëîáàëüíîãî ðîáàñòíîãî ïîçèöiéíîãî ñèíòåçó îáìåæåíîãî êåðóâàííÿ
ñèñòåìîþ ç íåâiäîìèìè îáìåæåíèìè çáóðåííÿìè. Íà îñíîâi ìåòîäó
ôóíêöi¨ êåðîâàíîñòi Â. I. Êîðîáîâà çàïðîïîíîâàíî ðiçíîìàíiòíi ïiäõîäè
äî çíàõîäæåííÿ ìåæ çìiíè çáóðåííÿ. Ïîáóäîâàíå íåçàëåæíå âiä çáó-
ðåííÿ êåðóâàííÿ, ÿêå ïåðåâîäèòü äîâiëüíó ïî÷àòêîâó òî÷êó ó ïî÷àòîê
êîîðäèíàò çà ñêií÷åíèé ÷àñ, äëÿ ÿêîãî íàâåäåíà îöiíêà çâåðõó.
Êëþ÷îâi ñëîâà: çàäà÷à ðîáàñòíîãî ñèíòåçó, ïîçèöiéíå îáìåæåíå êåðó-
âàííÿ, íåâiäîìå îáìåæåíå çáóðåííÿ.
T. V. Revina, Several approaches to delimiting a perturbation
in the global robust feedback synthesis problem. The paper deals
with the problem of the global robust feedback synthesis of a bounded
control for a system with an unknown bounded perturbations. On the
basis of V. I. Korobov's controllability function method we suggest several
approaches to delimiting a perturbation. We provide a positional control
which is independent of the perturbation and steers an arbitrary initial
point to the origin in a �nite time; an estimate from above for the time of
motion is given.
Keywords: robust feedback synthesis problem, positional bounded control,
unknown bounded perturbation.
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1. Ïîñòàíîâêà çàäà÷è
Â ýòîé ðàáîòå ïðåäëîæåíî êîíñòðóêòèâíîå ðåøåíèå çàäà÷è ãëîáàëüíîãî

ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà îãðàíè÷åííîãî óïðàâëåíèÿ äëÿ îäíîãî ñïå-
öèàëüíîãî êëàññà ñèñòåì. Ïðåäëàãàþòñÿ ðàçíûå ïîäõîäû ê îïðåäåëåíèþ ãðà-
íèöû èçìåíåíèÿ âîçìóùåíèÿ. Ïîëó÷åíà îöåíêà ñâåðõó íà âðåìÿ äâèæåíèÿ èç
ïðîèçâîëüíîé íà÷àëüíîé òî÷êè â íà÷àëî êîîðäèíàò.

Âíà÷àëå ââåäåì ïîíÿòèå ëîêàëüíîãî ïîçèöèîííîãî ñèíòåçà îãðàíè÷åííîãî
óïðàâëåíèÿ. Ðàññìîòðèì ñèñòåìó

ẋ = f(t, x, u), (1)

ãäå x ∈ Q ⊂ Rn, u ∈ Ω ⊂ Rr, ïðè÷åì Ω òàêîâî, ÷òî 0 ∈ int Ω.
Ïîä ëîêàëüíûì ïîçèöèîííûì ñèíòåçîì îãðàíè÷åííîãî óïðàâëåíèÿ áóäåì

ïîíèìàòü íàõîæäåíèå òàêîãî óïðàâëåíèÿ u = u(x) ∈ Ω, ÷òî òðàåêòîðèÿ x(t)
çàìêíóòîé ñèñòåìû ẋ = f(t, x, u(x)), âûõîäÿùàÿ èç ïðîèçâîëüíîé íà÷àëüíîé
òî÷êè x(0) = x0 ∈ Q ⊂ Rn, îêàí÷èâàåòñÿ â íà÷àëå êîîðäèíàò â íåêîòîðûé
êîíå÷íûé ìîìåíò âðåìåíè T (x0) < ∞, ò. å. lim

t→T (x0)
x(t) = 0. Ïðè ýòîì åñëè

Q = Rn, òî ñèíòåç íàçûâàåòñÿ ãëîáàëüíûì.
Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è â 1979 ãîäó Êîðîáîâûì Â. È. áûë ïðåä-

ëîæåí ìåòîä ôóíêöèè óïðàâëÿåìîñòè [2, 3], ðàçâèòûé â ñîâìåñòíûõ ðàáîòàõ
Êîðîáîâà Â. È., Ñêëÿðà Ã. Ì. [7] è äðóãèõ àâòîðîâ (íàïðèìåð, [1]). Ê ðà-
áîòàì Êîðîáîâà Â. È. ïðèìûêàþò ðàáîòû Polyakov è äð. [18], Rodoumta è
äð. [19]. Ïðèëîæåíèå ìåòîäà ê çàäà÷àì óïðàâëåíèÿ õàîñîì ìîæíî íàéòè â
ðàáîòå Bowong è äð. [12]. Äðóãèå èäåè äëÿ áëèçêèõ ïîñòàíîâîê çàäà÷ ðàçâè-
âàþòñÿ â ðàáîòàõ [13, 14, 16]. Â ðàáîòå [4] ìåòîä ôóíêöèè óïðàâëÿåìîñòè áûë
îáîáùåí íà ñëó÷àé ñèñòåì ñ âîçìóùåíèåì âèäà

ẋ = Ax + b(u + v), |u| ≤ d, |v| ≤ γ < d,

ãäå v � íåèçâåñòíîå âîçìóùåíèå.
Â ðàáîòå â [6] áûëà ïîñòàâëåíà ñëåäóþùàÿ çàäà÷à: äëÿ ñèñòåì âèäà

ẋ = (A + pD)x + bu, −d1 ≤ p ≤ d2, (d1, d2 > 0)

òðåáóåòñÿ ïîñòðîèòü òàêîå óïðàâëåíèå u = u(x), |u| ≤ 1, ÷òî òðàåêòîðèÿ
x(t, x0) ñèñòåìû ẋ = (A + pD)x + bu(x), âûõîäÿùàÿ èç ïðîèçâîëüíîé òî÷êè
x0 ∈ Rn â ìîìåíò âðåìåíè t0 = 0, ïîïàäàåò â òî÷êó x1 = 0 çà êîíå÷íîå âðåìÿ
T (x0) ïðè ëþáîì p ∈ [−d1; d2]. Ýòó çàäà÷ó ìû áóäåì íàçûâàòü çàäà÷åé ðî-
áàñòíîãî ïîçèöèîííîãî ñèíòåçà (òî÷íîå îïðåäåëåíèå áóäåò äàíî íèæå). Äàëåå,
â ðàáîòå [9] ðåøåíà çàäà÷à ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà äëÿ êîíêðåòíûõ
êîëåáàòåëüíûõ ñèñòåì âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ.

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì çàäà÷ó ãëîáàëüíîãî ðîáàñòíîãî ïîçè-
öèîííîãî ñèíòåçà îãðàíè÷åííîãî óïðàâëåíèÿ äëÿ ñèñòåìû





ẋ1 = (1 + p(t, x))x2,
ẋi = (1 + rip(t, x))xi+1, i = 2, . . . , n− 1,
ẋn = u,

(2)
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ãäå t ≥ 0, x ∈ Rn, u � ñêàëÿðíîå óïðàâëåíèå, óäîâëåòâîðÿþùåå îãðàíè÷å-
íèþ |u| ≤ 1, r2, . . . rn−1 � íåêîòîðûå ÷èñëà, p(t, x) � íåèçâåñòíîå îãðàíè÷åí-
íîå âîçìóùåíèå, óäîâëåòâîðÿþùåå îãðàíè÷åíèþ |p(t, x)| ≤ d.

Äëÿ ÷èñëà d ÷åðåç Pd îáîçíà÷èì êëàññ ôóíêöèé p(t, x) : [0;+∞)×Rn → R,
óäîâëåòâîðÿþùèõ ñëåäóþùèì óñëîâèÿì:

1) p(t, x) íåïðåðûâíî ïî ïåðåìåííîé t;
2) â êàæäîé îáëàñòè

K1(t1, ρ2) = {(t, x) : 0 ≤ t ≤ t1, ‖x‖ ≤ ρ2}, ρ2 > 0, t1 > 0

ôóíêöèÿ p(t, x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

|p(t, x′′)− p(t, x′)| ≤ `1(t1, ρ2)‖x′′ − x′‖;

3) äëÿ âñåõ (t, x) ∈ [0;+∞)×Rn ôóíêöèÿ p(t, x) óäîâëåòâîðÿåò îãðàíè÷å-
íèþ |p(t, x)| ≤ d.

Ïîä d-ãëîáàëüíûì ðîáàñòíûì ïîçèöèîííûì ñèíòåçîì îãðàíè÷åííîãî
óïðàâëåíèÿ áóäåì ïîíèìàòü íàõîæäåíèå òàêîãî óïðàâëåíèÿ u = u(x), x ∈ Rn,
÷òî:

1) â êàæäîé îáëàñòè K2(ρ1, ρ2) = {x : 0 < ρ1 ≤ ‖x‖ ≤ ρ2}, 0 < ρ1 < ρ2

ôóíêöèÿ u(x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

|u(x′′)− u(x′)| ≤ `2(ρ1, ρ2)‖x′′ − x′‖;

2) äëÿ âñåõ x ∈ Rn âûïîëíåíî óñëîâèå |u(x)| ≤ 1;
3) äëÿ âñåõ p(t, x) ∈ Pd òðàåêòîðèÿ x(t) çàìêíóòîé ñèñòåìû





ẋ1 = (1 + p(t, x))x2,
ẋi = (1 + rip(t, x))xi+1, i = 2, . . . , n− 1,
ẋn = u(x),

âûõîäÿùàÿ èç ïðîèçâîëüíîé íà÷àëüíîé òî÷êè x(0) = x0 ∈ Rn, îêàí÷èâàåòñÿ
â íà÷àëå êîîðäèíàò â íåêîòîðûé êîíå÷íûé ìîìåíò âðåìåíè T (x0, p) < ∞, ò. å.

lim
t→T (x0,p)

x(t) = 0.

Íàøà öåëü � äëÿ çàäàííûõ r2, . . . , rn−1 ïîëó÷èòü îöåíêó äëÿ d, ïðè êî-
òîðîì çàäà÷à ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà èìååò ðåøåíèå.
Çàìåòèì, ÷òî ïðè p(t, x) = −1 â ñèñòåìå (2) ïåðâàÿ êîîðäèíàòà íå óïðàâëÿåìà,
ò. å. íå ïðè âñåõ d çàäà÷à ðàçðåøèìà.

Ðàáîòà ïîñòðîåíà ñëåäóþùèì îáðàçîì. Â ðàçäåëå 2 ïðåäñòàâëåíû íåêîòî-
ðûå ðåçóëüòàòû ìåòîäà ôóíêöèè óïðàâëÿåìîñòè, íåîáõîäèìûå â äàëüíåéøåì.
Â ðàçäåëå 3 ñîäåðæàòñÿ îñíîâíûå ðåçóëüòàòû ðàáîòû (òåîðåìà 2). Â ðàçäåëå 4
ïðèâåäåí ïðèìåð.
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2. Ìåòîä ôóíêöèè óïðàâëÿåìîñòè
Îïèøåì îäèí èç âîçìîæíûõ ïîäõîäîâ ê ðåøåíèþ çàäà÷è ãëîáàëüíîãî ïî-

çèöèîííîãî ñèíòåçà äëÿ êàíîíè÷åñêîé ñèñòåìû [5, 7]:

ẋ1 = x2, ẋ2 = x3, . . . , ẋn−1 = xn, ẋn = u, (3)

ãäå x ∈ Rn, u � ñêàëÿðíîå óïðàâëåíèå, óäîâëåòâîðÿþùåå îãðàíè÷åíèþ |u|≤1.
Ýòó ñèñòåìó ìîæíî çàïèñàòü â âèäå ẋ = A0x + b0u, ãäå

A0 =




0 1 0 . . . 0 0
0 0 1 . . . 0 0

. . .
0 0 0 . . . 0 1
0 0 0 . . . 0 0




, b0 =




0
. . .
0
1


 .

Çàìåòèì, ÷òî ïðè p(t, x) = 0 ñèñòåìà (2) ïîëíîñòüþ óïðàâëÿåìà è ñîâïà-
äàåò ñ ñèñòåìîé (3). Ïóñòü ìàòðèöà F−1 èìååò âèä

F−1 =

1∫

0

(1− t)e−A0tb0b
∗
0e
−A∗0tdt =

=
(

(−1)2n−i−j

(n− i)!(n− j)!(2n− i− j + 1)(2n− i− j + 2)

)n

i,j=1

.

Â ðàáîòå [10] óêàçàí ÿâíûé âèä ýëåìåíòîâ fij ìàòðèöû F. Îáîçíà÷èì

D(Θ) = diag
(
Θ− 2n−2i+1

2

)n

i=1
.

Òåîðåìà 1 (Êîðîáîâ, Ñêëÿð [7]) Îïðåäåëèì ôóíêöèþ óïðàâëÿåìîñòè
Θ = Θ(x) êàê åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ

2a0Θ = (D(Θ)FD(Θ)x, x), x 6= 0, Θ(0) = 0, (4)

ãäå ïîñòîÿííàÿ a0 âûáèðàåòñÿ ñîãëàñíî íåðàâåíñòâó

0 < a0 ≤ 2
fnn

. (5)

Òîãäà óïðàâëåíèå âèäà

u(x) = −1
2

b∗0D(Θ(x))FD(Θ(x))x (6)

ðåøàåò äëÿ ñèñòåìû (3) çàäà÷ó ãëîáàëüíîãî ïîçèöèîííîãî ñèíòåçà íåïðåðûâ-
íîãî óïðàâëåíèÿ, óäîâëåòâîðÿþùåãî îãðàíè÷åíèþ |u| ≤ 1. Ïðè ýòîì ôóíêöèÿ
óïðàâëÿåìîñòè Θ(x0) ÿâëÿåòñÿ âðåìåíåì äâèæåíèÿ èç ïðîèçâîëüíîé òî÷êè
x0 â íà÷àëî êîîðäèíàò.



144 Ðåâèíà Ò. Â.

3. Îñíîâíûå ðåçóëüòàòû
Ïåðåïèøåì ñèñòåìó (2) â ìàòðè÷íîì âèäå

ẋ = (A0 + p(t, x)R)x + b0u,

ãäå ìàòðèöû A0 è b0 ââåäåíû ðàíåå, à ìàòðèöà R èìååò âèä

R =




0 1 0 . . . 0 0
0 0 r2 . . . 0 0

. . .
0 0 0 . . . 0 rn−1

0 0 0 . . . 0 0




.

Îáîçíà÷èì y(Θ, x) = D(Θ)x. Òîãäà óðàâíåíèå (4) ïðèíèìàåò âèä

2a0Θ = (Fy(Θ, x), y(Θ, x)). (7)

Âûáåðåì ïîñòîÿííóþ a0, óäîâëåòâîðÿþùóþ íåðàâåíñòâó (5). Ðàññìîòðèì çà-
ìêíóòóþ ñèñòåìó

ẋ = (A0 + p(t, x)R)x + b0u(x), (8)
ãäå u(x) çàäàåòñÿ ôîðìóëîé (6), Θ(x(t)) � åäèíñòâåííîå ïîëîæèòåëüíîå ðåøå-
íèå óðàâíåíèÿ (7). Îáîçíà÷èì ÷åðåç x(t) òðàåêòîðèþ ñèñòåìû (8) è íàéäåì
ïðîèçâîäíóþ â ñèëó ñèñòåìû Θ̇ = d

dtΘ(x(t)). Èç óðàâíåíèÿ (7) èìååì

2a0Θ̇ = (F ẏ(Θ, x), y(Θ, x)) + (Fy(Θ, x), ẏ(Θ, x)). (9)

Íàéäåì ẏ(Θ, x). Îáîçíà÷èì H = diag
(−2n−2i+1

2

)n

i=1
òîãäà d

dΘ
D(Θ) =

=
1
Θ

HD(Θ), îòêóäà

ẏ(Θ, x) = Ḋ(Θ)x + D(Θ)ẋ =
Θ̇
Θ

Hy(Θ, x) + D(Θ)A0D
−1(Θ)y(Θ, x)+

+p(t, x)D(Θ)RD−1(Θ)y(Θ, x)− 1
2
D(Θ)b0b

∗
0D(Θ)Fy(Θ, x).

Îáîçíà÷èì

F 1 = F − FH −HF = ((2n− i− j + 2)fij)n
i,j=1 =

=




2nf11 (2n− 1)f12 . . . (n + 1)f1n

(2n− 1)f21 (2n− 2)f22 . . . nf2n

. . .
(n + 1)f1n nf2n . . . 2fnn


 .

Çàìåòèì, ÷òî F 1 � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà [5]. Îáîçíà÷èì

S(Θ) = Θ(FD(Θ)RD−1(Θ) + D−1(Θ)R∗D(Θ)F ).
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Íåòðóäíî óñòàíîâèòü òîæäåñòâî [5] D(Θ)RD−1(Θ) = Θ−1R, îòêóäà

S(Θ) = S = FR + R∗F.

Â äàëüíåéøåì ìû ñóùåñòâåííî ïîëüçóåìñÿ òåì, ÷òî ìàòðèöà S íå çàâèñèò
îò Θ. Óêàæåì ÿâíûé âèä ìàòðèöû S :



0 f11 f12r2 . . . f1n−1rn−1

f11 2f12 f13 + f22r2 . . . f1n + f2n−1rn−1

f12r2 f13 + f22r2 2f23r2 . . . f2nr2 + f3n−1rn−1

. . .
f1n−1rn−1 f1n + f2n−1rn−1 f2nr2 + f3n−1rn−1 . . . 2fn−1nrn−1




.

Ìîæíî äîêàçàòü òîæäåñòâà [5]

D(Θ)A0D
−1(Θ) =

1
Θ

A0, D(Θ)b0 = Θ−1/2b0, FA0 + A∗0F − Fb0b
∗
0F = −F 1,

ïîëüçóÿñü êîòîðûìè, èç ðàâåíñòâà (9) ïîëó÷àåì

Θ̇(2a0− 1
Θ

((FH + HF )y(Θ, x), y(Θ, x))) =
1
Θ

((−F 1 + p(t, x)S)y(Θ, x), y(Θ, x)).

Ïðèíèìàÿ âî âíèìàíèå óðàâíåíèå (7), ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ ôóíêöèè
óïðàâëÿåìîñòè â ñèëó ñèñòåìû (8) èìååò âèä

Θ̇ =
(−F 1 + p(t, x)S)y(Θ, x), y(Θ, x))

(F 1y(Θ, x), y(Θ, x))
. (10)

Ââåäåì îáîçíà÷åíèÿ:
• mij � ýëåìåíòû ìàòðèöû M ;
• M∗ � ìàòðèöà, òðàíñïîíèðîâàííàÿ ê ìàòðèöå M ;
• σ(M) � ñïåêòð ìàòðèöû M ;
• ρ(M) = max{|λ|, λ ∈ σ(M)} � ñïåêòðàëüíûé ðàäèóñ ìàòðèöû M ;
• λmin(M) = min{λ : λ ∈ σ(M)}, ãäå M � ñèììåòðè÷íàÿ ìàòðèöà;
• λmax(M) = max{λ : λ ∈ σ(M)}, ãäå M � ñèììåòðè÷íàÿ ìàòðèöà;
• ||M ||∞ = max

1≤i≤n

n∑
j=1

|mij | � ìàòðè÷íàÿ íîðìà;

• |M | = (|mij |)n
i,j=1 � àáñîëþòíîå çíà÷åíèå ìàòðèöû M, ò. å. ìàòðèöà, ñîñòî-

ÿùàÿ èç ìîäóëåé ýëåìåíòîâ ìàòðèöû M ;
• ||x||2 =

√
|x1|2 + . . . + |xn|2 � åâêëèäîâà âåêòîðíàÿ íîðìà;

• ||S||2 = max{
√

λ : λ ∈ σ(S∗S)} � åâêëèäîâà ìàòðè÷íàÿ íîðìà;
• âûðàæåíèå M < 0 îçíà÷àåò, ÷òî ìàòðèöà M îòðèöàòåëüíî îïðåäåëåíà;
• M1 < M2 îçíà÷àåò, ÷òî M1 −M2 < 0.

Â äàëüíåéøåì ìû òàêæå èñïîëüçóåì ñëåäóþùèå îáîçíà÷åíèÿ:
• λi(F 1) ∈ σ(F 1) � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F 1;
• Q =

∞∫
0

e2(γ1−1)F 1tdt;

• Z(γ1) = |U∗| · |S| · |U |, ãäå U � îðòîãîíàëüíàÿ ìàòðèöà, ñòîëáöàìè êîòîðîé
ÿâëÿþòñÿ ñîáñòâåííûå âåêòîðû ìàòðèöû ((γ1 − 1)F 1).



146 Ðåâèíà Ò. Â.

Òåîðåìà 2 Ïóñòü 0 < γ1 < 1 è âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé:

1. d0 =
(1− γ1)λmin(F 1)

ρ(S)
, (11)

2. d0 =
1

2||Q||∞||S||∞ , (12)

3. d0 = (1− γ1) min
1≤i≤n

λi(F 1)
n∑

j=1
zij(γ1)

, (13)

4. d0 =
1− γ1

ρ(|(F 1)−1| · |S|) . (14)

Òîãäà äëÿ âñåõ d òàêèõ, ÷òî 0 ≤ d < d0, óïðàâëåíèå, çàäàâàåìîå
ôîðìóëîé (6), ãäå ôóíêöèÿ óïðàâëÿåìîñòè Θ(x) åñòü åäèíñòâåííîå ïîëî-
æèòåëüíîå ðåøåíèå óðàâíåíèÿ (4) ïðè a0, óäîâëåòâîðÿþùåì íåðàâåíñòâó
(5), ðåøàåò çàäà÷ó d-ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà. Ïðè
ýòîì òðàåêòîðèÿ ñèñòåìû (8), âûõîäÿùàÿ èç ïðîèçâîëüíîé íà÷àëüíîé òî÷-
êè x(0) = x0 ∈ Rn, îêàí÷èâàåòñÿ â òî÷êå x1(T ) = 0 â íåêîòîðûé êîíå÷íûé
ìîìåíò âðåìåíè T = T (x0, d), òàêîé, ÷òî

T (x0, d) ≤ Θ(x0)/γ1. (15)

Äîêàçàòåëüñòâî. Ïóñòü d0 çàäàåòñÿ îäíîé èç ôîðìóë (11)-(14). Ðàññìîò-
ðèì ñåìåéñòâî ñèììåòðè÷íûõ ìàòðèö K(p) = (−1+γ1)F 1 +pS. Äîêàæåì, ÷òî
èç óñòîé÷èâîñòè ýòîãî ñåìåéñòâà ïðè âñåõ |p| ≤ d < d0 âûòåêàåò, ÷òî

Θ̇ < −γ1.

Ïóñòü ñåìåéñòâî K(p) óñòîé÷èâî ïðè âñåõ |p| ≤ d < d0, òî åñòü K(p) < 0.
Òîãäà −F 1 + pS < −γ1F

1. Òîãäà äëÿ âñåõ y(Θ, x) è äëÿ âñåõ |p(t, x)| ≤ d < d0

âûïîëíåíî

((−F 1 + p(t, x)S)y(Θ, x), y(Θ, x)) < −γ1(F 1y(Θ, x), y(Θ, x)). (16)

Ïîýòîìó, ïîäñòàâëÿÿ (16) â (10), â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàò-
ðèöû F 1 [5] ïîëó÷àåì Θ̇ < −γ1. Äàëüíåéøèé õîä äîêàçàòåëüñòâà àíàëîãè÷åí
äîêàçàòåëüñòâó äëÿ êàíîíè÷åñêîé ñèñòåìû [5][Òåîðåìà 1.2]

Òåïåðü â êàæäîì èç ñëó÷àåâ (11)-(14) äîêàæåì óñòîé÷èâîñòü ñåìåéñòâà
K(p) ïðè âñåõ |p| ≤ d < d0.

1. Óñëîâèå (11). Âîñïîëüçóåìñÿ óòâåðæäåíèåì

Ëåììà 1 (Õîðí è äð. [11], ãëàâà 6.3) Ïóñòü K � íîðìàëüíàÿ ìàòðèöà
(ò. å. KK∗ = K∗K) ñ ñîáñòâåííûìè çíà÷åíèÿìè λ̂1, . . . , λ̂n è E � ïðîèç-
âîëüíàÿ ìàòðèöà. Åñëè λ � ñîáñòâåííîå çíà÷åíèå ìàòðèöû K + E, òî íàé-
äåòñÿ λ̂i, äëÿ êîòîðîãî

|λ− λ̂i| ≤ ||E||2. (17)
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Îáîçíà÷èì K = (−1+γ1)F 1 (ýòî ñèììåòðè÷åñêàÿ ìàòðèöà, ñëåäîâàòåëüíî,
îíà ÿâëÿåòñÿ íîðìàëüíîé) è E = p ·S. Äëÿ ýòèõ ìàòðèö ìû ìîæåì âîñïîëüçî-
âàòüñÿ ëåììîé 1. Ïóñòü λ(p) ∈ σ(K(p)) � ñîáñòâåííîå çíà÷åíèå ìàòðèöû K(p).
Óñëîâèå (17) îçíà÷àåò, ÷òî ñóùåñòâóåò òàêîå ñîáñòâåííîå çíà÷åíèå λ̂i ìàòðèöû
K, ÷òî

|λ(p)− λ̂i| ≤ d · ||S||2 < d0 · ||S||2. (18)

Ïðè ýòîì λ̂i ìîãóò ñîâïàäàòü ïðè ðàçíûõ λ(p).
Çàìåòèì, ÷òî λ̂i = (−1+γ1)λi(F 1). Ïîñêîëüêó S = S∗, òî ||S||2 = ρ(S). Èç

óñëîâèÿ (18) âûòåêàåò, ÷òî

λ(p) < (−1 + γ1)λi(F 1) + d0ρ(S).

Ïîäñòàâèì d0 èç óñëîâèÿ (11). Òîãäà

λ(p) < (−1+ γ1)λi(F 1)+ (1− γ1)λmin(F 1) = (1− γ1)(−λi(F 1)+λmin(F 1)) ≤ 0,

ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (11) ïðè 0 < γ1 < 1 ñåìåéñòâî ìàò-
ðèö K(p) óñòîé÷èâî ïðè âñåõ |p| ≤ d < d0, òî åñòü âñå ñîáñòâåííûå çíà÷åíèÿ
ìàòðè÷íîãî ñåìåéñòâà K(p) îòðèöàòåëüíû.

2. Óñëîâèå (12). Âîñïîëüçóåìñÿ ðåçóëüòàòàìè ðàáîòû [21], â êîòîðîé
èñïîëüçóåòñÿ ïîíÿòèå èíòåðâàëüíîé ìàòðèöû.

Îïðåäåëåíèå 1 Ïóñòü Am � ìàòðèöà ñ ýëåìåíòàìè am
ij , AM � ìàòðè-

öà ñ ýëåìåíòàìè aM
ij . Èíòåðâàëüíîé ìàòðèöåé [Am, AM ] íàçûâàåòñÿ ñåìåé-

ñòâî ìàòðèö âèäà [Am, AM ] = {A : am
ij ≤ aij ≤ aM

ij , 1 = i, j ≤ n}. Îáîçíà÷èì
Ac = (Am + AM )/2.

Ëåììà 2 (Wang è äð. [21]) Ïóñòü äëÿ èíòåðâàëüíîé ìàòðèöû [Am, AM ]
âûïîëíåíî:
1) ìàòðèöû Am è AM ÿâëÿþòñÿ ñèììåòðè÷íûìè;
2) ìàòðèöà Ac óñòîé÷èâà;
3) ||AM − Am||∞ < 1/||Q||∞, ãäå Q � ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ëÿïó-
íîâà QAc + AcQ = −I.

Òîãäà èíòåðâàëüíàÿ ìàòðèöà [Am, AM ] óñòîé÷èâà (ò. å. êàæäàÿ ìàò-
ðèöà ñåìåéñòâà ÿâëÿåòñÿ óñòîé÷èâîé).

Ïðèìåì Am = (−1 + γ1)F 1 − d|S|, AM = (−1 + γ1)F 1 + d|S|, òîãäà
K(p) ⊂ [Am, AM ]. Çàìåòèì, ÷òî ìàòðèöà Ac = K(0) = (−1+γ1)F 1 ïðè 0<γ1<1
ÿâëÿåòñÿ óñòîé÷èâîé (íàïîìíèì, ÷òî ìàòðèöà F 1 ÿâëÿåòñÿ ïîëîæèòåëüíî
îïðåäåëåííîé [5]). Òîãäà ìàòðè÷íîå óðàâíåíèå Ëÿïóíîâà QAc + AcQ = −I

èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå çàäàåòñÿ ðàâåíñòâîì Q =
∞∫
0

e2Actdt.

Âû÷èñëèì
||AM −Am||∞ = ||2d · |S| ||∞ < 2d0 · ||S||∞.
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Ïîäñòàâèì d0 èç óñëîâèÿ (12). Òîãäà äëÿ âñåõ |p| ≤ d < d0 âûïîëíåíî

||AM −Am||∞ < 2d0 · ||S||∞ = 1/||Q||∞.

Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (12) âûïîëíåíû óñëîâèÿ ëåììû 2,
òî åñòü ñåìåéñòâî ìàòðèö [Am, AM ] óñòîé÷èâî, à çíà÷èò è K(p) óñòîé÷èâî ïðè
âñåõ |p| ≤ d < d0.

3. Óñëîâèå (13). Â ðàáîòå [15] ðàññìàòðèâàåòñÿ èíòåðâàëüíàÿ ìàòðèöà
âèäà AI = Ac + δA, ïðè÷åì ýëåìåíòû ìàòðèöû δA óäîâëåòâîðÿþò óñëîâèþ
|δaij | ≤ 4aij . Îáîçíà÷èì ÷åðåç 4A ìàòðèöó ñ ýëåìåíòàìè 4aij .

Ëåììà 3 (Juang è äð. [17], Franze è äð. [15]) Ïóñòü Ac äèàãîíàëèçè-
ðóåìà, σ(Ac) = {λ1, . . . , λn}, U � ìàòðèöà, ñòîëáöàìè êîòîðîé ÿâëÿþòñÿ
ñîáñòâåííûå âåêòîðû ìàòðèöû Ac. Îáîçíà÷èì Z = |U−1| · 4A · |U |. Òîãäà
ñîáñòâåííûå çíà÷åíèÿ èíòåðâàëüíîé ìàòðèöû Ac + δA ïðèíàäëåæàò îáú-
åäèíåíèþ øàðîâ ñ öåíòðàìè λi è ðàäèóñàìè ρr

i =
n∑

j=1
zij , i = 1, . . . , n (ñóììà

ýëåìåíòîâ ñòðîêè ìàòðèöû Z), à òàêæå îáúåäèíåíèþ øàðîâ ñ öåíòðàìè λi

è ðàäèóñàìè ρc
i =

n∑
j=1

zji, i = 1, . . . , n (ñóììà ýëåìåíòîâ ñòîëáöà ìàòðèöû Z).

Ïóñòü Ac = (−1 + γ1)F 1, δA = p · S, òîãäà 4A = d · |S|. Çàìåòèì, ÷òî ñîá-
ñòâåííûå çíà÷åíèÿ ìàòðèöû Ac èìåþò âèä λi = (−1 + γ1)λi(F 1). Íàïîìíèì,
÷òî Z(γ1) = |U∗| · |S| · |U |, ãäå U � îðòîãîíàëüíàÿ ìàòðèöà, ñòîëáöàìè êîòî-
ðîé ÿâëÿþòñÿ ñîáñòâåííûå âåêòîðû ìàòðèöû ((γ1 − 1)F 1). Äëÿ ïîñòðîåíèÿ
U âûáåðåì îðòîãîíàëüíûå ñîáñòâåííûå âåêòîðû, òîãäà U = (U−1)∗. Êðîìå
òîãî, çàìåòèì, ÷òî äëÿ ïðîèçâîëüíîé ìàòðèöû |M∗| = |M |∗. Òîãäà Z(γ1) �
ñèììåòðè÷íàÿ ìàòðèöà, îòêóäà ρr

k = ρc
k.

Ëåììà 3 îçíà÷àåò, ÷òî äëÿ êàæäîãî λ(p) ∈ σ(K(p)) ñóùåñòâóåò
k = 1, . . . , n, òàêîå, ÷òî

|λ(p)− (−1 + γ1)λk(F 1)| ≤ d
n∑

j=1

zkj(γ1) < d0

n∑

j=1

zkj(γ1), (19)

ñëåäîâàòåëüíî,

λ(p) < (−1 + γ1)λk(F 1) + d0

n∑

j=1

zkj(γ1).

Ïîäñòàâèì d0 èç óñëîâèÿ (13). Òîãäà

λ(p) < (1− γ1)
n∑

j=1

zkj(γ1)


−

λk(F 1)
n∑

j=1
zkj

+ min
1≤i≤n

λi(F 1)
n∑

s=1
zis(γ1)


 ≤ 0.
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Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèÿ (13) ñåìåéñòâî ìàòðèö K(p) óñòîé-
÷èâî ïðè âñåõ |p| ≤ d < d0.

4. Óñëîâèå (14). Â ðàáîòå [20] ðàññìàòðèâàåòñÿ ñèììåòðè÷íàÿ èíòåð-
âàëüíàÿ ìàòðèöà, ò. å. Am = Ac −4A, AM = Ac +4A.

Ëåììà 4 (Rohn [20]) Ïóñòü 4A � ìàòðèöà, êàæäûé ýëåìåíò êîòîðîé
íåîòðèöàòåëåí. Ïóñòü Ac è 4A ÿâëÿþòñÿ ñèììåòðè÷íûìè ìàòðèöàìè è
Ac óñòîé÷èâà, ïðè÷åì âûïîëíåíî íåðàâåíñòâî

ρ(|A−1
c |4A) < 1. (20)

Òîãäà èíòåðâàëüíàÿ ìàòðèöà [Ac −4A; Ac +4A] óñòîé÷èâà (ò. å. êàæäàÿ
ìàòðèöà ñåìåéñòâà ÿâëÿåòñÿ óñòîé÷èâîé).

Çàìåòèì, ÷òî

K(p) ⊂ [(−1 + γ1)F 1 − d|S|; (−1 + γ1)F 1 + d|S|].
Äîêàæåì, ÷òî ñåìåéñòâî [(−1 + γ1)F 1 − d|S|; (−1 + γ1)F 1 + d|S|] óñòîé÷èâî,
îòêóäà áóäåò âûòåêàòü óñòîé÷èâîñòü ñåìåéñòâà K(p).

Ïîëîæèì Ac = (−1 + γ1)F 1. Ýòà ìàòðèöà óñòîé÷èâà ïðè 0 < γ1 < 1.
Ïîëîæèì 4A = d · |S|. Òîãäà

ρ(|A−1
c |4A) = ρ(|((−1 + γ1)F 1)−1| · d · |S|) =

=
dρ(|(F 1)−1| · |S|)

1− γ1
<

d0ρ(|(F 1)−1| · |S|)
1− γ1

.

Ïîäñòàâèì d0 èç óñëîâèÿ (14). Òîãäà äëÿ âñåõ |p| ≤ d < d0

ρ(|A−1
c |4A) < 1.

Èòàê, ïðè âûïîëíåíèè óñëîâèÿ (14) âûïîëíåíû óñëîâèÿ ëåììû 4, òî åñòü
ñåìåéñòâî ìàòðèö K(p) óñòîé÷èâî ïðè âñåõ |p| ≤ d < d0. 2

Çàìå÷àíèå 1. Äîêàçàííàÿ òåîðåìà îçíà÷àåò, ÷òî åñëè |p(t, x)| ≤ d < d0,
ãäå d0 çàäàåòñÿ îäíîé èç ôîðìóë (11)-(14), òî ìîæíî ïðèìåíÿòü ìåòîä ôóíê-
öèè óïðàâëÿåìîñòè äëÿ ïîñòðîåíèÿ ñèíòåçèðóþùåãî óïðàâëåíèÿ. Äëÿ íàõîæ-
äåíèÿ òðàåêòîðèè, íà÷èíàþùåéñÿ â çàäàííîé òî÷êå x0 ∈ Rn, ïîñòóïàåì ñëå-
äóþùèì îáðàçîì. Ðåøàåì óðàâíåíèå (4) ïðè x = x0 è íàõîäèì åäèíñòâåííûé
ïîëîæèòåëüíûé êîðåíü Θ(x0) = θ0. Âûáèðàåì ÷èñëî d0 ñîãëàñíî îäíîé èç
îöåíîê â òåîðåìå. Ïîëîæèì θ(t) = Θ(x(t)). Ïðè âñåõ çíà÷åíèÿõ âîçìóùåíèÿ
|p(t, x)| ≤ d < d0 òðàåêòîðèÿ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè





ẋ = (A0 + p(t, x)R)x− 1
2 b0b

∗
0D(θ)FD(θ)x,

θ̇ =
(−F 1 + p(t, x)S)D(θ)x,D(θ)x)

(F 1D(θ)x,D(θ)x)
x(0) = x0, θ(0) = θ0.
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Çàìåòèì, ÷òî ïðè ýòîì óðàâíåíèå (4) äîñòàòî÷íî ðåøèòü òîëüêî îäèí ðàç �
äëÿ íàõîæäåíèÿ θ0.
Çàìå÷àíèå 2. Â ðàáîòå [14] ðàññìàòðèâàåòñÿ çàäà÷à ñòàáèëèçàöèè çà êîíå÷-
íîå âðåìÿ äëÿ ñèñòåìû âèäà

{
ẋi = di(x)xi+1 + fi(xi+1, . . . , xn, u), i = 1, . . . , n− 1,
ẋn = dn(x)u + fn(u),

â ïðåäïîëîæåíèè, ÷òî 0 < di ≤ di(x) ≤ di � íåïðåðûâíûå ôóíêöèè, êîòî-
ðûå íå èçâåñòíû çàðàíåå. Â îòëè÷èå îò ðàáîòû [14] ìû óêàçûâàåì ãðàíèöû
èçìåíåíèÿ íåèçâåñòíûõ âîçìóùåíèé di(x), ïðè ýòîì ìû äîïóñêàåì, ÷òî âîçìó-
ùåíèÿ ìîãóò çàâèñåòü îò âðåìåíè. Îòìåòèì, ÷òî ïðèìåíåíèå ìåòîäà ôóíêöèè
óïðàâëÿåìîñòè ïîçâîëÿåò íàì ïîñòðîèòü óïðàâëåíèå, óäîâëåòâîðÿþùåå çàðà-
íåå çàäàííûì îãðàíè÷åíèÿì, è ïîëó÷èòü îöåíêó íà âðåìÿ ïîïàäàíèÿ.

4. Ðîáàñòíûé ñèíòåç äëÿ òðåõìåðíîé ñèñòåìû

Ðàññìîòðèì çàäà÷ó ãëîáàëüíîãî ðîáàñòíîãî ïîçèöèîííîãî ñèíòåçà äëÿ ñèñòå-
ìû 




ẋ1 = (1 + p(t, x1, x2, x3))x2,
ẋ2 = (1 + r2p(t, x1, x2, x3))x3,
ẋ3 = u.

(21)

Çàïèøåì ýòó ñèñòåìó â ìàòðè÷íîì âèäå ẋ = (A0 + pR)x + b0u, ãäå

A =




0 1 0
0 0 1
0 0 0


 , R =




0 1 0
0 0 r2

0 0 0


 , b0 =




0
0
1


 .

Ïóñòü îãðàíè÷åíèÿ íà óïðàâëåíèå èìåþò âèä |u| ≤ 1. Õîðîøî èçâåñòåí ñëó-
÷àé, êîãäà p ÿâëÿåòñÿ ïîñòîÿííîé âåëè÷èíîé [8]. Ìû ðàññìàòðèâàåì p êàê
íåèçâåñòíîå îãðàíè÷åííîå âîçìóùåíèå: |p(t, x1, x2, x3)| ≤ d. Èìååì

F =




2400 960 120
960 420 60
120 60 12


 , F 1 =




14400 4800 480
4800 1680 180
480 180 24


 ,

(F 1)−1 ≈



0.002 −0.008 0.016
−0.008 0.033 −0.083

0.016 −0.083 0.333


 ,

|(F 1)−1| ≈



0.002 0.008 0.016
0.008 0.033 0.083
0.016 0.083 0.333


 ,



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1133 (2014) 151

D(Θ) =




Θ− 5
2 0 0

0 Θ− 3
2 0

0 0 Θ− 1
2


 , S =




0 2400 960r2

2400 1920 60(2 + 7r2)
960r2 60(2 + 7r2) 120r2


 .

Íàéäåì ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû F 1 :

λ1(F 1) ≈ 16024.4, λ2(F 1) ≈ 76.75, λ3(F 1) ≈ 2.81.

Ïóñòü r2 = −0.1. Â ýòîì ñëó÷àå

S =




0 2400 −96
2400 1920 78
−96 78 −12


 , |S| =




0 2400 96
2400 1920 78
96 78 12


 ,

ρ(S) ≈ 3544.91, ||S||∞ = 2400 + 1920 + 78 = 4398.
Ïîëîæèì γ1 = 0.01. Â ñèëó ôîðìóëû (11)

d0 =
(1− γ1)λmin(F 1)

ρ(S)
≈ 0.99 · 2.81

3544.91
≈ 0.0007.

Â âûðàæåíèè (12)

Q =

∞∫

0

e2(γ1−1)F 1tdt ≈



0.001 −0.004 0.008
−0.004 0.016 −0.042

0.008 −0.042 0.168


 ,

||Q||∞ ≈ 0.008 + 0.042 + 0.168 ≈ 0.218. Â ñèëó ôîðìóëû (12)

d0 =
1

2||Q||∞||S||∞ ≈ 1
2 · 0.218 · 4398

≈ 0.0005.

Â âûðàæåíèè (13) ìàòðèöà, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû
((γ1 − 1)F 1), è åå ìîäóëü èìåþò âèä

U ≈


−0.947 0.314 0.051
−0.317 −0.914 −0.251
−0.032 −0.254 0.966


 , |U | ≈




0.947 0.314 0.051
0.317 0.914 0.251
0.032 0.254 0.966


 ,

ïîýòîìó

Z(0.01) ≈



1645.438 2910.089 876.397
2910.089 3040.208 850.911
876.397 850.911 241.696


 ,

n∑

j=1

z1j(γ1) ≈ 1645.438 + 2910.089 + 876.397 ≈ 5431.93,

n∑

j=1

z2j(γ1) ≈ 2910.089 + 3040.208 + 850.911 ≈ 6801.21,



152 Ðåâèíà Ò. Â.

n∑

j=1

z3j(γ1) ≈ 876.397 + 850.911 + 241.696 ≈ 1969.01.

Â ñèëó ôîðìóëû (13)

d0 = (1− γ1) min
1≤i≤n

λi(F 1)
n∑

j=1
zij(γ1)

≈ 0.99min
{

16024.4
5431.93

,
76.75

6801.21
2.81

1969.01

}
≈

≈ 0.99min{2.95, 0.011, 0.0014} ≈ 0.0014.

Â âûðàæåíèè (14)

|(F 1)−1| · |S| ≈



21.6 22.8 1.07
88 90.5 4.4

232 226 12.1


 ,

ρ(|(F 1)−1| · |S|) ≈ 123.696. Â ñèëó ôîðìóëû (14)

d0 =
1− γ1

ρ(|(F 1)−1| · |S|) ≈
0.99

123.696
≈ 0.008.

Òàêèì îáðàçîì, ôîðìóëà (14) äàåò ñàìóþ ëó÷øóþ îöåíêó.
Òåïåðü ïîñòðîèì ñèíòåçèðóþùåå óïðàâëåíèå. Óðàâíåíèå äëÿ ôóíêöèè

óïðàâëÿåìîñòè èìååò âèä

2a0Θ6 = 2400x2
1 + 1920Θx1x2 + 240Θ2x1x3 + 420Θ2x2

2 + 120Θ3x2x3 + 12Θ4x2
3,

(22)
ãäå 0 < a0 ≤ 2/f33 = 1/6. Ïóñòü a0 = 1/6. Óïðàâëåíèå èìååò âèä

u(Θ, x) = −60x1

Θ3
− 30x2

Θ2
− 6x3

Θ
. (23)

Âûáåðåì d0 = 0.008. Â êà÷åñòâå êîíêðåòíîé ðåàëèçàöèè âîçìóùåíèÿ
ðàññìîòðèì ôóíêöèþ p(t, x1, x2, x3) = 0.008 sin

(
10(x2

1−x2
2−x2

3)
t+1

)
, òîãäà ñèñòå-

ìà (21) ïðèíèìàåò âèä




ẋ1 =
(
1 + 0.008 sin

(
10(x2

1−x2
2−x2

3)
t+1

))
x2,

ẋ2 =
(
1− 0.0008 sin

(
10(x2

1−x2
2−x2

3)
t+1

))
x3,

ẋ3 = u.

(24)

Âûáåðåì â êà÷åñòâå íà÷àëüíîé òî÷êè x0 = (−2; 3;−1). Äëÿ íàõîæäåíèÿ
òðàåêòîðèè âîñïîëüçóåìñÿ Çàìå÷àíèåì 1. Ðåøàÿ óðàâíåíèå (22), ïîëó÷àåì
θ0 ≈ 7.15. Êîìïîíåíòû òðàåêòîðèè ïðåäñòàâëåíû íà ðèñ. 1, óïðàâëåíèå íà
òðàåêòîðèè � íà ðèñ. 2. Êðîìå òîãî, ïðîèçâîäíàÿ îò ôóíêöèè óïðàâëÿåìîñòè
íà òðàåêòîðèè ïðåäñòàâëåíà íà ðèñ. 3, à ôóíêöèÿ óïðàâëÿåìîñòè íà òðàåê-
òîðèè � íà ðèñ. 4. Îáðàòèì âíèìàíèå íà òî, ÷òî Θ(x(t)) ïî÷òè ëèíåéíà, òî
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>

ß

t

xi

0

x1

x2

x3

2 4 6 8

-3

-2

-1

1

2

3

Ðèñ. 1: Êîìïîíåíòû òðàåê-
òîðèè äëÿ ñèñòåìû (24)

>

ß

t

u

0 2 4 6 8

-1.0

-0.5

0.5

1.0

Ðèñ. 2: Óïðàâëåíèå íà òðàåê-
òîðèè äëÿ ñèñòåìû (24)

>

ß

t

dQ

2 4 6 8

-1.03

-1.02

-1.01

-1.00

-0.99

-0.98

Ðèñ. 3: Ïðîèçâîäíàÿ îò
ôóíêöèè óïðàâëÿåìîñòè íà
òðàåêòîðèè äëÿ ñèñòåìû(24)

>

ß

t

Q

0
2 4 6 8

1

2

3

4

5

6

7

Ðèñ. 4: Ôóíêöèÿ óïðàâëÿå-
ìîñòè íà òðàåêòîðèè äëÿ ñè-
ñòåìû (24)

åñòü çíà÷åíèå d
dtΘ(x(t)) "áëèçêî" ê −1. Íàïîìíèì, ÷òî ïðè p(t, x) = 0 âûïîë-

íåíî ðàâåíñòâî d
dtΘ(x(t)) = −1. Âðåìÿ ïîïàäàíèÿ â íà÷àëî êîîðäèíàò ðàâíî

T ≈ 7.13 < Θ0. Çàìåòèì, ÷òî îöåíêà (15) äàåò ñóùåñòâåííî áîëåå ãðóáûé
ðåçóëüòàò, à èìåííî T ≤ 715.97.

Áëàãîäàðíîñòè.Àâòîð âûðàæàåò áëàãîäàðíîñòü äîêòîðó ôèç.-ìàò. íàóê,
ïðîôåññîðó Êîðîáîâó Â. È. çà öåííûå ñîâåòû ïðè íàïèñàíèè ðàáîòû. Òàêæå
àâòîð âûðàæàåò áëàãîäàðíîñòü êàíäèäàòó ôèç.-ìàò. íàóê, äîöåíòó Èãíàòî-
âè÷ Ñ. Þ. çà êîíñòðóêòèâíûå çàìå÷àíèÿ íà ýòàïå îôîðìëåíèÿ ðàáîòû.
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