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Äîñëiäæåíi íîâi ôóíêöi¨ äiéñíî¨ çìiííî¨, îçíà÷åíi ïðè äîïîìîçi
öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ. Âñòàíîâëåíèé ¨õ çâ'ÿçîê ç
óçàãàëüíåíèìè ãiïåðãåîìåòðè÷íèìè ôóíêöiÿìè. Äîâåäåíi äåÿêi âëàñòè-
âîñòi íîâèõ ôóíêöié òà ôîðìóëè, ùî ¨õ ïîâ'ÿçóþòü. Âèâåäåíi çâè÷àéíi
äèôåðåíöiàëüíi ðiâíÿííÿ, ðîçâ'ÿçêàìè ÿêèõ ¹ çàïðîïîíîâàíi ôóíêöi¨.
Êëþ÷îâi ñëîâà: ôàêòîðiàëüíèé ñòåïiíü, öåíòðàëüíèé ôàêòîðiàëüíèé
ñòåïiíü, óçàãàëüíåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ, çàäà÷à Êîøi.

Ãîé Ò. Ï., Íååëåìåíòàðíûå ôóíêöèè, ïîðîæäåííûå öåíòðàëü-
íûìè ôàêòîðèàëüíûìè ñòåïåíÿìè. Ïðåäëîæåíû íîâûå ôóíêöèè
äåéñòâèòåëüíîãî ïåðåìåííîãî, îïðåäåëåííûå ñ ïîìîùüþ öåíòðàëüíûõ
ôàêòîðèàëüíûõ ñòåïåíåé. Ïîêàçàíà èõ ñâÿçü ç îáîáùåííûìè ãèïåð-
ãåîìåòðè÷åñêèìè ôóíêöèÿìè. Óñòàíîâëåíû íåêîòîðûå ñâîéñòâà íîâûõ
ôóíêöèé è ñâÿçûâàþùèå èõ ôîðìóëû. Âûâåäåíû îáûêíîâåííûå äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ, ðåøåíèÿìè êîòîðûõ åñòü ïðåäëîæåííûå
ôóíêöèè.
Êëþ÷åâûå ñëîâà: ôàêòîðèàëüíûé ñòåïåíü, öåíòðàëüíûé ôàêòîðèàëü-
íûé ñòåïåíü, îáîáùåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ, çàäà÷à Êîøè.

T. P. Goy, Non-elementary functions generated by central factorial
powers. We consider new functions generated by central factorials. Graphs
of such functions are drawn and some of their properties are proved. We
have established their relationship with the hypergeometric functions. It
is shown, that constructed functions are solutions of ordinary di�erential
equations, derived in the article.
Keywords: factorial powers, central factorial powers, generalized
hypergeometric function, Cauchy problem.
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1. Âñòóï
Âiäîìî, ùî ìàòåìàòè÷íi ìîäåëi áàãàòüîõ òåõíi÷íèõ i ïðèðîäíèõ ïðîöåñiâ

ïðèâîäÿòü äî çàäà÷, òî÷íi ðîçâ'ÿçêè ÿêèõ îòðèìàòè êëàñè÷íèìè ìåòîäàìè
íåìîæëèâî. Çáiëüøåííÿ êiëüêîñòi íååëåìåíòàðíèõ ôóíêöié ïðèâîäèòü äî ñóò-
ò¹âîãî ðîçøèðåííÿ êîëà çàäà÷, ÿêi ìîæóòü áóòè ðîçâ'ÿçàíi ó çàìêíåíîìó
âèãëÿäi. Ïðè öüîìó îñîáëèâà óâàãà ïðèäiëÿ¹òüñÿ äîñëiäæåííþ íîâèõ ôóíêöié
ç ìåòîþ ¨õíüîãî ïîäàëüøîãî çàñòîñóâàííÿ ó òåîði¨ ôóíêöié, ÷èñëîâèõ ìåòîäàõ
òà ó ìîäåëþâàííi êîíêðåòíèõ ïðàêòè÷íèõ çàäà÷.

Êëàñè÷íi òðàíñöåíäåíòíi ôóíêöi¨ ex, sinx, cosx çàäàþòüñÿ ïðè äîïî-
ìîçi âiäïîâiäíèõ ñòåïåíåâèõ ðÿäiâ ç ó÷àñòþ ôàêòîðiàëiâ, ÿêi ìîæíà ïîäàòè
ó âèãëÿäi ñïàäíîãî ôàêòîðiàëüíîãî ñòåïåíÿ nn. Çàìiíèâøè ó öèõ ñòåïåíåâèõ
ðÿäàõ ñïàäíi ôàêòîðiàëüíi ñòåïåíi âiäïîâiäíèìè öåíòðàëüíèìè ôàêòîðiàëü-
íèìè ñòåïåíÿìè, îäåðæó¹ìî íîâi íååëåìåíòàðíi ôóíêöi¨ äiéñíî¨ çìiííî¨ Ẽ (x),
S̃ (x), C̃ (x) âiäïîâiäíî.

Ìåòîþ ñòàòòi ¹ äîñëiäæåííÿ ôóíêöié Ẽ (x), S̃ (x), C̃ (x), äîâåäåííÿ ôîð-
ìóë, ùî ¨õ ïîâ'ÿçóþòü, âñòàíîâëåííÿ çâ'ÿçêó öèõ ç âiäîìèìè ôóíêöiÿìè, à òà-
êîæ âèâåäåííÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâ'ÿçêàìè ÿêèõ ¹ íîâi
ôóíêöi¨.

2. Îñíîâíi îçíà÷åííÿ é ïîíÿòòÿ
Îçíà÷åííÿ 1. Äëÿ äîâiëüíèõ x ∈ R i m ∈ N ôàêòîðiàëüíèì ñòåïåíåì m

ç êðîêîì k ∈ R íàçèâàþòü âèðàç

xm{k} = x(x + k)(x + 2k) · . . . · (x + (m− 1)k
)
.

Ôàêòîðiàëüíèé ñòåïiíü íàçèâàþòü çðîñòàþ÷èì, ÿêùî k > 0, i ñïàäíèì, ÿêùî
k < 0. Ââàæàþòü, ùî x0{k} ≡ 1. Äëÿ k = 0 ìà¹ìî çâè÷àéíèé ñòåïiíü, áî
xm{0} = xm.

Çðîñòàþ÷i ôàêòîðiàëüíi ñòåïåíi m ç êðîêîì 1 i ñïàäíi ôàêòîðiàëüíi ñòå-
ïåíi m ç êðîêîì (� 1) ïîçíà÷èìî ÷åðåç xm i xm âiäïîâiäíî, òîáòî

xm = xm{1} = x(x + 1) · . . . · (x + m− 1),

xm = xm{−1} = x(x− 1) · . . . · (x−m + 1).

Î÷åâèäíî, ùî n! = 1n = nn.
Îñíîâíi âëàñòèâîñòi çðîñòàþ÷èõ i ñïàäíèõ ôàêòîðiàëüíèõ ñòåïåíiâ âèðà-

æàþòüñÿ âiäïîâiäíî ôîðìóëàìè

∆xm = mxm−1, ∆xm = mxm−1, (1)

äå ∆f(x) = f(x + 1)− f(x) � ðiçíèöÿ, à ∆f(x) = f(x)− f(x− 1) � çàïiçíiëà
ðiçíèöÿ ôóíêöi¨ f(x).

Îçíà÷åííÿ 2. Äëÿ äîâiëüíèõ x ∈ R i m ∈ N öåíòðàëüíèì ôàêòîðiàëü-
íèì ñòåïåíåì m ç êðîêîì k > 0 íàçèâàþòü âèðàç

xm[k] = x

(
x +

mk

2
− k

)(
x +

mk

2
− 2k

)
· . . . ·

(
x− mk

2
+ k

)
,
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ïðè÷îìó x0[k] ≡ 1.
Öåíòðàëüíèé ôàêòîðiàëüíèé ñòåïiíü m ç êðîêîì 1 ïîçíà÷àòèìåìî ÷åðåç

x[m], òîáòî x[m] = xm[1]. Íàïðèêëàä,

x[5] = (x− 3/2) (x− 1/2) x (x + 1/2) (x + 3/2) ,

x[6] = (x− 2)(x− 1)x2 (x + 1)(x + 2).

ßêùî δf(x) = f (x + 1/2)−f (x− 1/2) � öåíòðàëüíà ðiçíèöÿ ôóíêöi¨ f(x),
òî äëÿ öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ ç êðîêîì 1 ñïðàâäæó¹òüñÿ ôîð-
ìóëà, àíàëîãi÷íà äî ôîðìóë (1), òîáòî

δx[m] = mx[m−1].

Î÷åâèäíî, ùî
x[m] = x (x + m/2− 1)m .

Iíøi âëàñòèâîñòi òà äåÿêi çàñòîñóâàííÿ çðîñòàþ÷èõ, ñïàäíèõ i öåíòðàëüíèõ
ôàêòîðiàëüíèõ ñòåïåíiâ âèâ÷àëèñü, çîêðåìà, ó [1]�[5].

3. Àíàëiç îñòàííiõ äîñëiäæåíü i ïóáëiêàöié
Çà àíàëîãi¹þ ç êëàñè÷íèìè ñòåïåíåâèìè ðîçâèíåííÿìè

ex =
∞∑

n=0

xn

n!
, cosx =

∞∑

n=0

(−1)n

(2n)!
x2n, sinx =

∞∑

n=0

(−1)n

(2n + 1)!
x2n+1,

ÿêi ìîæíà ðîçãëÿäàòè ÿê ðÿäè, ïîáóäîâàíi ïðè äîïîìîçi ñïàäíèõ ôàêòîðiàëü-
íèõ ñòåïåíiâ (n! = nn), ó [6]�[8] îçíà÷åíi é äîñëiäæåíi íååëåìåíòàðíi ôóíêöi¨
äiéñíî¨ çìiííî¨ Exp(x), Cos(x), Sin(x), ïîáóäîâàíi ïðè äîïîìîçi çðîñòàþ÷èõ
ôàêòîðiàëüíèõ ñòåïåíiâ çà ôîðìóëàìè

Exp(x) =
∞∑

n=0

xn

nn
, Cos(x) =

∞∑

n=0

(−1)n

(2n)2n
x2n, Sin(x) =

∞∑

n=0

(−1)n

(2n + 1)2n+1
x2n+1.

Çîêðåìà, ó [6] âñòàíîâëåíi äåÿêi âëàñòèâîñòi öèõ ôóíêöié, âèâåäåíi ôîðìó-
ëè äëÿ ¨õ àíàëiòè÷íîãî ïðåäñòàâëåííÿ, ïîáóäîâàíi ãðàôiêè òà äîâåäåíi ôîð-
ìóëè, ÿêi ïîâ'ÿçóþòü öi ôóíêöi¨. Òàêîæ ïîêàçàíî, ùî êîæíà ç ôóíêöié Exp(x),
Cos(x), Sin(x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ çâè÷àéíîãî ëiíiéíîãî íåîäíîðiä-
íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ çi çìiííèìè êîåôiöi¹íòàìè (ïåðøîãî ïîðÿä-
êó � äëÿ ôóíêöi¨ Exp(x) òà äðóãîãî ïîðÿäêó � äëÿ Cos(x), Sin(x)).

Äåÿêi ðåçóëüòàòè öi¹¨ ñòàòòi áóëè àíîíñîâàíi â [9].
4. Ôóíêöiÿ Ẽ (x), ïîáóäîâàíà ïðè äîïîìîçi

öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ
Îçíà÷åííÿ 3. ×åðåç Ẽ (x) ïîçíà÷èìî ôóíêöiþ, âèçíà÷åíó ïðè äîïîìîçi

ñòåïåíåâîãî ðÿäó

Ẽ (x) =
∞∑

n=0

xn

n[n]
= (2)
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= 1 +
x

1
+

x2

2 · 2 +
x3

5
2 · 3 · 7

2

+
x4

3 · 4 · 4 · 5 +
x5

7
2 · 9

2 · 5 · 11
2 · 13

2

+ . . . .

Î÷åâèäíî, ùî

Ẽ (x) = 1 +
1
2

∞∑

n=1

(n− 1)!
(3n− 1)!

x2n +
∞∑

n=0

(2n− 1)!! 4n

(6n + 1)!!
x2n+1, (3)

äå (−1)!! ≡ 1, ïðè÷îìó îáèäâà ðÿäè ó (3) ¹ çáiæíèìè íà âñié ÷èñëîâié îñi.
Ðîçãëÿíåìî îêðåìî êîæåí ðÿä ç (3). Äëÿ ïåðøîãî ç íèõ

1
2

∞∑

n=1

(n− 1)!
(3n− 1)!

x2n =
x2

4

(
1 +

∞∑

n=1

1(
4
3 · 73 ·. . .· 3n+1

3

)·(5
3 · 83 ·. . .· 3n+2

3

)
(

x2

27

)n
)

=

=
x2

4

∞∑

n=0

1n

(
4
3

)n (
5
3

)n
n!

(
x2

27

)n

=
x2

4
· 1F2

(
1;

4
3
,
5
3
;
x2

27

)
,

äå 1F2(a1; b1, b2; z) � óçàãàëüíåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ, âèçíà÷åíà ïðè
äîïîìîçi óçàãàëüíåíîãî ãiïåðãåîìåòðè÷íîãî ðÿäó [10]:

1F2 (a1; b1, b2; z) =
∞∑

n=0

an
1

bn
1 bn

2

· zn

n!
,

à an
1 , bn

1 , bn
2 � çðîñòàþ÷i ôàêòîðiàëüíi ñòåïåíi.

Äëÿ äðóãîãî ðÿäó ç (3) ìà¹ìî:

∞∑

n=0

4n(2n− 1)!!
(6n + 1)!!

x2n+1 = x

(
1 +

∞∑

n=1

1(
5
6 · 11

6 ·. . .· 6n−1
6

)·(7
6 · 13

6 ·. . .· 6n+1
6

)
(

x2

27

)n
)

=

= x

∞∑

n=0

1n

(
5
6

)n (
7
6

)n
n!

(
x2

27

)n

= x · 1F2

(
1;

5
6
,
7
6
;
x2

27

)
.

Îòæå, äëÿ ôóíêöi¨ Ẽ (x) îñòàòî÷íî ìà¹ìî ôîðìóëó

Ẽ (x) = 1 +
x2

4
· 1F2

(
1;

4
3
,
5
3
;
x2

27

)
+ x · 1F2

(
1;

5
6
,
7
6
;
x2

27

)
. (4)

�äèíèì íóëåì ôóíêöi¨ Ẽ (x) ¹ ÷èñëî x0 ≈ −1,39945361, à ó òî÷öi x1 ≈
≈ −6,47065797 âîíà äîñÿãà¹ ñâîãî íàéìåíøîãî çíà÷åííÿ.

Ãðàôiê ôóíêöi¨ y = Ẽ (x) íàâåäåíèé íà ðèñ. 1.
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Ðèñ. 1: Ãðàôiê ôóíêöi¨ y = Ẽ (x)

5. Ôóíêöi¨ S̃ (x) i C̃ (x), ïîáóäîâàíi ïðè äîïîìîçi
öåíòðàëüíèõ ôàêòîðiàëüíèõ ñòåïåíiâ

Îçíà÷åííÿ 4. ×åðåç S̃ (x) i C̃ (x) ïîçíà÷èìî ôóíêöi¨, âèçíà÷åíi ïðè äî-
ïîìîçi ñòåïåíåâèõ ðÿäiâ

S̃ (x) =
∞∑

n=0

(−1)n x2n+1

(2n + 1)[2n+1]
, (5)

C̃ (x) =
∞∑

n=0

(−1)n x2n

(2n)[2n]
. (6)

Àíàëîãi÷íî äî äîâåäåííÿ ôîðìóëè (4) îäåðæó¹ìî ôîðìóëè

S̃ (x) = x · 1F2

(
1;

5
6
,
7
6
;−x2

27

)
, (7)

C̃ (x) = 1− x2

4
· 1F2

(
1;

4
3
,
5
3
;−x2

27

)
. (8)

Î÷åâèäíî, ùî ôóíêöiÿ S̃ (x) ¹ íåïàðíîþ, à ôóíêöiÿ C̃ (x) � ïàðíîþ.
Íàéìåíøèìè äîäàòíèìè íóëÿìè ôóíêöié S̃ (x), C̃ (x) ¹ âiäïîâiäíî ÷èñëà
s0 ≈ 6,12358366, c0 ≈ 2,07375071.

Ãðàôiêè ôóíêöié y = S̃ (x), y = C̃ (x) çîáðàæåíi íà ðèñóíêàõ 2, 3. Íà íèõ

ïóíêòèðîì ïðîâåäåíi ïàðàáîëè y2 = ±7πx

12
i
(

y +
1
2

)2

= ±7πx

12
âiäïîâiäíî.
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Ðèñ. 2: Ãðàôiê ôóíêöi¨ y = S̃ (x)

Ðèñ. 3: Ãðàôiê ôóíêöi¨ y = C̃ (x)

Îñêiëüêè çãiäíî ç (4)

Ẽ (±ix) = 1− x2

4
· 1F2

(
1;

4
3
,
5
3
;−x2

27

)
± ix · 1F2

(
1;

5
6
,
7
6
;−x2

27

)
,
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òî, âðàõîâóþ÷è (7), (8), îäåðæó¹ìî ôîðìóëó, àíàëîãi÷íó äî ôîðìóëè Åéëåðà:

Ẽ (±x) = C̃ (x)± iS̃ (x).

Çâiäñè

C̃ (x) =
1
2

(
Ẽ (ix) + Ẽ (−ix)

)
, S̃ (x) =

1
2i

(
Ẽ (ix)− Ẽ (−ix)

)
,

i, îòæå,
C̃ 2(x) + S̃ 2(x) = Ẽ (ix) · Ẽ (−ix).

5. Äèôåðåíöiàëüíi ðiâíÿííÿ ôóíêöié S̃ (x), C̃ (x)

Ïîêàæåìî, ùî ôóíêöi¨ S̃ (x), C̃ (x), îçíà÷åíi ó ï. 4, ¹ ðîçâ'ÿçêàìè çàäà÷ Êî-
øi äëÿ çâè÷àéíèõ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü òðåòüîãî ïîðÿäêó ç íåïå-
ðåðâíèìè êîåôiöi¹íòàìè.
Òåîðåìà 1. Ôóíêöi¨ S̃ (x), C̃ (x) ¹ ðîçâ'ÿçêàìè âiäïîâiäíî òàêèõ çàäà÷ Êîøi:

27x3y′′′ + (4x3 + 24x)y′ + (4x2 − 24)y = 0,

y(0) = 0, y′(0) = 1, y′′(0) = 0;
(9)

27x3y′′′ − 27x2y′′ + (4x3 + 51x)y′ − 48y = −48,

y(0) = 1, y′(0) = 0, y′′(0) = −1
2 .

(10)

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî ôóíêöiÿ S̃ (x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi
(9). Óçàãàëüíåíà ãiïåðãåîìåòðè÷íà ôóíêöiÿ 1F2 (a1; b1, b2; z), ÷åðåç ÿêó, çãiäíî
ç (7), âèðàæà¹òüñÿ ôóíêöiÿ S̃ (x), ¹ ðîçâ'ÿçêîì ëiíiéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ òðåòüîãî ïîðÿäêó [10]

(
σ (σ + b1 − 1) (σ + b2 − 1)− z (σ + a1)

)
w(z) = 0,

äå σ � äèôåðåíöiàëüíèé îïåðàòîð z d
dz .

Îòæå, ôóíêöiÿ
w(z) = 1F2

(
1;

5
6
,
7
6
; z

)
(11)

¹ ðîçâ'ÿçêîì çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ
(
σ
(
σ − 1

6

)(
σ + 1

6

)− z (σ + 1)
)
w(z) = 0. (12)

Îñêiëüêè

σ1 = z
d

dz
, σ2 = z

d

dz
+ z2 d2

dz2
, σ3 = z

d

dz
+ 3z2 d2

dz2
+ z3 d3

dz3
,

òî ç (12), âèêîíàâøè íåñêëàäíi ïåðåòâîðåííÿ, ïåðåêîíó¹ìîñü, ùî ôóíêöiÿ (11)
¹ ðîçâ'ÿçêîì ðiâíÿííÿ

z2w′′′ + 3zw′′ −
(

z − 35
36

)
w′ − w = 0. (13)
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Âèêîíà¹ìî ó (13) çàìiíó íåçàëåæíî¨ çìiííî¨ çà ôîðìóëîþ z = −x2

27 . Òîäi

w′z = − 27
x

w′x, w′′z2 =
272

x3

(
xw′′x2 − w′x

)
,

w′′′z3 = − 273

x5

(
x2w′′′x3 − 3xw′′x2 + 3w′x

)

i, ïiäñòàâëÿþ÷è ó (13), îäåðæó¹ìî, ùî ôóíêöiÿ w(x) = F
(
1; 5

6 , 7
6 ;−x2

27

)
¹

÷àñòèííèì ðîçâ'ÿçêîì ðiâíÿííÿ

27x2w′′′ + 81xw′′ + (4x2 + 24)w′ + 8xw = 0. (14)

Íàðåøòi, âèêîíóþ÷è â (14) çàìiíó w(x) = S̃ (x)
x , îäåðæó¹ìî

27x2

(
y′′′

x
− 3y′′

x2
+

6y′

x3
− 6y

x4

)
+ 81x

(
y′′

x
− 2y′

x2
+

2y

x3

)
+

+(4x2 + 24)
(

y′

x
− y

x2

)
+ 8x

y

x
= 0,

òîáòî ôóíêöiÿ y = S̃ (x) ¹ ðîçâ'ÿçêîì ëiíiéíîãî îäíîðiäíîãî ðiâíÿííÿ ç (9).
Òå, ùî ôóíêöiÿ S̃ (x) çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè y(0) = 0, y′(0) = 1,

y′′(0) = 0, âèïëèâà¹ ç (7).
Äîâåäåìî òåïåð, ùî ôóíêöiÿ C̃ (x) ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (10). Ç (8)

âèïëèâà¹, ùî ôóíêöiÿ C̃ (x) çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè ç (10). Ïîêàæåìî,
ùî âîíà ¹ ÷àñòèííèì ðîçâ'ÿçêîì âiäïîâiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Àíàëîãi÷íî, ÿê öå áóëî çðîáëåíî äëÿ ôóíêöi¨ S̃ (x), ïåðåêîíó¹ìîñÿ, ùî
ôóíêöiÿ

w(z) = F

(
1;

4
3
,
5
3
; z

)

ç (8) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

z2w′′′ + 4zw′′ +
(

20
9
− z

)
w′ − w = 0,

à ôóíêöiÿ w(x) = F
(
1; 4

3 , 5
3 ;−x2

27

)
� ðîçâ'ÿçêîì ðiâíÿííÿ

27x2w′′′ + 135xw′′ + (4x2 + 105)w′ + 8xw = 0. (15)

Ïiäñòàâëÿþ÷è òåïåð â (15)

w(x) =
4
x2

(
1− C̃ (x)

)
,

îäåðæó¹ìî, ùî ôóíêöiÿ y = C̃ (x) ¹ ðîçâ'ÿçêîì ëiíiéíîãî íåîäíîðiäíîãî ðiâ-
íÿííÿ ç (10). Òåîðåìó äîâåäåíî.
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