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From Clouatre-Ostermann-Ransford to Okubo-Ando

Let A be a unital operator algebra and let 6 : A — B(H) be a continuous
unital homomorphism. We prove that for all n € N and all 8 in the dual
space of A,

167 < max(1, 9 + g 1)),

Here, 6 : M, (A) — B(H") denotes the n-th matrix ampliation of . This
extends a result of Clouatre, Ostermann and Ransford (the case n = 1), who
were motivated by Crouzeix’s conjecture. Our result allows us to control
the completely bounded norm of 6, which in turn has dilation theoretic
consequences.

As an application, we obtain a new proof of the similarity theorem of Okubo
and Ando, which says that if 7" € B(#) is an operator of class C),, where
p > 1, then there exists an invertible operator S such that ||S™1TS|| < 1
and such that ||S||||S7!|| < p. The conclusion of the Okubo-Ando theorem
implies that the inequality

IF (DI < pllfllp

holds for all polynomials f. A direct proof of this inequality was recently
given by Clouatre, Ostermann and Ransford. Our main result shows that this
inequality in fact holds for matrix-valued polynomials, so that the existence
of the similarity S follows from Paulsen’s similarity theorem, which says that
an operator T is completely polynomially bounded with constant p if and
only if there exists an invertible operator S such that ||S™!TS|| < 1 and
such that [|S]|||S~L]| < p.

The key to proving our main result is to adapt a variational argument
of Caldwell, Greenbaum and Li to matrix-valued holomorphic functions.
Rather than working with biholomorphic automorphisms of the disc, we
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work with Potapov—MGobius transforms m,4, where A belongs to the unit
ball of M, (C). A slightly simplified version of our key lemma, which is
shown using this technique, then reads as follows: If R € M,,(B(H)) satisfies
IR|| > 1 and ||magr(R)| < ||R|| for all A close to 0 and if z € H™ with
[zl = 1 and |[Rz| = ||R]|, then

(Rz,(A® I)z) =0

for all A € M, (C).

Keywords: completely bounded norm of homomorphism; Okubo—
Ando theorem.

2020 Mathematics Subject Classification: 47L30; 46L07.

1. Introduction

The Crouzeix conjecture is that the numerical range of an operator on a Hilbert
space is always a 2-spectral set for the operator [5]. The sharpest result proved
to date is by Crouzeix and Palencia [6], who proved that the numerical range is a
(14 v/2)-spectral set. Examining the proofs in [6, 10], Clouatre, Ostermann and
Ransford were led to make the following conjecture, which if true would imply
the Crouzeix conjecture [4].

Conjecture 1.1. [4] Let A be a uniform algebra, and o : A — A a uni-
tal anti-linear contraction. Let 0 : A — M, (C) be a continuous unital algebra
homomorphism.

(i) If the linear map

A: A= Mu(C), [ 0(f)+0(a(f)),

has norm at most 2, then ||0]] < 2.
(i1) If o is a complete contraction, 6 is completely bounded, and | Al < 2,
then ||0||cp < 2.

They proved that both parts of their conjecture hold with the weaker conclusi-
on [|0]] < 1+ v/2 (resp. [|0]|es < 1+ v/2). They also proved that (i) holds with
constant 2 if the range of « is the scalar multiples of the identity, even without the
assumption that a(1) = 1. It was left open if (ii) also holds under this hypothesis.
The object of this note is to prove that it does, which is an immediate consequence
of the following result.

Theorem 1. Let A be a unital operator algebra and let 6 : A — B(H) be a
continuous unital homomorphism. Then for all n € N and all B in the dual space
Of A}

1677 < max(1, |67 + p1])),

Here, (§4 31)(a) = 6(a) + f(a)], and the notation # means the n-th matrix
ampliation; see Definition 1. The case n = 1 was proved in [4, Thm. 4.1]. (They
stated the theorem for uniform algebras, but their proof extends to all operator
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algebras). The chief reason to consider ampliations of 6 is that control of the
completely bounded norm ||0|| = sup,, || || is crucial from the point of view of
dilation theory. We discuss one such application.

The class C, of operators with a unitary p-dilation (see Definition 2) was
introduced by Sz.-Nagy and Foias. Operators of class C, can be characterized intri-
nsically; see [14, Section I.11]. In particular, the class C1 is the class of contractions
(operators of norm at most one); this is the Sz-Nagy dilation theorem [12]. Cs
consists of all operators whose numerical range lies in the closed unit disk; this is
Berger’s strange dilation theorem [2].

Every operator in C, was shown to be similar to a contraction in [13]. Okubo
and Ando obtained the sharp bound on the condition number [8].

Theorem 2 (Okubo-Ando). Let p > 1 and let T € B(H) be of class C,. Then
there eists an invertible operator S € B(H) such that |[STITS| < 1 and such
that |SIIISTHI < p.

We give another proof of the Okubo—Ando theorem in Section 3.
2. Definitions

We recall a few definitions. By an operator algebra, we mean a subalgebra A of
B(K) for some Hilbert space K; we do not assume that the algebra is self-adjoint.
Matrices with entries from A come equipped with natural norms. Indeed, if A C
B(K), then M,,(A), the n-by-n matrices with entries from 4, is a subalgebra
of M,,(B(K)), and this can be canonically identified with B(K™). The norm on
M, (A) is its norm as a subalgebra of B(K").

Definition 1. Let A and B be operator algebras, and 6 : A — B a mapping. We
write 0 : My, (A) — M, (B) for the n-th ampliation of the map 0, defined by
applying 0 entry-wise. We define

16|y = sup |6
neN

We say 0 is completely bounded if ||0||s < 00, and say 0 is a complete contraction
if 0]l < 1.

Since the work of Stinespring [11] and Arveson [1], it has been known that
studying the ampliations can be very helpful in understanding the original map.

Definition 2. Let p > 0. An operator T' € B(H) is said to be of class C, if there
exists a unitary operator U on a Hilbert space containing H such that

™ = pPyU" for alln > 1.

e

In this case, U 1is called a unitary p-dilation of T'. Equivalently,

F(T) + (p = 1)f(0) = pPuf(U)|,,  for all f € Clz]. (1)
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3. Proof of the Okubo-Ando theorem

The conclusion of the Okubo-Ando theorem (Theorem 2) implies that if 7" is
of class C), then the inequality

IFDI < pllflls (2)

holds for all f € C[z], an improvement from the obvious bound

LA < Pl g + 1o = 11 £(0)

from (1).

The original proof of Okubo and Ando [8] is based on analyzing geometric
properties of the unitary p-dilation of 7. More recently, Caldwell, Greenbaum
and Li [3] gave a simple direct proof of Inequality (2) for p = 2 (in the case of
finite dimensional Hilbert spaces). Their proof is based on a variational argument,
which they attribute to Crouzeix. This was extended to a proof of the general
Inequality (2) by Cloudtre, Ostermann and Ransford [4].

On the other hand, Theorem 1 shows that Inequality (2) also holds for matrix-
valued polynomials, so we shall show that Theorem 2 follows from Paulsen’s si-
milarity theorem, which says that the completely bounded norm of the map

Clz] = B(H), f— f(T)

equals the infimum of the condition numbers ||S|/||S™!|| over all S such that
|S~1TS| < 1.

Proof of Theorem 2. Let A = C[z], equipped with the supremum norm over D.
Define

B:Clz] = C, B(f) = (p—1)f(0),

and let 6 be the polynomial functional calculus of 7. Then (1) shows that
10 + BI||es < p, hence ||0||cs < p by Theorem 1. Paulsen’s similarity theorem
[9, Theorem 9.1] then yields the invertible operator S. O

4. Proof of main result

The key to proving Theorem 1 is to adapt the variational argument in [3]| to
matrix-valued polynomials. To this end, we will use biholomorphic automorphisms
of the unit ball of B(H). In general, if H is a Hilbert space and if A € B(H) with
||A]| < 1, the Potapov—Mobius transform on the unit ball of B(H) is defined by

ma(X) = (I — AA*) V(X + A)(I + A*X) (I — A*A)/2, (3)

If |A] < 1 and || X < 1, then [[ma(X)|| <1, i.e. ma maps the closed unit ball
of B(#) into itself; see e.g. [7, Theorem 8.19]. Let us note that even if || X|| > 1,
formula (3) makes sense as long as || A[||| X < 1.
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Of particular importance for us is the case when the Hilbert space is of the
form H", so B(H") = Mu(B(H)) = M,(C) ® B(H). Given a scalar matrix
A e M, (C) with ||A]| < 1, we shall define

and thus define m ;(T') for T € M, (B(H)) with [|A[|||T|| < 1. In particular, we
have [|m ;(T)| < 1 whenever ||T|| < 1. We will also use the observation that if
T € M,(A) for some norm-closed unital operator subalgebra A of B(#), then
mz(T) € My(A) for all A € M,(C) with ||A|| <1 and ||A||[|T]| < 1.

The following lemma is a generalization of |3, Theorem 5.1| to matrix-valued
functions, sequences of operators and infinite-dimensional Hilbert spaces.

Lemma 1. Let (Ry) be a sequence in My (B(H)). Let C € (0,00) \ {1}. Assume
that whenever A € My (C) satisfies || Al|[|[Ri|| < 1 then |mz(Ry)|| < C.

Let (x1) be a sequence of unit vectors in H™ with limy_, || Rrxk|| = C. Then
for every bounded sequence (Ay) in M, (C),

(Riwk, (A @ Iny)zg) = 0.

lim
k—o0
Proof. The assumption implies that |Rg|| < C for all k£ by taking A = 0.
Let A € M, (C) with C[|A]| < 1 and let y € H" be a unit vector. Define z, =
(I — A*A)~'/2(I + A*Ry,)y. Then by assumption,
I(T = AA") (i + A)y||* = [[m 4(Re) 2
< C%|lz?
= C?|[(1 — A*A)7V2(1 + A" Ry)yl .
We now replace A with tA for a small complex number ¢ and expand to first

order. We have (I —|t|2AA*)~1/2 = T+ O(|t|?) and (I —|t|?PA*A)~Y2 = I+ O(|t]?).
Therefore, the last inequality implies that

| Rey||? + 2RE( Ry, Ay) < C*(|ly||? + 2Rt{y, A* Ryy)) + O([t[*),

where the implied constant in the O(|t|?) term is independent of the unit vector
y and the number k because ||Ry|| < C. Rearranging yields

2(1 — C*)RURyy, Ay) < C?|ly|l*> — | Reyl® + O(It]?)

for all complex numbers ¢ in a neighborhood of zero and all unit vectors y. By
varying the argument of ¢, we conclude that

21 — C?[[t||{Rey, Ay)| < C?|lyll* — IRkyll* + O(Jt]*).

We apply the last inequality to y = xj, the sequence in the statement of the
lemma. Since the estimate above is independent of the unit vector y and k, it
follows that

2|1 — C?|[t| lim sup |( Ry, Azy)| < O(|t]?)

k—o0



10 M. Hartz, J. E. M¢Carthy

for all ¢ in a neighborhood of zero. Since C # 1, we conclude that

lim (kak,;la:k) =0.

k—o0

We have proved this identity for all A € M,,(C) with C||A|| < 1, but then by
homogeneity, it holds for all A € M,,(C). This shows that the linear functionals

Mn((C) — C, A </~L’ck, kark),

converge to zero pointwise, and hence in norm since M,,(C) is finite dimensional.
This completes the proof.

Proof of Theorem 1. Given Lemma 1, the proof proceeds along the same lines as
that of [4, Theorem 4.1|. Since the details differ, we provide the argument. Let
A C B(K). Since 6 and 8 are continuous, we may replace A with its norm closure
if necessary and hence assume that A is closed. Fix n € N and let C' = [|0(™)]|. If
C <1, there is nothing to prove, so assume C > 1.

Let (ay) be a sequence in the unit ball of M,,(A) and let (xy) be a sequence of
unit vectors in H" such that |6 (ay)zk| — C. Let Ry = 07 (ay,) € My (B(H)).
Then ||R|| > 1 for sufficiently large k; we may assume that this holds for all k.
We claim that the Ry satisfy the assumption of Lemma 1. Indeed, if A € M,,(C)
with [|Al||Rk|| < 1, then ||A]| < 1, and since 6 is a unital homomorphism,

Mawt,(Ri) = Magn, (0" (ar) = 0™ (masr (ar)).

The discussion preceding Lemma 1 shows that magr. (ar) belongs to the closed
unit ball of M,,(A), hence |magr, (Ry)|| < C for all k, as claimed. Now

10 + B2 > 1[0 + BT (ak) ||
> (107 (ag)wp]|? + 2R(Rizr, (8™ (ar) ® )y

for all k. Taking the limit as k — oo, the second summand vanishes by Lemma 1,
and the first summand converges to C2 = [|#()]2, so

16" < 16 + " 1]]. O
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Bin Kayarp-Ocrepmann-Paucdopa mo Oky6o- Axio

M. Xaprr!, dx. E. M*Kapri?
L Kagedpa mamemamuru, Caaprandcvrud ynisepcumemn,
66123 Caapoproxxen, Himewvwuna

2 Kagedpa mamemamuru, Bawunzmoncoruti ynisepcumem,
Cenm-Jlyic, Miccypi 63150, CIIIA

Hexaii A — ynitasibaa oneparopna asrebpa, a 6 : A — B(H) — nenepepshwuii yHi-
TanpHUl ToMoMopdizmM. Mu moBoammo, mo aisd Beix n € N ta BCiX [y ayambHOMY
npocropi 110 A,

167 < max(L, |6 + 5 1))

Tyr 00 : M,(A) — B(H") nosmauae n-Ty MaTpuuHy ammiarniio Bizobpaskenns 0.
Ile posmuproe pesyabrar Kiyarpa, Ocrepmana ta Pancdopupa (Bumamok n = 1), aki
Oy moruBoBaHi rimore3ot0 Kpyseiikca. Hamr pesysbrar m03BoJisi€ HAM KOHTPOJIIOBATH
TIOBHICTIO OOMEYKEHY HOPMY 6, 110, Y CBOIO U€Pry, Ma€ TEOPETUKO-TUIATAIINHI HACITI KA.

9k 3acrocyBaHHs, MU OTPUMYEMO HOBHIT J0Ka3 Teopemu noaioHocri Oxybo ta Aujo,
AKa cTBepaKye, mo akmo I € B(H) e omeparopom kmacy C,, me p > 1, Toxi icuye
oboporuuit oneparop S Takwuii, mo ||[SITS|| < 1 ta Takwuit, mo ||S|||S7|| < p. Bucnosok
Teopemu OKy0O—AHIO 03HAYAE, IO HEPIBHICTD

LA < pllflls

BUKOHYETHCSA J7Is1 BCiX mosrinomiB f. IlpsiMmit moKa3 11i€l HEpIBHOCTI HEIOJABHO HA AN
Kayarp, Ocrepmann ta Pancdopa. Hamr ocHoBHui pe3ybrar mokasye, mo g HepiBHICTb
HACTPABJl BUKOHYETHCS JISI MATPUYHO-3HAYHUX TIOJIHOMIB, TaK IO iCHYBAHHS TOTIOHO-
cri S BumsmBae 3 Teopemu momibuocti Ilaynbcena, ska cTBepIXKye, 1m0 omepaTop 1’ €
TOBHICTIO TOJIIHOMIAJIbHO OOMEXKEHUM 3 KOHCTAHTOIO p TOMAI i TULIBKU TOi, KOJU iCHY€
oboporuuit oneparop S Takwuii, mo ||STITS| < 1 Ta rakuii, mo ||S||| S| < p.
Kurouem 10 moBeneHHS HAIIOTO OCHOBHOTO PE3YILTATY € aJAIlTallis BapiamiifHoro ap-
rymenty Kosayemna, I'pinbayma ta JIi 1o marpuano-3nadnnx rosoMopduux dyHKILH.
BamicTb poboTu 3 GirosoMopdHIME ABTOMOP(MI3MAME IUCKA, ME IIPAIIOEMO 3 IIEPETBOPE-
urasivn I[ToramoBa—Mebiyca m 4, ne A wHanexxuth omuananii kyni M, (C). demo cnporena
BEPCid HAIOI KJTI0YOBOI JIEMH, gKa TMOKa3aHa 33 JIOMOMOTOIO ITi€l TeXHiKH, TOAl 3BYYHUTH
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rak: dxmo R € M, (B(H)) 3anosonbuze ||R|| > 1 1a |[magr(R)| < ||R|| nna scix A,
6nu3bkux 10 0, Ta gxmo x € H" 3 ||z|| = 1 T1a ||[Rz|| = ||R||, Toxi

(Rz,(A® I)z) =0

st Beix A € M, (C).
Kawuosi caosa: mijikom obMexKeHa Hopma romomopdgismy; Teopema OKyGo—
Anno.

KoudurikT inTepeciB: ABTOpU MOBIIOMIAIOTH MPO BiACYTHICTH KOHMJIIKTY IHTEpEeCiB.

Icropis crarTi: orpumana: 1 yepBua 2026; ocranniit BapianT: 4 ceprnuasa 2026;
npuitagara: 14 cepuus 2026. Oupuiogaeno 28 cepmast 2026.



