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On stabilization of canonical nonlinear systems in a
special case

The paper addresses the stabilization problem for canonical nonlinear
systems, which in the triangular case correspond to systems in p—normal
form. These systems are inherently nonlinear because they are not feedback
linearizable, and their linear approximation is degenerate and does not
characterize the stability of the equilibrium at the origin. In the triangular
case, backstepping is a standard feedback design tool due to its recursive
nature. Backstepping provides a powerful framework for stabilizing a wide
class of nonlinear systems in strict-feedback form. However, this recursive
approach typically leads to feedback controllers of increasing complexity as
the system dimension grows. This motivates the investigation of simpler
control design methods. Several notable results on non-recursive stabilizati-
on have been obtained in recent years. The classes of polynomial control
laws have been constructed for the case of strictly decreasing exponents of
power terms in the right-hand side of the system. In particular, it has been
shown that the system can be asymptotically stabilized by a linear feedback
control law in the strictly decreasing case. Moreover, control coefficients
can be chosen as arbitrary positive numbers. It is also established that it
is possible to achieve stabilization in a certain special case of non-strictly
decreasing exponents under additional conditions on the control coeffici-
ents. In this work, we solve the linear stabilization problem in a previously
unexplored case of non-strictly decreasing exponents for a three-dimensional
system. We propose constructive method of finding conditions for the control
coefficients to guarantee asymptotic stabilization. Our approach is based on
the Lyapunov function method. We also use stabilization through nonlinear
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approximation to generalize our result. The effectiveness of the proposed
approach is demonstrated and confirmed by numerical examples.

Keywords: stabilization; nonlinear systems; Lyapunov function
method; critical case; feedback control; linear stabilization.
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1. Introduction

Stabilization of nonlinear systems is an important and actively investigated
direction in control theory [1, 3, 4, 5, 6, 7, 9]. Particular attention has been
given to nonlinear systems whose behavior can not be adequately captured by
linear approximation [1, 2, 3, 4, 5, 6, 8, 9]. This situation corresponds to the
so-called critical case and requires nonlinear techniques beyond standard lineari-
zation, such as backstepping or its numerous modifications [5, 6, 7, 8. While
highly effective, the recursive structure of backstepping often leads to complex
control laws whose implementation becomes challenging as the system dimensi-
on increases. This motivates the development of non-recursive approaches with
reduced complexity, resulting in control laws of simpler form [1, 3, 4, 9].

In this paper, we focus on canonical nonlinear systems, for which linearization-
based methods are not directly applicable. Specifically, we consider systems of the
following form:

{j/:i:xﬁl-l-goi(zl,a:g,...,xn), i=1,...,n—1, 1)

Ty = ubn,
where p; > 1 are ratios of positive odd integers, and ¢;(z1, ..., x,) are continuous
real-valued functions of higher order than % | satisfying ¢;(0,...,0) = 0 for all

i=1,...,n—1. We address the problem of finding simple stabilizing controls for
this system.

Classes of easily implementable stabilizing control laws for system (1) have
been proposed in |3, 4, 9] using non-recursive Lyapunov design. In [9], it is shown
that system (1) can be linearly stabilized under the assumption of strictly decreas-
ing exponents, i.e., p;1 > py > --- > p, > 1. Moreover, under this assumption,
the control coefficients can be selected as arbitrary positive numbers k; > 0,
1=1,...,n.

Throughout the paper we adopt the following convention. For the linear control
law u(x) = —kyx1 — koo + - -+ — knxy, the parameters ki, ko, ..., ky, are called
control coefficients or control gains.

In what follows, we restrict our attention to the three-dimensional case
and consider the linear stabilization problem. In a related study [1], the local
asymptotic stability of system (1) for the case n = 3 was investigated. A
specific case of non-strictly decreasing exponents was studied in [1], namely
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p1 > p2 = ps = 1. It was proved that such a system can be stabilized by a
linear control law of the form

u(z) = —kim1 — koxo — kgws,
where k; > 0 for ¢ = 1,2, 3, provided that k; satisfy the following constraint:

5 _ ka(3+2V3)
k3 > ———=.
3

However, the question of the stabilizability of system (1) by linear feedback
remains open in the general case. In this work, we investigate a previously
unexplored case of non-strictly decreasing exponents in which p; = po > p3 = 1.
We constructively demonstrate that, under this condition, system (1) is locally
asymptotically stabilizable by a linear feedback control law.

Our primary objective is the synthesis of a linear state-feedback control law
u(x) that guarantees the local asymptotic stability of system (1) at the origin.
To achieve this, we employ the Lyapunov function method by constructing a
Lyapunov function obtained as a modification of the Lyapunov functions used
in |1, 9]. This allows us to derive explicit sufficient conditions for the control
gains and establish the asymptotic stability of the equilibrium at the origin of the
corresponding closed-loop system.

2. Problem formulation and Lyapunov design

We study the nonlinear system

il = .7}]2),
$‘2 = x§7 (2)
.fg =u,

where u € R is a control, p > 1 is a ratio of two positive odd integers. Here

b1 =p2 =D
We consider a linear state-feedback control law of the form

u(z) = —ki1z1 — kawa — ks, (3)

where k; > 0 are real positive numbers for ¢ = 1,2, 3. Our objective is to estab-
lish conditions on the coefficients k; under which the linear control u(x) ensures
asymptotic stability of the equilibrium at the origin of system (2).

Let us introduce the following Lyapunov function:

1 kb kL 1
V() =5 (91(0) 2 (k1a1)? + g2(p) > (krzy + kaw2)® + = (kazy + kowa + kaw3)? )
2 ey ko ks
where g1(p), g2(p) are strictly positive functions that depend on p. It should be
noted that in previous works [1] and [9], the weighting functions gi(p), g2(p) were
set equal to 1.
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Clearly, V(x) is positive definite for any choice of positive feedback gains
k1, ko, k3 > 0. To simplify the subsequent analysis, we use the following linear
coordinate transformation:

e1 = kixr1, eg=kix1+ koxo, e3=kiz1+ koxo + k3xs. (4)
Expressing the Lyapunov function in these new coordinates yields
1 k3 o kS o 1 o
Ve =3 (nEd + mid+ ). )
The corresponding inverse coordinate transformation is given by
T = k:flel, Ty = k;l(eg —ey1), 3= k:gl(eg —e2).

Differentiating (4) along the trajectories of system (2) under the state-feedback

control law v = u(x), we obtain

. . k1
€1 = klxl = klxg = ?(62 — el)p,
2

o = k1@ + kodo = k1ah + koo = é(BQ —e)P + sz)(BS —e)?,

) . . ) ki ko
é3 = k121 + koZo + k3xg = ?(62 — el)p + ﬁ(eg — eg)p + k’3u(f£)
2 3
Substituting the linear control law u(z) = —(kix1 + kawo + ksxs) = —es into the
third equation, we arrive at the system
€1 = %(62 —e1)P,
éa = ip(e2 —e1)? + {F(es — e2)?, (6)
k1

é3 = 172’(62 — 61)p + %(63 — eg)p — kses.

We now proceed to compute the time derivative of the Lyapunov function
V' (e), defined by (5), along the trajectories of the closed-loop system (6):

Now we evaluate each term individually, which yields

oV . Kb k1
676161 = (gl(p)kiel) <k§(62 - 61)p> = gi(pei(ez —e1)?,
oV | KO ([ Lk )
876262 = <92(P)k262> <k§(€2 —e1)’ + %(63 —e2) )
kq kP

= 92(P)kT+?{€2(62 —e1)’ + ga(p)ea(es — e2)”,
2

oV, 1 k1 ko
676363 = <k3€3) (kg(eg — el)p -+ %(63 62)p — kgeg)

= 763(62 - el)p + k;p+1 63(63 - 62)p — 6%.

ky ko
KDk ’
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By summing the above expressions, we obtain the total time derivative

. kKR
V(e) = gi(per(ez — e1)” + 92(1?)#62(62 —e1)? + ga(p)ea(es — e2)?
2

es(es —e1)? +

1 ko 2
+ —— ez(es —ex)? — ez,
ks gl el ma
Recall that p is defined as a ratio of positive odd integers, which implies that
(ei—e;)? = —(ej—e;)P for any 4, j = 1,2, 3. Utilizing this property and rearranging

the terms, we can express V (e) in the following form:

V(e) = —gi(p)ei(er — e2)? — ga(p)ea(ez — e3)” — €3

k1 k% k1 ko (7)
+ 92(19)@62(62 —e)’ + s e3(ez —e1)” + i es(es — e2)”.

Before proceeding with the estimation of V(e), we recall several fundamental
algebraic inequalities. These auxiliary results are well-established in the literature
[1, 6, 9].

Lemma 1. For any real number p > 1 and arbitrary scalars x; € R for i =
1,...,n, the following inequality holds:
|z 4 20 4+ xp P < 0P (|21 P A 2ol 4 2aP).
Lemma 2. Let p > 1 be a ratio of positive odd integers. Then, for all x,a € R,
the following inequality holds:
z(x+a)? > 25 PPt 4 gaP.

Lemma 3 (Parameterized Young’s Inequality). Let m > 0 and n > 0 be real
constants. Then, for any strictly positive parameter v > 0, the following inequality
holds for oll x,y € R:

mj, |n m m+n n - im4n
2™ |y|" < mvlw! o) " ly[™T"

We now derive several inequalities that will be required for the subsequent
analysis. By applying Lemmas 1 and 2 to the corresponding individual terms of
the derivative, given by (7), we establish the following upper bounds:

—g1(p)er(er — e2)? < g1(p) (—21_]36?rl + |€1H€2|p) ;
—ga(p)eales = ea)? < ga(p) (—27eh " + feslles”)

k1K kikE
toe(p)eaer — e < 32 o) (1 +lealleal) (®)
2 2

k1 k1,1

—pes(ea —e1)’ < 2P77 (lea|Ples| + [e1[Ples])
ko kay _,_

Weg(eg — 62)p S W2p 1 (eg""l + |62|p|€3|> .
3 3
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By Young’s inequality, for any real numbers a,b > 0 and n,m > 1 such that

+ =+ =1, we have

1
m

S|=

a® "
ab < — + —
n m

Therefore, by setting n:=14+ s and m =1+ %, where s > 0 is an arbitrary
constant, we can estimate the term |e||e;| as follows:

S

s+1

P [le;| < i P+ 4 e |15,

1+s

Suppose that {C’i}?zl are positive real numbers. Letting s := %, we obtain

p p(p+1)

1 1 D +1
e1lle2|? = |CVer| | =€ < L A b
(p+1)
ch p+1 1 p+1
le1Plea] = |Cheq|P | —5ea| < —=2——e 57
+1
cy p+1 (p+ 1) ®*Y

To establish the following estimates, we choose any number s; € (%; 1) and apply
Young’s inequality with n =1+ s3:

(1+57)
1P 1 s Cr
ea|Ples| = | =—ea| |Cles| < o a0 A Mt B PN LT
eaPlsl = | o] | feol € oo e a—
1 cpts) s El
le1|Ples| = |Clex|P o es] < ﬁ,eﬂp(lﬁl) + 1p2(1+;)|€3’1+51’
4 (I+s)Cy 7

Next, we fix so € (%—1;%) for 1 <p < 2orany sy € (O,%) for p > 2:

p(1+L)
1 p 1 s9C o2 14+-L
Plo,| — Do | < p(s2+1) 4 2275 +s3
le3[”lez] '0563 |Cses| < 1+32)C§(82+1)’63‘ el

To establish asymptotic stability, we will determine additional constraints on
the parameters C; to guarantee the negative definiteness of V(e) in some small
punctured neighborhood of the origin.
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Applying the previously established inequalities sequentially, we obtain

+1
V(e) < _ ( )21—p p+1+ ( ) p p+1 Cf(p ) p+1
> —a1p €1 gi(p 7(1)4—1)01’“62 +7p+1 e
1
p(1+2)
+ g2(p) leg[P(2tl) + =25 |eg| T
(1 + s2)CEE2™Y) s2+1
_ kikt
— go(p)2" P — €5 + kpfi 27" ga(p)eh ™
2
k1k§ 1 Pog(pﬂ) +1 1 +1
+ ——=2P~ 2 ey eb
k129+1 92(p) ptr1 L (p+ 1>C§2(p+1) 2
p(1+)
kl — 1 810 o1
+ - I{:”Qp 1 p(51+1)’6 |p(51+1)+ 3 : les| 751
3k (1+s1)C% s1+
kl —1 C§(1+Sl) 1 S1
+ o p2” JeaFe1) + les| e
kskb s1+1 p2(1+L)
3 2 1 (1 + 51)04 1
p(1+2)
+ 2 gp-1 ! |ea[Pl1 D) 4 0G les] ¥
K5+ (14 s1)CHe1 Y s1+1
+ kQ 2p—1 p—i—l'

p+1 3
ks
Grouping the coefficients of the dominant stabilizing terms e’fH, egﬂ, and €3,
we can rewrite the right-hand side as

) CP(P+1) Ky kP pcp(erl)
<|_ 1-p 1 3 op—1 2 p+1
Vi(e) < [ 91(P)27" + g1(p) ol P gg(p)TH €
1-p b
+ | — 92(p)2 +91(@W (9)
1

kikP 1

+ @fﬁp Lg2(p) (1 + - 1)Cp2(p+1)> ]€’§+1 — €5+ he),
2

where the function of higher-order terms h(e) is given by

p(1+s1)
h(e) = [ M_gp-1Ci

p(1+s1)
kisk? s1+ 1 le1]

_ k1 1 ko 1
+ 9P 1 + ‘62’27(51"‘1)
[kﬁgk}g (1 + 81>C§(SI+1) k?ngl (1 + Sl)Cg(sl—i-l)]
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p(1+35)
opr—1 p+1 1 p(s2+1) 5205 ’ I+
- k?erl - 92( ) (1 4 )Cp(sz—i—l) ‘63| + S9 + 1 |€2‘ ’
(+3) (1+3)
p—1 k1 leg o1 S1 ko Slcp 1+-L
+2 kgkrg s1+1 + (1 )Cp2(1+i) k§+1 s1+1 les|
+51)Cy

We note that, in a sufficiently small neighborhood of the origin, the sign of
the right-hand side of inequality (9) for V(e) is determined by the corresponding
terms with the smaller exponents in each variable. Next we demonstrate that h(e)
consists entirely of higher-order terms and, thus, does not affect the sign of V(e)
for sufficiently small e.

We recall that s; > 113 and so < %. Therefore, the exponents of the factors

1
le1 [PAF51) | |eofP1+D) and [eo| 52 satisfy the inequalities
1
p(1+s1)>p+1 and 1—!—; >p+ 1.
2

This confirms that the sum of the terms with factors ey [P0+51) | |ey P51+ and

1+ : : p+ p+l
lea|” " 2 are locally dominated by the terms with the factors e}

sufficiently small neighborhood of the origin.

It is clear that the terms with the factors ef ™', les|' T “1, and |e3|P(2+1) are
dominated by the term with the factor e3 for sufﬁmently small e3. The conditions
for the exponents p+ 1, 1 + i, and p(s2 + 1) are verified as follows:

1
and e; " in a

p+1>2 is trivially satisfied since p > 1;
1
1+—>2 is satisfied due to the restriction s; < 1;
S1
p(s2+1) >2 is satisfied since sy > max {O p}
p

Thus, h(e) does not affect the local negative definiteness of V (e).
2. Conditions on the coefficients of stabilizing controller

Based on the Lyapunov function method, to guarantee the asymptotic stability
of the equilibrium at the origin, it is sufficient to show that the derivative V(e)
is negative definite in some neighborhood of the origin. In order to ensure the
negative definiteness, the coefficients associated with the dominant factors ef“
and e5™! must be strictly negative.

To determine whether there exist scaling constants C7 and Cs such that the
coefficients associated with eﬁjﬂ and e§+1 are strictly negative, we consider the
following system of inequalities:

_ cr+) ki kP cp(r+L)
—0(P)2' 7" + 1 (p) T+ 2 e (0) i <0,

_ 1- _p  kik 1 I
92(P)2 77 + g1(p) (pr1)C7 T + kpfi 2" g2(p) (1 * (p+1)c§2<p+1>> <0,
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which can be equivalently rewritten as

k1kP? op—1 pcp(p+1) 1— Cp(p+1)
kgﬂj 2P 92(]9) 12)+1 < g1 (p) 277P — 1p+1 ’

k1k? op_ _
2P 'g2(p) (1 + WZQ(JA)) < ga(p)2tP ~91(P) ryerT-

Consequently, we obtain a decoupled system where the left-hand sides of the
inequalities depend exclusively on the control gains k;, while the right-hand sides
depend solely on the scaling parameters C7 and Cy:

klkg ol—p 1—p Cf(:”‘*’l) il
kg+1 < gg(p)gl(p) 2 - p+1 pcg(p+1)7

10
e (10)

2
1-p » (p+1)Cp (p+1)
S (92([))2 91(p) (p+1)0'1p“) (p+1)C§22“’“>+1'

Given that the control gains satisfy ki, ko, ks > 0, the system of inequalities
(10) admits a solution if and only if the right-hand sides are strictly positive. Since
C7 > 0 and Cy > 0, this condition simplifies to the requirement that the terms
within the parentheses be strictly positive:

1
21—p B Cf(p-‘r )

> 0,
p+1

p

P Sy
)

(p+1)CY

Isolating C from these inequalities results in both an upper and a lower
bound:

92(0)2' 7 — g1 (p)

Crrty <2 (p 1),

91P)P_ p1
2@pE+1)"

An admissible scaling constant Cp exists if and only if the strict lower bound
is less than the strict upper bound. By raising the lower bound to the power of p
(to match the exponent of the upper bound), we arrive at the following sequence
of equivalent inequalities:

crtt >

92(p)(p + 1)
@g)p <p—]i 1)p <27 (p+1),
(i) <

Consequently, the necessary and sufficient conditions for the solvability of
system (10) are formalized as follows:

1+
L+

’ 92(p); (11)

0<gi(p) <2
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and

_gPp ? p(p+1) 1—p
<g2(p)(p+1)2 ) ST sEeED. -

2.1. Optimization of the scaling parameters

Let us denote the right-hand sides of the inequalities in system (10) as
Rl(Cl,CQ) and RQ(Cl,CQ):

9l—p - Cf(p+1) p+1
Ri(Cr,Cy) = mgl@) <2 o p—+1 pcg(erl)’ (13)
21-p B p (p+ l)C’pz(pH)
Ry (C,Ch) = —— ol=p _ 2 . 14
2(C1, C) 92(p) (gg(p) 9:(7) (p+ 1)Cf“> (p+1)CE P 4 (1)

Since the left-hand sides of the inequalities in system (10) are identical, system
(10) is equivalent to

ey K

p+1
k2

< min{R1 (Cl, 02), RQ(Cl, CQ)}

To obtain a sharper estimate, we maximize this minimum over the scaling
parameters. In other words, we are led to the following max-min optimization
problem:
max min{R;(C1,Cs), R2(Cy,Ca)}.
C1,C2>0

Analytical determination of the global maximum for this max-min problem
is non-trivial due to the complex nonlinear structure of R;. However, considering
the behavior of these functions (the opposite monotonicity of the corresponding
factors), it is reasonable to suggest that a near-optimal or optimal value is reached
when they are equal. While a rigorous investigation of global optimality is beyond
the scope of this study, we equate these functions to obtain a constructive sufficient
condition:

R1(CF, C3) = Ra(CF, C3). (15)

This constraint allows us to simplify the analysis and find a feasible candidate
pair (C7,C5) that ensures the fulfillment of the stability conditions (10). Observe
from (13) and (14) that the function R;(C1, C2) can be decoupled as a product of
two independent functions multiplied by weighting coefficient:

21-p
92(p)

Consequently, a sufficient condition to satisfy equality (15) is to equate the
corresponding decoupled terms:

Ri(Cl, CQ) = Fi(Cl)Hi(Cg), 1€ {1,2}.

Fi(C7) = F2(CY), and  H1(Cy) = Ha(Cy).
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Let us first evaluate the equality F1(C1) = F»(Ch):

1 Ci)(pﬂ) 1 p
ol=p _ - ol=p _ 7
91(p) D+ 1 92(p) 91(p) (p+ 1)0110“
- Cp(p+1)
(91(p) — 92(p))2" 7 — g1 (p) + o)) ———1 =0

+1
p+1 (p+1)C¥

In the sequel we consider the case of natural p. Multiplying the entire ex-
pression by (p + 1)Cf+l to eliminate the denominator, we derive the following
polynomial equation with respect to Ci:

g1 ()CF £ 212 (ga(p) — g1(p)) (p + 1P — g1 (p)p = 0. (16)

Similarly, we evaluate the equality Hy(Cy) = H2(Co):

pcg(l”rl) o (p+ 1)0§Z(P+1) + 17

(r+1) ((P + 1)052(p+1) + 1) =(p+ 1)pC§2(p+1)+p(p+1).

Dividing by the common factor (p 4+ 1) and rearranging the terms, we obtain
a polynomial equation in Cly:

pCEPH” (4 1)cy Pt —1 =, (17)

The existence of at least one positive root is guaranteed, since each polynomial
is negative at zero and tends to infinity as C; or Cy increases. According to
Descartes’ rule of signs, the number of positive real roots of a polynomial is equal
to the number of sign changes in the sequence of its coefficients, or is less than
this number by an even integer. Therefore, since p > 1, each of the polynomials,
(16) and (17), has exactly one positive real root.

Let Cf, C5 be the positive real roots of the polynomials (16) and (17) respec-
tively; then the equality (15) holds. Let us choose positive definite functions g;(p)
and go(p) that satisfy the inequality (11), for example:

g1(p) =1, ga(p) :==2". (18)
In this case, the corresponding polynomial equations simplify to the forms:
Crt 2t — 1)+ P —p =0,
2 2
pC’g(pH) —(p+1)C3 P+l 1=,

Furthermore, according to (12), the root C} must lie in the corresponding
interval:

P P . _
<2(p+1)) < (CHPPH) < 21=P(p 4 1), (19)
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For any specified odd integer p > 1, the exact values of C} and C3 can
be computed numerically. As illustrated in Fig. 1 the blue dots represent the
calculated roots C7 of the polynomial (16) that successfully satisfy the bounding
condition (19).

- C;
- C
1.00

0.95

0.90

0.85

0.80

3 7 11 15 19 23 27 31 35 39 43 47 51 55 59 63 67 71 75 79 83 87 91 95 99
p

Fig. 1. Dependence of the roots C} and C5 on the chosen exponent p.
Puc. 1. Banexwnicts xopenis C} ta C3 Big BUOPAHOIO MOKA3HUKA P.

An analysis of the data depicted in Fig. 1 indicates that the identified positive
root Cf consistently satisfies the necessary condition (12) for all odd integers
p > 1. Thus, by numerically evaluating the roots C7 and C3, we can derive the
final stabilizing condition on the control coefficients from system (10):

e K

p+1
k?

< R1(CF,C3) = Ry(C1, C3). (20)

Consequently, a strict upper bound for the control gains can be explicitly
determined as a function of the exponent p. For instance, referencing the numerical
results compiled in Table 1, stabilizing system (2) for p = 3 requires the following
strict inequality:

klkg
s < 0.0066639059756,
2
where k; > 0 for i € {1,2,3}. When this condition is satisfied, the control law
u(x) = —ki1x1 — kowg — ksxs guarantees the asymptotic stability of the equilibrium

at the origin of the corresponding closed-loop system.

Remark 1. The restriction to odd integers for the parameter p is imposed here
only for convenience of exposition. In fact, the results remain valid for p > 1 being
a ratio of odd integers with some minor modifications required in the proof.

Remark 2. [t is important to note that while the system of inequalities (10)
remains solvable for any odd integer p > 1, the computed scaling parameters
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C{ and C5 are not necessarily globally optimal. Furthermore, the numerical
bounds derived using this methodology are highly dependent upon the selection
of the functions g1(p) and g2(p). Due to the inherent complexity of the nonlin-
ear analysis, predicting exactly how alternative choices for these functions might
nfluence the final numerical results is mathematically nontrivial. Consequenily,
we subsequently propose an alternative approach to establish a strict bound for the
control coefficients that relies exclusively on the system exponent p.

Table 1. Numerical solution depending on p.

L P | & | G [ Ri(C1.C5) = Ry(C1.C3) |
3 | 0.8069196040 | 1.03109362 0.0066639059756
5 | 0.8686373318 | 1.00779697 0.00011151180503
7 | 0.9026865506 | 1.00305250 1.7902 x 107
9 | 0.9234310693 | 1.00149759 2.837 x 1078
11 | 0.9370926072 | 1.00084302 4.472 x 10710
13 | 0.9466788767 | 1.00052068 7.03 x 10712
15 | 0.9537502144 | 1.00034384 1.103 x 10713
17 | 0.9591735749 | 1.00023883 1.729 x 1071°
19 | 0.9634622911 | 1.00017258 2.71 x 10717

2.2. Alternative approach to conditions for control gains

Now we present an alternative approach that guarantees the solvability of
the system of inequalities (10) for any odd integer p > 1. Numerical analysis
demonstrates that this method provides a slightly less conservative estimate for
the stabilizing control coefficients.

By substituting the functions ¢;(p) and g2(p) defined in (18) into the original
system (10), we obtain

kiK% < 91-2p <21p B Cf(PJrl)) 1

kbt p+1 pC2P ”
P p? (p+1) ( )

kiky 1-2p (9 _ p (p+1)Cy

kPt <2 2 cptl p2(p+1) | 1"

5 (r+1)CY (p+1)CF +1

To satisfy condition (12), we select a parameter value lying within the
corresponding interval. To ensure this, we take the geometric mean of the lower
and upper bounds of the interval as a candidate value. This leads to the following
sequence of calculations:

(p+1) _ P \'o,
e _¢(2<p+1>> 2+

p(p+1) _ PP 1-2
o _\/(p+1)p‘12 '
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[MIS]

1 D 1_
Cf(er ) — — 237 P,
(p+1)>
Consequently, C’f“ can be explicitly calculated by taking the p-th root:
1
crtl = <Cf(”+1)>p = 7\/5%1 2%,
(p+1) >

Substituting the expression for Cf“ into the system of inequalities (21), we
obtain

( S S
p_1
ki kg < 91-2p [ 9l—p _ (tD) 2 p+1
kg+1 p+1 pcg(p+1) ’

2 (p+1
kikf 9l1-2p | 9 _ P (p+1)CY (p+1)
gpF1 S -1 p2(p+1) | {°

2 (p+1)—E 127 (p+1)C} +1
(p+1) 2P

By algebraic manipulation, the system is reduced to a more compact form

k1k% 3_ —e— +1
k%+1 <232 3”(\@— pP(p+1)7P 1) W,

2
kiK% 2_9 _;\/77%1 (p+1)Cr> D)
k§+3i = 2 ’ <1 B 2 : p(p + 1) ’ > m‘

Let us introduce the auxiliary functions F (p) and Fy(p) to denote the constant
terms

o

(22)

Fi(p) =277 (xf —VpP(p+ 1)‘p‘1> ,

Fy(p) =477 (1 _97% W) '

Both functions are positive definite, monotonically decreasing, and asymptotically

approach 0. Furthermore, they satisfy the inequality Fi(p) > F(p) for all p > 1.
Thus, system (22) can be rewritten as follows:

kik?
kbt

< ﬁl(pa 02)7

karl < R2<p7 CQ)v

2

where the functions ]Sbl and Eg are defined as

= =~ p+1
Rl(p7 CQ) = Fl(p)77
pcg(P-H)

2 +1
(p+1Ccy >
(p+ D" 41

Ry(p, Cs) == Fa(p)
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For a fixed p, the function Ry (p, C2) is monotonically decreasing for positive
Cy, while Rs(p, C2) is monotonically increasing. Therefore, similarly to the previ-
ous section, we determine the optimal value for Cy at the intersection point, where
the right-hand sides of system (23) are equal:

2 1)
~ o pt+l - p+1)Cy @*
B (p)m = F20p ( )pZ?pH) ’
pCy (p+1)C5 +1

2

_ o )
Fi(p)(p+1)°C5 ™Y + Fi(p)(p+ 1) = Fa(p)p(p + 1)C5HY

By grouping the terms, we obtain the following polynomial equation in Cy:
~ 2 ~ P 1 ~
By(p)pCs " — Fi(p)(p + 1)CF TV ~ Fi(p) = 0. (24)

Let 5’2 denote the positive real root of this equation. By continuity, this root
exists, since the corresponding polynomial is negative at zero and tends to infinity
as (Y increases. Its uniqueness is guaranteed by Descartes’ rule of signs, since the
functions F(p) and Fy(p) are strictly positive for all p > 1. Thus, we select
Cy = Cy as the optimal scaling value for solving system (23).

Numerical calculations, illustrated in Fig. 2, demonstrate that Cy asymptoti-
cally approaches 1 as the degree p increases. Since C, is tightly bounded, we can
analyze the behavior of the right-hand sides of system (23) at these boundary
values. This allows us to derive a strict estimate for the control coefficients
k1, ko, k3 that depends exclusively on the exponent p, thereby eliminating the
need for complex numerical root-finding algorithms.

C, ofp

1.000

0.995

0.990

0.985

0.980

0975

0.970

0.965 —@— Real positive root C;

3 7 M 15 19 23 27 31 35 39 43 47 51 55 59 63 6/ 71 75 79 83 8 91 95 99
p

Fig. 2. Dependence of the optimal root 52 on the exponent p.
Puc. 2. 3anexHnicts ontuMaasHoro Koperst Cy Bif MOKa3HUKA .

To constructively estimate the maximum of the minimum of the right-hand
sides of system (23) from below, it is sufficient to evaluate the functions at Cy = 1.
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This structural behavior is confirmed by the plots in Fig. 3, which show that
Ri1(p,1) < Ri(p,Ca) for p > 1.

Ryand R, of p (if C; = 1) Ry and R; of p (if C, = 0.963)
- —— Rulp) s TH B9 e e eeceeseseosesees®
10 4 10 15 4
gl -
_ 50 L}
107° 10 \
~\
a5 \
- 10 \
10 16 .\
10*120 \i
10
10—155 \\
10-28 -190 ~\
10 4
-34
10 -
10 225 [
107 1077 —— Rulp) '
= Rulp) .
3 5 7 9 11131517 19 21 23 25 27 29 31 33 35 37 39 41 43 45 47 49 35791 13151719212321’!272931333537394143454749
P P
Cy=1 Cy = 0.963

Fig. 3. Behavior ofﬁl (p, C) and Eg(p, C3) at boundary values of Cs.
Puc. 3. lloseninka Ry (p, Cy) ta Ra(p,Co) miasg rpannunux 3Haderb Co.

Consequently, according to the Lyapunov function method, the following
condition:

kiky = _ o33 Nrrs e e
g <Pl =28 (V2= Vorn=Tr) (25)

guarantees the asymptotic stability of the equilibrium at the origin of system (2)
under the linear feedback law v = u(z), given by (3).

Table 2. Numerical values of the right-hand side of (25) for various p.

D Rl(p7 1) p Rl(p71) p Rl(p>1)

3 | 0.0080245868397 13 | 6.9209 x 10~ 12 23 | 6.4452 x 10721
5 | 0.00011967741513 15 | 1.0805 x 10~13 25 | 1.0076 x 10~22
7 1.8383 x 107° 17 | 1.688 x 10~ 1° 27 | 1.5753 x 10=%4
9 2.8504 x 10~ 19 | 2.6378 x 10~ 17 29 | 2.4629 x 1026
11 | 44373 x 10710 21 | 4.123 x 10719 31 | 3.8506 x 1028

3. Examples and generalizations

3.1. Example of three-dimensional canonical nonlinear system

Example 1. To demonstrate the applicability of the theoretical results estab-
lished in the previous chapter, we first consider the stabilization problem for a
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canonical three-dimensional nonlinear system of the form

. 11

‘/L.l = .CL'2 5

. 11

Ty = x5, (26)
i‘3 = u.

In this case p = 11.
The control gains k1, ko, and ks are selected to satisfy the sufficient condition
(25). By choosing k1 = 5, ko = 15, and k3 = 2, we guarantee that

oy oL
1?2

~ 0.789 x 10710 < 4.4373 x 10719,

which strictly satisfies the numerical bounds presented in Table 2 for p = 11.
Consequently, the stabilizing linear control law is defined as

u(x) = —bx1 — 15xe — 2x3.

Applying this control input to system (26) leads to the closed-loop system

d 11
.:El == "E2 5
d 11
ro — $3 ,
j?g = —5.%'1 — 15232 — 2233.

The dynamic behavior of the closed-loop system was simulated using the
following initial state vector:

—— Trajectory
e Starting point [-1. 0.9 1.]
® Point (0,0,0)

\A\\ 0.6
10 T
-08 T 04y
0.6 T~
04 T 0.2
x -02 0; 0.0
Trajectories x(t), x2(t), z3(t) Phase trajectory

Fig. 4. Trajectories of system (26) under the linear control law u = u(x).
Puc. 4. Tpaekropil cucremu (26) npwu siHifiHOMY 3aK0HI KepyBaHHs u = u(x).
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As illustrated in Fig. 4, all solutions x;(t) converge asymptotically to the
origin. The phase trajectory further demonstrates the stability of the equilibrium
at the origin under the proposed linear feedback control law.

3.2. Generalized nonlinear system with higher-order terms

Following the methodology described in [1, 3|, we extend our analysis to a
generalized class of systems incorporating higher-order nonlinear perturbations:

azﬁi:xﬁl—l—fi(ml,...,xn), 1=1,....,n—1, (27)
Ty = ubm,
where the terms f;(x1,...,z,) represent continuous nonlinearities of a higher
order relative to the principal terms 2} ,.
To stabilize system (27), we apply the same linear control law wu(z):
u(@) = —kizy — - — ko,
where k; € R and k; > 0 for ¢ = 1,...,n. This control law stabilizes the nonlinear
approximation of the system, given by
p=alt, i=1,...,n—1,
S (28)
Ty = uPm.

A key condition for the applicability of this approach is the requirement that
the continuous functions f; satisfy the following estimates in some neighborhood
of the origin:

|fi(z1, .. m)] < pi(@1,. .0 20) (|mi+1 Pty |42 PitOi p g |z, pi%") ) (29)
where p;(x1,...,2z,) > 0 are continuous functions and ¢; > 0 are constants.
Since the order of the functions fi(z1,...,2,) is higher than the order of

zt,, the control u(x) also stabilizes the system (27). This allows us to retain
the choice of the Lyapunov function and the change of variables applied to the
system (28). Moreover, the additional higher-order terms arising due to f; during
the differentiation of the Lyapunov function will be absorbed into the function
h(x) as higher-order terms. Such terms do not affect the sign of the derivative in
a sufficiently small neighborhood of the origin.

Let us focus on the specific case where n = 3, p1,p2 := p > 1, and p3 = 1.
System (27) then takes the form

'jjl = xg + f1($1,$2,$3),
zh + fo(z1, 2, x3),
jjg = Uu.

i)

Assuming the estimates (29) hold for f; and fo, the linear control law u(z) =
—ki1x1 — kowo — k3xs stabilizes the equilibrium at the origin of the corresponding
closed-loop system, provided that the sufficient condition (25) is satisfied.



56 Bebiya M. O., Barska Y. M.

Example 2. Consider the stabilization problem for the following nonlinear
system:

iy = 23 + x5 sin(wy + 22),
By = a3 + 23 cos(z1), (30)
$.3 = Uu.

In this example, the system includes trigonometric perturbations
fi(z) = 23sin(zy + z2) and  fo(x) = 23 cos(z1).

These terms satisfy the growth condition (29) with parameters §; = d, = 1 and
bounding functions p; = pa = 1.
Let us select the control gains as k1 = 1, ko = 4, and k3 = 1. Evaluating the
sufficient stability condition gives
kik3
% = 0.00390625 < 0.008024,
2

which strictly satisfies the numerical bound derived from (25) for p = 3.
Consequently, the stabilizing linear control law takes the form

u(x) = —x1 — dwg — x3.

The closed-loop system was simulated using the following initial state vector:

2.0
— x1(t) —— Trajectory
® Starting point [1. 1. 1.]
x2(0 @ Point (0,0,0)
15 — x3(t)

1.0 1.0

0.5

0.0 [ —
109 100! 162 10° 10% 10° 10° 107 108 10° 10%°
time (t)
-0.5
-1.0
-1.5
Trajectories x1(t), z2(t), z3(t) Phase trajectory

Fig. 5. Trajectories of system (30) under the proposed linear control law.
Puc. 5. Tpaexropii cucremn (30) mpu 3apoIOHOBAHOMY JIHITHOMY KepyBaHH].

The numerical simulation confirms that the proposed linear control law
u(x) = —w1 — 4y — x3 effectively compensates for the higher-order nonlinear
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perturbations. As predicted by the theoretical analysis, the trajectories exhibit
asymptotic convergence to the origin for initial states lying in a sufficiently small
neighborhood of the origin.

4. Conclusion

In this work, the linear stabilization problem has been solved for a class of
three-dimensional systems with power nonlinearities in a previously uninvesti-
gated special case. Compared to previous results [3, 4, 9], the condition of strictly
decreasing powers has been relaxed to a non-strictly decreasing condition. It has
been proven that for the investigated class of systems, the application of a lin-
ear control law is effective, the proof is based on the construction of a special
Lyapunov function and the analysis of its derivative. Additional conditions on
the linear control coefficients k1, ko, and ks, which guarantee the local asymptotic
stability of the equilibrium at the origin, were obtained in several ways. Note that
in the case of strictly decreasing powers, there were no additional conditions on
the coefficients. Moreover, a sufficient condition that is easy to verify in practice
was obtained for systems with arbitrarily large powers.

The obtained theoretical results were numerically confirmed by examples,
which demonstrated the convergence of the phase trajectories of the systems to the
origin. The class of systems was extended by means of nonlinear approximation.
The prospect for future research lies in considering systems of higher dimensions.
The results of this work give reason to believe that by a proper choice of the
Lyapunov function coefficients, the existence of a stabilizing linear control can be
guaranteed for systems of arbitrary dimension.
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IIpo crabinizariito KAaHOHIYHUX HEJIHIHUX CUCTEM y CTeHiaJTbHOMY
BUIIAIKY

M. O. bebis, FO. M. Bapceka
Xapriscvrul naytonasvrult yrisepcumem iment B. H. Kapasina
matidan Ceobodu 4, 61022, Xapxie, Ypaina

VY crarTi po3riagaeThCA 3a1a9a cTabLIi3aIl 119 KAHOHIIHIX HETIHIHHIX CHCTeM, AKi

y TPUKYTHOMY BUIIQJIKy BLIoBijatorTh p—HopmajibuuM cucremaM. Ii cucremu € cyrreBo
HeJIHIHHUMY, OCKIIBKYA BOHM HE TiIIATaoTh (igbek-Tineapu3arii, a IXHs JiHiiiHa ampo-
KCUMAIisl € BUPOJIKEHOIO 1 He XapaKTepU3ye CTIKICTh TOYKH CIOKOIO ¥ MOYATKY KOOPIH-
HaT. ¥ TpUKyTHOMY BHIaJKy backstepping € cranmapTHUM METO/IOM CUHTE3Y KEPYBAHHS

31

3BOPOTHUM 3B’sI3KOM 4Yepe3 CBOIO PeKypcuBHY npupomay. Backstepping e moryxkuaum

iHCTpyMeHTOM crabimizarii 7y MUPOKOro KJIACY HEMIHIHUX CHCTEM, IO MaioTh strict-
feedback dbopmy. Oxnak meit peKypcuBHMIA TIXi 3a3BUYail TPU3BOAUTH 10 KEPYBAHB 3i
3BOPOTHHUM 3B’I3KOM, CKJIQIHICTh IKUX 3POCTaE 31 301abIIeHHAM po3MipHOCTi cuctemu. Ile
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MOTHUBY€E JOCIiIKeHH O1/IbII IPOCTUX METOIB OOY/I0BU KEPYyBaHb. ¥ IIPOJIOB2K OCTAHHIX
POKiB OyJIO OTPUMAHO JEKiTbKA BATOMUX PE3YJIHTATIB IIOJ0 HEPEKYPCUBHOI cTabimi3arrii.
Byno mobymoBano kjacu MOTIHOMIAJIbHAX KEPYBAHb I BUMAJAKY CTPOTOTO CIIAIAHHS
CTEIEHIB CTEMEHEBUX UJIEHIB MPABOI YACTUHU CHCTEMH. 30KpeMa, OYJIO TTOKA3aHO, IO TaKi
CHCTEMHU MOXKYTb OyTH aCHMITOTHIHO CTAOLTI30BaHI JIHIHHIM KepyBaHHIM 31 3BOPOTHHM
3B’SI3KOM y BHIIQJIKY CTPOTO CIAIAI0YNX CTEEHiB. Binbie Toro, koediieHTn KepyBaHHA
MOXKe OyTH 00paHo K MOBiLIRHI momarTHi uncia. Kpim Toro, 6y10 BCTaHOBIIEHO, IO CTAbi-
JI3AITiI0 MOXKHA JOCITTH y IETKOMY CIEMiaJbHOMY BUTIQIKY HECTPOTO CIaJAl0unX CTeTe-
HIB IPHU JOJATKOBUX YMOBaX Ha KoedimieHTn KepyBaHH#A. Y Miif pobOTI Mu pO3B’A3yEMO
3amaqy JiHiitHol cTabimizaril y pamHine HeIOCTiIXKEHOMY BHIIAQIKY HECTPOrO CIAJAI0TIX
CTEIEHiB [JI TPUBUMIPHUX cEcTeM. MH MPONOHYEMO KOHCTPYKTHBHHH MiIXim 10 3HA-
XOJIKEHHST YMOB Ha, KOeilieHTH JHHITHOTO KEPYyBaHH:A, IO TAPAHTYIOTh ACHUMIITOTAIHY
crifikicts. Ham minxin rpyaTtyerbcs wa metomi ¢yukmii Jlamynoa. Mu Takox BHKO-
PHUCTOBYEMO CTabLII3aIliI0 3 3aCTOCYBAHHSAM HEJIIHIAHOT ampOKCUMAIIiT, 00 y3araJbHUTH
oTpuMaHuii pe3ynbrar. KdekTuBHiCT 3ampOMOHOBAHOIO MiIXOAY MPOJAEMOHCTPOBAHO Ta
M ITBEPIKEHO YUCETIbHUMY TPUKJIATAMHA.

Karwuosi caosa: crablrizariisi; HeJliHIHI cucTteMn; mMeron yHKIl JIgmyHoBa;
KPUTUYHUNA BUMNAL0K; KePYyBaHHS 31 3BOPOTHUM 3B’I3KOM; JIiHiliHa crablriza-
mis.
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