ISSN 2221-5646(Print) 2523-4641(Online)

Visnyk of V.N.Karazin Kharkiv National University
Ser. “Mathematics, Applied Mathematics

and Mechanics”

2026, Vol. 103, p. 69-89
DOI: 10.26565/2221-5646-2026-103-04
VIIK 512.713:517.911

Roman Skurikhin

PhD student

Department of Pure Mathematics

V. N. Karazin Kharkiv National University
4 Svobody Sq., Kharkiv, 61022, Ukraine

Bicumk XapKiBCHKOTO HAIIOHAJIBLHOTO
yuiBepcurery imeni B.H. Kapasina
Cepist "MaTemaTnka, IPUKIATIHA
MaTeMaTHKa i Mexanika'

2026, Tom 103, c. 69-89

roman. skurikhin@karazin.ua (2 http://orcid.org/0009-0005-0504-8518

Formal power series solutions of the differential
equation ay’ = by™ over Dedekind domains of
characteristic zero

Let D be a Dedekind domain of characteristic zero, let K = Frac(D) be its
fraction field, and consider the Cauchy problem ay’ = by™, y(0) = c¢o, in
the ring D[[z]], where a,b,co € D, a,b # 0, and m € N. The paper studies
when the unique formal solution y € K[[z]] with initial value ¢o actually has
all coefficients in D, and therefore belongs to D[[z]]. The argument starts
from the coefficient recursion in K[[z]] and derives an explicit formula for
the coefficients of the unique solution. This reduces the existence problem
in D[[z]] to an arithmetic integrality question governed by the valuations
attached to nonzero prime ideals of D. The main point is that over a Dedeki-
nd domain the relevant obstruction is not ordinary divisibility by prime
elements, but comparison of valuations of fractional ideals after localization
at prime ideals.

For the linear case m = 1, the zero initial value always gives the zero solution.
For ¢ # 0, the coefficients contain factorial denominators, and this produces
a global obstruction unless only finitely many rational primes remain nonuni-
ts in D. In that finite-prime situation the exact criterion for a nonzero initial
value is the ideal containment (b) C (a)vy, where vy is an explicitly described
correction ideal built from the prime ideals lying over the rational primes
that are nonunits in D. For the nonlinear case m > 2, writing d = m — 1, the
coefficients are expressed through the product Ci(d) = Hi:ol(dz +1). The
paper shows that prime ideals over rational primes not dividing d create no
additional obstruction beyond the basic condition (bcd) C (a), while the pri-
me ideals over rational primes dividing d contribute a correction ideal t(d).
As a result, the exact existence criterion becomes (bcd) C (a)t(d). In parti-
cular, for m = 2 one has t(1) = D, so the condition reduces to (bcg) C (a).
Several examples are included to illustrate the theorem over Z, localizations
of Z, Gaussian integers, and the Dedekind domain Z[y/—5], which is not a
unique factorization domain.
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1. Introduction

Let D be a Dedekind domain of characteristic zero. We recall the definition of a
Dedekind domain in Section 3, together with the prime-ideal valuation conventions
used later. Since char(D) = 0, we view Z as a subring of D. Fix

a,b,co € D, a,b#0, m € N.
We consider the Cauchy problem in the ring of formal power series D[[z]]:

ay =by™,  y(0) = co.

We seek a solution in the form
o
Yy = Z ckxk.
k=0

Our goal is to determine exactly when this problem has a solution in DI[x]].
The analytic part is easy over the fraction field K = Frac(D): once ¢y is fixed, the
coefficient recursion determines a unique solution y € K{[z]]. Section 2 records this
computation, while Section 3 introduces the prime-ideal valuations and arithmetic
notation used in the descent criterion. The real issue is descent from K[[z]] to
DJ[z]], and for a Dedekind domain that descent is governed by valuations at
nonzero prime ideals rather than divisibility by prime elements. Related algebraic
approaches to differential equations over commutative rings appear in (3, 4, 5, 6].

Main result preview. For m = 1, the zero initial value always gives the zero
solution. For ¢y # 0, the factorial denominators in

. Cobk
 klak

force an infinite-prime obstruction unless only finitely many rational primes
remain nonunits in D. In that finite-prime case, the exact criterion for a nonzero
initial value is (b) C (a)vy, where v; is the correction ideal defined in Section 4 and
encoding the obstruction coming from the rational primes that remain nonunits
in D. For m > 2, writing d = m — 1, the only extra obstruction beyond the
basic containment (bcd) C (a) comes from the prime ideals lying over the rational
primes dividing d, and the final criterion is

Ck;

(bef) < (a)e(d).

Here t(d), also defined in Section 4, is the corresponding correction ideal for
the primes dividing d. When D is also a unique factorization domain (UFD),
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these ideal containments reduce to the familiar divisibility statements ar; | b and
ar(d) | bed. In particular, in this UFD notation, for m = 2 one has 7(1) = 1, so
the condition becomes simply a | beg.

2. The Unique Solution in K[[z]] and Its Coefficients

In this section we prove that the Cauchy problem has a unique solution y €
K][z]], compute its coeflicients in K, and reduce existence in D][z]] to coefficient
integrality.

Let K = Frac(D). Any solution in D[[z]] is also a solution in K|[z]], and in K
the element a is invertible. Therefore all identities involving division by a below
are understood inside K{[[z]].

Write

oo
Yy = Z cpat.
k=0

Then

o0

m o __ . . n

Y —E E CiyCi | T
n=0 \ i1, imEZ>0

i1 Fim=n

Comparing coefficients in ay’ = by™, we obtain for every n € Z>,

a(n+1)cpy1 =b Z Ciy " Ci, -

i1, m €20

i1+ Fim=n
The right-hand side depends only on cy,...,¢,, and a(n + 1) is invertible in
K. Therefore the recurrence determines cy, co, ... uniquely from the initial value
o, and hence defines a unique solution in K[[z]]. The general formal existence-
uniqueness statement for y' = F(z,y), after translating the initial value to 0,
is classical; see [2, Ch. VII, §1, no. 2, Prop. 2.1]. Although stated there in the
analytic setting, the proof is purely coefficientwise, so the same argument works
over any field. We keep the short derivation for the present equation.

To compute its coeflicients, write

d=m—1.
For k € Z>, define
k-1
Co(d) = [J@i+1)  (Cold)=1)
i=0
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Proof. We use induction on k. For k = 0, the identity is trivial.
Assume it holds for some k € Z>q. Then

C(d)bF !
y(k+1) _ < k(d) ydk+1>

ak
Cy(d)b*

_ C(d)(dk + 1Ry
- ak+1 Yy

_ Cry1(d)bF+! d(k+1)+1
prES] :

This proves the claim. O
Evaluating at x = 0 and dividing by k!, we obtain for every k € Zx,

y®(0)  Cp(d)co(bed)®
K klak ’

For m =1, we have d = 0 and C%(0) = 1, so this reduces to

Cl —

Cobk

k= Klak

The existence problem in D[[z]] is therefore equivalent to deciding when these
explicit coefficient formulas actually lie in D. From this point on, the problem is
purely arithmetic.

3. Prime-Ideal Valuations and Arithmetic Lemmas

For a rational prime p € Z, we write
vp(n) = max{k € Zso : p" | n} (ne€eZ, n#0).

This is the usual p-adic valuation on the integers. It is this valuation that appears
in Legendre’s formula and in the estimates for C,,(d) below.

The next lemmas isolate the arithmetic input needed for the descent argument.
The first step is to replace divisibility by prime elements with valuations at
nonzero prime ideals. After that, the only genuinely quantitative ingredients are
the p-adic behavior of the product

and the estimates for v, (n!).

Background conventions. Standard background on Dedekind domains, fracti-
onal ideals, and prime-ideal valuations may be found in [1, Ch. 9], [8, Ch. I, §3],
and [8, Ch. I, §11].
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Definition 1 (Dedekind domain). A domain D is called a Dedekind domain if it
1s noetherian, integrally closed in its fraction field, and every nonzero prime ideal
of D is maximal; see [1, Ch. 9] and [8, Ch. I, §3]. Equivalently, every nonzero
proper ideal of D factors uniquely into prime ideals.

Definition 2 (Fractional ideals). A nonzero fractional ideal of D is a nonzero
D-submodule I C K such that ol C D for some nonzero a € D.

Definition 3 (Prime-ideal valuations). Since D is Dedekind, every nonzero fracti-
onal ideal factors uniquely in the form

I=1]»"

p#0

where the product runs over the nonzero prime ideals of D, all but finitely many
exponents ny € Z are zero, and the factorization is unique. For a nonzero fracti-
onal ideal I, we define

vp(I) = ny.

For x € K\ {0}, we define
vp(2) = vp(2D),

and we set v,(0) = +o0.

Standard facts. We will use the following standard consequences of the factori-
zation of fractional ideals; see again [1, Ch. 9], [8, Ch. I, §3|, and [8, Ch. I, §11].

e For nonzero fractional ideals I, J, one has
vp(1J) = vp(I) + vp(J)
for every nonzero prime ideal p.

e For a nonzero fractional ideal I, only finitely many valuations v,(I) are
nonzero.

e For nonzero fractional ideals I, .J, one has
I1CcJ — vp(L) > vy(J)
for every nonzero prime ideal p.
e For nonzero z,y € K and n € Zx,
wley) = vp(@) Fop(y),  vp(a") = nup(a).
Lemma 2. Let x € K. Then x € D if and only if
vp(z) >0

for every nonzero prime ideal p of D.
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Proof. This is the standard valuation criterion for membership in a Dedekind
domain; see [8, Ch. I, §11]. O

For a rational prime p, we write p | p if p € p, equivalently if p N Z = (p).
Because (p) is a nonzero ideal of the Dedekind domain D, it has only finitely
many prime divisors.

Lemma 3. Let p be a nonzero prime ideal of D. Then exactly one of the following
holds.

1. pNZ = (p) for a rational prime p, and then for every nonzero n € Z,
vp(n) = vp(p) vp(n).
2. pNZ = (0), and then for every nonzero n € Z,

vp(n) = 0.

Proof. This follows from the general facts on contraction of prime ideals and on
the valuations attached to prime ideals; see [1, Ch. 1| and [8, Ch. I, §11]. O

For the coefficients in nonlinear cases of the main theorem, the key quantity
is

n—1
Cu(d) = [ (di + 1),
i=0
because it is exactly the factor that appears in
Cr(d)co(beg)"
Cn == #
nla

The next lemma measures the p-adic cancellation between C,(d) and n! at the
level of ordinary integers.

Lemma 4. Let d,n € N, and define

n—1

Cn(d) = [](di + 1).

i=0
Let p be a rational prime.

1. If ptd, then

vp(n!) < wp(Cn(d)) < vp(n!) +log, n + log, d.

2. Ifp|d, then
vp(Cn(d)) = 0.
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Proof. For k > 1, let
Nk:#{ogign—1:ﬁ|m+1}

Thus Ny counts how many factors in C,(d) are divisible by p*. A factor with
p-adic valuation r contributes 1 to each of Ny,..., N, and nothing to the later
terms. Therefore

vp(Cr(d)) = ivp(dz' +1)= ZNk'
=0

k>1

This is the same counting principle as in Legendre’s formula

up(nl) =3 L:;J .

k>1

Suppose first that p { d. Then d is invertible modulo p* for every k > 1, so the
congruence

di+1=0 (mod p")

has exactly one solution modulo p*. Hence among any p* consecutive values of
i, exactly one satisfies p¥ | di + 1. The interval 0,1,...,n — 1 consists of Ln/pkj
complete blocks of length p¥, and possibly one final incomplete block. Each full
block contributes exactly one such index, and the incomplete block contributes

at most one. Therefore
n n
— | < Ng < [W~
{ka P

Summing the lower bounds over k > 1, we get

opl(Ca(d) =S Nz 3 m ().

k>1 k>1

For the upper bound, note that every factor di + 1 is at most d(n — 1) + 1.
Hence Nj, = 0 as soon as p¥ > d(n — 1) + 1. If

K = Llogp(d(n -1+ I)J ,
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then

K

<> ([5]+)

vp(n!) + K

vp(n!) +log,(d(n — 1) + 1)
(

vp(n!) + log, n + log, d.

VAN VARVAN

Finally, if p | d, then di+1 =1 (mod p) for every i. So none of the factors in
Cr(d) is divisible by p, and therefore v,(C),(d)) = 0. O

Lemma 5. Let d,n € N, let

n—1

Cu(d) =[] (di + 1),

=0
and let p be a nonzero prime ideal of D.

1. If p | p for a rational prime p 1 d, then
vp(n!) < vp(Cr(d)) < vp(n!) + vy(p)(log, n + log, d).

2. If p | p for a rational prime p | d, then

vp(Cr(d)) = 0.

3. If pN7Z = (0), then
0p(nl) = 0p(Ca(d)) = 0.

Proof. If p N Z = (0), then Lemma 3 gives vp(n!) = 0, and each factor di + 1 is a
nonzero integer, so again Lemma 3 gives v,(Cp(d)) = 0.
Now assume p | p. By Lemma 3,

vp(nl) = Up(p) vp(nl), Up(Cn(d)) = Up(p) vp(Cr(d)).

If p 1 d, the desired inequalities follow from Lemma 4 after multiplication by v,(p).
If p | d, the same lemma gives v,(C),(d)) = 0, hence v,(Cy(d)) = 0. O
The final ingredient is the bound on v,(n!) in a crude asymptotic form.
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Lemma 6. Let p be a rational prime and n € N. Then

n n P
Up(”!) S Ifl, ?}p(n!) Z p— 1 — ]f]_ — logp n.
Proof. Using Legendre’s formula,
| n
i) =3 ||
=1 P
The upper bound follows from
> \‘n n n
| < =
MR S
=1 LP =1 P p—1
For the lower bound, let K = [log,n]. Then
X n
o) = | %]
k=1 P
X n
=3 (5-1)
= k
k=1 p
K p
=>. xR
k=1
Moreover,
K
Zﬁzn_n‘p>n_p
p¥ p—1 pEtL p—1"p-1 p-1

k=1

because p*1 > n. Therefore

4. Main Descent Theorem

The explicit formulas from Section 2 reduce existence in D][z]] to a valuation
problem. The correction ideals introduced below record the residual obstruction
left by the factorial denominator.

For d € N, define the nonzero ideal

t(d) = H Hp“ﬁ[ﬂ 7

pld plp
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with the convention v(1) = D. This product is finite because d has only finitely
many rational prime divisors and each (p) has only finitely many prime divisors
in D.

If only finitely many rational primes are nonunits in D, define also

vp(l;)" .

o= I I

p prime plp
p nonunit in D

Theorem 1. Let a,b,co € D with a,b # 0, and let m € N. Consider the Cauchy
problem
ay' =by™,  y(0) = co.

The existence of a solution y € DI[x]] for this problem is characterized as follows.
1. Linear case (m =1).

(a) If co =0, then the unique solution is the zero series.

(6) Assume co # 0. If infinitely many rational primes are nonunits in D,
then no solution exists in D[[z]].

(6) Assume co # 0 and only finitely many rational primes are nonunits in
D. Then a solution exists in D[[z]] if and only if

(b) C (a)ry.
2. Nonlinear case (m > 2). Write d =m — 1.

(a) If co =0, then the unique solution is the zero series.

(6) If co # 0, then a solution exists in D[[z]] if and only if
(bet) € (a)e(d).
For m = 2, the nonlinear criterion becomes
(beo) < (a),

because t(1) = D.

Remark 1. If D is a unique factorization domain, then, since D is Dedekind, it
is also a principal ideal domain. Hence tv(d) and v1 are principal ideals. Writing

t(d) = (r(d),  w=(r),
the conditions in the theorem become the familiar element-divisibility statements

ar(d) | bed, ary | b.
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Before the detailed proof in Section 5, we briefly explain the main idea behind
the three cases.

Case m = 1. The coeflicient formula is

Cobk

® T Kok
The obstruction comes from the factorial denominators in k!. If infinitely many
rational primes are nonunits in D, only the zero initial value descends. In the
finite-prime case, the final criterion is ¢g = 0, or else (b) C (a)t;.

Case m = 2. The coeflicient formula is

bCo K
Cr — Cp 7 .

Here one has complete cancellation C(1) = k!, so only the basic ideal containment
remains, namely (bcy) C (a).

Case m > 3. The coeflicient formula is

Cr(d)co(bef)”

ok , d=m—1.

k=
In this range only the prime ideals lying over rational primes dividing d contribute
the correction ideal t(d), and the final criterion is (bcd) C (a)t(d).

5. Proof of the Main Theorem

5.1. Case m = 1.

We first separate the linear proof into two parts. If infinitely many rational
primes remain nonunits in D, then some factorial denominator survives and blocks
every nonzero solution. If only finitely many do, the problem becomes a valuation
criterion encoded by the ideal t;.

Zero initial value.
If ¢p = 0, then y = 0 is a solution. By Section 2, the solution in K[[z]] with
initial value 0 is unique. Hence y = 0 is also the unique solution in D[[z]].

Infinite-prime obstruction.
Assume now that cg # 0. By Section 2, the unique solution in K[[z]] has

coeflicients
Cobk

k= plak

Suppose first that infinitely many rational primes are nonunits in D. The
principal ideal (bcg) has only finitely many prime divisors, so only finitely many
rational primes p have the property that some prime ideal p | p divides (bcy).
Choose a rational prime p that is a nonunit in D and has no such prime ideal
above it. Let p | p. Then

vp(cob?) = 0.
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On the other hand, Lemmas 3 and 6 give

vp(pla”) = vp(p!) = vp(p)up(p!) = vp(p) > 0.

. P . . . -
Hence the coefficient ¢, = C?Clzp does not lie in D, so no nonzero solution exists.

Now agsume that only finitely many rational primes are nonunits in D, and
define v1 as above.

Necessity.
We show that every solution in D[[z]|] must satisfy

(b) C (a)r;.
Let y € D[[z]]. By Lemma 2, the coefficient formula lies in D[[z]] if and only if
vp(kla®) < vp(cob®)

for every nonzero prime ideal p of D and every k > 1.
Fix p. If p | p for a rational prime p, then

vp(p)vp(K!) + kvp(a) < vp(co) + kvp(b).

Using the lower bound from Lemma 6,

(9) (5 = P~ logy k) o+ kuyla) < ty(en) + (0.

hence

(o) + | 2] < u0)
If pNZ = (0), then Lemma 3 gives v,(k!) = 0, so
kup(a) < vp(co) + kup(b),
and therefore vy(a) < vy(b). Since vy(r1) = 0 in this case, this is exactly
vp((a)er) < vp(b).
Combining both cases, we get

vp((a)rr) < vy(b)

for every nonzero prime ideal p. Hence

(b) C (a)r;.
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Sufficiency.
Conversely, suppose

Equivalently,

for every nonzero prime ideal p.

If p | p, then
vp(b) > vy(a) + mpipi—‘ :
By Lemma 6,
vp(k!) = vyp(p)vp(k!) < 1?;(?)115 <k ’VZPEPH .
Thus

vp(cob®) = vy(co) + kuy(b) > vy (Klak).
If pNZ = (0), then vy(k!) =0, so
vp(cob®) = vy(co) + kvy(b) > kup(a) = vy(kla®).

cob®
klak

Hence every coefficient lies in D, so y € D[[z]]. This proves the linear

case.

5.2. Case m > 2.

We again start from the explicit coefficients and reduce the problem to
integrality in D. Once that reduction is in place, the proof splits according to
the only three possible prime-ideal types: prime ideals over rational primes not
dividing d, prime ideals over rational primes dividing d, and prime ideals whose
contraction to Z is (0).

Zero inilial value.

Write d = m — 1, and let t(d) be the correction ideal from the theorem. If
co = 0, then y = 0 is a solution. By Section 2, the solution in K{[z]] with initial
value 0 is unique. Hence y = 0 is also the unique solution in D][x]].

So assume from now on that co # 0.

Reduction to coefficient integrality.
By Section 2, the unique solution in K [[z]] has coefficients

_ Ci(d)co(bcd)*
N klak '

Thus, by Lemma 2, y € D[[z]] if and only if for every nonzero prime ideal p of D
and every k > 1,

vp(kla¥) < v, (C’k(d)co(bcg)k) . (1)
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We now analyze (1) by prime type. Type I and Type 111 lead only to the basic
inequality vp(a) < vp(bef), while Type II is exactly where the extra factor v(d)
appears.

Type I. Assume that p | p for a rational prime p t d. By Lemma 5,

0p (k1) < ty(C(d)) < vp(kY) + vy (p) (g s + log, d).
Necessity. If (1) holds for all k, then

vp(KY) + kvp(a) < vp(Cr(d)) + vp(co) + kup(bef)
< vp(K!) + vp(p)(log, k + log,, d)
+ vp(co) + kvp(bcg).

Dividing by k£ and letting k — oo, we obtain
vp(a) < vy (bep).-
Sufficiency. Conversely, if vy(a) < vp(bed), then Lemma 5 gives
Up(k:!ak) = vyp(k!) + kvy(a)
< vp(Cr(d)) + kvp(bed)
< vy (Crld)eo(be)") .

because vy(cp) > 0. So Type I prime ideals impose no extra correction factor.
Type II. Assume that p | p for a rational prime p | d. By Lemma 5,

vp(Cr(d)) =0,

so (1) becomes
Necessity. Since
vp (K1) = vp(p)up(KY),

Lemma 6 yields

k p
Up(p) <p—]_ — Zfl — logp k) + k:’Up<CL) S UP(CO) + kvp(bcg)

After dividing by k and letting £ — oo, we get

tp(a) + 22 < o),

hence




Bicuuk XHY, Cep. «Maremaruka, IpuKJaIHa MaTEMATUKa i MexaHikay, Tom 103 (2026)83

Sufficiency. Conversely, if this ceiling inequality holds, then Lemma 6 gives

vp (k1) + kuy(a) < ?@f + ku(a)

<k {;"fpﬂ + kup(a)

< kuy(bef)
< wp(co) + kuy(bef),

so (1) follows. Thus Type II prime ideals are exactly the source of t(d).
Type III. Assume that p N7Z = (0). Lemma 5 gives

vp(k!) = vp(Cr(d)) = 0,
so (1) is simply
kuyp(a) < vp(co) + kvp(bcg).

Letting k — co, we obtain
d
’Up(a) < UP(bCO)a

and this inequality is also sufficient. So Type III prime ideals again impose only
the basic containment.
Combining the three prime types, we conclude that y € D[[z]] if and only if

vp((a)e(d)) < wp(bef)

for every nonzero prime ideal p, which is equivalent to

(bef) S (a)e(d).
This proves the nonlinear case and therefore the theorem.

6. Corollaries

We now record three immediate consequences of the main theorem.
Corollary 1. Let m > 2, and write d = m — 1. The equation
y =y

admits a solution in D[[z]] for every initial value y(0) = co € D if and only if

t(d) = D. In particular, the equation y' = y* has a solution in D|[[z]] for every
initial value y(0) = ¢y € D.

Proof. Here a = b =1, so the nonlinear part of the theorem says that a solution
exists exactly when

(§) € ¥(d).
If this holds for every ¢o € D, then taking ¢g = 1 gives D C t(d). Since t(d) C D,
we obtain t(d) = D. The converse is immediate. When m = 2, we have d = 1 and
by convention t(1) = D. O
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Corollary 2. Over D = Z, the equation

/ m

y=y
has a solution in Z[[x]] for every initial value y(0) = ¢y € Z if and only if m = 2.

Proof. If m = 1, then the linear part of the theorem applies with a = b = 1,
and since infinitely many rational primes are nonunits in Z, only the initial value
co = 0 is possible.

Now assume m > 2. The preceding corollary shows that existence for every
¢p € Z is equivalent to t(m — 1) = Z. Over Z, one has

tm-1)= [ .
pl(m—1)
so t(m — 1) =Z if and only if m — 1 = 1, that is, m = 2. O
Corollary 3. Let m > 2. Then the equation
y=y
has a nonzero solution in D[[x]].

Proof. If m = 2, choose any nonzero ¢y € D; then (¢p) € D = ¢(1).
Now assume m > 3, and write d = m — 1. The ideal v(d) is nonzero, so it
contains a nonzero element cy. Then (cp) C v(d), hence

(c§) C t(d)? C (d).

The nonlinear part of the theorem therefore gives a solution in D[[z]] with nonzero
constant term cg. O

Corollary 4. Let m = 1. Then the equation
ay’ = by

either has a solution in DI[x]] for every initial value ¢y € D, or has a solution
only for co = 0.

Proof. By the linear part of the theorem, ¢y = 0 always gives the zero solution. For
co # 0, existence is characterized by a condition depending only on a and b: either
infinitely many rational primes are nonunits in D, in which case no nonzero initial
value is possible, or only finitely many are, in which case existence is equivalent
to (b) C (a)v1, which again is independent of c. O

7. Examples

The examples show how the same coefficient formulas behave as the arithmetic
of the coefficient ring changes. In each example the theorem applies directly
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because the rings under consideration are Dedekind domains; when they are pri-
ncipal, we translate the ideal criterion into ordinary divisibility.

7.1. Linear case m = 1.

If D = Z, then infinitely many rational primes are nonunits, so the equation
ay’ = by has a solution in Z[[z]] only for ¢y = 0.

IfD=2Zgy = {*€Q:u,v€Z, 2{v}, the localization of Z at (2), then the
only rational prime that is not a unit is 2, and t; = (2). Since Z(y) is a principal
ideal domain, the criterion becomes

2a | b.

For example, if a =1, b =2, and ¢y = 1, then

y(x) =
k=0

This series solves the Cauchy problem

[\

k
2" € Zy[[a]).

o

v =2y, y0)=1

in Zo)[[2]].

7.2. Quadratic case m = 2.
In the quadratic case, complete cancellation Cx(1) = k! reduces the theorem
to the simple condition

(beo) < (a),

or equivalently a | beg in a principal ideal domain.
For instance, if D = Z, a = 2, b = 3, and ¢y = 4, then 2 | 12, so the Cauchy
problem
2y’ =3y%  y(0) =4,

has a solution in Z[[z]], namely
[e.e]
y(x) =4 6*a" e Z[[x]).
k=0
By contrast, if a =4, b =1, and ¢y = 2, then 412, so the Cauchy problem
W=y  y0)=2
has no solution in Z[[z]], even though the unique solution in Q[[z]] has coefficients

Cr = 21k,

7.3. Higher-Order case m > 3.
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To keep the higher-order discussion concrete, we now fix m = 3,s0d = m—1 =
2. This is the first nonlinear case in which the correction ideal is nontrivial, and
it isolates the role of the rational prime 2.

Qver Z.
Here t(2) = (2), so the criterion becomes 2a | bc3. For the Cauchy problem

Y=y, y0)=1,

this condition fails because 2 1 1. Hence no solution exists in Z[[z]]. The unique

solution in Q[[z]] is
(o)
2k\ ¥
b =3 ( ! ) o
k=0
so the factor 2F in the denominator is exactly the obstruction.
Over Z]i].
Here
Zi) ={u+vi:u,v e}

is the ring of Gaussian integers. It is a principal ideal domain, hence a Dedekind
domain. Since

(2) = (1 +i)%

the case d = 2 again gives the principal correction ideal t(2) = (2), so the criterion
becomes 2a | beg. Take

a=1+4i, b=1—4, co=1+i.

Then
bed = (1—i)(144)% =2(1+1i) = 2a,

so the Cauchy problem
L+ =1 —-i)y’,  y0)=1+i,
has a solution in Z[i][[z]], namely

y(x) = (1 +1) i (2:)9;’“

k=0

Over Z [%] Here

1 a
ZH:{Q”:an,neZm}.

This ring is a principal ideal domain, and 2 is a unit in it, so ©(2) = D. Therefore
the same Cauchy problem that failed over Z,

y =93,  y0)=1,
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does have a solution in Z [§] [[z]], namely
— (2k\ z* 1
v =3 (%) 3 < 2 |3] ten
k=0
Together these three exact examples show that in the higher-order case the

same prime 2 may block descent, permit it, or disappear entirely, depending on
the arithmetic of the coefficient ring.

7.4. A non-UFD example: Z[/=5].
Let
D = Z[v/-=5] = {u +vvV—=5: u,v € Z},
the ring of integers of Q(y/—5); see |7, Cor. 2 to Thm. 1]. Hence D is a Dedekind
domain by [7, Thm. 14, Ch. 3], but it is not a unique factorization domain. Indeed,
the classical nonunique factorization

6=2-3=(1++v=5)(1—+V-5)

already shows that factorization of elements behaves differently here; see [7, Ch. 1,
Ex. 15].

Take m =2, a=1++/-5,b=1—+/=5, and cg = 1 + /=5. Since t(1) = D,
the theorem says that the equation

(14++vV=5)y' = (1 —v/=5)y, y(0) =14 /=5,

has a solution in D[[z]] if and only if
(beo) € (a).
Here
beo = (1 — v —=5)(1 + v —5) =6,
S0
(beo) = (6) € (1 +V=5) = (a).
Hence a solution exists in D[[z]]. In fact,

o0

y(@) = (1 +v=5) ) (1-v=5)*a" € Dl[x]]

k=0

solves the displayed Cauchy problem.
Thus the theorem applies in the non-UFD Dedekind domain D = Z[/—5].
The chosen data are built from the classical factorization

6=(1+V-5)(1-V-5),

while the existence criterion is still expressed in terms of ideals.
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®@opmMaJsibHi crenenesi psau s gudepenniaabHOro pisaauas ay’ = by™
Ha obsactamu leaekinaa HyJIbOBOT XapaKTEpPUCTUKU
Poman Cxypixin
Kagpedpa pyndamenmanrvroi mamemamuri
Xapriscoruti nayionasvnul yrwisepcumem iment B. H. Kapasina
Mmatidar Ceobodu, 4, Xapxis, 61022, Yrpaina
¥ pobori nocrimkeno 3amaay Komi ay’ = by™, y(0) = co, y ximbni dopmams-

HUX creneneBnx psamips Dl[x]], ne D — obmacts denekinga HyJIbOBOI XapaKTEPUCTHKH,
K = Frac(D) — i1 mosie 9acTok, a,b,co € D, a,b # 0, m € N. BcranoBmooThcsa TOUHI
YMOBH, 3a SKHUX €IuHuil GopMaabuuii po3s’a30k y € K|[[z]] i3 moYaTKOBHM 3HAYEHHSM
¢o Hacupasai mae Bci koedinientu B D, To6ro Hasexuts D[[z]]. Jns uporo cuepiny B
K|[|z]] BuBOmUTHCA PEKypEHTHE CHIiBBiTHONMIEHHS i KOEDIIIEATIB PO3B 3Ky 1 OepKy-
erbesa sBHA (popmysna mus mux. Ile 3BoguTh 3amady icmysamus po3s’sisky B D[[z]] mo
apudMeTrdHOl 33134l MPo IMIiCTh KOeIIieHTIB, Ky TPUPOIHO (DOPMYJTIOBATH MOBOIO
HOPMYBaHb, ITOB’SI3aHUX 3 HEHYJBOBUME TpOCTHME imeasamu obmacti D. OcHoBHA imes
nossrae B Tomy, 1o mis obnacreit Jenexinga nepemkona cuycky 3 Kl[z]] no D[[z]] Bu-
3HAYAETHCS HE 3BUYANHOIO MOIJIBHICTIO HA IIPOCTI eJIeMEeHTH, a MOPIBHAHHAM HOPMYBaHb
JpOoDOBUX ifeastiB micsst JoKasi3armii 3a IPOCTUMH imeamamMu.

Y npimiftHoMy Bunanky m = 1 HyJIbOBe MOYATKOBE 3HAUEHHS 3aBXKIW A€ HYIBO-
Buit po3B’sa30k. st ¢ # 0 y dopmynax ais koedimieHTiB 3’ aBasai0ThCa (bakTopiaabHi
3HAMEHHUKH, [0 CTBOPIOE TI0DATBHY TEPEINKOIy, AKIo B D He € 0BOpOTHUMEU HECKiH-
YeHHO 6AraTo PAOHAIBHUX MPOCTUX YUCes. ZIKINO K TaKUX IMPOCTHUX JIKIIE CKIHYeHHA
KiJIbKICTb, TO TOYHUN KpUTEPiil iCHYBaHHH JIJI HEHYJILOBOI'O ITOYATKOBOI'O 3HAYEHHS MAa€
surssn (b) C (a)ry, Je vy — SIBHO TOOYZOBaHWM KOPHUTYBAJLHUI imeas, Mo 3a1eKnuTh
BiZT mpocTuX imeasiB HaJ BiAMOBIAHUMY paIiOHATLHUMU TPOCTUMU. Y HEJIHINHOMY BU-
magKy m > 2, nokjasmm d = m — 1, gictaemo Bupa3 i KoedilienTiB depe3 100y TOK
Ci(d) = Hf;ol (di +1). Joseneno, mio npocTi imeanu HaJL PAIIOHATBLHUME IIPOCTUMU, AKi
He 14T d, He CTBOPIOIOTD JOIATKOBHX EPeNKos, Kpim 6asosoi ymosu (bed) C (a), Toxi
SIK TIPOCTI i7ieanm HaJ MpoCTUMH, WO MasTh d, 337a0Th Kopurysagabauit inean t(d). Y
pesymbTaTi TouHmit KpuTepiit icaysanmsa mabysae suramy (bed) C (a)r(d). 3oxpema, aas
m = 2 maemo t(1) = D, i ymoBa cuporyerbest 10 (beg) C (a). HaBeneno npukiau ajist
Kinemp Z, JOKaTi3amiil Kifblisg Z, KiTbIA IIINX TayCOBUX YHCEN Ta JeJeKiHI0BOI obira-
cri Z[v/=5|, sika #e € dakTopiaabHIM KiTbIeM, o JeMOHCTPYIOTH POOOTY OIepKAaHOTO
KPHUTEPIIO B Pi3HUX apUPMETUIHAX CUTyAIdX.

Karwuosi caosa: dbopmanbhi creneHesi psaan; obaacts denekinga; 3agaua Korrri;
HOPpMYBaHHS 3a IIPOCTUMM iJeajlaMu; KPpUTepiil mistocTi KoedIili€eHTIB.

KonduikT inTepeciB: ABTOpH MOBiIOMISIOTH PO BiACyTHICTHL KOHQJIIKTY iHTEpeciB.

Icropis crarti: Opepskano: 6 keiTHa 2026; ocramuiit BapianT: 10 Tpasusa 2026;
MpUWHATO A0 APYKY: 15 TpaBus 2026. Oupwronueno 31 Tpasus 2026.



