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On the Hurwitz Stability of Hurwitz-Type Matrix
Polynomials

A real scalar polynomial whose roots lie in the left half-plane of the complex
plane is called a Hurwitz polynomial. This notion goes back to the works
of J. C. Maxwell, E. J. Routh, and A. Hurwitz, and was later studied usi-
ng techniques such as Sturm sequences, Markov parameters, and continued
fractions; see, for instance, The Theory of Matrices, Vol. 11, Chapter XV,
AMS Chelsea (2000), by F. Gantmacher.

A ¢ x ¢ matrix polynomial P(z) is called Hurwitz if det P(z) is a Hurwi-
tz polynomial. Every matrix polynomial f, can be written in the form
£,(2) = h,(2%)+2 g, (2?). The matrix polynomial fy,, is said to be of Hurwitz
type if the expression g, (2)h,, - (2) admits a representation as a finite conti-
nued fraction with positive definite matrix coefficients. Similarly, the odd-
degree matrix polynomial fs,,,1 is of Hurwitz type if %hgmﬂ(z)g;}lﬂ(z)
has the same property. The concept of Hurwitz-type matrix polynomials was
introduced in On matriz Hurwitz type polynomials and their interrelations
to Stieltjes positive definite sequences and orthogonal matriz polynomials,
Linear Algebra Appl. 476 (2015), by A. E. Choque Rivero.

In the present work, we derive an explicit form of the Bezoutian associated
with Hurwitz-type matrix polynomials. The fact that Hurwitz-type matrix
polynomials are Hurwitz matrix polynomials was suggested and partially
proved using Bezoutians in On generalization of classical Hurwitz stabi-
lity criteria for matriz polynomials, J. Comput. Appl. Math. 383 (2021),
by X. Zhan and A. Dyachenko. In contrast to that work, we employ the
decomposition of the Bezoutian form introduced in Some Questions in the
Theory of Moments, Translations of Mathematical Monographs 2, AMS,
1962, by N. I. Akhiezer and M. G. Krein, for scalar polynomials.
Additionally, we propose a method to enlarge the class of Hurwitz-type
matrix polynomials by adding to a given polynomial a matrix polynomi-
al that is not of Hurwitz type, so that the resulting polynomial becomes of
Hurwitz type.

Keywords: Hurwitz matrix polynomial; orthogonal matrix polynomi-
al; Bezoutian; Hurwitz-Type Matrix Polynomial.
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1. Introduction

A scalar polynomial with all its roots in the left half of the complex plane is

called a Hurwitz polynomial [47, 34, 16, 27, 33, 36, 8, 35]. The Hurwitz stability of

such polynomials is also referred to as Hurwitzness—a term we adopt in this work.

Let n and ¢ be natural numbers. In the present work, we consider the properties

and Hurwitzness of a subset of Lambda matrices [43, page 95], 28, page 228],
[17], defined by

£,(2) = Apz" + A2 L+ .+ Ay, (1)

where A; is a complex ¢ X ¢ matrix and z is a complex variable. As in [39], we
refer to a matrix of the form (1) as a matrix polynomial, which is called a Hurwitz
matrix polynomial if det f,, is a Hurwitz polynomial.

The matrix polynomial (1) has degree n if Ay is nonzero. Throughout this
paper, we assume that det Ag # 0. Clearly, (1) can be represented as

f.(2) = h,(2%) + 2 ga(2%), (2)
where
] Ag™ + Aoz L 4+ Ao, n = 2m,
b (2) := { A2+ Az 4 Ao, no=2m 41, (3)
and

m—1 m—2 —
gn(z) o { Az + Asz 4+ ...+ Aop_1, n=2m, (4)

T ApR™ 4 A2+ Aoy, n=2m+1.

We will refer to (3) as the h, part and to (4) as the g, part of the matrix
polynomial f,.

Let us introduce the following notation. The symbol C%*4 represents the set of
all complex ¢ x ¢ matrices. For the null matrix that belongs to CP*9, we will write
Opxq- We denote by 0, and I, the null and identity matrices in C?*9, respectively.
When the sizes of the null and identity matrices are clear from the context, we
will omit their indices.

In the following definition, we recall the concept of a Hurwitz-type matrix
polynomial (HTM polynomial) introduced in [6]. In [6], HTM polynomials were
referred to as matrix Hurwitz-type polynomials.

For A, B € C7*7 with B invertible, set

A
E = AB—I. (5)



Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHA MaTeMATHKa i MexaHikas, rom 103 (2026) 7

Definition 1. The ¢xq matriz polynomial £, in (1) is called a Hurwitz-type matriz
polynomial if there exist two sequences of positive definite matrices, (ck)ZL;()l and

(dk)’,:‘:_ol (resp. (cx)y and (dg)['=') such that, for n = 2m,

gn(z) I (6)

Iq
+zemo1+d,)t

"+dm—2+

for all z € C with deth,(z) # 0 and, for n =2m + 1,

R

Iq
dp—1+ 271C77n1

for all z € C\ {0} with detg,(z) # 0.

The definition of HI'M polynomials in the form of a finite continued fraction
is inspired by [29, Chapter XV, Theorem 15].
Main Results. Below are the main results of the present work:

(a) We compute explicitly the Bezoutian of the HTM polynomial (1); see
Theorem 1 and Corollary 2. From this, an explicit proof of the Hurwitz
property of HTM polynomials readily follows; see Theorem 2.

(b) For a given matrix polynomial P, of degree n that is not a Hurwitz-type
matrix (HTM) polynomial, we construct a polynomial fo,(2) = P,(2%) +
an_l(zz) of degree 2n, with a suitably chosen Q,,_1, such that f5,, becomes
an HTM polynomial. Then, by applying the result from [21], we conclude
that P, itself is a Hurwitz matrix polynomial; see Theorem 4.

Relation between (a) and (b). The explicit computation of the Bezoutian in
part (a) provides the structural foundation for the Hurwitz property of HTM
polynomials. This result is then exploited in part (b), where a general matrix
polynomial is embedded into an HTM polynomial of higher degree. The Hurwitz
property established in part (a), together with the construction in (b), allows us
to transfer stability from the HTM setting back to the original polynomial P,.

The Hurwitz property of matrix polynomials via Bezoutians was studied in
[30, 41, 42]. In [49], the Hurwitz property of HTM polynomials was also considered.
However, the proof of [49, Theorem 3.5], which serves as the basis for the analysis
in that work, is not fully detailed. More precisely, several steps in the proof are
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left implicit; see Remark 14. In particular, the argument is developed only for the
case n = 2m, while the case n = 2m + 1 is described as “similar,” without explicit
justification.

A distinctive feature of the odd-degree case n = 2m + 1 is that the associated
block Hankel matrices Hy ., and Hj,,—1 have different dimensions. In contrast
to the even case, this asymmetry prevents a direct application of the standard
construction. To overcome this difficulty, we introduce a modified polynomial
Zom+1 (see (57)) of degree m — 1, which replaces the original polynomial gop,+1
(of degree m) in the construction of the symmetrizer. This approach leads to a

(0)

consistent formulation of the matrix WQ% 41 (see (76) and Remark 5) and provides
an explicit treatment of the odd-degree case, which is typically addressed only
heuristically in the literature. This aspect is not discussed in [49].

Additionally, in contrast to [49], we use representations of the matrix
polynomial f,, in terms of orthogonal polynomials on [0,00) of the first kind
and polynomials of the second kind, as in (2) and (18), for example, to compute
explicitly the Bezoutian of the quadruple (£ (z), f,(—x), £ (—z), f,(x)).

The asterisk denotes the Hermitian adjoint of a matrix, while the overbar
represents complex conjugation. In the scalar case, the use of the h, part and g,
part of the polynomial f, for studying the corresponding Bezoutian was employed
by Krein and Naimark in [38] and by Krein and Akhiezer in [1].

The importance of HI'M polynomials as a subset of Hurwitz matrix polynomi-
als is that they help study the asymptotic stability of the differential equation

Ty™ @) + Ay V@) + ..+ Ay 1y (1) + Apy(t) =0, t>0

with y(t) € R™; I, Ay, ..., Ay € C7%9; see [44, 48, 46, 31| and [37].

Our motivation is to generalize the results regarding robust stability [7] and
finite-time stabilization with bounded controls [13, 14, 9, 11] for the matrix case
within the framework of HTM polynomials.

Our work is organized as follows. In Section 2, we review previous results on
HTM polynomials and their associated Markov parameters. We also recall Stieltjes
orthogonal matrix polynomials, orthogonal matrix polynomials, the interrelations
between HTM polynomials and Markov parameters, as well as the Bezoutian
and the inertia of matrix polynomials. In Section 3, we explicitly compute the
Bezoutian of HTM polynomials. In Section 4, we study the Hurwitzness of HTM
polynomials. In Section 5, we present a result and an algorithm for constructing
an HTM polynomial from a given matrix polynomial that is not of HTM type. We
also explain why the original matrix polynomial is a Hurwitz matrix polynomial.
In Section 6, we clarify certain steps left implicit in Theorem 3.5 of [49], concerning
a “matrix analogue of the stability criterion via Markov parameters,” as stated on
page 10 of [49].

This work is a direct continuation of the author’s research in [5] and [6],
which focus on the nondegenerate truncated matricial Stieltjes problem and HTM
polynomials, respectively.
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2. Preliminaries

In this section, we introduce the notation and preliminary results that will be
used throughout the paper.

HTM polynomials and associated Markov parameters
The following quantities will be used to describe the domains of validity of
the Laurent expansions appearing below.
If n = 2m, we define

M, :={z € C:deth,(z) = 0}, Nn = max{|z|: z € Ny, }, (8)
whereas, for n = 2m + 1, we define

Ng, = {z € C: detg,(z) = 0}, prn = max{|z|: z € Ng, }. (9)

The next remark recalls the Laurent expansions of g,(z)h,(z)~! and

h,(2)(zgn(2))"!, which connect the matrix polynomial (1) with the associated
Markov parameters s;.

Remark 1. Let h,, and g, be defined as in (3) and (4), respectively, and let f,
be given by (2).

For |z| > ny, (resp. |z| > ppn), the Laurent expansion in negative powers of z
of gn(2)hy,(2)71 (resp. hy,(2)(2gn(2)) 1) takes the form

gn(z)  so  s1 n Sn

=20 _ 21, .. -1 =9 10
h,(z) =z 22 ot (=) ol T = (10)
hn(z) _870_371_1_“.4_(_1)71 Sn 4 n=2m-+1 (11)
zgn(z) P 22 zn—l—l 3 .

For j > 0 and by using the Markov parameters, we construct block Hankel
matrices:

S0 S1 PN Sj S1 S92 PN Sj+1
S1 S92 cee 8541 S92 S3 ce Sj42

Hyj=1| . : : : M= : : : : - (12)
S5 Sj4+1 .- 52j Sj+1 Sj+2 .. 82541

The rational matrix functions in (6) and (7) are special solutions to the
truncated Stieltjes matrix moment (TSMM) problem; see proof of [6, Theorem

7.9]. This implies that ﬁ:g:zg and (_};’;é;(z_)z) are Stieltjes transforms of a certain
positive measure o on [0, +00).

The TSMM problem is defined as follows: Let (s;)7_, be a finite sequence of
q %X q complex Hermitian matrices. The TSMM problem consists of finding the set
M, of all nonnegative Hermitian ¢ x ¢ measures o defined on the Borel o—algebra

B N [0,4+00) such that

S = / tja(dt), 0<ji<n—-1, s,= / tna(dt) + M,
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where M is a ¢ x ¢ complex valued positive semi-definite matrix.
For each o € M,,, one associates a matrix-valued function

B o(dt)
5(2) = /[0 = (13)

)t*Z

which is defined and holomorphic in C \ [0, +00).

The function s is associated with the TSMM problem and is called the Stieltjes
transform of the positive measure o; see [18, 19, 20, 22, 23, 15, 24, 25, 26|.

In 1981, Yu. Dyukarev proved that the TSMM problem in the case of an odd
(resp. even) number of moments has a solution if and only if Hj,, and H ;1
(resp. Hiy, and Ha,y,) are both positive semidefinite matrices.

Definition 2. The sequence (sj)§$0 (resp. (sj)?zg'l) is called a Stieltjes positive
sequence if both corresponding matrices Hy », and Ho -1 (Tesp. Hypm and Ha )
are positive definite. In the case where (sj)?fo (resp. (sj)izgl) is a positive Sti-
eltjes sequence, the corresponding TSMM problem is called a TSMM problem in

the nondegenerate case.

In [18], Yu. Dyukarev found the complete set of solutions to the TSMM
problem in the case that (sj)?zo and (sj)?fgrl are Stieltjes positive sequences,
respectively.

Stieltjes orthogonal matrix polynomials

We now reproduce from [5] a number of auxiliary matrices, as well as two
families of orthogonal matrix polynomials and their polynomials of the second
kind. Let R; : C — CUTD2xGH+1D4 he given by

Ry(2) = (Igsng — #1) " 20,

with

qujq Oq .
= Pi= > 1.
To Oq, T] < Ij quxq , j=>1

Observe that for each j € Ny, the matrix—valued function R; can be represented
via

I, 04 0 ... 04 0
7 PR 0, ... 04 0

Rj(z) = 2l 2l Iy oo 0 0g ) (14)
Al Z7, A7, 0 20 I,

Let

v =1y, wj = Ly for all j € N. (15)
Ojgxq
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Furthermore, let
Yiji=yp2i-1, 1<j<n, and Yo;:=ypi125, 2<J<m,
with
Ypik o= (S5 8415 - Lsk), 0<ji<k
and y[; 5 = Og if j > k. Define
ur:=0 Uy ;= < O ) uz2j = —Yo,j] 1<j<n. (16)
> 9 »J _y[O,jfl] ’ N NIRE >~ J =

Let H 1,; (resp. ﬁg’j) denote the Schur complement of the block Hankel matrices
Hi;_1in Hy j (resp. Haj—1in Hy ;) as seen in [45], [5, Equalities (2.5) and (2.6)]:

ﬁl,O = S, ﬁl,j ::SQj — Yl*]Hl_jl IYLjﬁ ] 2 1,

ﬁz,o = 81, ﬁQ,j =89j41 — YQJHQ_j Yo, j =1
These matrices are Hermitian positive definite matrices, and so are Hy ; and Ho ;.

Now we partially reproduce left orthogonal matrix polynomials (OMP) on
[0, 4+00) [21].

Definition 3. Let o be a q X q nonnegenative measure on [0,+00). A sequence
(Pj);?‘;o of ¢ X q matriz-valued polynomials is called orthogonal with respect to o

if

i) each matriz-valued polynomial P; is of degree j;

it) the matriz-valued polynomials P; satisfy the orthogonality relations:

Pj(t) o(dt) P (t) = 6j1Coj,

for all j,k € N. Here, 6;, is the Kronecker delta, and and Cy; is a constant
nonnegenative q X ¢ matriz.

The following matrix polynomials seem to have been first introduced in [20].

Definition 4. Let (s])] "o (resp. (sj)ingl) be a Stieltjes positive sequence.
Furthermore, let vj, uij, usj and R; be as in (15), (16) and (14), respectively.
Let

Pro(2) := 1y, Quo(2) :=0q, Pro(z) :=1Ig, Q20(2) = s0.

For j > 1, set

Prj(2) =(=Y{Hy o, 1) Rj(2)vj,
Py j(z) 3:(—5/2*gH5]1 1> o) Rj(2)vj,
Quj(2) = — (=Y H |y, 1) Rj(2)ua 5,
Q2,j(2) := — (=Y5; Hy 1, 1) Rj(2)ua;.
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The matriz polynomials Q1; and Q2 are called second-kind polynomials with
respect to Py j and P j, respectively.

In the next proposition, we recall that the matrix polynomials P; ; and P ;
are orthogonal with respect to positive measures supported on [0, +00), and that
the associated second-kind polynomials @1,; and (J2; can be expressed in terms
of P ; and P, respectively. For completeness, we also record a basic identity
involving Py ; and Qg ;.

Proposition 1. a) The polynomials P1 ; and P j are OMP with respect to o and
to, respectively. More precisely (as seen in [15, Remark 6.3]),

_ 0 g FE
POt o(dt)PEy(t) =3 51 k=1,2.
[ pawraano ={ g7 e
b) The following identities hold (as seen in [5, Remark D.6] and [5, Remark E.4]):

Pyj(z) — Pj(t)

Q1,5(z) = o o(dt), 0<j<n, (17)
[0,4-00)
Py j(x) — tPy (1
Q2,j(z) = rh2(z) . 24 )J(dt), 0<j<n-1.
-
[0,4-00)

¢) For k =1,2, the following identity holds (as seen in [5, Proposition 5.1 (a)])

Py (2)Qy ;(2) — Qr,j(2) Py j(2) = 0y

The following proposition establishes a connection between HTM polynomials
and orthogonal matrix polynomials of the first and second kinds. The representati-
on below follows from [6, Theorem 6.1], while identities (19) and (20) are establi-
shed in the proof of [6, Proposition 7.8].

Proposition 2. For n > 1, every HT'M polynomial admits the representation

fn(z) _ { (_1)m(P1*m<_22) - ZQT,m(—22))’ n = 2m,

(—1)™(Q3n(—22) + 2 P, 0(—22)), n=2m+1. (18)

Moreover, the identities

hy(2) = ()Pl (=2),  gu(2) = (-D)""Qi,n(-2),  n=2m, (19)
and

hy(2) = (=1)"Q5,m(=2),  8nlz) =(-1)"P;,(-2), n=2m+1 (20)

hold.
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The matrix polynomials Py ; and @)y ; also appear in the representation of the
extremal solutions of the TSMM problem.

In the proof of [6, Theorem 6.1], the so—called extremal solutions of the TSMM
problem are represented by

QT,j(z) o g?m(_z)
Gommax(2) = = Pfi(2)  ham(—2) )
and
Q;j(z) _ hoy1(—2) ) (22)

Gy, (2) = — =
2m,mm( ) ZPQ*J,(Z) (—Z)ng—l—l(_Z)

Note that the matrix function Gy, ... is defined for all z € C\ [0,00) with
2| > m2m, whereas Gy, ... is defined for all z € C\ [0,00) with [z| > pami1-
Here, n2;, and pon,41 are defined in (8) and (9), respectively.

The Bezoutian and inertia for matrix polynomials

In this subsection, we reproduce some notions related to the inertia for a
matrix polynomial [41, 42]. The inertia for scalar polynomials was considered in
[40, page 462].

Let L(\) = LoXt + LiX ' 4 ... 4+ ALy_, + Ly be a ¢ x ¢ matrix polynomial with
coefficients Ly, € C9*9. If Lo # 0g4, then deg(L) = ¢ is the degree of polynomi-
al L. Furthermore, if Ly = I, then L is called monic. Let My,L{,M and L
be polynomial matrices such that M;(A)Li(A) — M(N)L(X\) = 0. The Bezoutian
associated with the quadruple (M, L1, M, L) is the block matrix
o m—1,4—1

BM1,M(La Ll) - (Fj}kz)j,k:l . (23>
The block entries I'; , of the quadruple (M, L1, M, L) are determined by following
equality:

m=1,4—1 ' 1

>0 TNt = i (ML) = MOVL()). (24)
k=0

The quantity ¢ (resp. m) denotes the maximal degree of L(X), L1(A) (resp. M (),
M;i(X)). Assume that there exists A\g € C such that det L(Ag) # 0: on this case L
is called regular.

Let L be a regular polynomial of degree ¢. The triple

V(L) = (v4(L), v (L), 70(L)) (25)

is called inertia with respect to the real axis, where v4 (L) (resp. 7—(L)) is the
number of zeros of det(L(\)) in the open upper (resp. open lower) half-plane, and
~vo(L) is the number of zeros of det(L()\)) in the real axis. Now we reproduce [41,
Corollary 2.2].
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Corollary 1. Let L()) be a matriz polynomial with an invertible leading coeffici-
ent. The spectrum of L(X) lies in the upper half-plane if and only if there exists a
regular matriz polynomial L1(\) that satisfies

LA Li(N) = L* (M) L(N)
such that the matriz 1
{BL’{:L* (L,Ly) (26)
18 positive definite.

Our strategy for analyzing the Hurwitzness of HI'M polynomials f,, is based
on the spectral symmetries of the quadruple

(£,(2), £ (=), £5(=2), £ (2)).
The next lemma describes the spectral symmetries associated with this quadruple.

Lemma 1. Let F(z) = >}, A2k Ay € CT%9, be a reqular matriz polynomial,
and let F*(z) ==Y} _o As2" k. If

o(F):={z € C:det F(z) =0},
then o(F(—2)) = —o(F), o(F*(2)) = o(F), and o(F*(—%)) = —o(F).
Proof. By definition, det F'(—A) = 0 if and only if —\ € o(F). Hence

0(F(—z)) = —o(F). Next, det F*(2) = det F'(z). Therefore, det F*(\) = 0 if and
only if det F(\) = 0. Consequently, o(F*(z)) = o(F). Combining the previous
two identities yields o(F*(—%)) = —o(F).

Remark 2. The four matriz polynomials F(z2), F(—z), F*(2) and F*(-%)
correspond to natural symmetries of the spectrum of F.

Indeed, F(—=z) reflects the spectrum through the origin, F*(Z) reflects the spectrum
across the real azxis, and F*(—Z) reflects the spectrum across the imaginary azis.
Consequently, the Bezout form

F*(z)F(—y) — F*(—2)F(y)
r—y

(27)

compares the spectrum of F with its reflection across the imaginary axis.

In the Hurwitz stable case, o(F) C {z € C : Rz < 0}, whereas o(F*(—Z2)) C
{z € C: Rz > 0}. Hence these two spectra are separated by the imaginary azis.
This separation is closely related to the definiteness properties of the associated
Bezoutian.

The generalized Anderson—Jury Bezoutian matrix

To compute the matrix (26) associated with an HTM polynomial, we use the
generalized Bezoutian matrix and form introduced by Anderson and Jury in [2],
which are defined for a g x ¢ rational matrix function W (z).
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Suppose that W(z) admits two matrix factorizations:

The generalized Anderson—Jury Bezoutian form associated with the quadruple
(A, B,C, D) is defined by
1

[(z,y) = pr—y

(A(z)D(y) — B(2)C(y)) -

Using the notation (5), for HTM polynomials, the applicability of this construction
follows from the fact that the h,,-part and the g,,-part of f,, determine the rational
matrix functions

e (28)
and
Sfom+1 (Z) = h2m+1(_z) (29)

(—2)g2m+1(—2)
Taking into account that the functions (28) and (29) (see also (21) and (22)) are
Stieltjes transforms of positive matrix-valued measures; see (13), they satisfy the
Hermitian symmetry relation

st (2) = st,(2)- (30)

Therefore, the Anderson—Jury Bezoutian construction can be applied. Consequently,
rather than studying the Bezout form (27), we employ Bezoutian forms associated
with the quadruples (zg}, h,, h}, zg,) and (g}, h,, h}, g,), corresponding to the
cases n = 2m + 1 and n = 2m, respectively. See the definitions of F,, gﬁl”, and

@) in (31), (32), and (33), respectively, together with the relations between these
forms given in (34).

3. Bezoutian and Hurwitz-type matrix polynomials

In this section, using the so-called matrix symmetrizers (50) and block Hankel
matrices Hi; and Hjj;, we derive an explicit form of the Bezoutian for the
quadruple (£(2), £,(~2), £(~2), £,(x)).

Instead of working directly with the Bezoutian form

£ (2)fn(—y) — £5(=2)fu(y)

Fola,y) s , (31)

we use the Equality (2) and calculate the Bezoutian forms

6 (2.1) = (P*EL (B 0) — 1 (Pgas?)  (32)
and
G (2.1) =5y (81 (7% B (s) — i (@) (5) (33)
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associated with the quadruples (zg}, h,, h’, zg,) and (g, hy, h}, g,). Recall that
a similar decomposition of the Bezoutian for scalar polynomials was previously
studied; see [38, page 293] and |1, page 257|. Following |2| to compute the Bezouti-

an forms gﬁf)(x,y) and G (z,y) we employ both representations (30) of the
rational matrices (6) and (7).
It readily follows that

Fale.y) =2 (600 (@.9) + 60 (2.0)) . (34)

In the next lemma, we demonstrate that the matrix functions F, Qy(Ll) and
Q,(f) are matrix polynomials in x and y. See [2, Remark 1].

Lemma 2. Let F,, G\ and G2 be as defined in (31), (32) and (33), respectively.
The functions Fy, Q,(Ll) and 97(12) are polynomials on x and y.

Proof. Using the numerator on the right-hand side of (31), together with (18),
and replacing y by x, we obtain

£ (2) () — £0(—2)En ()

= 2:[:{ Pl,m(_xz)Qim(_x2) - Ql,m(—.I'Q)Pl*m(_
P2,m(_a:2)Q§7m(—x2) _ Q2,m(—l’2)P2*m(—

)

=0.

By [4, Chapter 1|, any polynomial vanishing on the diagonal x = y is divisible by
x —y. Since £(2)f,(—y) — £ (—z)f,(y) has this property, F,,(z,y) is a polynomi-
al. Arguing similarly with the numerators in (32) and (33), and following [4,
Chapter 1], we show that 97(11) and 97(12) are polynomials in x and y.

For £k =0,1, let

Sk —Sk+1  Sk+2
k) ._ e
Hcgo) = —Sk+1 Sk+2 . (35)
Sk+2

be an infinite Hankel matrix.
A similar untruncated block Hankel matrix, denoted by H, appears in the
proof of |2, Lemma 2.3].

Lemma 3. Let F,, GtV and G2 be as in (81), (82) and (33), respectively. Thus,
for n = 2m, we have
Gom(@,y) =hs (2%) (w7 L Iy ) HY (57035 i) " ham(y?), (36)

G2 (2, y) = — 15, (2%) (2 gy 23, ) HO (57, 572y, ) hom ().
(37)
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Forn =2m+ 1, we have

1 * — — _ *
Girr (. 9) =1 (7%) (L2 Ly ) HO (1,52 ) gomin (%), (39)
2 * _ — — __ __ *
gérr)ﬂ,—l(xvy) :_g2m+1($2) (a7 1Iq7$ 3Iqa"') Hé})) (y IIqa 3Iqa"-)
- Gam+1(y7).- (39)

Proof. We prove (36). With (10), we have

1 % _ 1%, x _ _
Gon (2, y) = h3,, (z°) (thznﬁ (°)g5(2%) — ngzm(yQ)hﬁ(yQ))

- hon (%)

=2 i 72 hs,, (z°) (81(y72 —z %) - SQ(y’A‘ — a:’4) +s3(y ¢ —279)
— .. ) hay(v?)

21,21y2 5 (T7) (51— soz 2y ) +s3(z 27y 2y
—..) hgm(y2)

:h;m(j2) (x_2ICI7 x_41117 . ) Héi) (g_QIq’ g_4Iqa .. >* h2m(y2)'

In the last equality, we substituted (35) for & = 1. Similarly, to prove (37), we use
(10) and (35) for k = 0. Equalities (38) and (39) are proven by applying (11) and
(35) for k =0 and k = 1, respectively.

Remark 3. The infinite block Hankel matriz H&l)) appearing in (36) arises
naturally from the Laurent expansions in (10). Indeed, the expression

1

e (270 ()85 (3) v gon (P (1))

generates an infinite series in negative powers of x and y, whose coefficients are
precisely the moments (s;);>1, giving rise to the infinite block Hankel matriz HC%)
i the representation

(7227, .. ) HY (5721, 5741,,...)".

However, since Qgﬁ 18 a polynomaial, only finitely many terms contribute to the
products appearing in (36). Consequently, the right-hand side of (36) effectively

reduces to a finite truncation of H&l)),
The same observation applies to the right-hand sides of (37)-(39).

In view of Remark 3, the infinite block vector

(721,614, ...) hop(€2)
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can be decomposed into a polynomial part and a part containing strictly negative
powers of &, namely,

(€200, €y, ) hom(€%) = M5 (€) + 51D (€). (40)

Similarly, we have

(€711, E7% L, .) " hom(€2) = h5)(€) + M (&), (41)
(I € 2Lgr ) Bomr1(€2) = 8o (€) + ok (6, (42)
(€756, )" goms1(€%) = 8oy () + 851 (6). (43)

Here, hg:nl)(f) (resp. géﬁ,ﬂ_l({)), for k = 1,2, are polynomials in £, whereas h;’fs) &)

(resp. gé’ﬁll(f)), for k = 1,2, are polynomials in £1.

For a natural number m, let
T = diag (I, (1)1, (=1)%I,, ..., (~1)™1,) (44)

be a (m+ 1)g x (m + 1)g matrix.
The following remark explains how the infinite Hankel matrices H, éif) reduce to
finite block Hankel matrices when acting on the polynomial components hgfrlb)(f )

(resp. géﬁll(ﬁ)), for k = 1,2, introduced in (40)-(43). This follows from direct
calculations based on the corresponding decompositions.

Remark 4. Let hi1V (), h$V(€), g5t (€) and g&. 1 (€) be as defined in (40),

2m

(41), (42) and (43), respectively. Furthermore, let Hy j, Hy j and Jfrlf) be as defined
in (12) and (44), respectively. Thus, the following equalities hold

/\

”>*<> O (y) =S (2) Tt Ho -1 Jm—1hS,) (1), (45)
@ HOBE) () =hG) (2) T -1 Hy 1 Jm—1h5 (1), (46)
g2m+1( )H g2m+1(y> 2m+1(‘%)‘] Hlmjm/g\gilﬂy) (47)
goo iy (D) HOgo) (y) =85y (2) Tm—1 Hom—1 T 18y (), (48)

where (11) (21) (11) ~(21)
hy,,", hy, §2m+1 and 85,4

(11) h(21) (11)

represent finite-dimensional restrictions of the matrices hy, ’, hy 7, g5 ° and

géﬁill In particular, the polynomial part of

b5 () = (57205, (7%), 7 D3 (@), - 7 2 03 (77)° (49)

18 the restriction of the polynomial part of the matriz

11 ——271 % — ——4y % — —— * — *
hgm) (y) = (y 2h2m(y2)7 Yy 4h2m(y2)7 ey 2mh2m(y2)7 Oqa Oqa .. ) .
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Equalities (45)-(48) correspond to those in the proof of [2, Lemma 2.3|, where,
instead of the matrices Hy ; and Hjj, the truncated block Hankel matrix H,,
is used. Moreover, in place of the matrix Hc(é), the infinite Hankel matrix H is
employed.

For a matrix polynomial Q(z) = Qoz’+ Q12 ' +.. .+ Q12+ Qy, the Hankel
block matrix

Qe Qra ... Q1 Qo
Qr—2 Qr3 ... Qo 04

5(Q) = (50)

Qo Og ... 0 Og
is called a matrix symmetrizer of @Q(z). This matrix provides a finite-dimensional
representation of the coefficients of () and will be used to express the Bezoutian
in terms of block Hankel matrices. In [40, page 455], the concept of symmetrizer

is introduced for scalar polynomials.
Additionally, let

F2F(z) = (Iq,i'QIq,...,i"%Iq) : (51)
FE @) i= (20, 8%y, 8% 70,) (52)

In the following theorem, added by symmetrizers of corresponding matrices and
the block Hankel matrices Hy, j, we obtain a factorized expression of the Bezoutian

forms 95717)“ géiz, gé}%ﬂ and géii-s—l'

Theorem 1. Let Qéfg, gg’fn)ﬂ for k =1,2 be as defined in (32) and (33). Addi-
tionally, let hy,, g,, S, jm, Hi;, Hyj, ng(x) and ka_l(x) be as in (3), (4),

(50), (44), (12), (51) and (52), respectively.
Therefore, for n = 2m, the following equality holds:
Gy (@, y) =Fy ™" (@) S(03,,) T Hoa1 T2 S (ho) By 2 (), (53)

*

G2 (2, y) = — FC™ V(@) S(05,0) Tt Him1Jm1S (hom) FP™ D (y).  (54)

Forn=2m+1, we have
Gom1(@,y) =Fy"" ()5 (841 o Hin TS (82ms1) Fy " (9). (55
Moreover,

G2 (@) = — FP™ V(@) S (@5 mst) Tt Hom—1 I 15 (E2m i) F™ (),
(56)

where
§2m+1(z) = qum—l + Agzm_Q + ...+ Agp_o. (57)
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Proof. We prove (53). From (36), (40) and (45), we have
G () = 0y (2) Tons Ho 1 T ) (1), (58)
We examine ﬁgg) (y). By using (49) and (50), we have

Agm_g + ...+ A2y2m74 + qu2m72

RYD(y) = [ Armma oot A
.I.q.
AQm_Q A2 Iq Iq
_ A2m—4 Iq yQIq
‘I'q' ym;ajq
=S(hom) (Ig, 71, - -, 5" 21,)" . (59)

By substituting (59) for (58), we obtain (53). Similarly, by using

G52 (,y) =h2Y " () Tt Hi g1 Tt D) (1), (60)
G0 () =8 (2) T Hi 1 T B (), (61)
G2 (@) =8 (2) Ty Hon 1 dm 18501 (), (62)

one can prove (54), (55) and (56). Equalities (60), (61) and (62) readily follow
from (46), (47), (48) and (41), as well as from (42) and (43). Additionally, one
also uses (37), (38), (39), (51) and (52).

Remark 5. The polynomial gop,y1 defined in (57) has degree m — 1, in contrast
to the original polynomial gom+1 defined in (4). Using gom+1, we construct the
symmetrizer S(8am+1) appearing in the matric WQ(?,BLH in (76). This is consi-
stent with the fact that the block Hankel matrices Hy p, and Ho ,—1 have different
dimensions.

In the following corollary, we represent F,, as a matrix quadratic form regardi-
ng the block Hankel matrices H; ; and Hj j, as well as the symmetrizer matrices

S(th)a S(g2m+1) and S(§2m+1)-

Corollary 2. Assume the same conditions and notations as in Theorem 1. Let
Jm be as in (44). Moreover, let

@._(J 0
o (i)
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for all v, £ > 1. Furthermore, for k= 0,1 let

i o= (S0 ) g (e L, )
% st (64

= (5 st ) T i)
(&5 s@nn) (%5)

With F,, be as in (31), the following equalities hold:

@2m—-2),-+\ * (2m—2)
I (Z) (1) (1 (v)
Fom(z,y) =29 Wa, |9, , 66

2 (33 y) <F1(2m 1)(IB)> 2 F1(2m 1)(y) ( )

and

(@m) -y \ ™ (2m)
Fy(x) (1) Fy™ ()
Fomt1(z,y) =2 SN W 0 . (67)
F1(2 1) x) 2m+1 F1(2 1) (y)
Proof. Equality (66) follows directly from (34), (53), (54) and (64). In a similar
manner, Equality (67) can readily be derived from (34), (55), (56) and (65).

4. Hurwitness of Hurwitz-type matrix polynomials

In this section, using the explicit form of the Bezoutian matrix (66) and (67),
we verify that an HTM polynomial f,, is indeed a Hurwitz matrix polynomial.

In [49], the Hurwitz property of HTM polynomials was studied. However, the
proof of [49, Theorem 3.5] concerning the inertia of the matrix polynomial f,, for
n = 2m is neither explicit nor complete, and a proof for the case n = 2m + 1 is
not provided. See Remark 14.

Recall that the inertia of matrix polynomials, denoted by ~(f,), provides the
number of eigenvalues of f,, with positive, negative and real zero parts, respecti-
vely; see |41, page 410].

We rewrite Corollary 2 for the pair (ix,iy) instead of (z,y).

Corollary 3. Assume the same conditions and notations as in Theorem 1.
Moreover, let F,, J¢, Wé?,z and Wégz“ be as in (31), (63), (64) and (65), respecti-
vely. Thus, the following equalities hold:

2m—2),-\\ * (2m—2)
L F, (z) (m=1)y1,(0) ~(m—1) [ F, (y)
Fom(iz,iy) =2 | o Tne1 WomT- Qo 68
om (i, 1Y) <F1(2m 1)(9?)) m—1 2mY'm—1 F1(2m 1)(3/) (68)

and

(2m) /- * (2m)
. EF X m 0 m F Yy
]:2m+1(2x72y) =2 (Fl(gml() ))> "77’(77,—)1W§773,+1‘7ﬂ(’b—)1 <F(gml() (i)) ) (69)
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Proof. Equalities (68) and (69) readily follow from (66) and (67), respectively.
Let

‘/[0,277171](1‘) = (Iq7 j:-[q’j:QIqa . i,2m QI —om— 1[ )
V[O,Qm](x) = (Iq, E[(Pj?[q’ T F2m— 1[ _ZmI )

Furthermore, let 72y, (resp. Tam+1) be elementary block matrices such that

B @) _ g v (70)
FE () m= ’
and o)
Fy " (v) (m)
= Tom+1Vio.om ) 71
<F1(2m1)(x)> T Tem+1V]o 2m) (T) (71)

The following remark readily follows.
Remark 6. Using (70) and (71), equalities (68) and (69) can be written as
follows:

L X 0 1)

Fom(i,iy) =2Vi§ gy (D) T T WS TN ) Tom Vig o (), (72)
Fomr (12, ) =2Vi5 g10) (@) Toimi1 Tt Wanmar Taioh Tomet Vio o) (9). - (73)
The positivity of the matrices W( ) and Wégz 41 I8 consistent with the spectral

separation described in Remark 2. Indeed, the substitution z = ¢\ transforms
separation with respect to the imaginary axis into a Hermitian positivity structure
for the associated Bezoutian kernel.

We now state the main result of the present work. The key step is to express
the matrix

1
;BL*{,L* (L, L)

in terms of the Bezoutian forms obtained above and to prove its positive defini-
teness. This allows us to establish the Hurwitz property of HTM polynomials.

Theorem 2. Each HT'M polynomial is a Hurwitz matriz polynomaial.

Proof We use Corollary 1 with
LX) =£,(GN\) and Li(\) = f,(—i)) (74)

and Equalities (23) , (24), (31), (32), (33) and (34). For n = 2m, by using (72),
we have

me«L L1) = 275, T W 7 D T (75)

By employing (73) for n = 2m + 1, we have

1 m m
EBL{,L* (L, Ll) = 27#2*;71+1j75Lf)1W2(?r)L+1‘77(nf)17i2m+1‘ (76)
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The right-hand sides of (75) and (76) are positive definite matrices because

Hs 1 0 Hy 0
( 0 Hl,ml) and (0 H2,m1> (77)

are positive definite, and both jé"izl)ﬁm and .77(:1)1757,%1 are invertible matrices.
By Corollary 1, the spectra of

LX) = £,(i))

belong to the upper half-plane of C. Consequently, the spectra of f,(z) lie in the
open left half-plane of C. Hence, the HTM polynomials f,, are Hurwitz matrix
polynomials.

Remark 7. By employing (25), note that
V- (£ (i) = 10 (£a (@A) = 0,

and therefore
V(fn(Z)‘» = 7+(fn(Z)‘)>

This is equivalent to the fact that all zeros of det £,(\) lie in the open left half-
plane.

The following remark illustrates the previous observation in the simplest
nontrivial case.

Remark 8. A gxq HTM polynomial f5 of degree 2 is a Hurwitz matriz polynomial;
it admits the representation

fa(2) = qu2 + 802 + 85131.

The next remark concerns the matrix measures associated with HTM
polynomials and their connection with the corresponding orthogonal matrix
polynomials.

Remark 9. A ¢q x g matriz o(-) defined on [0,00) is called monotonically
nondecreasing if o(t) is self-adjoint for all t € [0,00) and o(t2) — o(t;) > 0
fOT tl S t2,

Forn = 2m+ 1 (resp. n = 2m), the points of discontinuity of the distri-
bution function Gommax (T€SP. O2m.min) that correspond to the measure oam max
(resp. o2mmin) are given by the roots of the polynomial det(Py,,(—2)) (resp.
det(2P5,,(—2))); see (21) and (22).

On the other hand, the polynomials (19) and (20), which are constructed using
the moments sj, can be obtained from an absolutely continuous distribution on
[0,00) that corresponds to a positive measure on [0,00), as shown in the next
example.
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The following example illustrates the previous construction in the case of a
fifth-degree HTM polynomial. For the matrix polynomial f5, we compute the
Bezoutian forms gél) and Qéz), the symmetrizers S(gs) and S(gs), the matrices

jl, jg, j1(2), as well as the matrices Wéo) and 75. Using these matrices, we obtain
an explicit representation of

1
EBLT,L*(La Ly),
whose positive definiteness ensures that f5 is a Hurwitz matrix polynomial.

Example 1. Let

f5(2) = 2°I + A12* + Ag2® + A32® + Asz + As, (78)

2 486 560 g,
— — — 37
whereA1—<i 1>’A2_<§§74i 6>’A3_<5i 5>7
1158 292 :
0 22—
— — 37

e oan- (1 3)
The matriz polynomials hs and g5 have the form

h5(.’L’) = AlfL'Q + Asx + As, and g5(fL') = IQ.’L'Q + Aox + Ay (79)

Using (79) together with the Laurent expansions (10) and (11), we obtain the first
four moments:

2 —i 4 —i 16 —22
SO_<7: 1>a 81_<i 1)352_(27: 2)7 (80)
96 —61 768 —24i
%= <6¢ 6 ) ) B4 (24@ 24 ) ‘ (81)
The Bezoutian forms Qél) and gé” defined in (32) and (33) are given by
G (2, y) = ( '911(95,9) —ig12(z,y) )
5 (@) igi2(z,y)  g2(z,y)

where

= % (372" (37y* + 280y> + 146) + 4a” (2590y* + 22883y + 15297)
+5402y* + 61188y” + 134436)

g2 = ((y* + 5% +2) 2* + (55" + 264> + 12) 2> + 2 (y* + 64> + 6))

go2 = (y* + 5y* +2) o* + (5y* + 26y% + 12) 22 + 2 (y* + 6y° + 6)

gi1

and

G (z,y)

_4xy(37(37y2+272)x2+10064y2+88236) iy ( (y2 n 4) 22 4 4y2 41 8)
1369
—izy (2 +4) 2° + 492 + 18)  —ay ((y? +4) 2 + 4y* + 18)
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The matrices S(gs) and S(gs), defined in (50), have the form

1158 486
IR
A BY O g
S(gs)= (A2 L 02| =] by 6 0 10 0 (82)
37
L 0y 0 1 0 0 000
0 1 0 000
o B0 B o010
_%’562 6 _%%42 6 O 1
367 37
~ . (A L\ | ¥ 0 1 000
1 0 0 000
0 1 0 000

The matriz polynomial g5 has the form
gg,(x) = Ig$ + AQ.
Furthermore, the matrices Fé4) and F1(3)7 defined in (51) and (52), have the form

FP) = (I, #2L, #'L)" and FP@)= (L, 2°L)". (84)
The matrices Jo and Jy, introduced in (44), take the form
(L 0, 0 Lo
Jo=10y =L, 02|, and J1:<2 2). (85)
02 —1Ip
O 0o 19

Using (80) and (81), we construct the matrices Hy o and Ha 1. One readily verifies
that these block matrices are positive definite. From (82), (83), (84), and (85), we

obtain the right-hand sides of (55) and (56), which allow us to conclude that Qél)
and —g§2) are positive quadratic forms.
The matriz %BL’{,L*(Ly Ly) in (76) can be written as the product of the matrices

@ _ (] O
o (5 1)

o _ (S(gs) 0 ) @) <H1,2 0> @) (S(g5) 0 )
Ws —( o s@)) Lo m) U0 s@Es)

and the matriz Ts, which appears in (73), has the form

I 02 02 02 02 09
02 02 I 02 02 02
Ts =102 02 02 02 02 Iy
O Io 02 02 02 02
02 02 02 02 I 02
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From these matrices, together with (73), (76), Corollary 1, and the second matriz
in (77), it follows that the matriz polynomial f5 is a Hurwitz matriz polynomial.

The following remark illustrates how HTM polynomials can be generated from
matrix-valued measures on [0, 00).

Remark 10. The polynomial f5 in (78) can be constructed starting from the
matriz-valued distribution

5 () = (4—26—96/2 ie™® )

—ie” " 2—e )’

defined on [0, 00).
More generally, the construction of HTM polynomials can be initiated from a
nonnegative Hermitian matriz-valued measure (or a distribution of bounded vari-
ation) on [0,00) such that the associated block Hankel matrices Hy ; and Hy ; are
positive definite.
From this distribution, we compute the moments s;j as in (80) and (81). Next, we
apply Definition 4. Finally, the second equality in (18) is used to obtain (78).

Next, we recall the characterization of HTM polynomials in terms of block
Hankel matrices; see |6, Theorem 7.10].

Theorem 3. Let n be a natural number with n > 2, and let £, be a matriz-
valued polynomial. Let h, (resp. g,) denote the h,-part (resp. gn-part) of f,.
Furthermore, let n = 2m (resp. n = 2m + 1) with m > 1, and let Hy 1
and Hy -1 (resp. Hypm and Hy 1) be constructed from the Hermitian Markov
parameters of the polynomial £,,. Then the matriz-valued polynomial £, is an HTM
polynomial if and only if the block Hankel matrices Hy jp—1 and Ho 1 (resp. Hi
and Hy 1) are positive definite.

We now pass from the Hankel-matrix characterization to a Bezoutian
characterization. In particular, for an HTM polynomial, the Bezoutians associated
with the decomposition of f, into its h,- and g,-parts have definite signs.

Proposition 3. Let f, be an HT'M polynomial. Moreover, let h, and g, be
as in (2), (3) and (4), respectively. Furthermore, let Bygx nx (gn,hy,) and
Bgx 1 (8n, hy) be Bezoutians associated with the quadruple (zg),, hy, h};, xg,) and
(g, h,, h’. g,), respectively. Thus,

a) the matriz Byg: nx (18n, hy) is positive definite, and

b) the matriz Bgx nw: (&n, hy) is negative definite.

Proof. Let Ju, Sam+1, S(ham), S(82m+1) and S(am+1) be as in (44), (57)
and (50). For n = 2m, by using (32), (33), (53) and (54), we have

ngm,hgm (g2m7 h2m) - - S(hsm)jm—lHl,m—ljm—ls(h2m)-
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By (32), (33), (55) and (56), for n = 2m + 1, we obtain

Bxggm_’_l,h;m_H ($g2m+17 h2m+1) :S(gSm-i-l)JmHl,meS(g2m+1)

Bg; b, (82m41, homi1) = — S&mi1)Im—1Hzm—1Tm—15Bam1)-
From Theorem 3, see that assertion a) and b) are valid.

Remark 11. In [40, Theorem 2], it is proven that a scalar polynomial f, is
Hurwitz if and only if Bygs nx (Tgn, hy) is negative definite and Bgx px (gn, hn)
is posilive definite. Note that the Markov parameters related to [40, Theorem 2]
have the opposite sign compared with those associated with parts (a) and (b) of
Proposition 3.

5. Completing a matrix polynomial to an HTM polynomial

As indicated in [10], not every Hurwitz matrix polynomial is an HTM
polynomial. In this section, we propose a procedure to complete a given matrix
polynomial into an HTM polynomial.

In [10], the polynomial

Py(2) = Iz + A1 2% 4 Agz + A3 (86)
with
2187 1206 10662 8700 11178 10524
— ([ 109 109 — [ "109 109 _ [ "109 109
a= () - (e ) - () )

was suggested as a polynomial that is Hurwitz but not an HTM polynomial. The
rational matrix function 1 (A;z + As) (Ioz + As) ™t does not satisfy property (30).
Moreover, as indicated in [10], the 2 x 2 matrix coeflicients ¢; of the expansion

1
2 (Ar1z + A3) (IQZ—l—Ag)*l == _

are not Hermitian matrices. Consequently, the polynomial P53 cannot be investi-
gated in the framework of HTM polynomials.
The following result allows one to determine whether a matrix polynomial P,
that is not an HTM polynomial is in fact a Hurwitz polynomial by “completi-
7

ng,” mainly by perturbing P, with another polynomial @,_1. This is done by
constructing a new HTM polynomial of degree 2n.

Theorem 4. Let P,(z) be ¢ X ¢ a monic polynomial of degree n. If there exists a
q % q polynomial Qn—1(z) of degree n — 1 such that

f2,,(2) = Po(2%) + 2Qu1(2?) (88)

is an HTM polynomial, then the polynomial P,(z) is a Hurwitz polynomial.
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Proof. From (18) and (19), there are polynomials P, y @1, such that
Po(z) = (=1)"Pf (%) Qu-1(2) = (=1)"*'1Q3 ,(=2) and Py () is an orthogonal
polynomial on [0, +00) with respect to a certain positive measure o corresponding
Q1n(2)
P a(2)
det Py ,(2) lie in [0, +00). Consequently, the roots of the polynomial

to the Stieltjes transform — . By |21, Theorem 1], the roots of the polynomial

det Py(z) = det((—1)" Py ,(—2))
lie in the open left half-plane. Therefore, det P,,(z) is a Hurwitz polynomial.

Remark 12. Let P, be a monic matriz polynomial and let P, denote its transpose.
Since
det P, = det P,

Theorem 4 is also valid for P} and Q! ;.

For the construction of the polynomial @,_1 appearing in Theorem 4, we
propose the following algorithm. The procedure is based on the representation of
the associated rational matrix function in terms of orthogonal polynomials and
the corresponding Markov parameters, which allows one to recover @,_1 from a
given polynomial P,.

Algorithm for finding Q,,—; from P,

Step 1. Let Py (2) = (—1)"Py(—%) (resp. Pi,(2) = (=1)"PT (-z)). By using
(17), compute Q1 ,(2) in terms of the coefficients of P,(z) (resp. P (z)) and the
moments or Markov parameters s;, associated with some positive measure o on
[0, +00).

Step 2. Verify that Pin(®)

satisfies Equality (30). If Equality (30) is not satisfied,

Q1. (2)
we cannot apply this algorithm.
. . . . Py (z ..
Step 3. By using the rational matrix function Ql*’”((?), calculate the remaining
1,n

Markov parameters from the set (sj)jz-ial.

Step 4. If sequence (sj)?zal is a positive definite Stieltjes sequence, meaning that
the corresponding Hankel matrices Hy,—1 and Ha,_1 are positive definite matri-
ces, then Q,—1(2) = (—1)"“@1*7”(—2).

Example 2. We apply the completion procedure to the matriz polynomial (86).
For P](z), we use the above algorithm together with Remark 12. With moments

26 —b 4b  —b 166 —2b
S0 = (—b b >, 51 = (—b b ) and so = (—Qb o >, we calculate Q1 3(2);

therefore, we have
Q13(2) = 5022 + 2(s1 — Al s0) + 89 — A] 51 + AT s0.

P4 (z
From the Laurent expansion of _%’ we calculate the moments
1,3

_ [96b —6b (7680 —24b (76806 —120b
B=\6b 6 )T \ =24 24 )T \ 1200 1200 )
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The block Hankel matrices Hy2 and Hs o are positive definite matrices for b > 0.
From (19), polynomial Q2(2) constructed from P has the form Q2(z) = Q7 3(—2).
Thus, the resulting HTM polynomial fs can be represented as in (88):

f5(2) = 250 + B12° 4+ A12% 4+ Bzt 4 Ay2® 4+ B3z + As. (89)

The coefficients A1, Ay and As are given by (87), and the coefficients By, By and

B3 are
26 —b 2% - _gp 6826 _11b
= — [ 109 — [ 109
By (—b b > B2 (—Sb 8b )  Bs <—11b 11b ) ‘
By Theorem 2, matriz polynomial (89) is a Hurwitz matriz polynomial for b > 0.
Finally, by Theorem 4, polynomial Ps as in (86) is a Hurwitz matriz polynomial.

In the scalar version, one can construct a sequence of scalar Hurwitz polynomi-
als (fj)52; using the sequence of scalar orthogonal polynomials on [0, +o0)
(p1,5)52; and (p2,;)72; as in Definition 4; see [12].

In the following lemma, we propose constructing a family of scalar Hurwitz
polynomials involving the polynomials p; ;, and po ; and their derivatives.

Lemma 4. For q =1, let (p1.m(2)) (resp. (p2,m(2))) be as in Definition 4, and
let p1m—1(z) == d%me(z) (resp. pam—1(2) = %pgvm(z)). Thus, for m > 2, the
polynomials

fom(2) = (=1)"™(pr,m(—2%) = 2P1,m—1(—%7)) (90)
and

Fomt1(2) = (1) P2m(=2) + 2p2m(=27)). (91)

are scalar Hurwitz polynomials.

Proof. The proof of (90) and (91) readily follows from the interlacing properties
of the roots of the orthogonal polynomials py n,(2) and pg m—1(2) for k =1,2, and
from the fact that aga; > 0, where ag and a; are the leading coefficients of the
polynomial f,,(2) = agz™ 4+ a12" "' + -+ + an; see the Hermite Biehler theorem
3], [32].

Remark 13. From (78) and (89), we see that the determinants of the coeffici-
ents of these polynomials are positive. Based on this observation, we propose the
conjecture below.

Conjecture. The determinants of the coefficients A; of an HTM polynomial £,
are posilive.

6. Additional remarks

In this section, to clarify the importance of the present work, we recall several
relevant results from [49], paying particular attention to certain steps in the proofs
that were left implicit. We emphasize that the authors of [49] (2021) were the first
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to propose that the HT'M polynomials possess the Hurwitz property, while the
concept of HTM polynomials itself was introduced earlier by the author of the
present work in [6] (2015).

Lemma 5. [49, Lemma 3.4] Let Nr(z), Dr(z), N1(z) and Dr(z) € C[z]P*P be
reqular such that deg D > deg Ngr, deg Dy, > deg N1, and, for all large enough
z € C,

(DL(2)) ' Ni(2) = Na(2)(Dr(2)) ' =Y 2~ FHs,.
k=0
If D1.(z) and Dg(z) are written in the form
mr, mRpR
DL(Z) = ZDL,mLszk and DR(Z) = ZDijR,ka,
k=0 k=0

where Drj, € CP*P for k=0,...,mr and Dry, € CP*P for k=0,...,mg, then

Dim,—1 - Drgo S0 . Smp1
Bp, N, (DR, Nr) = :
Do . Smp—1 *°  Smpimp_2
Dgrmp—1 -+ Dgryo
: : (92)
Dgryo

)

Let Ly and L be as in (74). In [49], the Theorem 3.5 is regarding the inertia
representation of matrix polynomials f,,. For n = 2m, in the proof of [49, Theorem
3.5] the [49, Equality (3.6)] in terms of our notations is the following

BLI7L* (L, Ll) = QiBhsm(,ﬁ)}ngzm(,ﬁ)(hgm(—$2), —$g2m(—$2)). (93)

The authors of [49] use 2i Bry _pv (ﬁe, —ﬁo) in place of the right-hand side of

(93). They claim that Lemma 5 implies that the matrix 2i Bry gy (ﬁe, —ﬁo) is
congruent to the block Hankel matrix

S0 Op S1 s Sm—1 Op

0, s1 0p -+ 0p  $m

S1 0p s2 - Sm 0p (o)
Sm—1 Op Sm  S2m-—2 Op

Op Sm Op s Op Som—1

and that, after a suitable reordering of rows and columns in (94), it is further

congruent to
Hym 0 >
’ . 95
< 0 Hyp1 (95)
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Remark 14. By comparing the Hankel matriz of the right-hand side of (92) and
the matriz (94) It 1s not clear how from 2i Bry _py (F., —Fy) one gets (94).
Furthermore, it is not clear how from (94) one obtains (95).

‘ , . Hym— 0
In contrast, for n = 2m, in the present work we derive the matriz ( 2’6” ! H 1)
,m—

associated with the quadratic form in (95) by employing the decomposition (34)
and by computing explicitly the quadratic forms corresponding to (32) and (33),
as shown in (66). Additionally, for n = 2m + 1, the proof of [49, Theorem 3.5] is
not given.

In Theorem 4.10 of [49], a “stability criterion via Markov parameters” for
matrix polynomials f, in even and odd cases is suggested. We have the following
remark regarding this.

Remark 15. Forn = 2m, Theorem 4.10 of [49], is related to the HTM polynomi-
als. Other matriz polynomials, for example, the Hurwitz polynomial (86), are not
covered by [49, Theorem 4.10].

In this work, we do not discuss the case n =2m + 1 of Theorem 4.10 of [49].

7. Conclusion

In this work we obtained an explicit representation of the Bezoutian associated
with Hurwitz-type matrix polynomials. This representation clarifies the relation
between Hurwitz-type matrix polynomials and classical Hurwitz matrix polynomi-
als and provides a constructive tool for verifying Hurwitzness in the matricial setti-
ng. Our approach, based on the decomposition of Bezoutians and on the structure
of truncated matricial Stieltjes moment problems, offers a natural framework
for extending classical stability criteria to matrix polynomials. In addition, we
proposed a method to enlarge the class of Hurwitz-type matrix polynomials by
perturbing a polynomial that is not of Hurwitz type so that the new polynomial
becomes Hurwitz type. These results contribute to a better understanding of the
structure of Hurwitz-type matrix polynomials and their relation to Bezoutians,
and they suggest further developments in matrix moment problems, continued
fractions, and stability theory.
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IIpo crilikicts 3a I'ypBinem marpuunux nosinomis tuny I'ypsina

A. E. Hoke-Pisep
Incemumym @izuxu ma mamemamuxy
Vuisepcumem Mivoaxana-de- Can-Hixonrac-de-I1darveo
bydisas C-3, Lenmpasrvnud xamnyc, 58060, Mopeais, Mivoaxan, Mexcuxa

JificHnit cKaasipHMii TOTIHOM, KOPeHi SKOT0 JIeyKaTh Y JIiBiil MiBIIOMMWHI KOMILITEKCHOT
IO HA, HAa3UBAEThCA moiHoMoM ['ypseimna. Ile monsaTTs moxomurs 3 pobit Ix. K. Ma-
kesesuia, E. JIx. Payra, ta A. Typsiua, i nissiie BuB4a/iocs 3a JIOIOMOIOK TAKUX Me-
TOAiB, K mocimoBuocTi IITypma, mapamerpu MapkoBa, Ta JIAHIIOTOBI Ipo0H; IUB., HA-
npukiaz, Teopia mampuys, Tom 11, Pozain XV, AMS Chelsea (2000), @. T'anTmaxepa.

Marpuunuii noainom P(z) po3mipy ¢ X g HasuBaerbca L'ypeinesum skino det P(2)
€ I'ypsinesum nmominomom. Koken marpwanuii nmominom f, moxke OyTu mpemcraBiaeHumit
y dopmi f,(2) = h,(22) + 2 g,(2?). Marpuwanuit noninom fy, HasuBaeTHCA MOTIHOMOM
tuiy Typsina skmo supas gom(2)hy ! (2) Homyckae npejcrapienns y BUrIsil CKinuen-
HOTO JIAHIFOTOBOTO IpO0Y 3 J0JATHO BUHAUEHUMHU MATpPUUYHUMHU Koedimienramu. Anajo-
rivHO, MATPUIHMI NOJIHOM HemapHoro crenens fi,,.1 € momxiromom Tuny I'ypsina sxiuo
1homi1 (2)8am1(2) Mae Taky X caMy BITACTHBICTD. IIOHATTS MATPHYHIX TOMIHOMIB THITY
I'ypsima 6ym0 BBemeno B IIpo mampuuni noainomu muny Lypeiya ma ix 63aem038°a3%u
3 dodamno susnavwenumu nocaidosnocmamu Cmismoveca ma opmMo2OHAALHUMU MAMPU-
yHumu nosinomamu, Linear Algebra Appl. 476 (2015), asropom A. E. Yoke-Pisepo.

VY miit pobori Mmu BuBOmMMO siBHY (opmy Besyriama, MOB’sS3aHOTO 3 MATPUIHUMHA
noninomamu tuny ['ypsina. Toit daxT, mo marpuyni nogiHomu tuny I'ypsina € marpu-
ganMu TojiHOMamu ['ypsima, OyB 3ampOMOHOBAHUN Ta YACTKOBO [IOBEIEHUIN 3 BUKODU-
cranHaM Besytianis y IIpo y3azasvhenhs KAaCuMHUT Kpumepiis cmitixocmi Iypesiua oas
mampusnux nosinomis, J. Comput. Appl. Math. 383 (2021), asropamu X. 2Kanom ra
A. Ousauenkom. Ha Bimminy Bim 1i€i pobOTH, MU BUKOPUCTOBYEMO PO3KJIAIAHHSA (HOP-
vu Besyrtiana, BBesene B Jeakt numanmna meopii momenmis, llepekaaam MaTeMaTuTHAX
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monorpadiit 2, AMS, 1962, asropamu H. I. Axiezep ta M. I'. Kpeiin, maust ckaisipaux
TTOJTiIHOMIB.

KpiMm TOro, MU mMpoOmoHYyEMO METOJ, PO3MUPEHHS KJACy MATPUYHUX MOJIHOMIB THITY
I'ypBima migxom moJaBaHHS A0 33/[aHOTO TOJiHOMa, MATPUIHOTO TOJIHOMA, IKUN HE €
nominomoM Tuiry ['ypBima, ajge mpu mpoMy OTPUMAaHHU MOMiHOM cTae Tumy ['ypBsira.
Karwuosi caosa: T'ypBilieBuii MaTpUYHUI MOJIHOM; OPTOrOHAJIBHUNA MaTpPUYIHMUHA
nosinom; Besyrian; maTpuuHuii mosiinom tuiry I'ypsina.
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