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Closed equivalence relations on compact spaces and

pairs of commutative C*-algebras: a categorical
approach

In this paper, we study a categorical extension of the classical Gelfand—
Naimark duality between compact Hausdorff spaces and commutative unital
C*-algebras. We establish an equivalence between the category of compact
Hausdorff spaces with closed equivalence relations and the category of pairs
consisting of a commutative unital C*-algebra together with one of its uni-
tal C*-subalgebras. The motivation is that Gelfand duality can be enriched
by additional structure: closed equivalence relations encode quotient spaces
and invariance on the topological side, while subalgebras reflect restricti-
ons and symmetries on the algebraic side. Shilov’s theorem, which identi-
fies closed unital self-adjoint subalgebras of C(X) with algebras of functi-
ons invariant under closed equivalence relations, provides an essential link
between these settings. We introduce the category EqRel, whose objects
are compact Hausdorff spaces with closed equivalence relations and whose
morphisms are continuous trajectory-preserving maps, and the category
C*Pairs, whose objects are pairs (A, B) with A a commutative unital C*-
algebra and B C A a unital C*-subalgebra, with morphisms given by unital
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sx-homomorphisms preserving B. Contravariant functors are defined in both
directions: (X, R) — (C(X), Bg), where Bp consists of functions constant
on R-classes, and (A, B) — (X(A), Rp), where X(A) is the spectrum and
Rp relates characters agreeing on B. We verify that these constructions
are functorial and compatible with composition of morphisms. Using the
Kolmogorov—Gelfand theorem, the Gelfand transform, and Shilov’s theorem,
we show that these functors are mutually inverse up to morphism of functors
and thus prove the categorical equivalence EqRel ~ C*Pairs®®. This
result demonstrates that the geometric notion of closed equivalence relati-
ons on compact spaces is in perfect correspondence with the algebraic notion
of unital subalgebras of commutative C*-algebras.

Keywords: categorical equivalence; Gelfand duality; closed equi-
valence relation; commutative (C*-algebra; invariant subalgebra;
Shilov theorem.
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1. Introduction

This paper presents a categorical correspondence between two seemingly di-
stinct mathematical objects: topological spaces with closed equivalence relations
and pairs consisting of a commutative C*-algebra and its subalgebra.

Our motivation stems from the classical duality between compact Hausdorff
spaces and commutative unital C*-algebras established by the Gelfand-Naimark
theorem. Extending this idea, we explore how additional structure — in particular,
closed equivalence relations or subalgebras — can be encoded categorically and
translated between the topological and algebraic frameworks.

The paper is structured as follows. In Section 2, we review essential noti-
ons from category theory, topology, and C*-algebras. Section 3 introduces two
categories: one based on compact spaces with closed equivalence relations, another
based on commutative C*-algebra pairs, and defines natural functors between
them. Finally, in Section 4 we prove that the above mentioned functors establish
an equivalence of categories.

2. Preliminaries

Notions from Category Theory. We recall some standard definitions in
category theory (see, e.g., [1, Chapter II|).

Definition 1. A covariant functor F' : C — D between categories C and D assigns
e to each object A € C, an object F(A) € D,
e to each morphism ¢ : A — B in C, a morphism F(p) : F(A) — F(B) in D,
such that
1. F(ida) = idp(a),
2. F(pov)=F(p)o F(¢) for all composable morphisms 1, ¢.
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Definition 2. A contravariant functor F': C — D assigns

e to each object A € C, an object F(A) € D,

e to each morphism ¢ : A — B in C, a morphism F(p) : F(B) — F(A) in D,
such that

1. F(ida) = idpa),

2. F(potp)=F()o F(p) for all composable morphisms.

Definition 3. Given a category C, its dual category (or opposite category),
denoted by C°P, is defined as follows:

e the objects of C°P are the same as those of C,

e for each morphism @ : A — B in C, there is a corresponding morphism
©°P: B — A in C°P,

e composition in C°P is given by reversing the order of composition in C, i.e.
(0 9h)°P = pP 0 p°P.

Definition 4. Let ;G : C — D be two functors. A morphism of functors 7 :
F — G is a family of morphisms {nx : F(X) — G(X)}xcob(c) such that for
every morphism f: X — Y in C, the following diagram commutes:

Fx) 29 poyy

| ”
GX) —=

Definition 5. A morphism ¢ : X — Y in a category C is an isomorphism if
there exists a morphism ¢ 'Y — X such thalt ¥ o ¢ = idx and oy =idy.

Definition 6. Two categories C and D are said to be equivalent if there exist
functors F': C = D and G : D — C together with isomorphisms of functors

n:GoF —ide, €: FoG —idp.

Remark 1. A contravariant functor F' : C — D can be viewed as an ordinary
covariant functor F : C°P — D. In particular, when studying equivalences, it
s common to consider equivalences between a category and the dual of another.
Thus, equivalence can also be formulated in terms of contravariant functors once
one passes to opposite categories.

C*-Algebras and Their Spectra. Let us recall some basic definitions from
the theory of Banach and C*-algebras (see, e.g., |3, Chapter 1]).
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Definition 7. A Banach algebra is a complex associative algebra A equipped with
a norm || - || such that

e A is a Banach space,
o [[ab] < [lalll|b]l for all a,b < A,
o A has a multiplicative identity 14 such that 1ya = a = aly for all a € A.

Definition 8. A character on a Banach algebra A is o linear functional ¢ : A — C
such that p(14) =1 and @(ab) = p(a)p(b) for all a,b € A.

Definition 9. The spectrum of a commutative Banach algebra A is the set ¥(A)
of all characters of A, equipped with the weak* topology (pointwise convergence).

It is well known that the spectrum 3(A) is a compact Hausdorff space.

Definition 10. A Banach algebra A is called a C*-algebra if it is equipped with
an imvolution a — a* satisfying

1. (a + Bb)* = @a* + Bb*,
2. (ab)* = b*a*,

3. (a*)* =a,

4- ™[l = llall,

5. llaa*|| = [lall?,

for all a,b € A and o, 5 € C.

Example 1. Let X be a compact Hausdorff space. The set C(X) of complex-
valued continuous functions on X s a commutative unital C*-algebra with
e pointwise operations,

e involution f*(x) := f(x),

e norm ||f| := max,ex | f(x)].

Structure Theorems for Commutative C*-Algebras. The following
classical results establish a deep duality between commutative C*-algebras and
compact Hausdorff spaces.

Theorem 1 (Kolmogorov-Gelfand [4]). Let X be a compact Hausdorff space. For
each x € X, define a character ¢, : C(X) — C by ¢y (f) := f(x). Then the map

I:X = 3CX)), Iz)=ps

is a homeomorphism. Thus, the spectrum of C(X) is naturally identified with the
space X.
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Theorem 2 (Gelfand-Naimark [2|, Theorem 11.18). Let A be a commutative
unital C*-algebra. The Gelfand transform

F:A—C(E4), a—a, ale):=¢(a),
s an isometric *-isomorphism of C*-algebras.

Categorical Reformulation of the Gelfand Duality. Let us make this
duality precise in categorical terms. Following [1, Section I1.10], we write Haus for
the category whose objects are compact Hausdorff spaces and whose morphisms
are continuous maps, and Ban for the category whose objects are commutative
unital C*-algebras and whose morphisms are unital *-homomorphisms.

Theorem 3. /1, Section I1.10], The categories Haus and Ban®® are equivalent.
Proof. Define the contravariant functor
C :Haus - Ban, X —(C(X), f—C(f):g—gof.
Also define the contravariant functor
Y :Ban — Haus, A~ 3(A), L—X(L): ¢+~ polL.
These functors satisfy the required properties:
e X(C(X)) = X via the map I(x) := ¢, (Theorem 1),
e C(X(A)) = A via the Gelfand transform I' (Theorem 2),

e both isomorphisms are functorial.

Hence, Haus ~ Ban®P. 0

Shilov’s Theorem on Invariant Subalgebras. Let us recall the definition
of closed equivalence relation:

Definition 11. Let X be a compact Hausdorff space. An equivalence relation
R C X x X is said to be closed if R is a closed subset of X x X [6, p. 52].

Example 2. Let X = {(z1,72) € R? : 22 + 23 < 1} (the closed unit disk), and
define (z,y) € R if 22 + 22 =y} +y3. Then

R={((z1,22), (y1,52)) € X x X 12 + 25 = y] + 3}

18 a closed equivalence relation.

Example 3. Let X = {z € C: |z| = 1} (the unit circle), and fir 0 € R such that
0/ ¢ Q. Define z1 ~ zo if 2o = €21 for some n € Z. Then the orbit of any
point under this relation is dense in X, and the graph of the relation is not closed
in X x X.
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The following theorem is central in identifying the subalgebra B with the
algebra of functions invariant under Rp, and it plays a key role in the proof of
our main result.

Theorem 4 (Shilov [5]). Let X be a compact Hausdorff space, and let B C C(X)
be a closed unital self-adjoint subalgebra. Define an equivalence relation Rp C
X x X by

(r,y) € Rp <= VfeB: f(z)=f(y).
Then:

1. Rp 1s a closed equivalence relation,

2. B coincides with the algebra of functions invariant under Rp, i.e.,

B={feC(X): f(x) = f(y) ¥(z,y) € R} = Bry.

3. Closed Equivalence Relations and Pairs of C*-Algebras

Definition 12. Let (X1, R1) and (X2, R2) be compact spaces equipped with equi-
valence relations. A continuous map f : X1 — Xo is said to be trajectory-
preserving if whenever (x,y) belongs to Ry, the pair (f(z), f(y)) belongs to Rs.

We define the category EqRel as follows:

e objects are pairs (X, R), where X is a compact Hausdorff space and R is a
closed equivalence relation on X,

e morphisms are continuous trajectory-preserving maps.
Also, consider the category C*Pairs where

e objects are pairs (A, B), where A is a commutative unital C*-algebra, and
B C A a unital C*-subalgebra,

e morphisms L : (A1, By) — (A2, By) are unital x-homomorphisms L : A; —
Ay satisfying L(B1) C Ba.

Let (X, R) be an object in EqRel. Define
Br:={fe€C(X): f(x) = f(y) whenever (z,y) € R}.
L.e., Bpr is the set of functions on X which are constant on each equivalence class.

Lemma 1. Bp is a unital C*-subalgebra of C(X).
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Proof. 1t is closed under addition, multiplication, scalar multiplication, and
involution. The unit function 1 is clearly in Bgr. Uniform limits of invariant functi-
ons are invariant, so Bp is closed. O

Now let f: (X1, R1) — (X2, R2) be a morphism in EqRel. Then f induces a
unital *-homomorphism

C(f): C(X2) = C(X1), C(f)(p) :=¢pof.

Lemma 2. The map C(f) maps Bg, into Br,. Hence, C(f) is a morphism of
paIrs:
C(f) : (C(X2)7BR2) — (C(Xl)vBRl)'

Proof. Let ¢ € Bg, and (z,y) € R;. Since f is trajectory-preserving, we have

(f(x))f(y)) € Ry, so

hence C(f)(¢) € Br, . O

Theorem 5. The assignment (X, R) — (C(X),Bgr) and f — C(f) defines a
contravariant functor
C : EqRel — C*Pairs.

Proof. To prove that C' defines a contravariant functor, we must verify two
properties:

(i) Identity morphisms: For each object (X, R) in EqRel, the identity map
idx : X — X is trajectory-preserving. Then C(idx) : C(X) — C(X) is
given by

Cidx)(p) = poidy = .
Clearly, C(idx) = id¢(x), and it maps Bg to itself.
(ii) Composition: Let

f : (Xl,Rl) — (XQ,RQ), g: (XQ,RQ) — (Xg,Rg)

be morphisms in EqRel, i.e., both f and g are continuous and trajectory-
preserving. Then so is g o f, and for any ¢ € C(X3) we have

C(go f)(w) =¢pogof=(C(f)oC(9)(p).

Furthermore, if ¢ € Bp,, then C(g)(¢) € Bgr, and C(f)(C(g)(¢)) € Bg,.
Hence, C(g o f) maps Bpg, into Bg,, and

Clgo f) =C(f)oC(g)

as morphisms in C*Pairs.
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Therefore, C' is a contravariant functor from EqRel to C*Pairs. O

On the other hand, let (A, B) be a pair in C*Pairs, i.e., A is a commutative
unital C*-algebra and B C A is a unital C*-subalgebra.
Define an equivalence relation Rp on the spectrum 3(A) by

(p, ) e Rp <= Vbe B: p(b) =¢(b).

Lemma 3. Rp is a closed equivalence relation on the compact Hausdorff space

2(A).

Proof. Reflexivity and symmetry are immediate. Transitivity follows from the
equality condition on B.

To prove closedness, suppose (¢a, %) € Rp is a net converging to (¢, ) in
Y(A) x X(A) with the product of weak* topologies. Then for every b € B,

¢ (b) = lim pq (b) = lim e (b) = P (b),

so (¢, %) € Rp. O

Now let L : (A1, By) — (A2, B2) be a morphism in C*Pairs. Then L : A} —
As is a unital x-homomorphism with L(B;) C Bs. Define

(L) £(As) = S(A1), S(L)(p) = o L.

Lemma 4. X(L) is continuous and trajectory-preserving with respect to the relati-
ons Rp, and Rp,.

Proof. Continuity of (L) follows from standard functional analysis: composition
with a continuous map is continuous in the weak* topology.

Let (¢,v) € Rp,, i.e., p(b2) = ¥(be) for all by € By. Then for any b; € By,
since L(b1) € Ba, we have

(X(L) () (b1) = @(L(b1)) = p(L(b1)) = (X(L)(¥))(b1),
50 (B(L)(#), 2(L)(¥)) € Rp,. U

Theorem 6. The assignment (A,B) — (X(A),Rp) and L — X(L) defines a
contravariant functor
Y : C*Pairs — EqRel.

Proof. As before, we verify the two functorial properties.
e Identity: For ids : A — A, we have ¥(ida)(¢) = ¢, so ¥(ida) = idy4).

e Composition: Let L : Ay — Ay and M : Ay — As be morphisms in
C*Pairs. Then for any ¢ € X(A3),

N(MoL)(¢)=poMoL=3(L)(E(M)(p)),
s0 (Mo L) = %(L) o S(M).

Therefore, ¥ is a contravariant functor from C*Pairs to EqRel. O
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4. Main Result

Theorem 7. The functors

C : EqRel — C*Pairs, Y : C*Pairs — EqRel
establish an equivalence of categories

EqRel ~ C*Pairs.

Proof. We construct isomorphisms of functors in both directions.
(1) Let (X, R) be an object in EqRel. Consider the canonical map

Ix: X = 3(C(X)), x> pg, where o (f) = f(x).

This is a homeomorphism by the Kolmogorov—Gelfand theorem. We now show it
is also an isomorphism in the category EqRel.
Let (z,y) € R, and let f € Bp (i.e., invariant under R). Then

e (f) = f(z) = fy) = ¢y(f),

s0 (¢@z,9y) € Rpy,. Hence, Ix maps R into Rp,, and similarly its inverse does
the reverse.
Thus, Iy : (X, R) — (X(C(X)), Rp,,) is an isomorphism in EqRel.

(2) Let (A, B) be an object in C*Pairs. Consider the Gelfand transform
Fy: A= C(XA), a—a, alp):=¢(a).
This is an isometric *-isomorphism. Moreover, by Shilov’s Theorem 4, we have
I'a(B) = Bgy, hence
I'a:(A,B)— (C(2(A)), Bry)
is an isomorphism in C*Pairs.

(3) Naturality. Both families {Ix} and {T'4} are compatible with morphisms in
their respective categories. In particular, for any morphism f : (X, R1) — (Y, R2)
in EqRel, the following diagram commutes:

X Iy
| [
S(e(x)) 2 se(y))

and for any morphism L : (41, B1) — (Ag, B2) in C*Pairs, the following diagram

also commutes:
L
A1 e A2

T4y l lFAz

C(=(L
c(2(41) 2 O(5(49))
Hence, the functors C' and ¥ establish an equivalence of categories. O
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3aMKHEH1 BiHOIIIEHHs €KBIBAJIEHTHOCTI Ha KOMIIAKTHNX MPOCTOPax
i mapu komyrarupaux C*-ajrebp: Kareropuuii 1migxis
P. Ckypixia', C. Tedrep?, €. Kaposmincokuii'
L Kagedpa dyndamernmanrvioi mamemamury
Xapxiscokuti naytonasvnut yrwieepcumem imenws B. H. Kapasina
naowa Ceobodu, 4, Xapris, Yxpaina, 61022
2 DizuKo-meTHivHul INCIMAUMYM HUSLKUS MeMNepamyp
wim. B.1. Bepxina Hauionanvnoi axademii noyx Yrpainu
npocnexm Haywu, 47, Xapwie, Yrpaina, 61103
YV mifi crarri MW [IOCHIIRKYEMO KaTeropHe y3arajbHEHHsI KJIACUIHOI JyajbHOCTI
lenpdanga-Hajimapka Mizk KOMmakTHUMEU XayCA0PGhOBAME IPOCTOPAMU Ta KOMYTATUB-
HuMu yHiTaapauMu C*-anrebpamu. My BCTAHOBIIOEMO €KBIBAIEHTHICTH MiK KaTeropiero
KOMIIAKTHUX XayCAOP(MOBUX MPOCTOPIB i3 3aMKHEHUMHU BiTHOIEHHSIMHU €KBiBAJIEHTHOCTI
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Ta KATeropi€ero map, Mo CKIAJAI0ThCA 3 KOMYTaTUBHOI yHiTaiabHOT C*-anrebpu ta oaHiel
3 11 yHitanpaux C*-migaarebp. MoTusallis mojsirag€ B TOMY, IO ayajbHicTh [eabdania
MoOzKe OyTH 30araveHa JI0IJaTKOBOIO CTPYKTYPOIO: 3aMKHEHI BiIHOIIEHHS eKBiBaJ€HTHOCTI
KOIYIOTh (hbaKTOP-IPOCTOPY Ta IHBAPIAHTHICTH 3 TOMOJIOTIIHOrO OOKY, TO/I sIK Mi/aJjire-
Opu BimoOpazkaoTh OOMeXKeHHs Ta cuMeTpii 3 amrebpaiumoro 60ky. Teopema IIImmosa,
K& OTOTOXKHIOE 3aMKHEHI camocupsizkeni miganre6pu 3 oguuunero C(X) 3 anrebpamu
dbyHKIiH, IHBApIaHTHUX BiJIHOCHO 3aMKHEHWX BiTHOIIEHL E€KBIBAJEHTHOCTI, 3abe3medye
KJIIOYOBHH 3B’gI30K MiK mmmu migxomamu. Mwu BBoamMo kareropiio EqRel, o6’ekramn
KOl € KOMIIAKTHI XaycaopdoBi MpOCTOPH i3 3aMKHEHUMY BiJHOMIEHHIMHU €KBiBAJIEHTHO-
cri, a MopdizmMamMn — HemepepBHI BimoOparkeHHsI, M0 30€piraloTb TPAEKTOPil, Ta Ka-
reropito C*Pairs, o6’ekramu sikoi € napu (A, B), ne A — komyrarupia C*-anrebpa
3 opmuuuieio, a B C A — C*-uiganrebpa 3 oaununeo, upudomy mopdizmMamu € k-
romomopdismu, 1o 36epiraiors B. Y 000X HampsaMax BH3HAYAIOTHCS KOHTpaBapiaHTHI
dbyurropu: (X, R) — (C(X), Bgr), ne Br cknagaerbes 3 GyHKIH, crannx Ha R-Kjacax,
i(A,B)— (2(A),Rp), ne X(A) — cuekrp, a Rp nos’sa3ye xapakrepu, 110 30iraioTbCs Ha
B. Mu niepesipsiemo, 110 11i mo0y10BH € (DYHKTOPIATbHAMA Ta CYMICHUMU 31 CKJIQJAHHIM
Mopdismis. Bukopucrosyoun teopemy Kommoroposa-lT'enbdanga, nepersopenns [enn-
danga ta Teopemy IllumoBa, Mu moKas3yemMo, 110 11i GYHKTOPU € B3AEMHO OOEPHEHUMU 3
TOUHICTIO 710 i30MOpdi3My GyHKTOPIB, i TUM camum gosogumo mo EqRel ~ C*Pairs®.
[eit pe3yapraT mokasye, M0 reOMETPUIHE MIOHATTS 3aAMKHEHUX BiIHOIIIEHDb €KBiBAJIEHTHO-
CTi HA KOMIAKTHHUX IIPOCTOPax mepedyBa€ B MOBHIH BiAMOBIAHOCTI 3 amreOpaidHuM MOHS-
TTAM YHITAJIBHUX TMigairedbp KomyraruHux C*-anredp.

Karowo6i cro6a: eKBIBaJIEHTHICTh KaTeropii; aAyanbHicTh lenbdanga; 3aMKHeHe
BI/THOIIIEHHs e€KBiBaJIeHTHOCTi; KoMmyTtaTuBHa C*-ajirebpa; iHBapiaHTHA ITigaJI-
rebpa; reopema Illunosa.
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