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Closed equivalence relations on compact spaces and

pairs of commutative 𝐶*-algebras: a categorical

approach

In this paper, we study a categorical extension of the classical Gelfand–
Naimark duality between compact Hausdorff spaces and commutative unital
𝐶*-algebras. We establish an equivalence between the category of compact
Hausdorff spaces with closed equivalence relations and the category of pairs
consisting of a commutative unital 𝐶*-algebra together with one of its uni-
tal 𝐶*-subalgebras. The motivation is that Gelfand duality can be enriched
by additional structure: closed equivalence relations encode quotient spaces
and invariance on the topological side, while subalgebras reflect restricti-
ons and symmetries on the algebraic side. Shilov’s theorem, which identi-
fies closed unital self-adjoint subalgebras of 𝐶(𝑋) with algebras of functi-
ons invariant under closed equivalence relations, provides an essential link
between these settings. We introduce the category EqRel, whose objects
are compact Hausdorff spaces with closed equivalence relations and whose
morphisms are continuous trajectory-preserving maps, and the category
C*Pairs, whose objects are pairs (𝐴,𝐵) with 𝐴 a commutative unital 𝐶*-
algebra and 𝐵 ⊂ 𝐴 a unital 𝐶*-subalgebra, with morphisms given by unital
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*-homomorphisms preserving 𝐵. Contravariant functors are defined in both
directions: (𝑋,𝑅) ↦→ (𝐶(𝑋), 𝐵𝑅), where 𝐵𝑅 consists of functions constant
on 𝑅-classes, and (𝐴,𝐵) ↦→ (Σ(𝐴), 𝑅𝐵), where Σ(𝐴) is the spectrum and
𝑅𝐵 relates characters agreeing on 𝐵. We verify that these constructions
are functorial and compatible with composition of morphisms. Using the
Kolmogorov–Gelfand theorem, the Gelfand transform, and Shilov’s theorem,
we show that these functors are mutually inverse up to morphism of functors
and thus prove the categorical equivalence EqRel ≃ C*Pairsop. This
result demonstrates that the geometric notion of closed equivalence relati-
ons on compact spaces is in perfect correspondence with the algebraic notion
of unital subalgebras of commutative 𝐶*-algebras.

Keywords: categorical equivalence; Gelfand duality; closed equi-

valence relation; commutative 𝐶*-algebra; invariant subalgebra;

Shilov theorem.
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1. Introduction

This paper presents a categorical correspondence between two seemingly di-
stinct mathematical objects: topological spaces with closed equivalence relations
and pairs consisting of a commutative 𝐶*-algebra and its subalgebra.

Our motivation stems from the classical duality between compact Hausdorff
spaces and commutative unital 𝐶*-algebras established by the Gelfand–Naimark
theorem. Extending this idea, we explore how additional structure — in particular,
closed equivalence relations or subalgebras — can be encoded categorically and
translated between the topological and algebraic frameworks.

The paper is structured as follows. In Section 2, we review essential noti-
ons from category theory, topology, and 𝐶*-algebras. Section 3 introduces two
categories: one based on compact spaces with closed equivalence relations, another
based on commutative 𝐶*-algebra pairs, and defines natural functors between
them. Finally, in Section 4 we prove that the above mentioned functors establish
an equivalence of categories.

2. Preliminaries

Notions from Category Theory. We recall some standard definitions in
category theory (see, e.g., [1, Chapter II]).

Definition 1. A covariant functor 𝐹 : 𝒞 → 𝒟 between categories 𝒞 and 𝒟 assigns

� to each object 𝐴 ∈ 𝒞, an object 𝐹 (𝐴) ∈ 𝒟,

� to each morphism 𝜙 : 𝐴→ 𝐵 in 𝒞, a morphism 𝐹 (𝜙) : 𝐹 (𝐴) → 𝐹 (𝐵) in 𝒟,

such that

1. 𝐹 (id𝐴) = id𝐹 (𝐴),

2. 𝐹 (𝜙 ∘ 𝜓) = 𝐹 (𝜙) ∘ 𝐹 (𝜓) for all composable morphisms 𝜓,𝜙.
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Definition 2. A contravariant functor 𝐹 : 𝒞 → 𝒟 assigns

� to each object 𝐴 ∈ 𝒞, an object 𝐹 (𝐴) ∈ 𝒟,

� to each morphism 𝜙 : 𝐴→ 𝐵 in 𝒞, a morphism 𝐹 (𝜙) : 𝐹 (𝐵) → 𝐹 (𝐴) in 𝒟,

such that

1. 𝐹 (id𝐴) = id𝐹 (𝐴),

2. 𝐹 (𝜙 ∘ 𝜓) = 𝐹 (𝜓) ∘ 𝐹 (𝜙) for all composable morphisms.

Definition 3. Given a category 𝒞, its dual category (or opposite category),
denoted by 𝒞op, is defined as follows:

� the objects of 𝒞op are the same as those of 𝒞,

� for each morphism 𝜙 : 𝐴 → 𝐵 in 𝒞, there is a corresponding morphism
𝜙op : 𝐵 → 𝐴 in 𝒞op,

� composition in 𝒞op is given by reversing the order of composition in 𝒞, i.e.
(𝜙 ∘ 𝜓)op = 𝜓op ∘ 𝜙op.

Definition 4. Let 𝐹,𝐺 : 𝒞 → 𝒟 be two functors. A morphism of functors 𝜂 :
𝐹 → 𝐺 is a family of morphisms {𝜂𝑋 : 𝐹 (𝑋) → 𝐺(𝑋)}𝑋∈Ob(𝒞) such that for
every morphism 𝑓 : 𝑋 → 𝑌 in 𝒞, the following diagram commutes:

𝐹 (𝑋)
𝐹 (𝑓)−−−−→ 𝐹 (𝑌 )

𝜂𝑋

⎮⎮⌄ ⎮⎮⌄𝜂𝑌

𝐺(𝑋)
𝐺(𝑓)−−−−→ 𝐺(𝑌 )

Definition 5. A morphism 𝜙 : 𝑋 → 𝑌 in a category 𝒞 is an isomorphism if
there exists a morphism 𝜓 : 𝑌 → 𝑋 such that 𝜓 ∘ 𝜙 = id𝑋 and 𝜙 ∘ 𝜓 = id𝑌 .

Definition 6. Two categories 𝒞 and 𝒟 are said to be equivalent if there exist
functors 𝐹 : 𝒞 → 𝒟 and 𝐺 : 𝒟 → 𝒞 together with isomorphisms of functors

𝜂 : 𝐺 ∘ 𝐹 → id𝒞 , 𝜖 : 𝐹 ∘𝐺→ id𝒟.

Remark 1. A contravariant functor 𝐹 : 𝒞 → 𝒟 can be viewed as an ordinary
covariant functor 𝐹 : 𝒞op → 𝒟. In particular, when studying equivalences, it
is common to consider equivalences between a category and the dual of another.
Thus, equivalence can also be formulated in terms of contravariant functors once
one passes to opposite categories.

𝐶*-Algebras and Their Spectra. Let us recall some basic definitions from
the theory of Banach and 𝐶*-algebras (see, e.g., [3, Chapter 1]).
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Definition 7. A Banach algebra is a complex associative algebra 𝐴 equipped with
a norm ‖ · ‖ such that

� 𝐴 is a Banach space,

� ‖𝑎𝑏‖ ≤ ‖𝑎‖‖𝑏‖ for all 𝑎, 𝑏 ∈ 𝐴,

� 𝐴 has a multiplicative identity 1𝐴 such that 1𝐴𝑎 = 𝑎 = 𝑎1𝐴 for all 𝑎 ∈ 𝐴.

Definition 8. A character on a Banach algebra 𝐴 is a linear functional 𝜙 : 𝐴→ C
such that 𝜙(1𝐴) = 1 and 𝜙(𝑎𝑏) = 𝜙(𝑎)𝜙(𝑏) for all 𝑎, 𝑏 ∈ 𝐴.

Definition 9. The spectrum of a commutative Banach algebra 𝐴 is the set Σ(𝐴)
of all characters of 𝐴, equipped with the weak* topology (pointwise convergence).

It is well known that the spectrum Σ(𝐴) is a compact Hausdorff space.

Definition 10. A Banach algebra 𝐴 is called a 𝐶*-algebra if it is equipped with
an involution 𝑎 ↦→ 𝑎* satisfying

1. (𝛼𝑎+ 𝛽𝑏)* = 𝛼𝑎* + 𝛽𝑏*,

2. (𝑎𝑏)* = 𝑏*𝑎*,

3. (𝑎*)* = 𝑎,

4. ‖𝑎*‖ = ‖𝑎‖,

5. ‖𝑎𝑎*‖ = ‖𝑎‖2,

for all 𝑎, 𝑏 ∈ 𝐴 and 𝛼, 𝛽 ∈ C.

Example 1. Let 𝑋 be a compact Hausdorff space. The set 𝐶(𝑋) of complex-
valued continuous functions on 𝑋 is a commutative unital 𝐶*-algebra with

� pointwise operations,

� involution 𝑓*(𝑥) := 𝑓(𝑥),

� norm ‖𝑓‖ := max𝑥∈𝑋 |𝑓(𝑥)|.

Structure Theorems for Commutative 𝐶*-Algebras. The following
classical results establish a deep duality between commutative 𝐶*-algebras and
compact Hausdorff spaces.

Theorem 1 (Kolmogorov-Gelfand [4]). Let 𝑋 be a compact Hausdorff space. For
each 𝑥 ∈ 𝑋, define a character 𝜙𝑥 : 𝐶(𝑋) → C by 𝜙𝑥(𝑓) := 𝑓(𝑥). Then the map

𝐼 : 𝑋 → Σ(𝐶(𝑋)), 𝐼(𝑥) = 𝜙𝑥

is a homeomorphism. Thus, the spectrum of 𝐶(𝑋) is naturally identified with the
space 𝑋.
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Theorem 2 (Gelfand-Naimark [2], Theorem 11.18). Let 𝐴 be a commutative
unital 𝐶*-algebra. The Gelfand transform

Γ : 𝐴→ 𝐶(Σ(𝐴)), 𝑎 ↦→ 𝑎̂, 𝑎̂(𝜙) := 𝜙(𝑎),

is an isometric *-isomorphism of 𝐶*-algebras.

Categorical Reformulation of the Gelfand Duality. Let us make this
duality precise in categorical terms. Following [1, Section II.10], we writeHaus for
the category whose objects are compact Hausdorff spaces and whose morphisms
are continuous maps, and Ban for the category whose objects are commutative
unital 𝐶*-algebras and whose morphisms are unital *-homomorphisms.

Theorem 3. [1, Section II.10], The categories Haus and Banop are equivalent.

Proof. Define the contravariant functor

𝐶 : Haus → Ban, 𝑋 ↦→ 𝐶(𝑋), 𝑓 ↦→ 𝐶(𝑓) : 𝑔 ↦→ 𝑔 ∘ 𝑓.

Also define the contravariant functor

Σ : Ban → Haus, 𝐴 ↦→ Σ(𝐴), 𝐿 ↦→ Σ(𝐿) : 𝜙 ↦→ 𝜙 ∘ 𝐿.

These functors satisfy the required properties:

� Σ(𝐶(𝑋)) ∼= 𝑋 via the map 𝐼(𝑥) := 𝜙𝑥 (Theorem 1),

� 𝐶(Σ(𝐴)) ∼= 𝐴 via the Gelfand transform Γ (Theorem 2),

� both isomorphisms are functorial.

Hence, Haus ≃ Banop. □

Shilov’s Theorem on Invariant Subalgebras. Let us recall the definition
of closed equivalence relation:

Definition 11. Let 𝑋 be a compact Hausdorff space. An equivalence relation
𝑅 ⊂ 𝑋 ×𝑋 is said to be closed if 𝑅 is a closed subset of 𝑋 ×𝑋 [6, p. 52].

Example 2. Let 𝑋 = {(𝑥1, 𝑥2) ∈ R2 : 𝑥21 + 𝑥22 ≤ 1} (the closed unit disk), and
define (𝑥, 𝑦) ∈ 𝑅 if 𝑥21 + 𝑥22 = 𝑦21 + 𝑦22. Then

𝑅 = {((𝑥1, 𝑥2), (𝑦1, 𝑦2)) ∈ 𝑋 ×𝑋 : 𝑥21 + 𝑥22 = 𝑦21 + 𝑦22}

is a closed equivalence relation.

Example 3. Let 𝑋 = {𝑧 ∈ C : |𝑧| = 1} (the unit circle), and fix 𝜃 ∈ R such that
𝜃/𝜋 /∈ Q. Define 𝑧1 ∼ 𝑧2 if 𝑧2 = 𝑒𝑖𝑛𝜃𝑧1 for some 𝑛 ∈ Z. Then the orbit of any
point under this relation is dense in 𝑋, and the graph of the relation is not closed
in 𝑋 ×𝑋.
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The following theorem is central in identifying the subalgebra 𝐵 with the
algebra of functions invariant under 𝑅𝐵, and it plays a key role in the proof of
our main result.

Theorem 4 (Shilov [5]). Let 𝑋 be a compact Hausdorff space, and let 𝐵 ⊂ 𝐶(𝑋)
be a closed unital self-adjoint subalgebra. Define an equivalence relation 𝑅𝐵 ⊂
𝑋 ×𝑋 by

(𝑥, 𝑦) ∈ 𝑅𝐵 ⇐⇒ ∀𝑓 ∈ 𝐵 : 𝑓(𝑥) = 𝑓(𝑦).

Then:

1. 𝑅𝐵 is a closed equivalence relation,

2. 𝐵 coincides with the algebra of functions invariant under 𝑅𝐵, i.e.,

𝐵 = {𝑓 ∈ 𝐶(𝑋) : 𝑓(𝑥) = 𝑓(𝑦) ∀(𝑥, 𝑦) ∈ 𝑅𝐵} =: 𝐵𝑅𝐵
.

3. Closed Equivalence Relations and Pairs of 𝐶*-Algebras

Definition 12. Let (𝑋1, 𝑅1) and (𝑋2, 𝑅2) be compact spaces equipped with equi-
valence relations. A continuous map 𝑓 : 𝑋1 → 𝑋2 is said to be trajectory-
preserving if whenever (𝑥, 𝑦) belongs to 𝑅1, the pair (𝑓(𝑥), 𝑓(𝑦)) belongs to 𝑅2.

We define the category EqRel as follows:

� objects are pairs (𝑋,𝑅), where 𝑋 is a compact Hausdorff space and 𝑅 is a
closed equivalence relation on 𝑋,

� morphisms are continuous trajectory-preserving maps.

Also, consider the category C*Pairs where

� objects are pairs (𝐴,𝐵), where 𝐴 is a commutative unital 𝐶*-algebra, and
𝐵 ⊂ 𝐴 a unital 𝐶*-subalgebra,

� morphisms 𝐿 : (𝐴1, 𝐵1) → (𝐴2, 𝐵2) are unital *-homomorphisms 𝐿 : 𝐴1 →
𝐴2 satisfying 𝐿(𝐵1) ⊂ 𝐵2.

Let (𝑋,𝑅) be an object in EqRel. Define

𝐵𝑅 := {𝑓 ∈ 𝐶(𝑋) : 𝑓(𝑥) = 𝑓(𝑦) whenever (𝑥, 𝑦) ∈ 𝑅}.

I.e., 𝐵𝑅 is the set of functions on 𝑋 which are constant on each equivalence class.

Lemma 1. 𝐵𝑅 is a unital 𝐶*-subalgebra of 𝐶(𝑋).
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Proof. It is closed under addition, multiplication, scalar multiplication, and
involution. The unit function 1 is clearly in 𝐵𝑅. Uniform limits of invariant functi-
ons are invariant, so 𝐵𝑅 is closed. □

Now let 𝑓 : (𝑋1, 𝑅1) → (𝑋2, 𝑅2) be a morphism in EqRel. Then 𝑓 induces a
unital *-homomorphism

𝐶(𝑓) : 𝐶(𝑋2) → 𝐶(𝑋1), 𝐶(𝑓)(𝜙) := 𝜙 ∘ 𝑓.

Lemma 2. The map 𝐶(𝑓) maps 𝐵𝑅2 into 𝐵𝑅1. Hence, 𝐶(𝑓) is a morphism of
pairs:

𝐶(𝑓) : (𝐶(𝑋2), 𝐵𝑅2) → (𝐶(𝑋1), 𝐵𝑅1).

Proof. Let 𝜙 ∈ 𝐵𝑅2 and (𝑥, 𝑦) ∈ 𝑅1. Since 𝑓 is trajectory-preserving, we have
(𝑓(𝑥), 𝑓(𝑦)) ∈ 𝑅2, so

𝐶(𝑓)(𝜙)(𝑥) = 𝜙(𝑓(𝑥)) = 𝜙(𝑓(𝑦)) = 𝐶(𝑓)(𝜙)(𝑦),

hence 𝐶(𝑓)(𝜙) ∈ 𝐵𝑅1 . □

Theorem 5. The assignment (𝑋,𝑅) ↦→ (𝐶(𝑋), 𝐵𝑅) and 𝑓 ↦→ 𝐶(𝑓) defines a
contravariant functor

𝐶 : EqRel → C*Pairs.

Proof. To prove that 𝐶 defines a contravariant functor, we must verify two
properties:

(i) Identity morphisms: For each object (𝑋,𝑅) in EqRel, the identity map
id𝑋 : 𝑋 → 𝑋 is trajectory-preserving. Then 𝐶(id𝑋) : 𝐶(𝑋) → 𝐶(𝑋) is
given by

𝐶(id𝑋)(𝜙) = 𝜙 ∘ id𝑋 = 𝜙.

Clearly, 𝐶(id𝑋) = id𝐶(𝑋), and it maps 𝐵𝑅 to itself.

(ii) Composition: Let

𝑓 : (𝑋1, 𝑅1) → (𝑋2, 𝑅2), 𝑔 : (𝑋2, 𝑅2) → (𝑋3, 𝑅3)

be morphisms in EqRel, i.e., both 𝑓 and 𝑔 are continuous and trajectory-
preserving. Then so is 𝑔 ∘ 𝑓 , and for any 𝜙 ∈ 𝐶(𝑋3) we have

𝐶(𝑔 ∘ 𝑓)(𝜙) = 𝜙 ∘ 𝑔 ∘ 𝑓 = (𝐶(𝑓) ∘ 𝐶(𝑔))(𝜙).

Furthermore, if 𝜙 ∈ 𝐵𝑅3 , then 𝐶(𝑔)(𝜙) ∈ 𝐵𝑅2 and 𝐶(𝑓)(𝐶(𝑔)(𝜙)) ∈ 𝐵𝑅1 .
Hence, 𝐶(𝑔 ∘ 𝑓) maps 𝐵𝑅3 into 𝐵𝑅1 , and

𝐶(𝑔 ∘ 𝑓) = 𝐶(𝑓) ∘ 𝐶(𝑔)

as morphisms in C*Pairs.
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Therefore, 𝐶 is a contravariant functor from EqRel to C*Pairs. □

On the other hand, let (𝐴,𝐵) be a pair in C*Pairs, i.e., 𝐴 is a commutative
unital 𝐶*-algebra and 𝐵 ⊂ 𝐴 is a unital 𝐶*-subalgebra.

Define an equivalence relation 𝑅𝐵 on the spectrum Σ(𝐴) by

(𝜙,𝜓) ∈ 𝑅𝐵 ⇐⇒ ∀𝑏 ∈ 𝐵 : 𝜙(𝑏) = 𝜓(𝑏).

Lemma 3. 𝑅𝐵 is a closed equivalence relation on the compact Hausdorff space
Σ(𝐴).

Proof. Reflexivity and symmetry are immediate. Transitivity follows from the
equality condition on 𝐵.

To prove closedness, suppose (𝜙𝛼, 𝜓𝛼) ∈ 𝑅𝐵 is a net converging to (𝜙,𝜓) in
Σ(𝐴)× Σ(𝐴) with the product of weak* topologies. Then for every 𝑏 ∈ 𝐵,

𝜙(𝑏) = lim
𝛼
𝜙𝛼(𝑏) = lim

𝛼
𝜓𝛼(𝑏) = 𝜓(𝑏),

so (𝜙,𝜓) ∈ 𝑅𝐵. □

Now let 𝐿 : (𝐴1, 𝐵1) → (𝐴2, 𝐵2) be a morphism in C*Pairs. Then 𝐿 : 𝐴1 →
𝐴2 is a unital *-homomorphism with 𝐿(𝐵1) ⊂ 𝐵2. Define

Σ(𝐿) : Σ(𝐴2) → Σ(𝐴1), Σ(𝐿)(𝜙) := 𝜙 ∘ 𝐿.

Lemma 4. Σ(𝐿) is continuous and trajectory-preserving with respect to the relati-
ons 𝑅𝐵2 and 𝑅𝐵1 .

Proof. Continuity of Σ(𝐿) follows from standard functional analysis: composition
with a continuous map is continuous in the weak* topology.

Let (𝜙,𝜓) ∈ 𝑅𝐵2 , i.e., 𝜙(𝑏2) = 𝜓(𝑏2) for all 𝑏2 ∈ 𝐵2. Then for any 𝑏1 ∈ 𝐵1,
since 𝐿(𝑏1) ∈ 𝐵2, we have

(Σ(𝐿)(𝜙))(𝑏1) = 𝜙(𝐿(𝑏1)) = 𝜓(𝐿(𝑏1)) = (Σ(𝐿)(𝜓))(𝑏1),

so (Σ(𝐿)(𝜙),Σ(𝐿)(𝜓)) ∈ 𝑅𝐵1 . □

Theorem 6. The assignment (𝐴,𝐵) ↦→ (Σ(𝐴), 𝑅𝐵) and 𝐿 ↦→ Σ(𝐿) defines a
contravariant functor

Σ : C*Pairs → EqRel.

Proof. As before, we verify the two functorial properties.

� Identity: For id𝐴 : 𝐴→ 𝐴, we have Σ(id𝐴)(𝜙) = 𝜙, so Σ(id𝐴) = idΣ(𝐴).

� Composition: Let 𝐿 : 𝐴1 → 𝐴2 and 𝑀 : 𝐴2 → 𝐴3 be morphisms in
C*Pairs. Then for any 𝜙 ∈ Σ(𝐴3),

Σ(𝑀 ∘ 𝐿)(𝜙) = 𝜙 ∘𝑀 ∘ 𝐿 = Σ(𝐿)(Σ(𝑀)(𝜙)),

so Σ(𝑀 ∘ 𝐿) = Σ(𝐿) ∘ Σ(𝑀).

Therefore, Σ is a contravariant functor from C*Pairs to EqRel. □
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4. Main Result

Theorem 7. The functors

𝐶 : EqRel → C*Pairs, Σ : C*Pairs → EqRel

establish an equivalence of categories

EqRel ≃ C*Pairsop.

Proof. We construct isomorphisms of functors in both directions.

(1) Let (𝑋,𝑅) be an object in EqRel. Consider the canonical map

𝐼𝑋 : 𝑋 → Σ(𝐶(𝑋)), 𝑥 ↦→ 𝜙𝑥, where 𝜙𝑥(𝑓) := 𝑓(𝑥).

This is a homeomorphism by the Kolmogorov–Gelfand theorem. We now show it
is also an isomorphism in the category EqRel.

Let (𝑥, 𝑦) ∈ 𝑅, and let 𝑓 ∈ 𝐵𝑅 (i.e., invariant under 𝑅). Then

𝜙𝑥(𝑓) = 𝑓(𝑥) = 𝑓(𝑦) = 𝜙𝑦(𝑓),

so (𝜙𝑥, 𝜙𝑦) ∈ 𝑅𝐵𝑅
. Hence, 𝐼𝑋 maps 𝑅 into 𝑅𝐵𝑅

, and similarly its inverse does
the reverse.

Thus, 𝐼𝑋 : (𝑋,𝑅) → (Σ(𝐶(𝑋)), 𝑅𝐵𝑅
) is an isomorphism in EqRel.

(2) Let (𝐴,𝐵) be an object in C*Pairs. Consider the Gelfand transform

Γ𝐴 : 𝐴→ 𝐶(Σ(𝐴)), 𝑎 ↦→ 𝑎̂, 𝑎̂(𝜙) := 𝜙(𝑎).

This is an isometric *-isomorphism. Moreover, by Shilov’s Theorem 4, we have
Γ𝐴(𝐵) = 𝐵𝑅𝐵

, hence

Γ𝐴 : (𝐴,𝐵) → (𝐶(Σ(𝐴)), 𝐵𝑅𝐵
)

is an isomorphism in C*Pairs.

(3) Naturality. Both families {𝐼𝑋} and {Γ𝐴} are compatible with morphisms in
their respective categories. In particular, for any morphism 𝑓 : (𝑋,𝑅1) → (𝑌,𝑅2)
in EqRel, the following diagram commutes:

𝑋
𝑓−−−−→ 𝑌

𝐼𝑋

⎮⎮⌄ ⎮⎮⌄𝐼𝑌

Σ(𝐶(𝑋))
Σ(𝐶(𝑓))−−−−−→ Σ(𝐶(𝑌 ))

and for any morphism 𝐿 : (𝐴1, 𝐵1) → (𝐴2, 𝐵2) in C*Pairs, the following diagram
also commutes:

𝐴1
𝐿−−−−→ 𝐴2

Γ𝐴1

⎮⎮⌄ ⎮⎮⌄Γ𝐴2

𝐶(Σ(𝐴1))
𝐶(Σ(𝐿))−−−−−→ 𝐶(Σ(𝐴2))

Hence, the functors 𝐶 and Σ establish an equivalence of categories. □
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Замкненi вiдношення еквiвалентностi на компактних просторах
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У цiй статтi ми дослiджуємо категорне узагальнення класичної дуальностi

Гельфанда-Наймарка мiж компактними хаусдорфовими просторами та комутатив-
ними унiтальними 𝐶*-алгебрами. Ми встановлюємо еквiвалентнiсть мiж категорiєю
компактних хаусдорфових просторiв iз замкненими вiдношеннями еквiвалентностi
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та категорiєю пар, що складаються з комутативної унiтальної 𝐶*-алгебри та однiєї
з її унiтальних 𝐶*-пiдалгебр. Мотивацiя полягає в тому, що дуальнiсть Гельфанда
може бути збагачена додатковою структурою: замкненi вiдношення еквiвалентностi
кодують фактор-простори та iнварiантнiсть з топологiчного боку, тодi як пiдалге-
бри вiдображають обмеження та симетрiї з алгебраїчного боку. Теорема Шилова,
яка ототожнює замкненi самоспряженi пiдалгебри з одиницею 𝐶(𝑋) з алгебрами
функцiй, iнварiантних вiдносно замкнених вiдношень еквiвалентностi, забезпечує
ключовий зв’язок мiж цими пiдходами. Ми вводимо категорiю EqRel, об’єктами
якої є компактнi хаусдорфовi простори iз замкненими вiдношеннями еквiвалентно-
стi, а морфiзмами — неперервнi вiдображення, що зберiгають траєкторiї, та ка-
тегорiю C*Pairs, об’єктами якої є пари (𝐴,𝐵), де 𝐴 — комутативна 𝐶*-алгебра
з одиницею, а 𝐵 ⊂ 𝐴 — 𝐶*-пiдалгебра з одиницею, причому морфiзмами є *-
гомоморфiзми, що зберiгають 𝐵. У обох напрямах визначаються контраварiантнi
функтори: (𝑋,𝑅) ↦→ (𝐶(𝑋), 𝐵𝑅), де 𝐵𝑅 складається з функцiй, сталих на 𝑅-класах,
i (𝐴,𝐵) ↦→ (Σ(𝐴), 𝑅𝐵), де Σ(𝐴) — спектр, а 𝑅𝐵 пов’язує характери, що збiгаються на
𝐵. Ми перевiряємо, що цi побудови є функторiальними та сумiсними зi складанням
морфiзмiв. Використовуючи теорему Колмогорова-Гельфанда, перетворення Гель-
фанда та теорему Шилова, ми показуємо, що цi функтори є взаємно оберненими з
точнiстю до iзоморфiзму функторiв, i тим самим доводимо що EqRel ≃ C*Pairsop.
Цей результат показує, що геометричне поняття замкнених вiдношень еквiвалентно-
стi на компактних просторах перебуває в повнiй вiдповiдностi з алгебраїчним поня-
ттям унiтальних пiдалгебр комутативних 𝐶*-алгебр.
Ключовi слова: еквiвалентнiсть категорiй; дуальнiсть Гельфанда; замкнене
вiдношення еквiвалентностi; комутативна 𝐶*-алгебра; iнварiантна пiдал-

гебра; теорема Шилова.
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