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Return condition for oscillating systems

This paper is devoted to the problem of null-controllability for the osci-
llating linear system Zo; 1 = T9;,T2; = —T2;_1 + 4, ¢ = 1,n under control
constraints u € [¢,1] and u € {c,1},¢ > 0. In this case the origin is not
an equilibrium point. Null-controllability means the existence of a moment
of time T such that, for any time 7" > Tj it is possible to reach the ori-
gin precisely at time 7. The criterion of controllability to a non-equilibrium
point was obtained by V. I. Korobov and a new condition called the return
condition on an interval was introduced, which must be satisfied, together
with the classical conditions for controllability to an equilibrium point. This
condition requires the existence of a time interval I = [T,T + ], a > 0,
such that a trajectory starting at the origin may return to it at any moment
T € I with some control up(t). The objective of this paper is to show that
the return conditions are satisfied for the considered oscillatory system, and
to obtain an analytical solution for the control which ensures this condition.
The considered approach involves constructing a piecewise-constant control
using values u = ¢ and u = 1. This problem admits multiple solutions, and
in our paper we present one involving 2n switching points and another with
only 2 in the case when ¢ < % The solution with 2 switching moments is
especially interesting since it does not depend on the dimensionality of the
system. We also generalize the problem to the case where the eigenvalues are
of the form Aok, Aox,_1 = +ivg, where vy are rational numbers. Additionally,
we discuss some partial cases where the eigenvalues are irrational.

Keywords: return condition on an interval, null-controllability; tri-
gonometric moment-problem; linear control systems
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1. Introduction

In this paper, we consider the problem of null-controllability for the linear
control system,

t=Ar+bu, z€R" uecQCR, wut)eLo,T], (1)

with an agsumption that the origin is not an equilibrium point. Null-controllability
means that there exists a time moment Ty > 0 such that, for any 7' > Ty, we can
select a control wp(t) such that the origin is reachable precisely at time T". The set
S of points that can be transferred to the origin is called the null-controllability set
[2]. If O € int S, the system is called null-controllable form a neighbourhood, and
if S =R" it is called globally null-controllable. This problem has been considered
in many papers, for example [1, 2, 4, 5]. Typically, the null-controllability into
an equilibrium point is archived by steering the system to the origin at some
time 7', and then selecting the value of control v = 0, to stay in the equilibrium
indefinitely [1].

However, it is also natural to consider the case when such value of control does
not, exist — namely, the problem of controllability into a non-equilibrium point.
Such a system may occur, for example, after applying a change of variables, when
solving the controllability problem into a point different from the origin [3]. This
more general case has also been studied in many works [3, 4, 6]. For instance,
in the paper [6] it is shown that for controllability into a non-equilibrium point
the necessary and sufficient conditions are complete controllability of the reduced
system and existence of an internal feedback control.

The criterion used in this work was developed by V. I. Korobov in the paper
[3], where a new concept called the return condition on an interval was also
introduced. In the present paper, we examine the problem of null-controllability
for the following oscillating linear system:

T = X2,
To = —T1 + u,
jj3 = 2334)

4 = —223 + u, (2)

Top—1 = N T2,

Top = —NTop—1 + U,

with control constraints u € [¢,1], ¢ > 0 and u € {¢,1}. In the case n = 1, this
system corresponds to the classic pendulum problem, and for n > 1, it represents a
system of pendulums, and also serves as a model of first n terms of the decomposi-
tion of an oscillating string. Notice that each pair of coordinates is independent
of the other, but all pendulums are coupled through the common control v and
must reach the origin simultaneously. However, we are not able to choose the
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control u = 0 because of the constraints, and the system leaves origin immedi-
ately after reaching it. This is why for null-controllability, we have to check the
return condition.

Let us first consider the problem of null-controllability for the system (1)
in the case when origin is an equilibrium point. This means that we can select
u = 0 after reaching the origin. We consider here the geometrical criterion for
null-controllability obtained in the paper [2], which is the following:

Theorem 1. [2] The system (1) is null-controllable from a neighbourhood if and
only if there exists m > 0 for which the following inclusions hold:

1. 0 € intcoL = intco{b$, AbQ, ..., A"bOQ},
2. 0 € intcoL int co{bQ, —AbQ, ..., (—1)"A"bQ}.

For example, the linear control system:

T = T2,
3
{ - (3

with control constraints u € [0, 1] is not null-controllable. Here

bu = (2) , Abu = <g> A2y = <2>  ABby = (g) L (4)

L = (bu, Abu) = <2 g) (5)

S0

L™ = (bu, — Abu) = (2 _0“> . (6)

For w € [0,1], the columns of the matrix L span two line segments in the
space R?) and their convex hull is a triangle with vertices at (1,0),(0,1) and
(0,0). Clearly, 0 ¢ intcoL and the system is not null-controllable. However, if
the control constraints are extended to u € [—1,1], the system will be null-
controllable since the convex hull for both L and L~! would be a square with
vertices (1,0),(0,1),(—1,0) and (0, —1).

Let us now give the definition of the return condition introduced in [3].

Definition 1. [3] For the system (1) the return condition is satisfied on the
interval I = [T*,T* + o], (e > 0,T* > 0), if for any T € I, there exists a control
ur(t), such that the solution & = Ax + bur(t), x(0) = 0, satisfies the condition
z(T) =0.

In other words, the return condition means that for any 7' € [T, T* + «a| we
are able to construct a control up(t) such that the trajectory starting at the origin
return there at time T'. It should be noted that the condition « > 0, meaning the
non-zero length if the interval I, is essential in this definition.

The following theorem extends the null-controllability criterion to the more
general case:
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Theorem 2. [3] The system (1) is null-controllable from a neighbourhood if and
only if the following conditions hold:

1. there exists an interval I = [T*,T* + « such that the return condition is
satisfied,

2. there exists an m > 0 such that:
0 € intcoL = intco{bQ, AbQ, ..., A"bQ},
0 € intcoL int co{bQ, —AbQ, ..., (=1)""A"bQ}.
This theorem also includes the previous case when the origin is an equilibrium.

Indeed, after reaching the origin at time 7', we may select u = 0. Then the system
remains at rest, satisfying the return condition on any interval [T,7T + «, a > 0.

2. Return condition for oscillating system

Let us now consider the return condition for the system (2) with control
constraints u € {c,1}. For a linear system of the form & = Ax + bu for the
control that transfers a point x( to a point 1 we can write:

x = et <930 + /0 ' e bu(r) dT> . (7)

In the case when zg = 1 = 0, this simplifies to:

T
= e*At U .
0— /0 bu(t) dt (8)

We will look for a solution in the form of a piecewise-constant function, with
u alternating between the values c and 1:

¢, OStSTla
1, Ty <t< Ty,
& T2<t§T37

17 Tk—l <t< Tk7
c, Tp<t<T,

with switching moments T7,...,T;. The number of switching moments k
is unknown, and multiple solutions may exist. We will be looking for such a
control where number of switching moments is even, k = 2k, and they are placed

symmetrically, that is, T = T — Tj_i41 for i = 1, k. For the system (2), we have:
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cost sint 0 0 0 0 0
—sint cost 0 0 0 0 1
0 0 cos2t sin2t 0 0 0
At — 0 0 —sin2t cos2t ... 0 0 b=11]. (0
0 0 0 0 ... ~cosnt sinnt
0 0 0 0 ... —sinnt cosnt 1

Substituting into equation (8), we obtain the system

fOT u(t)sintdt =0,

fOTu(t) costdt =0,
: (11)

fOTu(t) sinntdt =0,

fOT u(t)cosntdt = 0.

Thus, we obtain a trigonometric moment problem [7], for which we need the
solution up(t) to exist for each T € [T*,T* + «]. This system can also be written
in exponential form as

fOTu(t)e“dt =0,
fOT u(t)ettdt = 0,

(12)
fOT u(t)e™itdt = 0.
By substituting the control (9) into the system (11), we obtain:
esinTy + (sinTy —sinTh) + -+ - + ¢ (sinT —sinTy) = 0,
ccosTy —c+---+c(cosT —cosTy) =0,
: (13)

%sinnTl + %(sinnTg —sinnTy)+ -+ %(sinnT—sinnTk) =0,
2cosnTy — &4+ 2(cosnT —cosnTy) = 0.

For ¢ = %, we present two solutions: one with 2n switching moments, and
another, which has only 2 for any dimension n.

3. Control with 2n switching moments

First, we consider the case when k£ = 2n, which is equal to the dimension
of system (2). Let us first notice that for T' = 27 the system (2) has a solution



10 V. 1. Korobov, O. S. Vozniak

u = ¢ = const. We now explore how to construct a solution on a slightly larger ti-

me interval by introducing short segments during which v = 1. More precisely, we

claim that for ¢ = § for any T on the time interval [27, 27 +a], where a € |0, n2T7-T1]7

the origin can be reached using the following control:

21

2 21
P <t§—n+1+a,

27 27
nil T <t<2.7%,

21 2m

|l Sl i T

1, n2 <t<n2t 4a,

n+1 n+1
1 2
51 nn—ﬂ+a<t§2ﬂ+a.

Proof. For the control (14) the switching moments are:

27 27 2mn
T = T, = vy o1 =
L=t n_|_1+04, A1 =
The system (13) consists of independent pairs of equalities that need to be proven
for m < n, and, in the case c = %, they take the form:

T =271+ a. (15)

ﬁ sinmTy + %(sin mTy —sinnTy) + -+ + ﬁ(sin mT — sinnThyy,) = 0,
ﬁ cosmT) — ﬁ 4+ ﬁ(cosmT —cosnTy,) =0,
(16)
For the switching moments T; from (15), this becomes
n
k21 (sin ( 2773?1’“ + a) — sin (%ﬂ’f)) +sin(27 + a) =0,
n (17)
> (cos ( Qgﬂk + a) — cos (nglk)> +cos(2m +a) — 1 =0,
k=1
or,
n
kzo (sin (%’;flk + a) — sin (2;111’“)) =0,
n 18
i (cos(%mk+a> — cos (%mk)) =0 1s)
= n+1 n+1 -
This is equivalent to
n
> sin (%) cos (%ﬂ:‘l’“ + %) =0,
kzosin (%) sin (%{ﬂk + %) =0,
or factoring out the common term:
n
> cos (%ﬁk + %) =0,
R0 (20)

n

: 2mmk a) _
Z:sm<nJrl —|—§> =0.
k=0
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Applying the angle addition formula, this leads to:

7

> (COS (§) cos <2:Lr_ﬁk) + sin (%) sin <2:LT1]€)) =0,

k0 (21)
n
kz—:o (sin (%) cos (%) + cos (§) sin <2§ﬁk>) =0.
Then, it is enough to show that:
n
> cos (ng_”lk) =0,
k=0 . (22)

. 2wmk

: T™m
> sin ( o )
k=0

or

- 2rmk 2rmk
Z(cos( ™ >—i—isin< ™ >) =0, (23)
n—+1 n+1

k=0

which is equivalent to

= 2rk . 2k "
%(cos <n+1>+lsm(n+l>> =0. (24)

This identity is true because the numbers cos (Z%_kl) + ¢ sin (%ﬁ) are the roots
Zk41 of the polynomial
2" -1 =0, (25)
and by the Vieta’s formulas:
(
1+ T2+ -+ Tpge1 =0, 1+ o + Ty =0,
T1Tg + -+ + TpTny1 =0, a4l =0,
= (26)
T1...Tp+ - +To...Tpe1 =0 P+ .+ =0,
T1T2 ... Tpe1 = —1. a:’f“—!—...—}—xﬁﬁ =n+1.

Thus, the equality (24), and consequently the original system (16), holds for all
m < n, and the proof is complete.

Example 1. The Figures 1 and 2 illustrate the control and individual trajectories
in the case of n =4 and time T = 27 + 0.5.
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Fig. 1. The graph of control
Puc. 1. I'pagpix xepysarms

2

3

4

5

6

Fig. 2. Individual trajectories
Puc. 2. Indusidyarvri mpaexmopii

The trajectories for coordinates pairs (x1,xz2) (blue) and (xs3,x4) (red) are
shown on the Figure 3, and for pairs (xs,x6) (purple) and (v7,x8) (green) on
the Figure 4. If we had constant control uw = ¢ the trajectories would be circles.
Howewver, for the piecewise control considered here, we have some symmetrical

trajectories along the arcs of circles.

Xx2i
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Fig. 3. Pairunse trajectories, x1 — x4
Puc. 3. Ilonapni mpaexmopii, r1 — T4

x2i

02

0.1

X2j-1

-0.1

-0.2

Fig. 4. Pairwise trajectories, rs — xg
Puc. 4. Honapni mpaexmopii, rs — xg

Remark 1. Since the equations (15) are independent for different values of n, the
control u,(t) is also a solution for any system xoj_1 = kjxej, X2 = —kjroj—1+u,

k; €N, j =1,N if we select n = maxk;.

Remark 2. I we modify any pair of equations to the form x9;_1 = —kjzoj,
x9j = kjToj_1 +u then the corresponding 2 X 2 block in the matriz exponent

changes to

coskt
sinkt

—sinkt

i) )
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changing the corresponding pair of equations to

{— fOT u(t)sintdt = 0,

fOT u(t) costdt =0, (28)

which has the same solution. Therefore, the remark 1 can be extended to the case

where kj € 7\ {0}.

Remark 3. The solution also remains valid for the control constraints of the form
u € {%, d}, since the constant d simply appears as the multiplicative factor outside
the integrals in the equation (16).

Let us now consider the system with simple purely imaginary eigenvalues
Aok—1.2k = Tl

T1 = V1x2,

To = —21 + U,

T3 = Vo,

Ty = —Vox3 + U, (29)

Topn—1 = VUnTon,

ki'Qn = —UpTap-1 1+ U,
where v, = Z—:, ni € Z\{0},dy € N, and v; # vj for i,j = 1,n,i # j. Let us
introduce the rescaled time variable 7 = %, where D = [[I", d;. Then for the

k — th pair of equations, we have:

n

ne [[ (d)) vk = Npwax,
=Ltk

drog—1  dwgr_q dt
ar At dr
n
—n; H (dj) wop—1 + Du = —Nyxar_1 + Du,
=137k

(30)
dagy  dagp dt

dr  dt dr

where Ny, € Z\ {0}. We may now rescale the control as v = Du, v € {£, D}, and
using the previous remarks, construct the control for the transformed system:

11 = Niz2,

T9 = —Nix1 + v,

x3 = Nozy,

i4 = —Nowz + v, (31)

Ton—1 = Np Tap,

Ton = —Np Top—1 +v.
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Remark 4. The result also holds when vy € R, but there exists a common number
v € R such that °t € Q for alli=1,...,n.

Let us now consider the general system

j::Ax—Fbu,uE{;i,d}, (32)

where the matrix A € R?"*?" has simple purely imaginary eigenvalues A2k—1,2k =
+ivg, k = 1,n, and v, € Q. In this case, there exists an invertible matrix P, such
that

A=PNP ! (33)
where N is a matrix of the system (29). Then we can write
et = peNtpTl, (34)
where
cosvit  sinwvgt 0 0 0 0
—sinwgt cosvgt 0 0 0 0
0 0 cosvot  sinvot 0 0
eVt — 0 0 —sinwvet cosvet ... 0 0 ., (35)
0 0 0 0 ... cosupt sinuypt
0 0 0 0 ... —siny,t cosy,t

Therefore, each element of the matrix exponent e is a linear combination of
functions sin v;t, cosy;t and in each equation of the system (9) left-hand side is
a linear combination of terms fOT u(t) sin vt fOT u(t) cos v;t. Because solving the
problem for the system 29 implies that all these terms are equal to zero, the exact
same control would also solve the problem for system (32).

Example 2. Let us consider the system

1

':'U1:§$27

. 1

To = —5T1 + U, 1

2o ue {1} (36)
x3:3x2+§az4+u, 2

j:4:a;1—%w3+u,

It has eigenvalues \12 = j:%i, N34 = :I:%i. In the previous notation we have
D=2-3=6,1= %, v = 6u, and a new system of equations
T1 = 313,
To = —3x1 + v,
T3 = 18x9 + 224 + v,
T4 = 621 — 223 + v,
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with A2 = £31, A3.4 = £21. Using the remark 1 we select n = 3 and obtain control
with 6 switching moments: T] = %T”,Tg = %f +a, T3 =2- %TW’TZL =2 %TW + a,
T5 =3 - %T”,TG =3 %f + a. Since these switching moments are for the rescaled
time variable T, multiplying by D = 6 gives the switching moments for the original
time t, and the control is:

-~

0<t<3m,

37 <t <3148,

3r+ 8 <t <6m,

6 <t < 67+ 8, (38)
6+ 8 <t <9,

91 <t < 91+ B,

Or + 8 <t < 127 + 3,

<
—~
~
S~—
v
= N o N

where B = 6a. The figure below illustrates the pairwise trajectories in the case
when 8 =1 for the pairs of variables (x1,x2) and (x3,x4). Since the subsystem
for pair (z1,z2) has the same form as in system (2), its trajectory (blue) is still
circular. However, the trajectory for the pair (vs,x4) (red) is no longer circular
or symmetrical.

L X9

-8+
Fig. 5. Pairwise trajectories for the system (36)
Puc. 5. Honapwi mpaexmopii daa cucmemu (36)

4. Control with 2 switching moments

The assumption of symmetry also allows us to construct a control with only
two switching points in the case ¢ = % To do this, we write the system in



16 V. 1. Korobov, O. S. Vozniak

exponential form as in (12) and consider the control:

s 0<t<T,
u(t) =<1, Ti<t< Ty, (39)

5, Thy<t<T.
Let us set T — Ty, = Ty. Then, by making the substitution /' = z, el = s,
we obtain e’? = 2. This leads to the following the system of equations for the

variables = and s:
—l-—z+2+s5=0,

—1—x2+;—§+52:0,
. (40)

—1—a2"4 55 +5"=0,=0.

This system has the solutions x = s. We choose s such that: |s| = 1. Since x = et

and s = e’ both T} and T are defined up to the shift 2. Taking T' = 27 + T},
we obtain a valid solution to the problem.

Remark 5. The solution u(t) does not depend on the dimensionality of the system
and remains valid for any value of n.

Remark 6. An alternative construction of the solution is possible under the
constraint v € {c,1 —c¢,1}, where 0 < ¢ < 1. In this case the switching points
are kept symmetric with respect to the midpoint of the interval, but the values of
the control are chosen asymmetrically:

c, 0<t<T,
u(t) = {1, T, <t<T, (41)
1—c¢ T <t <T.

Since all the remarks for the control with 2n switching moments remain valid,
the we have the following theorem:

Theorem 3. For the linear system
T = Ax + bu, (42)

with control constraints u € [c, 1], where ¢ < % and matriz A € R*™*2" has simple
purely imaginary eigenvalues \op_1 op = Livg, k = 1,...,n, the return condition
is satisfied if v, € Q or v, € R\ Q, but there exists a positive real number k such
that 5= is rational for all k =1,n.

Remark 7. In both cases, the control constraints must be of the form u € [c, 1],
c< % oru € {%, 1}, The question for an arbitrary c in the general case remains
open.
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5. The case of irrational coeflicients

The condition of rationality guarantees the existence of a time moment 7" > 0
such that there exists a solution with control u = const. For mutually irrational
frequencies such a time T does not exist. However, this does not mean that it
is impossible to construct a control that returns the system to the point 0. For
example, in the case n = 2 the following control is possible:

Statement 1. For the linear system

T = Az + bu, (43)

with eigenvalues £v14, £t the control

5 0<t< I,
1, L <t< 2

ut) =43, ZUT <p< AT 4 T4 T (44)
1, IUT 4 X T opg BTy Ky I

with numbers my, mo € N chosen such that % < 2”,;‘11”, o < 2”,;‘22”, returns the

system to the origin at time T = 2”;711” +o+at 273722”

The conditions on m; and msg are present to ensure that the switching
moments are selected in the right order.

Example 3. As an example, Figure 3 shows the illustrates trajectories for the
system

3.
[N}
|

= —I1 + u,
T3 = V274,
t4 = —V223 + u,

(45)

with eigenvalues +i and 4iv/2.
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Fig. 6. Individual trajectories for the system (45)
Puc. 6. Indusidyaavni mpaekmopii das cucmemu (45)

Conclusions

In this paper, we considered the problem of null-controllability and the return
condition on an interval. For the controllability it was earlier assumed the exi-
stence of rest point for the system (1), that is u = 0 € Q, implying that z = 0 is
the rest point.

In the paper, we did not assume the existence of rest point for the system (1)
(u=10 ¢ Q). In such cases the return condition on an interval can be used to
establish local controllability. We showed that the return condition on the interval
is satisfied for the linear system i = Ax + bu, where matrix A has simple purely

imaginary eigenvalues \op_1 91 = Fivg, k = 1,...,n, with v, € Q. We presented
two ways of constructing controls that solve this problem under control constraints
1

Also, an example of control construction is discussed for the case when ei-
genvalue ratios are irrational. However, this case, and the case of control constrai-
ntsu=c,1,c# % require further study.
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YMoBa MoBepPTaHHS JJIS KOJIUBAJIBHUX CHCTEM
Kopob6or B. 1., Bozusik O. C.
Kadedpa npuksaoHOl MAMEMAMUKY
Xapriscoruti nouytonasvrul yrisepcumem iment B. H. Kapasina
610226 m. Xapwis, matid. Ceobodu, 4

Jlaga crarTd TpHUCBAYEHA 3a7a49i HyIb-KEPOBAHOCTI /I KOJIUBAJIBLHOI JIHIHHOI cu-

CTeMH BULJISALY X9, 1 = T, Lo = —Toi—1 + U, ¢ = 1, 3 OOMEKEHHAMHU Ha KepyBaHHI
u € [c,1] abo u € {c,1},¢ > 0.V upoMy BUIAJIKY 1I0YATOK KOODAUHAT HE € TOUKOIO PIBHO-
Baru. Hy/ib-KepoBaHICTH 03HAYAE, IO iICHYE Takuii MOMeHT 4dacy 1y, 10 s OyIb-sIKOro
qacy T > Ty Mu MOXKeMO MOOyAyBaTh KEPYBAHHS SKE JOCATAE MOYATKY KOODJAMHAT CaMe
B MoMeHT 4acy 1. Kpurepiit KepoBaHOCTI B TOUKY, IO HE € PiBHOBAXKHOIO, OYB 3aIIpOITO-
nosanuii B. I. KopoboBuwm, i BKTI09a€ HOBY YMOBY, sIKa HA3UBAETHCST YMOBOIO TOBEPTAHHSA
Ha iHTepBaJii, fKA IOBMHHA BUKOHYBATUCS PA30M 3 KJIACHYHUMHU yMOBAME KEPOBAHOCTI B
TouKy piBHoBarnu. s ymoBa o3navae, mo icuye nmpomixkok vacy I = [T, T+a], o > 0, ngst
SIKOTO TPAEKTOPIs 3 MOYATKOM B TOYI () MOXKEe MOBEPHYTHUCH HA33 B OyIb-IKWUil MOMEHT
gacy T € I 3a neskoro kepyBaHHs ur (t).

Meroro manol poboTH € TTOKa3aTH, 0 YMOBHU MOBEPTAHHS BUKOHYIOTHCS [JIsi PO3TJIs-
HYTOI KOJIMBAJIGHOI CHUCTEMU 3 JAHMMHU OOMEXKEHHAMU HA KEePYBaHHH, i OTPUMATHU aHA-
JITHYHUN PO3B’SI30K [JIsST KEPYBaHHS, IO 33J0BOJIbHSE IF0 yMOBY. Po3rmsHyTuit mimxin
BUKOPUCTOBYE TTOOY/IOBY KYCKOBO-CTAJIOTO KepyBaHHs 31 3HavenHsaMn u = ciu = 1. g
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3a7a9a MA€ HEEAUHUM PO3B’A30K, i B HAIIIH CTATTI MU IPEICTABIAEMO OJNH PO3B’A30K 3
2n TOYKAMU MEPEMUKAHHS Ta IHIAN JIWIIE 3 IBOMA, ¥ BUMAIKY, KOJIU ¢ < % Po3r’s30k 3
2 MOMEHTAMU TTEPEMUKAHHS € OCODJIMBO MIKABUM, OCKIJIBKY HE 3aJIe2KUTh Bij PO3MipHOCTI
cucteMu. Mu TakoXK y3araJbHIOEMO 3aJa9y Ha BUMAJOK, KOJW BJIACHL 3HAYEHHS MalOTh
BULJISAI Aok, Aok_1 = TV, Oe Vi — pamioHanabi gnciaa. Mu TakoK pO3IISIAEMO JIesKi
YaCTKOBI BUIIQ/IKU KOJIM BJIACHI 3HAYEHHS € ipPAllOHAJILHUMU.

Karwuosi caosa: ymoBa mmoBepTaHHS Ha IHTepBaJli, HYJIb-KEPOBaHICTh; TPUTOHO-
MeTpuYHa npobJjieMa MOMEHTIB; JIiHIWHI KepoBaHi cMCcTeMHU
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