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Convolution of probabilities constant in a subgroup
and outside a subgroup

Let be P the probability on a finite group G, i.e. the function P (g) takes
non-negative values and ) P (g) =1 (g € G). For any two functions F (g)
and F» (g) their G convolution

(Fr«Fy)(t)=> Fi(h)F(h7't),teG
heG

is also a function on G.

In recent years, the topic of studying random walks (and not only on groups)
has become very popular. From an analytical point of view, the study of
random walks is only the study of their transition function, that is, the n-
fold convolution of probability measures. It is well known that under simple
conditions, imposed on the probability support P on the group G, n-fold
convolution P(™ = P x ... P (n times) with n — oo converges to uniform
probability U (g) = ﬁ( g € G) , which is obviously a constant on G.

We study convolution of functions that may be different but are constant in
or outside some subgroup. In short, we study the cases where the convolution
of such functions has the same properties of constancy with respect to some
subgroup.

The article considers the convolution of probabilities (and, in general, real
functions) constant outside (or inside) a subgroup of H the finite group G.
Let D = G\H. For a given function F' on G the subgroup H, for which F
is constant on D, is unique in the following sense: there is at most one such
number ¢ and one smallest subgroup H of the group G such that F (g) = ¢
for all elements g € D.

It is proved that if the functions Fi, F are constants on D, Fi(x) =
c1, Fo(x) = ¢o for arbitrary « € D, then their convolution Fy x F; is also a
constant on D. The value for this constant is found in terms of the numbers
c1, c2. Functions on the group G that are constant on D form a semigroup
with respect to the convolution.
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If one of functions Fy, F; is constant on the subgroup H and other is constant
on D, then it is proved that the convolution F} * F5 is constant on H. The
value for this constant is found.

In the above statements about a convolution, one of two factors is constant
outside the subgroup. But if both factors are constant on the same subgroup,
then their convolution is not necessarily constant on the subgroup. An
example is given of two functions that are constant on subgroup H, but
their convolution is not constant on H.

This example is not presented in the language of probabilities (or functions)
on a group (as in all other parts of the article), but in the language of
group algebras. The group algebra KG of the group G over the field K
appears in questions related to convolutions of functions on the group G
in the following way: each function F (g) on G with values in an arbitrary
field K determines an element }  F(g)g (g € G) of the algebra KG; the
convolution of probabilities corresponds to the product of elements of the
algebra K G. So usage of group algebra is natural for studying convolution
on a group. If the function F (g) is a probability, then K is the field of real
numbers.
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1. Introduction

In the article we consider convolution of probabilities (and in general, real-
valued functions) that are constant outside (or in) a subgroup of a finite group.
We prove that convolution of such probabilities is also constant outside (or in)
the subgroup. We also evaluate the constant of the convolution.

From analytical point of view, study of random walks is just study of its
transition function, i.e. n-fold convolution of probability measures. We refer to
the interesting works A. Bendikov, L. Saloff-Coste [1], [2] and L. Saloff-Coste
[3]. We study convolution of probability measures that may be different, but are
constant in or outside a subgroup. We show that their convolution has the same
property. It is well known (see |3|, some refinements see in [4]|) that under mild
conditions on the carrier of a probability P on a group G, its n-fold convolution
power P (n times) at n — oo tends to the uniform probability, which is constant
on G.

Let H be a subgroup of a finite group G, H # G (we write H < G), D = G\H.

Lemma 1. 1. Element g € D if and only if g~ € D,
2. For a fized element h € H mapping x — hx (x € D) is a bijection D — D.
Proof.
1. By contradiction, because g € H if and only if g~ € H.

2. By contradiction hz € D. |hD| = |D| and elements of the set hD are
pairwise distinct.
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Lemma 2. If Hy, Hy < G then Hy U Hy # G.

Proof.By contradiction, let H{UH> = G. For any « € Hy,y € Hy their product
xy € G = Hy U Hy. We may suppose zy € Hy. Then y € Hy, so Hy C Hy and
G = H,.

Let F be a function on a group G. For a subset M C G we denote F' (M) =
>_gem F(g) and M = G\M. We write F' € S (H,c) if there exist a subgroup H

of G and a number ¢ such that F (t) = ¢ for any t € H; if number ¢ does not
matter we drop it and write F' € S (H).

Theorem 1. If F € S(Hy,c1), F € S(Ha,c2), then F € S(Hy N Ha,c), where
C=C1 = C2.

Proof. Due to EemmEQ Hy U Hs # G, so there exist an element x € Hy U Ho.
Since Hy UHy = Hy N Hy, then ¢; = F(x) = co. Put c =¢; = ¢2. So F (t) = ¢
for anyteﬁl UFQ = Hi N Hs.

Corollary 1. For a given function F' and all subgroups H of G there exist
1. at most one number ¢ such that F € S (H,c)
2. the smallest (with respect to inclusion) subgroup H such that F € S (H).
Let function F' be a real-valued one and ¢ = F' (G) .

Theorem 2. If F € S(H,c) and F > 0, then |q¢ — c¢|G|| < q with equality if and
only if either a)|H| = @ and F (h) =0 for any h € H or b)c = 0.

Proof. Rewrite the last inequality as
—q<q-c|Gl<q (1)

The right-hand inequality is obvious and is equality if and only if ¢ = 0. The
left-hand inequality is equivalent to

c|G| < 2q.
As H is a subgroup of G, then |H| < %, |D| > @ and

q:F(G):ZF(g)+ZF(h)Zc|D|Zc’i‘,

geD heH

so (1) is proved. Left-hand inequality in (1) is equality if and only if two last
inequalities are equalities. First of the equalities yields F' (h) = 0 (h € H), second
yields |H| = 51,
Corollary 2. If P € S(H,c) for a probability P on group G, then |1 —c|G|| < 1
and

1—c|G|| <1 (2)
if and only if neither of conditions a) and b) of the last theorem satisfy.
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If ¢ =0 we can take G = H.
2. Convolution of functions and probabilities

For a function F' defined on some set M D H, we denote Fp restriction F to
H. For example, such a restriction of convolution of functions Fi, Fb5, defined on
G is:
(FusFo)y () =Y Fi(h)F(h't),te H
heH

If H = G we drop the subscript H. We remind that F; (M) = >_ ), Fi(g) for a
subset M C G,i=1,2. Let ¢; = F;(G), i =1,2.

Theorem 3. Let functions Fy, Fy be defined on group G and constant on D =
G\H: Fi(t)=c¢;, i=1,2 (t € D).Then

1. If x € D, then (F} x Iy) () = ¢, where

01q2 — ¢|G| = (q1 — c1|G]) (g2 — e2]G]) (3)
2. If v € H, then

(Fy* Fy) (z) = (F1 % F2) gy () + c1c2 | D), (4)
Proof. For any © € G we have

FixFy(z) =Y Fi(g9)Fa(g 'z) =

geG

1 )
ZFI F2 h1 CC +ZF1 Fg(g :L‘)
heH geD

We denote the last two sums S; (z) and S ().

1. Let 2 € D. Then in S; (x) we have h='x € D, so Fo(h~tx) = ca; besides,
since Fj (G) = Fl(H) + Fl(D), then Fl(H) =q —C1 |D| So 51 (l‘) =
CQF1<H) = C2 (q1 —C1 ‘DD

In the sum S3 (z) in (5) we have Fi(g) = ¢1. So

=Y abg )= | R e) =) Fg )| (6

geD geG geH

In the first of two last sums element g~ runs over group G when g does the

same; in the second sum g~ 'z runs over D when g does the same (Lemma 1,
point 2). So expression (6) equals to ¢; (g2 — c2 |H|), and coming back to
(5), we get

Fyx Fy(z) = S1(x) + S2(2) = ca (@1 — 1 [D]) + 1 (@2 — 2 |[H|) = coqn +
192 — |G‘ C1C9.

For ¢ = coq1 + c1q2 — |G| cico, equality (3) is identity, so point 1 of the
theorem is proved.
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2. Let z € H. Then Sy (z) = (F1 * F2)y (x) . If g € D , then g~z € D. So in
So (x) we have Fi(g) = c1, Fa(g~'x) = ¢ and we get (4).

Since deGP(g) = 1 for a probability P (g) on a group G, than equalities
(3) and (4) prove

Corollary 3. Assume that conditions of Theorem 8 hold. If functions Fy, F» are
probabilities Py, Py on group G, then

1. [fz € D, then (Py % Py) (z) = ¢, where
1—c|G]=(1-ca|G)(1-c2|G]). (7)
2. Ifx € H, then
(Py+ Py) (z) = (P * Py) (2) + c1c2 | D (8)

Indeed, g1 = g2 = 1 for probabilities P, Ps.

Corollary 4. The functions on group G constant on D form a semigroup on
convolution; the same is true for probabilities on group G constant on D.

We denote these semigroups 1" and T'p.

Theorem 4. Let function 5 be constant on D: Fy(x) = co (x € D). If Fy is
constant on H: Fi(h) = c; (h € H), then FixF; is constant on H: (Fy * F3) (h) =
c, where

©1q2 — ¢|Gl = (@1 = 1 |G])(q2 — 2|G]) (9)

Proof. For any h € H we have
Fyx Fy(h) =) Fi(g)Fa(g 'h) =

9€¢ (10)
Y Fi(g)Ealg ' h) + Y Filg)Falg~'h)
geH geD

In the first of two last sums F(g) = c1, and for h € H fixed, g~'h runs over H
when g runs over H, so the sum equals to

c1 Z Fy(g7'h) = alFy (H) = ¢1 (Fo(G) — Fo(D)) = c1ga — c1c2 | DI .
geH

In the second sum Fy(g~'h) = co, since g~'h runs over D when g runs over D
(Lemma 1), so the sum is

C2 Z Fl(g) = CQFl (D) = C9 (F1 (G) — F1 (H)) = C2(q1 — C1C2 ‘H’
geD

So right-hand part of (10) equals to
aqy — a2 | D[+ coq1 — ciea[H| = c1g2 + coq1 — |G 1z

It is equivalent to (9) at ¢ = c1g2 + caq1 — |G| c1ca.
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Theorem 5. Previous theorem is true for Fy x F}.

First we note that this theorem is not a direct corollary of the previous one,
because:

1. in general Q1 * Q2 # Q2 *x Q1 for functions @)1 and @2 on a group,

2. F} and F5 are constant on different subsets of group G.

Proof. Interchanging F; and F» in (10), we obtain

Fyx Fi(h) =) Fa(g)Fi(g~'h) + Y Fa(9)Fi(g~"h);
geH geD

in the first sum Fy(¢g~'h) = ¢1 as g~ 'h runs over H when g does the same and
h € H is fixed; so the sum equals to

c1 Z Fy(g9) =ciFy(H) =c1 (2 — F> (D)) = cig2 — c1c2 | D], (11)
geH

In the second sum F»(g) = ¢ and by the Lemma 1 g~!h runs over D when g does
the same and h € H is fixed, so the sum equals to

C2 Z Fl(g_lh) = 62F1 (D) = C2 (F1 (G) — Fl(H)) = C2q1 — C1C2 ’H| . (12)
geD

Sum of (11) and (12) is c1g2 + coq1 — |G| c1ca.

Corollary 5. Let a probability Py be constant on D: Po(x) = co (x € D). If Py is
constant on H: Pi(h) = c; (h € H), then Py x Py is too: (P, x P2) (h) = ¢, where

1—c|Gl=(1-alG)(1-clG]) (13)
The same 1is true for Py x Py,

Indeed, g1 = g2 = 1 in (9) for probabilities Py, Ps.

In Theorem 3 we proved that convolution F}  Fy is constant on D = G\ H if
one of functions Fy, F5is constant on D, another on D or on H. But if both Fy, Fb
are constant on H, then F} x F» can be not constant on H. The corresponding
example is given below.

We use group algebra instead of functions on group G. Namely, let RG be
a group algebra of the group G over the field R of real numbers. Each function
F'(g) on the group G corresponds to an element f = > ., F (g9)g € RG. We
denote a function (or a probability) on the group G with a capital letter and the
corresponding element of RG with the same (but small) letter, and call the latter
a probability on RG. Convolution of two functions P, @) on G corresponds to
product pq of corresponding elements p, ¢ € RG. In particular, P P corresponds
to p? € RG.
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Let G = <a, b; a>=0>=1, ab= ba> be an elementary abelian 2-group of
order 4. We define a function (even a probability) P on G as follows: P (b) =
0, P(1) = P(a) = P(ab) = %. Corresponding to P element of RG is p =
2 (1+a+ab). Then

2

1 1 2
P’ = (1+a+ab)2:§(3+2(a+ab+b)):§+§(a+ab+b)

O =

Function P is constant on subgroup H = {1, a}, but function P % P
corresponding to element p? € RG takes different values % and % on H.So PxP
is not a constant on H.
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3roprka iiMOBipHOCTEl, CTAJIMX HA MIArPyIl Ta Mo3a miaArpynoro
Bumnesernpknuit O. JI.
Kagedpa sUW0T MATMEMAMUKY
Xapxiscvrul HOULOHAADHUT A8MOMOGLALHO-JOPOXCHUT YHIBEPCUMEM
25 Apocaasa Mydpozo eya., Xapxise, 61002, Yxpaina

Hexaii P - iimoBipHicrh Ha ckindenniii rpyui G, 1o6ro dyukuis P (g) upuiimae ne-
Bir'emni snavenns i ) P (g) =1 (g € G). Ina Gyap-sixux asox bynkuiit Fi (g) 1 F» (g)
Ha (G iX 3roprKa
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(Fi«Fy) ()= Fi(h)F(h7't),teG
heG

TakoXk € yHkiieo Ha G.

3a ocraHHi pOKM TeMaTWKa JOC/IIKEHHsS BUMAIKOBUX OJyKaHb (1 He TIILKU HA Ipy-
nax) craja JyzKe MOMyJsIPHOI0. 3 aHAJITUYHOI TOYKM 30DY, JOCIIIKEHHS BUIIQIKOBUX
OJIyKaHb € JINIe BUBYEHHAM 1X (DYHKIII mepexomy, TOOTO n-KpaTHOI 3rOPTKU WMOBIpHI-
cuux mip. Jobpe BimomMo, 1m0 3a HECKIAIHUX YMOB, HAK/IAIEHUX HAa HOCIH #imoBipHOCTI P
ua rpym G, n-xparna sroprka P = P x ... x P (n pasis) npu n — oo 36iraerncs 10
piBrOMipHOT fiMoBipHOCTL U (g) = ﬁ (9 € G), sixa, oveBnIHO, € crason Ha G.

Mu BuB4Ya€MO 3ropTKy (DYHKIMH, Ki MOXKYTh OyTH PI3HUMU, ajie CTAJIUMU HA, JEAKii
miarpyni abo mo3za Heo. KopoTko KaxKydu, MU BUBYAEMO BUITAJKHU, KOJIU 3rOPTKA TAKUX
byHKIIIH Ma€ Ti 2K BIACTUBOCTI CTAJIOCTI BiTHOCHO J€SKOI ITiATPYIIH.

VY crarTi pos3rismaeThesa 3roprka WMosiprocTei (i, B3arasi, mificuux yHKI), cTa-
qmx no3a (abo Beepenni) miarpynu H ckindennoi rpynu G. Hexait D = G\ H. s nanot
dyukuii F' wa G nigrpyna H, nis sxoi F' € cranoo Ha D, € €IMHOI0 B HACTYITHOMY CeHCI:
icHye mIOHANOLIBINE OJHA TaKe YUCJIO ¢ Ta OaHA HaliMenma miarpyma H rpymu G Taki,
wo F' (g) = ¢ ana ycix enementis g € D.

Hoseneno, mo sxmo dbyskuil Fy, Fy € cranuvu va D, Fi(z) = ¢1, Fy(z) = ¢y nag
JoBiIBHOTO x € D, To ixHa 3roprka Fj * Fy Takoxk € crajon (KoHcranTo) ua D. SHa-
#1IeHO BUpA3 JJIs 1€l KOHCTAHTHU Y€pe3 Iucia c1, co. Pyakmii Ha rpymi G, gKki € craaumu
Ha D, yTBOPIOIOTH MIBIPYILY BiIHOCHO 3rOPTKH.

fxmo oxna 3 ¢yukmiin Fi, Fy € cramuoro Ha miarpymni H, a imma e cramao #Ha D, TO
JIOBEJIEHO, 10 3roprka F * Fy € crajgoro nHa H. 3HaiijeHo 3HaYeHHs L€l CTaJol.

YV HaBeIEeHWX TBEP/KEHHSX MPO 3TOPTKY MPUHANMHI OIUH i1 MHOXKHUK OyB CTaJINM
mo3a marpymow. Aje aKIo o6uaIBa MHOXKHUKHU € CTAJUMU Ha, JedKiil miarpymi, To iXHs
3ropTKa He 000B’SI3KOBO Ma€ Ty K BiaacTtuBicTh. HaBemenuit npukiazn aBox dyHKIH, gKi
€ cTanuMu Ha miarpym H, aje iXHga 3ropTka He € cTajoio Ha H.

Heii npukaazn BukiaajeHuil He MOBOIO iiMosipHocreil (uu dyHkuiil) Ha rpyui (4K B
yCiX IHIMUX 9acTHHAX CTATTI), a MOBOKO TpymoBux anrebp. I'pynosa anrebpa K G rpymnn
G uwag mosiem K 3’SBISETHCA y MUTAHHSAX, OB’ sI3aHUX 31 3roprkamu (hyHKINH Ha rpyri
G, HacrynHuM 4uHOM: KOxKHA (byukiia F(g) na G i3 3HaueHHsaMu y noBijibHOMY 1o K
BuzHauae enement »_ F(g)g (9 € G) anrebpu KG; sroprui fimosipuocreil sianosinae
100yTok eemenTiB anrebpu K G. OTke BUKOPUCTaHHS I'PYIOBOI anredpu € MpUupOTHUM
npu BUBYEHHI 3roprku Ha rpymi. dkmo dbyukuia F(g) e himosipaictio, To K € moaem
JifiCHUX YucelI.

Karwwoei crosa: IMOBIpHICTBH; CKIHYEHHA IpyIia; 3rOPTKa; rpymnoBa ajiredpa.

Icropisa crarri: orpumana: 8 6epe3ns 2025; ocrauuiit BapianT: 1 gepBus 2025
npuitnara: 5 yepsus 2025.



