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Convolution of probabilities constant in a subgroup

and outside a subgroup

Let be 𝑃 the probability on a finite group 𝐺, i.e. the function 𝑃 (𝑔) takes
non-negative values and

∑︀
𝑔 𝑃 (𝑔) = 1 (𝑔 ∈ 𝐺). For any two functions 𝐹1 (𝑔)

and 𝐹2 (𝑔) their 𝐺 convolution

(𝐹1 * 𝐹2) (𝑡) =
∑︁
ℎ∈𝐺

𝐹1 (ℎ)𝐹2

(︀
ℎ−1𝑡

)︀
, 𝑡 ∈ 𝐺

is also a function on 𝐺.

In recent years, the topic of studying random walks (and not only on groups)
has become very popular. From an analytical point of view, the study of
random walks is only the study of their transition function, that is, the n-
fold convolution of probability measures. It is well known that under simple
conditions, imposed on the probability support 𝑃 on the group 𝐺, n-fold
convolution 𝑃 (𝑛) = 𝑃 * ... * 𝑃 (𝑛 times) with 𝑛 → ∞ converges to uniform
probability 𝑈 (𝑔) = 1

|𝐺| ( 𝑔 ∈ 𝐺) , which is obviously a constant on 𝐺.

We study convolution of functions that may be different but are constant in
or outside some subgroup. In short, we study the cases where the convolution
of such functions has the same properties of constancy with respect to some
subgroup.

The article considers the convolution of probabilities (and, in general, real
functions) constant outside (or inside) a subgroup of 𝐻 the finite group 𝐺.
Let 𝐷 = 𝐺∖𝐻. For a given function 𝐹 on 𝐺 the subgroup 𝐻, for which 𝐹
is constant on 𝐷, is unique in the following sense: there is at most one such
number 𝑐 and one smallest subgroup 𝐻 of the group 𝐺 such that 𝐹 (𝑔) = 𝑐
for all elements 𝑔 ∈ 𝐷.

It is proved that if the functions 𝐹1, 𝐹2 are constants on 𝐷, 𝐹1(𝑥) =
𝑐1, 𝐹2(𝑥) = 𝑐2 for arbitrary 𝑥 ∈ 𝐷, then their convolution 𝐹1 * 𝐹2 is also a
constant on 𝐷. The value for this constant is found in terms of the numbers
𝑐1, 𝑐2. Functions on the group 𝐺 that are constant on 𝐷 form a semigroup
with respect to the convolution.
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If one of functions 𝐹1, 𝐹2 is constant on the subgroup𝐻 and other is constant
on 𝐷, then it is proved that the convolution 𝐹1 * 𝐹2 is constant on 𝐻. The
value for this constant is found.

In the above statements about a convolution, one of two factors is constant
outside the subgroup. But if both factors are constant on the same subgroup,
then their convolution is not necessarily constant on the subgroup. An
example is given of two functions that are constant on subgroup 𝐻, but
their convolution is not constant on 𝐻.

This example is not presented in the language of probabilities (or functions)
on a group (as in all other parts of the article), but in the language of
group algebras. The group algebra 𝐾𝐺 of the group 𝐺 over the field 𝐾
appears in questions related to convolutions of functions on the group 𝐺
in the following way: each function 𝐹 (𝑔) on 𝐺 with values in an arbitrary
field 𝐾 determines an element

∑︀
𝑔 𝐹 (𝑔) 𝑔 (𝑔 ∈ 𝐺) of the algebra 𝐾𝐺; the

convolution of probabilities corresponds to the product of elements of the
algebra 𝐾𝐺. So usage of group algebra is natural for studying convolution
on a group. If the function 𝐹 (𝑔) is a probability, then 𝐾 is the field of real
numbers.

Keywords: probability; finite group; convolution.

2020 Mathematics Subject Classification: 620D99; 60B15.

1. Introduction

In the article we consider convolution of probabilities (and in general, real-
valued functions) that are constant outside (or in) a subgroup of a finite group.
We prove that convolution of such probabilities is also constant outside (or in)
the subgroup. We also evaluate the constant of the convolution.

From analytical point of view, study of random walks is just study of its
transition function, i.e. n-fold convolution of probability measures. We refer to
the interesting works A. Bendikov, L. Saloff-Coste [1], [2] and L. Saloff-Coste
[3]. We study convolution of probability measures that may be different, but are
constant in or outside a subgroup. We show that their convolution has the same
property. It is well known (see [3], some refinements see in [4]) that under mild
conditions on the carrier of a probability 𝑃 on a group 𝐺, its n-fold convolution
power 𝑃 (𝑛) (𝑛 times) at 𝑛→ ∞ tends to the uniform probability, which is constant
on 𝐺.

Let𝐻 be a subgroup of a finite group 𝐺,𝐻 ̸= 𝐺 (we write𝐻 < 𝐺), 𝐷 = 𝐺∖𝐻.

Lemma 1. 1. Element 𝑔 ∈ 𝐷 if and only if 𝑔−1 ∈ 𝐷.

2. For a fixed element ℎ ∈ 𝐻 mapping 𝑥→ ℎ𝑥 (𝑥 ∈ 𝐷) is a bijection 𝐷 → 𝐷.

Proof.

1. By contradiction, because 𝑔 ∈ 𝐻 if and only if 𝑔−1 ∈ 𝐻.

2. By contradiction ℎ𝑥 ∈ 𝐷. |ℎ𝐷| = |𝐷| and elements of the set ℎ𝐷 are
pairwise distinct.
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Lemma 2. If 𝐻1, 𝐻2 < 𝐺 then 𝐻1 ∪𝐻2 ̸= 𝐺.

Proof.By contradiction, let𝐻1∪𝐻2 = 𝐺. For any 𝑥 ∈ 𝐻1, 𝑦 ∈ 𝐻2 their product
𝑥𝑦 ∈ 𝐺 = 𝐻1 ∪ 𝐻2. We may suppose 𝑥𝑦 ∈ 𝐻1. Then 𝑦 ∈ 𝐻1, so 𝐻2 ⊂ 𝐻1 and
𝐺 = 𝐻1.

Let 𝐹 be a function on a group 𝐺. For a subset 𝑀 ⊂ 𝐺 we denote 𝐹 (𝑀) =∑︀
𝑔∈𝑀 𝐹 (𝑔) and 𝑀 = 𝐺∖𝑀 . We write 𝐹 ∈ 𝑆 (𝐻, 𝑐) if there exist a subgroup 𝐻

of 𝐺 and a number 𝑐 such that 𝐹 (𝑡) = 𝑐 for any 𝑡 ∈ 𝐻; if number 𝑐 does not
matter we drop it and write 𝐹 ∈ 𝑆 (𝐻).

Theorem 1. If 𝐹 ∈ 𝑆 (𝐻1, 𝑐1) , 𝐹 ∈ 𝑆 (𝐻2, 𝑐2), then 𝐹 ∈ 𝑆 (𝐻1 ∩𝐻2, 𝑐), where
𝑐 = 𝑐1 = 𝑐2.

Proof. Due to Lemma 2 𝐻1 ∪𝐻2 ̸= 𝐺, so there exist an element 𝑥 ∈ 𝐻1 ∪𝐻2.
Since 𝐻1 ∪𝐻2 = 𝐻1 ∩𝐻2, then 𝑐1 = 𝐹 (𝑥) = 𝑐2. Put 𝑐 = 𝑐1 = 𝑐2. So 𝐹 (𝑡) = 𝑐
for any 𝑡 ∈ 𝐻1 ∪𝐻2 = 𝐻1 ∩𝐻2.

Corollary 1. For a given function 𝐹 and all subgroups 𝐻 of 𝐺 there exist

1. at most one number 𝑐 such that 𝐹 ∈ 𝑆 (𝐻, 𝑐)

2. the smallest (with respect to inclusion) subgroup 𝐻 such that 𝐹 ∈ 𝑆 (𝐻).

Let function 𝐹 be a real-valued one and 𝑞 = 𝐹 (𝐺) .

Theorem 2. If 𝐹 ∈ 𝑆 (𝐻, 𝑐) and 𝐹 ≥ 0, then |𝑞 − 𝑐 |𝐺|| ≤ 𝑞 with equality if and

only if either a)|𝐻| = |𝐺|
2 and 𝐹 (ℎ) = 0 for any ℎ ∈ 𝐻 or b)𝑐 = 0.

Proof. Rewrite the last inequality as

−𝑞 ≤ 𝑞 − 𝑐 |𝐺| ≤ 𝑞 (1)

The right-hand inequality is obvious and is equality if and only if 𝑐 = 0. The
left-hand inequality is equivalent to

𝑐 |𝐺| ≤ 2𝑞.

As 𝐻 is a subgroup of 𝐺, then |𝐻| ≤ |𝐺|
2 , |𝐷| ≥ |𝐺|

2 and

𝑞 = 𝐹 (𝐺) =
∑︁
𝑔∈𝐷

𝐹 (𝑔) +
∑︁
ℎ∈𝐻

𝐹 (ℎ) ≥ 𝑐 |𝐷| ≥ 𝑐
|𝐺|
2
,

so (1) is proved. Left-hand inequality in (1) is equality if and only if two last
inequalities are equalities. First of the equalities yields 𝐹 (ℎ) = 0 (ℎ ∈ 𝐻), second
yields |𝐻| = |𝐺|

2 .

Corollary 2. If 𝑃 ∈ 𝑆 (𝐻, 𝑐) for a probability 𝑃 on group 𝐺, then |1− 𝑐 |𝐺|| ≤ 1
and

|1− 𝑐 |𝐺|| < 1 (2)

if and only if neither of conditions a) and b) of the last theorem satisfy.
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If 𝑐 = 0 we can take 𝐺 = 𝐻.

2. Convolution of functions and probabilities

For a function 𝐹 defined on some set 𝑀 ⊇ 𝐻, we denote 𝐹𝐻 restriction 𝐹 to
𝐻. For example, such a restriction of convolution of functions 𝐹1, 𝐹2, defined on
𝐺 is:

(𝐹1 * 𝐹2)𝐻 (𝑡) =
∑︁
ℎ∈𝐻

𝐹1 (ℎ)𝐹2

(︀
ℎ−1𝑡

)︀
, 𝑡 ∈ 𝐻.

If 𝐻 = 𝐺 we drop the subscript 𝐻. We remind that 𝐹𝑖 (𝑀) =
∑︀

𝑔∈𝑀 𝐹𝑖 (𝑔) for a
subset 𝑀 ⊂ 𝐺, 𝑖 = 1, 2. Let 𝑞𝑖 = 𝐹𝑖 (𝐺) , 𝑖 = 1, 2.

Theorem 3. Let functions 𝐹1, 𝐹2 be defined on group 𝐺 and constant on 𝐷 =
𝐺∖𝐻: 𝐹𝑖(𝑡) = 𝑐𝑖, 𝑖 = 1, 2 (𝑡 ∈ 𝐷).Then

1. If 𝑥 ∈ 𝐷, then (𝐹1 * 𝐹2) (𝑥) = 𝑐, where

𝑞1𝑞2 − 𝑐 |𝐺| = (𝑞1 − 𝑐1 |𝐺|)(𝑞2 − 𝑐2 |𝐺| ) (3)

2. If 𝑥 ∈ 𝐻, then

(𝐹1 * 𝐹2) (𝑥) = (𝐹1 * 𝐹2)𝐻 (𝑥) + 𝑐1𝑐2 |𝐷| , (4)

Proof. For any 𝑥 ∈ 𝐺 we have

𝐹1 * 𝐹2(𝑥) =
∑︁
𝑔∈𝐺

𝐹1(𝑔)𝐹2(𝑔
−1𝑥) =

∑︁
ℎ∈𝐻

𝐹1(ℎ)𝐹2(ℎ
−1𝑥) +

∑︁
𝑔∈𝐷

𝐹1(𝑔)𝐹2(𝑔
−1𝑥)

(5)

We denote the last two sums 𝑆1 (𝑥) and 𝑆2 (𝑥).

1. Let 𝑥 ∈ 𝐷. Then in 𝑆1 (𝑥) we have ℎ−1𝑥 ∈ 𝐷, so 𝐹2(ℎ
−1𝑥) = 𝑐2; besides,

since 𝐹1 (𝐺) = 𝐹1(𝐻) + 𝐹1(𝐷), then 𝐹1(𝐻) = 𝑞1 − 𝑐1 |𝐷|. So 𝑆1 (𝑥) =
𝑐2𝐹1(𝐻) = 𝑐2 (𝑞1 − 𝑐1 |𝐷|).
In the sum 𝑆2 (𝑥) in (5) we have 𝐹1(𝑔) = 𝑐1. So

𝑆2 (𝑥) =
∑︁
𝑔∈𝐷

𝑐1𝐹2(𝑔
−1𝑥) = 𝑐1

⎛⎝∑︁
𝑔∈𝐺

𝐹2(𝑔
−1𝑥)−

∑︁
𝑔∈𝐻

𝐹2(𝑔
−1𝑥)

⎞⎠ (6)

In the first of two last sums element 𝑔−1𝑥 runs over group 𝐺 when 𝑔 does the
same; in the second sum 𝑔−1𝑥 runs over 𝐷 when 𝑔 does the same (Lemma 1,
point 2). So expression (6) equals to 𝑐1 (𝑞2 − 𝑐2 |𝐻|), and coming back to
(5), we get

𝐹1 * 𝐹2(𝑥) = 𝑆1 (𝑥) + 𝑆2 (𝑥) = 𝑐2 (𝑞1 − 𝑐1 |𝐷|) + 𝑐1 (𝑞2 − 𝑐2 |𝐻|) = 𝑐2𝑞1 +
𝑐1𝑞2 − |𝐺| 𝑐1𝑐2.
For 𝑐 = 𝑐2𝑞1 + 𝑐1𝑞2 − |𝐺| 𝑐1𝑐2, equality (3) is identity, so point 1 of the
theorem is proved.
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2. Let 𝑥 ∈ 𝐻. Then 𝑆1 (𝑥) = (𝐹1 * 𝐹2)𝐻 (𝑥) . If 𝑔 ∈ 𝐷 , then 𝑔−1𝑥 ∈ 𝐷. So in
𝑆2 (𝑥) we have 𝐹1(𝑔) = 𝑐1, 𝐹2(𝑔

−1𝑥) = 𝑐2 and we get (4).

Since
∑︀

𝑔∈𝐺 𝑃 (𝑔) = 1 for a probability 𝑃 (𝑔) on a group 𝐺, than equalities
(3) and (4) prove

Corollary 3. Assume that conditions of Theorem 3 hold. If functions 𝐹1, 𝐹2 are
probabilities 𝑃1, 𝑃2 on group 𝐺, then

1. If 𝑥 ∈ 𝐷, then (𝑃1 * 𝑃2) (𝑥) = 𝑐, where

1− 𝑐 |𝐺| = (1− 𝑐1 |𝐺|)(1− 𝑐2 |𝐺| ). (7)

2. If 𝑥 ∈ 𝐻, then

(𝑃1 * 𝑃2) (𝑥) = (𝑃1 * 𝑃2)𝐻 (𝑥) + 𝑐1𝑐2 |𝐷| (8)

Indeed, 𝑞1 = 𝑞2 = 1 for probabilities 𝑃1, 𝑃2.

Corollary 4. The functions on group 𝐺 constant on 𝐷 form a semigroup on
convolution; the same is true for probabilities on group 𝐺 constant on 𝐷.

We denote these semigroups 𝑇 and 𝑇𝑃 .

Theorem 4. Let function 𝐹2 be constant on 𝐷: 𝐹2(𝑥) = 𝑐2 (𝑥 ∈ 𝐷). If 𝐹1 is
constant on 𝐻: 𝐹1(ℎ) = 𝑐1 (ℎ ∈ 𝐻), then 𝐹1*𝐹2 is constant on 𝐻: (𝐹1 * 𝐹2) (ℎ) =
𝑐, where

𝑞1𝑞2 − 𝑐 |𝐺| = (𝑞1 − 𝑐1 |𝐺|)(𝑞2 − 𝑐2 |𝐺| ) (9)

Proof. For any ℎ ∈ 𝐻 we have

𝐹1 * 𝐹2(ℎ) =
∑︁
𝑔∈𝐺

𝐹1(𝑔)𝐹2(𝑔
−1ℎ) =

∑︁
𝑔∈𝐻

𝐹1(𝑔)𝐹2(𝑔
−1ℎ) +

∑︁
𝑔∈𝐷

𝐹1(𝑔)𝐹2(𝑔
−1ℎ)

(10)

In the first of two last sums 𝐹1(𝑔) = 𝑐1, and for ℎ ∈ 𝐻 fixed, 𝑔−1ℎ runs over 𝐻
when 𝑔 runs over 𝐻, so the sum equals to

𝑐1
∑︁
𝑔∈𝐻

𝐹2(𝑔
−1ℎ) = 𝑐1𝐹2 (𝐻) = 𝑐1 (𝐹2(𝐺)− 𝐹2(𝐷)) = 𝑐1𝑞2 − 𝑐1𝑐2 |𝐷| .

In the second sum 𝐹2(𝑔
−1ℎ) = 𝑐2, since 𝑔−1ℎ runs over 𝐷 when 𝑔 runs over 𝐷

(Lemma 1), so the sum is

𝑐2
∑︁
𝑔∈𝐷

𝐹1(𝑔) = 𝑐2𝐹1 (𝐷) = 𝑐2 (𝐹1 (𝐺)− 𝐹1 (𝐻)) = 𝑐2𝑞1 − 𝑐1𝑐2 |𝐻|

So right-hand part of (10) equals to

𝑐1𝑞2 − 𝑐1𝑐2 |𝐷|+ 𝑐2𝑞1 − 𝑐1𝑐2 |𝐻| = 𝑐1𝑞2 + 𝑐2𝑞1 − |𝐺| 𝑐1𝑐2

It is equivalent to (9) at 𝑐 = 𝑐1𝑞2 + 𝑐2𝑞1 − |𝐺| 𝑐1𝑐2.
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Theorem 5. Previous theorem is true for 𝐹2 * 𝐹1.

First we note that this theorem is not a direct corollary of the previous one,
because:

1. in general 𝑄1 *𝑄2 ̸= 𝑄2 *𝑄1 for functions 𝑄1 and 𝑄2 on a group,

2. 𝐹1 and 𝐹2 are constant on different subsets of group 𝐺.

Proof. Interchanging 𝐹1 and 𝐹2 in (10), we obtain

𝐹2 * 𝐹1(ℎ) =
∑︁
𝑔∈𝐻

𝐹2(𝑔)𝐹1(𝑔
−1ℎ) +

∑︁
𝑔∈𝐷

𝐹2(𝑔)𝐹1(𝑔
−1ℎ);

in the first sum 𝐹1(𝑔
−1ℎ) = 𝑐1 as 𝑔−1ℎ runs over 𝐻 when 𝑔 does the same and

ℎ ∈ 𝐻 is fixed; so the sum equals to

𝑐1
∑︁
𝑔∈𝐻

𝐹2 (𝑔) = 𝑐1𝐹2 (𝐻) = 𝑐1 (𝑞2 − 𝐹2 (𝐷)) = 𝑐1𝑞2 − 𝑐1𝑐2 |𝐷| , (11)

In the second sum 𝐹2(𝑔) = 𝑐2 and by the Lemma 1 𝑔−1ℎ runs over 𝐷 when 𝑔 does
the same and ℎ ∈ 𝐻 is fixed, so the sum equals to

𝑐2
∑︁
𝑔∈𝐷

𝐹1(𝑔
−1ℎ) = 𝑐2𝐹1 (𝐷) = 𝑐2 (𝐹1 (𝐺)− 𝐹1(𝐻)) = 𝑐2𝑞1 − 𝑐1𝑐2 |𝐻| . (12)

Sum of (11) and (12) is 𝑐1𝑞2 + 𝑐2𝑞1 − |𝐺| 𝑐1𝑐2.

Corollary 5. Let a probability 𝑃2 be constant on 𝐷: 𝑃2(𝑥) = 𝑐2 (𝑥 ∈ 𝐷). If 𝑃1 is
constant on 𝐻: 𝑃1(ℎ) = 𝑐1 (ℎ ∈ 𝐻), then 𝑃1 * 𝑃2 is too: (𝑃1 * 𝑃2) (ℎ) = 𝑐, where

1− 𝑐 |𝐺| = (1− 𝑐1 |𝐺|)(1− 𝑐2 |𝐺| ) (13)

The same is true for 𝑃2 * 𝑃1.

Indeed, 𝑞1 = 𝑞2 = 1 in (9) for probabilities 𝑃1, 𝑃2.
In Theorem 3 we proved that convolution 𝐹1 *𝐹2 is constant on 𝐷 = 𝐺∖𝐻 if

one of functions 𝐹1, 𝐹2 is constant on𝐷, another on𝐷 or on𝐻. But if both 𝐹1, 𝐹2

are constant on 𝐻, then 𝐹1 * 𝐹2 can be not constant on 𝐻. The corresponding
example is given below.

We use group algebra instead of functions on group 𝐺. Namely, let 𝑅𝐺 be
a group algebra of the group 𝐺 over the field 𝑅 of real numbers. Each function
𝐹 (𝑔) on the group 𝐺 corresponds to an element 𝑓 =

∑︀
𝑔∈𝐺 𝐹 (𝑔) 𝑔 ∈ 𝑅𝐺. We

denote a function (or a probability) on the group 𝐺 with a capital letter and the
corresponding element of 𝑅𝐺 with the same (but small) letter, and call the latter
a probability on 𝑅𝐺. Convolution of two functions 𝑃, 𝑄 on 𝐺 corresponds to
product 𝑝𝑞 of corresponding elements 𝑝, 𝑞 ∈ 𝑅𝐺. In particular, 𝑃 *𝑃 corresponds
to 𝑝2 ∈ 𝑅𝐺.
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Let 𝐺 =
⟨︀
𝑎, 𝑏; 𝑎2 = 𝑏2 = 1, 𝑎𝑏 = 𝑏𝑎

⟩︀
be an elementary abelian 2-group of

order 4. We define a function (even a probability) 𝑃 on 𝐺 as follows: 𝑃 (𝑏) =
0, 𝑃 (1) = 𝑃 (𝑎) = 𝑃 (𝑎𝑏) = 1

3 . Corresponding to 𝑃 element of 𝑅𝐺 is 𝑝 =
1
3 (1 + 𝑎+ 𝑎𝑏). Then

𝑝2 =
1

9
(1 + 𝑎+ 𝑎𝑏)2 =

1

9
(3 + 2 (𝑎+ 𝑎𝑏+ 𝑏)) =

1

3
+

2

9
(𝑎+ 𝑎𝑏+ 𝑏)

Function 𝑃 is constant on subgroup 𝐻 = {1, 𝑎}, but function 𝑃 * 𝑃
corresponding to element 𝑝2 ∈ 𝑅𝐺 takes different values 1

3 and
2
9 on 𝐻. So 𝑃 *𝑃

is not a constant on 𝐻.
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Згортка ймовiрностей, сталих на пiдгрупi та поза пiдгрупою

Вишневецький О. Л.
кафедра вищої математики

Харкiвський нацiональний автомобiльно-дорожний унiверситет
25 Ярослава Мудрого вул., Харкiв, 61002, Україна

Нехай 𝑃 - ймовiрнiсть на скiнченнiй групi 𝐺, тобто функцiя 𝑃 (𝑔) приймає не-
вiд’ємнi значення i

∑︀
𝑔 𝑃 (𝑔) = 1 (𝑔 ∈ 𝐺). Для будь-яких двох функцiй 𝐹1 (𝑔) i 𝐹2 (𝑔)

на 𝐺 їх згортка
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(𝐹1 * 𝐹2) (𝑡) =
∑︁
ℎ∈𝐺

𝐹1 (ℎ)𝐹2

(︀
ℎ−1𝑡

)︀
, 𝑡 ∈ 𝐺

також є функцiєю на 𝐺.
За останнi роки тематика дослiдження випадкових блукань (i не тiльки на гру-

пах) стала дуже популярною. З аналiтичної точки зору, дослiдження випадкових
блукань є лише вивченням їх функцiї переходу, тобто n-кратної згортки ймовiрнi-
сних мiр. Добре вiдомо, що за нескладних умов, накладених на носiй ймовiрностi 𝑃
на групi 𝐺, 𝑛-кратна згортка 𝑃 (𝑛) = 𝑃 * ... * 𝑃 (𝑛 разiв) при 𝑛 → ∞ збiгається до
рiвномiрної ймовiрностi 𝑈 (𝑔) = 1

|𝐺| (𝑔 ∈ 𝐺), яка, очевидно, є сталою на 𝐺.

Ми вивчаємо згортку функцiй, якi можуть бути рiзними, але сталими на деякiй
пiдгрупi або поза нею. Коротко кажучи, ми вивчаємо випадки, коли згортка таких
функцiй має тi ж властивостi сталостi вiдносно деякої пiдгрупи.

У статтi розглядається згортка ймовiрностей (i, взагалi, дiйсних функцiй), ста-
лих поза (або всерединi) пiдгрупи 𝐻 скiнченної групи 𝐺. Нехай 𝐷 = 𝐺∖𝐻. Для даної
функцiї 𝐹 на 𝐺 пiдгрупа 𝐻, для якої 𝐹 є сталою на 𝐷, є єдиною в наступному сенсi:
iснує щонайбiльше одна таке число 𝑐 та одна найменша пiдгрупа 𝐻 групи 𝐺 такi,
що 𝐹 (𝑔) = 𝑐 для усiх елементiв 𝑔 ∈ 𝐷.

Доведено, що якщо функцiї 𝐹1, 𝐹2 є сталими на 𝐷, 𝐹1(𝑥) = 𝑐1, 𝐹2(𝑥) = 𝑐2 для
довiльного 𝑥 ∈ 𝐷, то їхня згортка 𝐹1 * 𝐹2 також є сталою (константою) на 𝐷. Зна-
йдено вираз для цiєї константи через числа 𝑐1, 𝑐2. Функцiї на групi 𝐺, якi є сталими
на 𝐷, утворюють пiвгрупу вiдносно згортки.

Якщо одна з функцiй 𝐹1, 𝐹2 є сталиою на пiдгрупi 𝐻, а iнша є сталою на 𝐷, то
доведено, що згортка 𝐹1 * 𝐹2 є сталою на 𝐻. Знайдено значення цiєї сталої.

У наведених твердженнях про згортку принаймнi один її множник був сталим
поза пiдгрупою. Але якщо обидва множники є сталими на деякiй пiдгрупi, то їхня
згортка не обов’язково має ту ж властивiсть. Наведений приклад двох функцiй, якi
є сталими на пiдгрупi 𝐻, але їхня згортка не є сталою на 𝐻.

Цей приклад викладений не мовою ймовiрностей (чи функцiй) на групi (як в
усiх iнших частинах статтi), а мовою групових алгебр. Групова алгебра 𝐾𝐺 групи
𝐺 над полем 𝐾 з’являється у питаннях, пов’язаних зi згортками функцiй на групi
𝐺, наступним чином: кожна функцiя 𝐹 (𝑔) на 𝐺 iз значеннями у довiльному полi 𝐾
визначає елемент

∑︀
𝑔 𝐹 (𝑔)𝑔 (𝑔 ∈ 𝐺) алгебри 𝐾𝐺; згортцi ймовiрностей вiдповiдає

добуток елементiв алгебри 𝐾𝐺. Отже використання групової алгебри є природним
при вивченнi згортки на групi. Якщо функцiя 𝐹 (𝑔) є ймовiрнiстю, то 𝐾 є полем
дiйсних чисел.
Ключовi слова: ймовiрнiсть; скiнченна група; згортка; групова алгебра.
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