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Korobov’s controllability function method via
orthogonal polynomials on [0, c0)

Given a controllable system described by ordinary or partial differential
equations and an initial state, the problem of finding a set of bounded posi-
tional controls that transfer the initial state to another state, not necessarily
an equilibrium point, in finite time is called the synthesis problem.

In the present work, we consider a family of Brunovsky systems of dimension
n. A family of bounded positional controls u, () is constructed in order to
stabilize a given Brunovsky system in finite time. We employ orthogonal
polynomials associated with a function distribution o(7,6) defined for 7 €
[0,400) and parameter § > 0. The parameter 6 is interpreted as a Korobov’s
controllability function, @ = 0(x), which serves as a Lyapunov-type function.
Utilizing 6(z), we construct the positional control u,(x) = u,(x,0(x)).

Our analysis is based on the foundational work “A general approach to
the solution of the bounded control synthesis problem in a controllability
problem”. Matematicheskii Sbornik, 151(4), 582-606 (1979) by Korobov, V.
I, in which the controllability function method was proposed. This method
has been applied to solve bounded finite-time stabilization problems in vari-
ous control scenarios, such as the control of the wave equation, optimal
control with mixed cost functions, and other applications.

For the construction of the mentioned positional controls, we employ a
member of a family of orthogonal polynomials on [0,00). For more details
on orthogonal polynomials, we refer to the book “Orthogonal Polynomials”.
American Mathematical Society, Providence, (1975) by G. Szegd. We also
rely on the work “On matrix Hurwitz type polynomials and their interrelati-
ons to Stieltjes positive definite sequences and orthogonal matrix polynomi-
als”. Linear Algebra and its Applications, 476, 56-84 (2015) by Choque Ri-
vero, A. E.
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The results in the present work extend and develop the findings presented
in the conference paper “Bounded finite-time stabilizing controls via
orthogonal polynomials”. 2018 IEEE International Autumn Meeting on
Power, Electronics and Computing (ROPEC), Ixtapa, Mexico. —2018 by
Choque-Rivero A. E., Orozco B. d. J. G.
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1. Introduction

We focus on the Brunovsky system, also referred to as the chain integrator
or canonical linear system. It is commonly used in control theory to analyze the
controllability and feedback stabilizability of both linear and nonlinear systems—
after applying an appropriate transformation for the latter; see [1], [2]. The
statement of the bounded finite time stabilization problem is the following: Consi-
der the system

{ T1 = Up, lun| <1, (1)
i‘k:.l'k,l, 2§k§n
Let z := column(xy,x9,...,2,). Given an initial position xg € R", find a family
of positional bounded controls u,, = wu,(x) such that the trajectory x(t,z¢) of
system (1) with u, = u,(z) and

un(z)] <1 (2)
reaches the origin at finite time 7" = T'(xy), i.e.,

t_}l;ﬂr&g)w(t,x@ =0. (3)
Additionally, an estimation of motion time 7'(z¢) should be found. This problem
is also called the synthesis problem.

For our convenience, we reformulate system (1) in a matrix form. To that end,
we introduce a following notation. Let p, ¢ and n be natural numbers. Denote
by I, the p x p identity matrix and by 0,x4 the p x g zero matrix. System (1) is
equivalent to the following equation:

T = A,z + by, (4)

An:(olx(n—l) 0 >,bn:=< 1 >
Li-i Om-1)x1 On—1)x1

Our approach involves constructing the positional control u = uy,(z) based on
two key components. The first component is the set of orthogonal polynomials

where
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pn(7,0) on [0,400) with respect to 7, depending on the parameter § > 0. The
case of orthogonal polynomials p, (7, 1) has been studied in [3]| and [4].

The second component is the controllability function (CF) (z) method, which
serves as a Lyapunov-type function but with two key distinctions. First, the CF
ensures finite-time stabilization of the controllable system (4). Second, the CF
can also be applied to nonequilibrium points of linear systems (see [5]).

It is worth noting that another connection between orthogonal polynomi-
als and bounded controls, aimed at solving the admissible control problem, was
explored in [6].

The present work continues the analysis performed in [7] and provides the
following improvements and clarifications:

e We clarify the definition of the polynomials p,; as given in (13) and (14).
e We improve the proof of Lemma 2 and provide the proof of Theorem 3.
e In Example 2, we present a more detailed explanation.

e We add Remark 4, which explains the controllability function as the time
of motion.

e We include Proposition 2, where we prove that it is not possible to construct
a positional control such that the corresponding controllability function
represents the time of motion of the system’s trajectory.

Finally, in the conclusion, we have proposed an open question regarding the
possibility of constructing positional controls using a combination of orthogonal
polynomials, such that the corresponding controllability function represents the
time of motion.

Orthogonal polynomials on [0, +oc0) with parameter 0
Let Ng = NU {0} and let o(7,0) be a bounded nondecreasing function with
respect to 7 on [0, +00) with parameter # > 0 such that all moments

o
5;(0) = / Pido(r,0), j €Ny (5)
0
are finite. In the present work, we will restrict ourselves to the case when

c
sk(0) = Gi k € No (6)
where ¢ is a real number, and 6 is a positive parameter. For simplicity, we will
typically omit the dependence on 6.

Define the Hankel matrices:

Hyj:=| . ' . : ; (7)



64 A. E. Choque-Rivero, T. Vukaginac

S1 S92 cee Si41
S92 S3 . Sj+2

] . . . . .
Sj+1 Sj42 ... S2j+1

Definition 1. The sequence (31’(9))520 (resp. (s;(0 ))2” 1) is called a Stieltjes
positive definite sequence if Hy p, and Ha 1 (resp. Hy 1 and Hy 1) are posi-
tive definite matrices.

In what follows, we consider only Stieltjes positive definite sequences.
Additionally, we introduce some auxiliary matrices:
Y1, := column (S, Sj41,-..,52j—1) , (9)

and
YQJ‘ := column (3j+17 Sj+2, ey ng) . (10)

Let 7 be an arbitrary real number. We define
E;(7) := column (1,7’,...,7’j). (11)

We define (as in [8, Remark E.5|) the polynomials p, ; for r =1,2and 1 < j <n
as follows

pro(7,0) =1, (12)
p1j(m.0) :=(=Y I Hy | 1) Ey(7), (13)
p2,5(7,0) :=(=Y] Hzgl 1 D E;(7T). (14)

Let us recall the definition of a finite family of orthogonal polynomials depending
on the parameter . Here Y, ; =Y, ;(0) and H, ; = H, ;(0) for r = 1,2.

Definition 2. Let there be given a sequence of polynomials (p;(7,0))52, defined
on [0, +00) with respect to T with parameter 6 > 0

ar o, 2 Fn— aj—1 a;
pi(r,0) =7"+ o7 1+9—2 2+...+();jf+4. (15)

If there exists a bounded nondecreasing distribution o(7,6) with respect to T on
[0,4+00) with parameter @ > 0 such that the sequence of monic polynomials
(p;(1,0))52 satisfies the relation

> _J 0 J#k,
[ neomeoieo={ i, 170 4o

then this sequence is family a of orthogonal polynomials.
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Remark 1. a) The orthogonality of polynomials p,; for r = 1,2, j > 0 with
0 =1 defined by (12)-(14) was proved in [9].

b) The family {p1;(T)} (resp. {p2,;(7)}) is orthogonal on [0, 00) with respect to a
nondecreasing distribution do(7) (resp. Tdo (7)) [10].

Orthogonal polynomials have been widely applied to practical problems,
including signal processing [11] and filter design [12], [13]. Additionally, the zeros
of certain families of orthogonal polynomials can be interpreted as the electrostatic
energy of a system with a finite number of charges (see [14]).

Example 1. Let do(7,0) = 7%~ ™dr. For j > 0 and parameters 0 > 0 and

fooo Tir®e=T0q4r Th
fooo Tae—T0dr - €

polynomials (12) and (13) constructed from these moments are referred to as
monic generalized-type Laguerre polynomials. For j = 2 and j = 3, we have:

a > —1, the corresponding moments are given by sj(c, 8) =

(a+1)(a+2) +2(a+2)7 9

pl,Z(_T, 0) = 02 9 g ’ (16)
—p13(—T7,0) = (o + 1)(040"; 2)(a+3) N 3(a + Qgga +3)r
+ ?)(Oé—;?))TQ + 3.

Note that (p1,j(7,1))j>0 represents the classical Laguerre polynomials. By applying
the Routh-Hurwitz criterion, one verifies that p12(—7,0) and —p13(—7,0) are
Hurwitz polynomials.

Controllability function 6(z)

The CF method, introduced by V.I. Korobov in 1979 [15], has been applied
to a variety of control problems [16], [17], [18], [19], [20], [32]. In [21], the method
is used to construct finite-time stabilizing positional controls for wave equations
and linear systems with a mixed cost functional. In [22| and [23], a family of
bounded positional controls is developed, with the CF 6(x) representing the exact
time of motion for both single-variable and multivariable controls. Additionally, in
[24], bounded finite-time stabilizing controls are derived for a family of nonlinear
control systems.

Let us now return to the Brunovsky system (4). For the solution of the
synthesis problem, the positional control [15], [21]

" ap kT
k=1

was proposed. The positional control (17) can be written as

up(x) = 9_1/2(x)aILD9($)x (18)
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where
a, = column (an’l, an,2, - - - ,an,n) (19)

and

Dy := diag (9—2]51)::1 . (20)

Let a, be such that the matrix A, +b,a, has eigenvalues with negative real part.
Thus, for W,, being a positive definite matrix, the Lyapunov equation

Fu(An + bpal) + (Ap + bpal)TF, = —W,, (21)

has a unique solution F,,, such that F,, is a positive definite matrix; [25, Theorem
3.20].

The proof of the following result is given in [15, Page 542].
Proposition 1. Let F,, be a solution to (21), and let

1
0<ag < ——. 22
0= 207 Frtay, (22)
Furthermore, let
) 25 —1\"
H, :=diag | — , (23)
2 =1
and B
F,.=F,-H,F, - F,H,. (24)
Thus, for a positive definite matriz fn, the following equation
2@09 = xTDanDgx (25)

has a unique positive solution 0 = 0(x).

Recall that the matrix F,, (24) appears when taking the derivative wi-
th respect to time on both the left- and right-hand sides of (25). Specifi-
cally, after taking the derivative of the left-hand side of (25) one obtains
the quadratic form %xTD(;f‘nD(;xé, while on the right-hand side one obtains
%xT (DGFn(An + bnaIL) + (An + bnaIL)TFn) Deﬂﬁ-

The special cases when det f‘n = 0 and when f‘n is an indefinite matrix were
studied in [26] and [27]. In both these works, it was assumed that F,, is positive
definite. Note that when det F,, = 0 or F,, is an indefinite matrix, Equation (25)
does not have a unique, simple positive solution 6(z). In contrast, when F, is a
positive definite matrix, Equation (25) has a unique positive solution [15].

The value 0(zo) is the root the function

U (0, 20) = 2a08 — ] DyF,Dyxyo. (26)

Note that 02"~ 1W (0, ) is a polynomial of degree 2n on the variable 0; see [27,
Equality (7.2)].
For the proof of the next result, see [15, Pages 545-547].
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Theorem 1. The positional control (17) transfers any initial point xo € R™ to
the origin along the trajectory of the system & = A,z + byuy(x) in time

0(zo)
B

and satisfies the restriction |uy(x)| < 1. Here —f3 is the largest eigenvalue of the
matriz pencil W, + \F,,.

T(z9) < (27)

Note that the control u,(z) and the estimation of the time T'(z() depend on
the selection of a,, and W,,.

2. Positional controls through orthogonal polynomials

Relation between orthogonal polynomials and Hurwitz polynomials An
explicit relation between Hurwitz polynomials and orthogonal polynomials was
considered in [9], [28], [33] and [34]. The mentioned relation indicates that every
Hurwitz polynomial p,(7) is represented by hy(72) + 7gn(72), where h,, and g,
are orthogonal polynomials on [0, +00) or their second kind polynomials.

Recall that the polynomials

nsr) = [ P00 g ), (28)
sr) = [P ) 29

for j > 0 are called second-kind polynomials associated with the polynomials p ;
and ps j, asin (13) and(14); [8, Remark E.4] and 8, Lemma E.11]. The distribution
do(t) appearing in (28) and (29) is the same as the distribution mentioned in part
(b) of Remark 1.

For the convenience of the reader, we reproduce Theorem 3.3.1 of [4] by
G. Szego on the locations of the zeros of orthogonal polynomials.

Theorem 2. The zeros of the orthogonal polynomials p, (), associated with the
distribution da(T) on the interval [a,b], are real and distinct and are located in
the interior of the interval [a, b].

Note that on page 1 of [4], it is stated that the notation [a,b] is also used to
denote the interval [0, c0).

In this paper, we highlight another relationship between orthogonal polynomi-
als and Hurwitz polynomials.

Lemma 1. Let (Sj(H))?ZO (resp. (sj(H))?ZBI) be a Stieltjes positive sequence. Let
the polynomials p, ;(1,0) for r = 1,2, with parameter 6 > 0 be as in (13) and
(14). Thus, the polynomials

(=1)p,.j(—7,0) (30)

for 1 < j <n are Hurwitz or stable polynomials.
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The proof of this lemma is based on Theorem 2, which ensures that the roots
of polynomials of the form (15), such as p,,(7,6) as defined in (13) and (14),
belong to the interval [0, +00) for a fixed 6. It remains to 'correct’ the coefficients
of py(7,0), which, according to the necessary condition for Hurwitz polynomials,
should be positive numbers. To this end, we change the independent variable 7
to —7 in (13), (14) and multiply this polynomial by (—1)".

Remark 2. a) From Theorem 2 and Lemma 1, it readily follows that, for fized
0 > 0, the roots of the polynomial (—1)"p, n(—T,0) belong to (—oo,0].

b) Since the roots of (—1)"pyn(—7,0) are distinct (see Theorem 2), the set of
polynomials {(—1)"pyn(—7,0)} is a subset of Hurwitz polynomials with real negati-
ve 1oots.

Remark 3. For fivzed 6 > 0, the polynomial fo(t,0) = > + % + 9% =
(t+ %) (t+ %) is a Hurwitz polynomial of the form (15). The roots of fo
are complex numbers. Thus, taking into account Theorem 2 and Lemma 1, we

conclude that Hurwitz polynomials with complexr roots are not included in the set
of polynomials defined by (50).

Bounded finite-time stabilizing controls We propose the bounded positional
control uy,(z) that stabilizes the system (4) based on the orthogonal polynomials
(13) — (14).

Remark 4. For fized 0, let a},(0) = 0124l Dy. Substituting the positional control
(17) in (4) for fized 0, we have the system

&= (A + byal(0))x. (31)
The characteristic polynomial py, of system (81) has the form

pn(1,0) = det(71, — A,, — bral(0))

Qnn — Gnp n—1 — Gn, 2 Gn,1
= (7" — el T~ T——=
on on—1 62 0
T
7_nfl

— (1 Gnn OGnn—1 Gn,2 Qn,1
- y 071707171"”7927 9

T
1
1
Gn,1 Qn,2 Gnn—1 Onn e
=7 < 0 g2 gn-1 o > T”_Q (32)
n—1

T

The following lemma enables us to determine the control coefficients with the
help of orthogonal polynomials.
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Lemma 2. Let (sj(é?))?zo (resp. (sj(e))iggl) be a Stieltjes positive definite
sequence. For r = 1,2, let Y, ,,, H, ,_1 and p,, be as in (7), (8), (9), (10),
(13) and (14), respectively. Define ay; by

an1 @ a _
(55 5) = COMLE g, )
where a, ; are negative numbers and
0 0 0 1
0 0 -1 0
Jn = o
0 (=1t 0 0
(=1 0 0 0

Then, the characteristic polynomial p,(T,0) of the matriz A, + bna},(0) is given
by ﬁn(7_7 9) - (_l)npr,n(_Ta 0)

Proof. Let r = 1. Using (13) and (11), we have:
(=1)"pra(=7,0) =(=1)" (=Y, H, 1, 1) En(~7)
1

SCOMEYLH ) |t

(-1
1
="+ (D)"Y HD I | | (34)
Tnfl
From (32) and (34), we obtain (33). The proof for r = 2 is similar. O

Now, we formulate one of the main results of the present work.

Theorem 3. Forr = 1,2, let p,,,(7,0) be a polynomial defined on [0,+00) with
respect to T with parameter § > 0 as in (13) and (14). Let an ; be defined as in
(33), and let F,, be a solution of (21). Furthermore, let 6(x) be the solution of
equation (25) with ag as in (22). Thus, the positional control of the form (17)
solves the synthesis problem for system (4).

Proof. Taking into account Lemma 2, the definition of p,; for r = 1,2 as in (13)
and (14) and Equality (33), we see that positional control as in (17) satisfies all
assumptions of Theorem 1. O

Due to the representation of the characteristic polynomial of A,, + byal,(8) for
fixed 6 as in (32) and the representation of the orthogonal polynomial as in (34),
in combination with Lemma 1, we see that a,, chosen via (33), guarantees that
the matrix A,, + byah(6) is Hurwitz.
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From Theorem 1, we know that every member of the family of orthogonal
polynomials, as defined in (13) and (14), generates a positional control that solves
the synthesis problem for the canonical system.

Remark 5. [21] To construct the graphic of the trajectory x(t), as well as the CF
0(x) and the bounded control u,(x) both on the trajectory x = x(t) one proceeds
to solve the following Cauchy problem:

:'Uk:xk,l, ]CZQ,...TL,
TDygW, Dy x
.I‘TDgf‘an x ’

z(0) = xo, 0(0) = 0o,

0 =

where xg is the given initial position and Oy is the solution of (25) for x = xg.

Example 2. Consider the polynomial (16). By using (33), (21) and (22), we
compute Fo, Fo and 2ag with Wo =1y, For a > —1, we have

a?+3a+3 ; 1
4(a+1)(a+2 2(a+1)(a+2
Fy = ( (ot )1( ) a3+(4;_2l(102+)11 ) ) (35)
2(a+1)(a+2) 4(a+1)(a+2)
a?4+3a+3 5 3
- 2(a+1)(a+2 2(a+1)(a+2
Fy= ( ot )3( i a3-"(-4;r23-(102+)11 ) ’ (36)
2(o+1)(a+2) (a+1)(a+2)

at + 602 + 1902 + 34 + 25
4(a+2)3 (5at 4 2903 + 7402 + 109 + 75)

2a0 =

For the value of 2ag (37), we have selected the equality in (22).
For a = —1/2, polynomial (16) has the form piao(—7,0) = 7% + %7’ + % and

T2 ~ T 9
Fy — ( s 3 >,F2 = < 9 i ), 2a¢ = 386/15417.
5 21 2%

The equation (25) has the form
386 Tx} | 4wgmy | 5573

15417 ' 180 | 362 ' 2463

—0. (38)

Let xo = (1,1) be the initial position. The unique positive solution of (38) for
xo = (1,1) is equal to 0y = 5.35449. The largest eigenvalue of matriz Iy + AF,
is equal to —0.10396. By employing (27), we obtain that the time of movement
from xo = (1,1) to origin salisfies the following inequality T'(zo) < 51.5053. The
corresponding positional control has the form

3561 3:E2

wle12) = g o) P
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where 0(x1,x2) is the unique positive solution of (38).
The following figure represents the phase portrait for the initial position xo =

(1,1).

X1
0.2 0.4 0.6 0.8 1.0

Pic. 1. Phase portrait for the initial position o = (1,1).
Puc. 1. @asosuti nopmpem 0aa nowamxosoi nosuyii xo = (1,1)

The graphic for the CF on the trajectory 0(x(t)) has the following form.

0(x(t))

10 20 30 40

Pic. 2. The graphic for the CF on the trajectory 0(x(t)).
Puc. 2. I'pagpix dasn CF na mpaexmopii 0(x(t)).

Finally, the graphic of the position control on the trajectory us(xz(t)) is the followi-
ng.
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uz (x())

I 20 30 40
—0.1°¢

—0.21
—0.3"-
—0.4F

—0.5]]

—-0.6

Pic. 3. The graphic of the position control on the trajectory ua(z(t)).
Puc. 8. I'padpix nosuuitinoeo kepysanmns na mpackmopii ug(x(t)).

2. The CF as motion time is unobtainable via orthogonal polynomials

In this section, for n = 2 and for n = 3, we demonstrate that it is not
possible to construct positional controls u(x,f(x)) as in (17) through orthogonal
polynomials py j (resp p2 ;) asin (13) (resp. (14)). To this end, in the next remarks,
we reproduce important results concerning the derivative of the CF with respect
to time # and the estimation of time of motion T'(zg).

Remark 6. In [29, Theorem 1] and [30, Theorem 1] while studying finite-
time stability or finite-time output feedback control, a slight modification of the
fundamental inequality

f(z) < —BO" = (z) (39)

and the time estimation

T(z0) < %91/a($0) (40)

were used. Here o and [ are positive numbers. Inequalities (39) and (40) appear
as part of [15, Theorem 1], which gives sufficient conditions for a bounded
multidimensional control u(z,0(x)) to stabilize at finite time the control system
& = f(x,u), where [ satisfies a Lipschitz condition in a subset of the space (x,u).

The following remark recalls the case when 0(zg) is exactly the time of motion
from z¢ to the origin. For the canonical system (4), this occurs if

W, =F,. (41)

Remark 7. a) If inequality (39) becomes an equality with o = 1 and 5 =1, we
have

0=—1. (42)

This case was studied in [31], [22], [25], [26], [27]. Integrating (42) with respect
to time t from O to t, we obtain

0(z(0)) — 6(z(t)) = t. (43)
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Let T'(zo) be motion time as in (40) and (3). Due condition 1) of [15, Theorem
1/, we have
0(2(T'(x0))) = 0. (44)

For t = T(xzg) in (42), taking into account (44), we have that
0(x(0)) = T (xo)- (45)
b) The importance of (45) is evident, namely,
0o = 0(x(0)) (46)

represents exactly the time of motion from the initial state xg to the origin.

Let n =2 in (4). From |26, Equality (1.10)], for a2 < —4, we know that

311 (2,279
=_ ’ 4
U2($) 9(1’1,1‘2) + 92($1,$2) ( 7>

is the positional control which solves the synthesis problem for the canonical
system when the controllability function is the motion time. The control (47) is
constructed for the case when Fo is a positive definite matrix, while f‘g can be a
positive definite matrix, or an indefinite matrix, or satisfy det Fy = 0.

Proposition 2. Forn = 2 and n = 3, the controllability function as motion time
is not obtainable via orthogonal polynomials on [0, 00).

Proof. Let n = 2. Inserting the control (47) in (4) and computing the characteristic
polynomial of matrix
~ _3 22
— 0 02
A, < r ) (48)

for fixed positive 6 with ag2 < —4, we obtain

po(—7,0) =7+ — — == (49)

1
The roots of polynomial (49) have the form 50 (—3 +24/azo + 9/4>. Thus, for

a2 < —4, we have that the roots of polynomial (49) are complex numbers. On
the other hand, the roots of polynomial p,2(—7,6) for § > 0 and r = 1,2 are real;
see [4]. Consequently, one cannot construct a controllability function as a motion
time with the help of the orthogonal polynomial p,o(—7,6) for r =1, 2.

For n = 3, the positional control for the case when the controllability function
0(z) is the time of motion when F3 is a positive definite matrix, has the form [27]

6x az3 —30)x as.3x
_71+(3,3 )2+3,33

) 302 R az 3 < —30. (50)

us(z) =
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Substituting control (50) in (4), the corresponding characteristic polynomial for
fixed positive 4 is the following
67’2 (CL373 — 30) T 43,33

Cpa(— — 32 _
p3(—T1,0) =1° + 7 302 ER (51)

Taking the derivative of —ps(—,6) with respect to 7, we have

127 a3 —30
—py(—7,0) =302 4 - — B

0 302 (52)

1
The roots of —ph(—7,0) are eV (—6 + \/az 3 + 6), for ag 3 < —30. Both of them

are complex numbers. Hence, for every fixed 6, the polynomial —ps(—7,6) has
no critical points. Thus, —ps(—7,0) is monotone nondecreasing function. Due to
Bolzano’s theorem, —p3(—, 8) has one real root. The remaining roots are complex
numbers. On the other hand, polynomials —p, 3(—7, #) have only negative roots
for fixed 0. Consequently, we have a similar result as for n = 2. O

Conclusion

We have proved that every orthogonal polynomial on [0, +00) described by
(13) and (14) is a Hurwitz polynomial after performing two simple algebraic
operations: a) replacing the independent variable 7 by —7 and b) multiplying
the polynomial by (—1)"™. This result follows from the properties of the roots of
orthogonal polynomials and the definition of a Hurwitz polynomial. Using these
orthogonal polynomials, we constructed bounded finite-time stabilizing controls.

We also demonstrated that no orthogonal polynomial can generate a positional
control such that the controllability function represents the system’s motion time.

An interesting open question remains: Is it possible to construct positional
controls for system (1) using a combination of orthogonal polynomials on [0, c0),
such that the controllability function represents the motion time or satisfies the
equality 6 = —C, where C is a positive constant? Further investigation of this
problem would be worthwhile.

Acknowledgments

This work was supported by the Universidad Michoacana de San Nicolds de
Hidalgo and SNII-CONAHCY'T grants, México.
The authors would like to thank the anonymous reviewers for their helpful
comments and feedback.
REFERENCES

1. E. D. Sontag. Mathematical control theory: Deterministic finite dimensional
systems, Springer New York, NY. — 1998. — ISBN: 978-0-387-98489-6

2. G. G. Rigatos. Nonlinear control and filtering using differential flatness
approaches: Applications to electromechanical systems, Springer Cham. — 2015.
— ISBN: 978-3-319-16419-9



Bicuuk XHY, Cep. «Maremaruka, IpuKJIaIHa MATEMATUKa i MexaHikay, Tom 100 (2024)75

3. T.S. Chihara. An introduction to orthogonal polynomials, Gordon and Breach,
Science Publishers, Inc. — 1978. — ISBN: 0677041500

4. G. Szegd. Orthogonal Polynomials, American Mathematical Society, Provi-
dence. — 1975. — ISBN: 0821810235

5. V. I. Korobov, V. O. Skoryk. Construction of restricted controls for a non-
equilibrium point in global sense, Vietnam Journal of Mathematics — 2015. —
Vol. 43, No 2. — P. 459-469. 10.1007/s10013-015-0132-4

6. A. E. Choque Rivero. On the solution set of the admissible bounded
control problem via orthogonal polynomials, IEEE Transactions on Automatic
Control. — 2017. — Vol. 62, No 10. — P. 5213-5219. 10.1109/TAC.2016.2633820

7. A. E. Choque-Rivero, B. d. J. G. Orozco. Bounded finite-time stabilizing
controls via orthogonal polynomials.2018 ITEEE International Autumn Meeti-

ng on Power, Electronics and Computing (ROPEC), Ixtapa, Mexico. — 2018.
—P. 1-4. 10.1109/ROPEC.2018.8661456

8. A. E. Choque Rivero. On Dyukarev’s resolvent matrix for a truncated Sti-
eltjes matrix moment problem under the view of orthogonal matrix polynomi-
als, Linear Algebra and its Applications — 2015. — Vol. 474. — P. 44-109.
10.1016/j.1aa.2015.01.027

9. A. E. Choque Rivero. On matrix Hurwitz type polynomials and their
interrelations to Stieltjes positive definite sequences and orthogonal matrix
polynomials, Linear Algebra and its Applications — 2015. — Vol. 476. — P. 56—
84.10.1016/j.1aa.2015.03.001

10. Yu. M. Dyukarev. Theory of Interpolation Problems in the Stieltjes Class and
Related Problems of Analysis. — 2006. — Habilitation thesis, Kharkiv National
University.

11. A. Sandryhaila, J. Kovacevic, M. Piischel. Algebraic signal processing theory:
1-D nearest neighbor models, IEEE Transactions on Signal Processing — 2012.
— Vol. 60, No 5. — P. 2247-2259. 10.1109/TSP.2012.2186133

12. N. Stojanovi¢, N. Stamenkovi¢, D. Zivaljevi¢. Monotonic, critical monotonic,
and nearly monotonic low-pass filters designed by using the parity relation for
Jacobi polynomials, International Journal of Circuit Theory and Applications
—2017. — Vol. 45, No 12. — P. 1978-1992. 10.1002/cta.2375

13. L. Lindstrom. Signal filtering using orthogonal polynomials and removal of
edge effects, May 22 US Patent 7, 221, 975 — 2007.

14. G. Valent, W. Van Assche. The impact of Stieltjes’ work on continued fracti-
ons and orthogonal polynomials: additional material, Journal of Computati-
onal and Applied Mathematics — 1995. — Vol. 65 No. 1-3. — P. 419-447.
10.1016,/0377-0427(95)00128-X


https://doi.org/10.1007/s10013-015-0132-4
https://ieeexplore.ieee.org/document/7762810
https://doi.org/doi: 10.1109/ROPEC.2018.8661456
https://doi.org/10.1016/j.laa.2015.01.027
https://doi.org/10.1016/j.laa.2015.03.001
DOI: 10.1109/TSP.2012.2186133
 https://doi.org/10.1002/cta.2375
https://doi.org/10.1016/0377-0427(95)00128-X

76 A. E. Choque-Rivero, T. Vukaginac

15. V. I. Korobov. A general approach to the solution of the bounded control
synthesis problem in a controllability problem, Matematicheskii Sbornik —
1979. — Vol. 151, No 4. — P. 582-606.

16. V. I. Korobov, Y. V. Korotyaeva. Feedback control design for systems with
x-discontinuous rigt—hand side, J. Optim. Theory Appl. — 2011. — Vol. 149 —
P. 494-512. 10.1007/s10957-011-9800-7

17. V. L. Korobov, T. V. Revina. On perturbation range in the feedback synthesis
problem for a chain of integrators system, IMA J. Math. Control. Inf. — 2021.
— Vol. 38 — P. 396-416. 10.1093 /imamci/dnaa035

18. V. I. Korobov, K. Stiepanova. The peculiarity of solving the synthesis problem
for linear systems to a non-equilibrium point, Mat. Fiz. Anal. Geom. — 2021.
—Vol. 17, No 3. — P. 326-340. 10.15407/mag17.03.326

19. A. E. Choque-Rivero, G. A. Gonzilez, E. Cruz Mullisaca. Korobov’s
controllability function method applied to finite-time stabilization of the
Réssler system via bounded controls, Visnyk of V. N. Karazin Kharkiv National
University. Ser. Mathematics, Applied Mathematics and Mechanics. — 2020. —
Vol. 91. — P. 4-20. 10.26565/2221-5646-2020-91-01

20. A. E. Choque Rivero, J. J. Rico-Melgoza, F. Ornelas-Tellez. Finite-time
stabilization of the prey-predator model, Memorias del Congreso Nacional
de Control Automdtico. — 2019. — P. 395-400. revistadigital.amca.mx/wp-
content/uploads/2022/06/0152.pdf

21. V. L. Korobov. Controllability function method, (in Russian), NITS, Inst.
Comp. Research, Moscow-Izhevsk: Izdanie RFFI. — 2007.

22. A. E. Choque Rivero, V. I. Korobov, V. A. Skoryk. Controllability function
as time of motion 1. Journal of Mathematical Physics, Analysis, Geometry. —
2004. — Vol. 11, No. 2. — P. 208-225. 10.48550/arXiv.1509.05127.

23. A. E. Choque Rivero, V. I. Korobov, V. A. Skoryk. Controllability function
as time of motion II. Journal of Mathematical Physics, Analysis, Geometry. —
2004. — Vol. 11, No. 3. - P. 341-354.

24. A. E. Choque Rivero. The controllability function method for the synthesis
problem of a nonlinear control system, International Review of Automatic
Control. — 2008. — Vol. 1, No 4. — P. 441-445.

25. W. M. Haddad, V. S. Chellaboina. Nonlinear Dynamical Systems and Control,
Princeton University Press. — 2008. — [ISBN: 9780691133294

26. A. E. Choque Rivero. Extended set of solutions of a bounded finite-time
stabilization problem via the controllability function, IMA J. Math. Control
Inf. — 2021. — Vol. 38, No 4. — P. 1174-1188. 10.1093/imamci/dnab028


https://doi.org/10.1007/s10957-011-9800-z
doi:10.1093/imamci/dnaa035
DOI:10.15407/mag17.03.326
http://dx.doi.org/10.26565/2221-5646-2020-91-01
https://revistadigital.amca.mx/wp-content/uploads/2022/06/0152.pdf
https://revistadigital.amca.mx/wp-content/uploads/2022/06/0152.pdf
 English translation in http://arxiv.org/abs/1509.05127
https://ieeexplore.ieee.org/document/9646590

Bicuuk XHY, Cep. «Maremaruka, IpuK/IaJHA MATEMATUKS i MexaHikay, Tom 100 (2024)77

27. A. E. Choque Rivero. Korobov’s Controllability Function as Motion Time:
Extension of the Solution Set of the Synthesis Problem, Journal of Mathemati-
cal Physics, Analysis, Geometry. — 2023. — Vol. 19, No 3. — P. 556-586.
10.15407/mag19.03.556

28. A. E. Choque Rivero. Hurwitz polynomials and orthogonal polynomi-
als generated by Routh-Markov parameters, Mediterranean Journal of
Mathematics. — 2018. — Vol. 15, No 40. — P. 1-15. 10.1007/s00009-018-1083-2

29. S. P. Bhat, D. S. Bernstein. Lyapunov analysis of finite-time differential
equations, IEEE, American Control Conference. — 1995. — 3. — P. 1831-1832.
10.1109/ACC.1995.531201

30. A. S. Poznyak, A. Ye. Polyakov, V. V. Strygin. Analysis of finite-time
convergence by the method of Lyapunov functions in systems with second-
order sliding modes, Journal of Applied Mathematics and Mechanics. — 2011.
— Vol. 75, No 3. — P. 289-303. 10.1016/j.jappmathmech.2011.07.006

31. V. L. Korobov, G. M. Sklyar. Methods for constructing of positional controls
and an admissible maximum principle, Differ. Uravn. — 1990. — Vol. 26, No.
11. - P. 1914-1924.

32. V. I. Korobov, T. V. Revina. On the feedback synthesis for an autonomous
linear system with perturbations. J. of Dynam. and Control Syst. — 2024.
10.1007/s10883-024-09690-4

33. A. E. Choque-Rivero. The matrix Toda equations for coefficients of a matrix
three-term recurrence relation, Operators and Matrices. — 2019. — Vol. 13,
No. 4. — P. 1125-1145. doi.org/10.7153 /0am-2019-13-75

34. A. E. Choque-Rivero, I. Area. Favard type theorem for Hurwitz polynomials,
Discrete & Continuous Dynamical Systems—B. — 2020. — Vol. 25, No. 2. —
P. 529-544. doi: 10.3934/dcdsb.2019252

Article history: Received: 5 October 2024; Final form: 18 December 2024
Accepted: 20 December 2024.

How to cite this article:

A. E. Choque-Rivero, T. Vukaginac, Korobov’s controllability function method
via orthogonal polynomials on [0, 00), Visnyk of V. N. Karazin Kharkiv National
University. Ser. Mathematics, Applied Mathematics and Mechanics, Vol. 100,
2024, p. 61-78. DOTI: 10.26565/2221-5646-2024-100-04


https://doi.org/10.15407/mag19.03.556
https://doi.org/10.1007/s00009-018-1083-2
https://ieeexplore.ieee.org/document/531201
https://doi.org/10.1016/j.jappmathmech.2011.07.006
https://link.springer.com/article/10.1007/s10883-024-09690-4
https://oam.ele-math.com/13-75/The-matrix-Toda-equations-for-coefficients-of-a-matrix-three-term-recurrence-relation
https://www.aimsciences.org/article/doi/10.3934/dcdsb.2019252

78 A. E. Choque-Rivero, T. Vukaginac

Meron dyukuii kepopanocri Kopobosa 3a 40110MOroio oproroHajibHUX
noJstinomiB Ha [0, 00)

A. E. Yoke-Pisepo!, T. Bykarmmunai?
L Inemumym gisuxu ma mamemamuru
Vuisepcumem Mivoaxana-de- Can-Hixonrac-de-1darveo
bydiean C-83, Henmparvrut xamnyc, 58060, Mopenis, Mivoaxan, Mexcura
2 Daxyavmem yueisvHozo 6ydieHUYMEE
Ynuisepcumem Mivoaxana-de- Can-Hixonac-de-10anveo

Bydisas A, [enmpasvruti xamnyc, 58060, Mopenis, Mivoarxan, Mexcuxa

JlaHO KepoBaHy CHCTEMY, OMUCAHY 3BUYAHUMU JTudepeHIialbHIMI PIBHAHHAMEI ab0
JuepeHIaTbHUMU PIBHAHHSAMY 13 YACTUHHUMU TOXITHUMH, Ta MOYATKOBUI CTaH. 3a/a-
43 3HAXO/PKEHHS MHOKHUHU OOMEKEHUX [MO3UIIAHIX KePYBaHb, K1 IEPEBOJATH [IO9ATKO-
Buil cTan y mesdkwii iHmmii crad (He 000B’A3KOBO TOYKY PIBHOBAru) 3a CKIHYEHHWI dYac,
Ha3MBAETHCS 3a/1a9€I0 CUHTE3Y.

VY naniit poboti po3rismaeTbed cimeiicTBo cucteM y dopmi BpyrOBChKOro posmip-
Hocti n. Jaa crabimizarii 3amanol cucremu y ¢popmi BpyHOBCHKOrO 3a CKiHUeHHMI dac
106yA0BaHO CiMelcTBO 0OMeKeHUX HO3ULIAHUX KepyBaHb Uy, (x). Mu BUKOpUCTOBYEMO
OPTOTOHAJIBHI MOJIHOMH, 10 acoriioBani 3 dbyHKIOHAIRHUM po3noiaoM o (T, §), Bu3Ha-
gennM s 7 € [0, +00) i mapamerpa 6 > 0. ITapamerp 6 inTepnperyerbest K QyHKISA
keposanocti KopoGosa, § = 0(x), aka ciyrye dynkuieo tuny Jlsnyrosa. Bukopucrosy-
1oun 6(z), Mu Gyayemo no3uniitne KepyBaHus: u, () = u,(x, 0(z)).

Ham anmaniz 6Gasyerbcs Ha dynmamentasnbhiii pobori: ”A general approach to
the solution of the bounded control synthesis problem in a controllability problem”,
Matematicheskii Sbornik, 151(4), 582-606 (1979) asropcrsa B. I. Kopo6osa, y sxiii
Oys10 3amporoHoBaHO MeTon (yHKINl kepoBanocti. Ileit merTom Oymo 3acTOCOBAHO it
po3B’s3amHa 3amad crabimizarii oOMeKeHNM KepyBaHHSM 3a CKIHYEeHHHH dac y PI3HUX
CIeHAPIsAX KEPYBAHHS, TAKUX sIK KEPYBAHHS XBUJIbOBUM DiBHSHHSIM, OITUMAJbHE KEpy-
BaHHY 31 3MiIIAHUMU KPUTEPIEM #AKOCTI Ta 1HIIL 3aCTOCYBAHHS.

Jlj151 OOy IOBY 3raJaHuX MO3UIIHHUX KEPYBAHb MU BUKOPUCTOBYEMO UJIEHHU CiMeicTBA
opToroHasnbHuUX Ha [0, 00) noninomis. JerasbHinty iHdbopmario mpo opToroHanbHi mMoJIi-
HOMM MOXKHA 3HadTn y Kau3i: “Orthogonal Polynomials”, American Mathematical Society,
Providence, (1975) asropcrsa G. Szegd. Mu rakoxk cumpaemocs na pobory: “On matrix
Hurwitz type polynomials and their interrelations to Stieltjes positive definite sequences
and orthogonal matrix polynomials”, Linear Algebra and its Applications, 476, 56-84
(2015) aBropcrea A. E. Choque Rivero.

Pesynbraru, npeacrasieni y it poboTi, po3MIUPIOIOTH 1 PO3BUBAIOTH HAIPAIIOBAH-
Hsl, BUKJIaJieHl y Koudepenniitaiit qonosiai: “Bounded finite-time stabilizing controls via
orthogonal polynomials”, 2018 IEEE International Autumn Meeting on Power, Electroni-
cs and Computing (ROPEC), Ixtapa, Mexico, 2018, asropcrea A. E. Choque Rivero, B.
d. J. G. Orozco.

Karwuosi caosa: obMerxxkeHe KepyBaHHS; OPTOTOHAJIBHI IMoJIiHOMu; crabiiizamnisa 3a
CKiHYeHHHIT Yac; PYHKIli KEPOBAHOCTI; KAHOHIYHA CHCTeMa.
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