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Time-optimal control on a subspace for the two and

three-dimensional system

This article is devoted to the problem of the time-optimal control onto a
subspace for the linear system 𝑥1 = 𝑢, 𝑥̇𝑖 = 𝑥𝑖−1, 𝑖 = 2, 𝑛 with |𝑢| ≤ 1 in the
case of 𝑛 = 2 and 𝑛 = 3. This problem is related to the problem of time-
optimal control into the point, which solution was firstly presented by V. I.
Korobov and G. M. Sklyar and is based on the moment min-problem. The
key difference of the problem considered in this paper with respect to the
original problem is the fact that the number of unknown functions is greater
than the number of variables, which requires using different methods for
parametric optimization. As in the problem of time-optimal control into the
point, we construct the optimal solution in the form of the piecewise functi-
on with 𝑢 = ±1 and 𝑛 − 1 switching points, which is optimal according to
the Pontryagin Maximum Principle. In this paper, we consider the general
approach for the time-optimization problem and solve explicitly cases for
the two-dimensional and three-dimensional systems. We give the solution
for the system with 𝑛 = 2 system onto a subspace 𝐺 : {(𝑥1, 𝑥2) : 𝑥2 = 𝑘𝑥1}
for all values of 𝑘 using the moment min-problem and the optimization
methods. We show that for some values of parameter 𝑘 the system may not
have switching points at all. For the three-dimensional system, we consider
the problem of time-optimal control onto a plane 𝑥3 = 𝑘1𝑥1 + 𝑘2𝑥2 and
obtain the number of switching points depending on the values of 𝑘1 and
𝑘2. We construct phase trajectories and present the equations for the opti-
mal time Θ for different cases. Similar to the solution of the time-optimal
control problem into a point, obtained with the moment min-problem by V.
I. Korobov and G. M. Sklyar, the time-optimal control may have 𝑛 − 1 or
fewer points of discontinuity.
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1. Introduction

Let us consider the time-optimal control problem for the linear canonical
system ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

𝑥̇1 = 𝑢,

𝑥̇2 = 𝑥1,

𝑥̇3 = 𝑥2,

...

𝑥̇𝑛 = 𝑥𝑛−1,

(1)

|𝑢| ≤ 1 𝑥(0) = 𝑥0, 𝑥(𝑇 ) ∈ 𝐺 = {𝑥 : 𝐻𝑥 = 0}, (2)

where 𝐻 ∈ R𝑘×𝑛 and 𝑘 < 𝑛. We search for the time-optimal control 𝑢(𝑡) in the
form of a piecewise function with 𝑢(𝑡) = ±1, and 𝑛 − 1 points of discontinuity,
which is optimal according to the Pontryagin Maximum Principle.

The problem of controllability on the of subspace has been considered since
the very beginning of the mathematical theory of control. In 1976 the article [8]
V. I. Korobov, A. V. Lutsenko, E. N. Podolskyi obtained the criterion and the
explicit form for control 𝑢(𝑥) = 𝑄𝑥 for the stabilization problem on the subspace
𝐺, and in 1977 [9] and 1981 [10] the controllability criteria were also obtained. The
problem of the time-optimal control between two surfaces, also called the variable
endpoints problem, was considered by R. V. Gamkrelidze in the paper [1] and by
L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishechenko in the
monograph [2]. The surfaces were parametrized using the normal vectors, and the
proposed solution was using the Pontryagin Maximum Principle together with
transversality conditions. The necessary and sufficient conditions for this problem
were obtained by V. G. Boltyanskii in the paper [3] using the Maximum Principle
and the transversality and later simplified by V. Jankovic in the paper [4].

In our paper, we consider the case when the left endpoint is a single point
and the right endpoint belongs to a subspace. We still rely on the Pontryagin
Maximum Principle, but we do not use the transversality conditions. Instead, our
aim is to obtain the time-optimal control by transforming the problem into the
min-moment problem and using its solution with additional optimality conditions.

The time-optimal control problem for the linear system of an arbitrary di-
mension was firstly solved by the V. I. Korobov and G. M. Sklyar in the paper
[6]. They showed that the time-optimal control problem can be transformed into
the Markov power moment problem∫︁ Θ

0
𝑡𝑘−1𝑢(𝑡)𝑑𝑡 = 𝑠𝑘, 𝑘 = 1, 𝑛, (3)
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on the shortest time interval [0,Θ], which they called the moment min-problem,
and obtained the complete analytical solution of this problem. Let us now describe
this method. Here we use the notation and the algorithm used in the paper [7].

Consider the system (1) with |𝑢| ≤ 1, the initial point 𝑥0 and the end point 𝑥𝑇 .
The aim is to construct the time-optimal control 𝑢(𝑡) and to find the minimum
time Θ. The system (1) is a linear system

𝑥̇ = 𝐴𝑥+ 𝑏𝑢, (4)

with

𝐴 =

⎛⎜⎜⎜⎜⎝
0 0 . . . 0 0
1 0 . . . 0 0
0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 1 0

⎞⎟⎟⎟⎟⎠ , 𝑏 =

⎛⎜⎜⎜⎜⎝
1
0
0
. . .
0

⎞⎟⎟⎟⎟⎠ . (5)

The trajectory 𝑥(𝑡) for the system (4) is given by the equation

𝑥(𝑡) = 𝑒𝐴𝑡

(︂
𝑥0 +

∫︁ 𝑡

0
𝑒−𝐴𝜏 𝑏𝑢(𝜏)𝑑𝜏

)︂
. (6)

hence for 𝑥𝑇 = 𝑥(Θ) we have that that∫︁ Θ

0
𝑒−𝐴𝑡𝑏𝑢(𝑡)𝑑𝑡 = 𝑒−𝐴Θ𝑥𝑇 − 𝑥0, (7)

where

𝑒−𝐴𝑡 =

⎛⎜⎜⎜⎜⎜⎝
1 0 . . . 0
−𝑡 1 . . . 0
𝑡2

2 −𝑡 . . . 0
. . . . . . . . . . . .

(−𝑡)𝑛−1

(𝑛−1)!
(−𝑡)𝑛−2

(𝑛−2)! . . . 1

⎞⎟⎟⎟⎟⎟⎠ . (8)

From the equation (7) we obtain the Markov power moment problem:∫︁ Θ

0
𝑡𝑘−1𝑢(𝑡)𝑑𝑡 = 𝑠𝑘, 𝑘 = 1, 𝑛, (9)

where

𝑠𝑘 = (−1)𝑘(𝑘 − 1)!

⎛⎝𝑥0,𝑘 +
𝑘∑︁

𝑗=1

(−1)𝑗Θ𝑗−1𝑥𝑇,𝑘−𝑗+1

(𝑗 − 1)!

⎞⎠ , 𝑘 = 1, 𝑛. (10)

The equation (9) is called the Markov power moment problem. The aim of the
moment min-problem of V. I. Korobov and G. M. Sklyar is to find the minimum
possible interval [0,Θ] and the respective solution 𝑢(𝑡) such that there exists a
solution to the problem (9).
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From the Pontryagin Maximum Principle [2] we know that the optimal control
𝑢(𝑡) is a piecewise function with 𝑢 = ±1 and no more than 𝑛 − 1 points
𝑇1, 𝑇2, . . . , 𝑇𝑛−1 of the discontinuity. The sign of 𝑢(𝑡) on the last time interval
is unknown and has to be determined, By integrating the equation (9) we have,⎧⎪⎪⎪⎨⎪⎪⎪⎩

(−1)𝑛𝑇1 + (−1)𝑛−1𝑇2 + (−1)𝑛−2𝑇3 + · · ·+ 𝑇𝑛−1 = 𝑐±1 (Θ, 𝑠),

(−1)𝑛𝑇 2
1 + (−1)𝑛−1𝑇 2

2 + (−1)𝑛−2𝑇 2
3 + · · ·+ 𝑇 2

𝑛−1 = 𝑐±2 (Θ, 𝑠),

· · ·
(−1)𝑛𝑇𝑛

1 + (−1)𝑛−1𝑇𝑛
2 + (−1)𝑛−2𝑇𝑛

3 + · · ·+ 𝑇𝑛
𝑛−1 = 𝑐±𝑛 (Θ, 𝑠),

(11)

where 𝑐±𝑘 = 1
2(Θ

𝑘 ∓ 𝑘𝑠𝑘) and the upper index of 𝑐𝑘 means the sign of 𝑢(𝑡) on the
last time interval. The main idea proposed by V. I. Korobov and G. M. Sklyar,
which allowed to solve this system, is the following:

We add the infinite amount of the equations to the system (11) and obtain
the system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(−1)𝑛𝑇1 + (−1)𝑛−1𝑇2 + (−1)𝑛−2𝑇3 + · · ·+ 𝑇𝑛−1 = 𝑐±1 (Θ, 𝑠),

(−1)𝑛𝑇 2
1 + (−1)𝑛−1𝑇 2

2 + (−1)𝑛−2𝑇 2
3 + · · ·+ 𝑇 2

𝑛−1 = 𝑐±2 (Θ, 𝑠),

· · ·
(−1)𝑛𝑇𝑛

1 + (−1)𝑛−1𝑇𝑛
2 + (−1)𝑛−2𝑇𝑛

3 + · · ·+ 𝑇𝑛
𝑛−1 = 𝑐±𝑛 (Θ, 𝑠),

(−1)𝑛+1𝑇𝑛+1
1 + (−1)𝑛𝑇𝑛+1

2 + (−1)𝑛−1𝑇𝑛+1
3 + · · ·+ 𝑇𝑛+1

𝑛−1 = 𝑐±𝑛+1(Θ, 𝑠),

· · ·
(12)

Now we divide the 𝑘− 𝑡ℎ equation by 𝑘𝑧𝑘, and sum the equations on the left
and on the right side of the system (12). We obtain the following equality:

ln𝑅(𝑧) = −
∞∑︁
𝑘=1

𝑐±𝑘 (Θ, 𝑠)

𝑘𝑧𝑘
, (13)

where, if 𝑛 = 2𝑚+ 1 then

𝑅(𝑧) =

𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗

𝑧

)︁
𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗−1

𝑧

)︁ =
𝑧𝑚 + 𝑎1𝑧

𝑚−1 + · · ·+ 𝑎𝑚
𝑧𝑚 + 𝑏1𝑧𝑚−1 + · · ·+ 𝑏𝑚

, (14)

.And if 𝑛 = 2𝑚 then

𝑅(𝑧) =

𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗−1

𝑧

)︁
𝑚∏︀
𝑗=1

(︁
1− 𝑇2𝑗

𝑧

)︁ =
𝑧𝑚 + 𝑎1𝑧

𝑚−1 + · · ·+ 𝑎𝑚
𝑧(𝑧𝑚−1 + 𝑏1𝑧𝑚−2 + · · ·+ 𝑏𝑚−1)

, (15)

For the equation (14) the roots of the numerator represent are even switching
points, and the roots of the denominator are the odd switching points. And for
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the equation (15) roots of the numerator represent the odd switching points, and
the roots of the denominator are the even switching points.

Now we write 𝑅(𝑧) as a series

𝑅(𝑧) = 1−
∞∑︁
𝑘=1

𝛾𝑘
𝑧𝑘

, (16)

and get the equation

ln

(︃
1−

∞∑︁
𝑘=1

𝛾𝑘
𝑧𝑘

)︃
= −

∞∑︁
𝑘=1

𝑐±𝑘 (Θ, 𝑠)

𝑘𝑧𝑘
. (17)

The equations for 𝛾𝑘 can be written explicitly. By differentiating (17) by 1
𝑧 and

comparing terms for same degrees of 1
𝑧 we get the equations:

𝛾±𝑘 (Θ, 𝑠) =
(−1)𝑘

𝑘!

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝑐±1 1 0 . . . 0
𝑐±2 𝑐±1 2 . . . 0
. . . . . . . . . . . . . . .
𝑐±𝑘−1 𝑐±𝑘−2 𝑐±𝑘−3 . . . 𝑘 − 1

𝑐±𝑘 𝑐±𝑘−1 𝑐±𝑘−2 . . . 𝑐±1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ . (18)

Now we have two sets of coefficients 𝛾+𝑖 and 𝛾−𝑖 , corresponding to the positive
and negative sign of the control of 𝑢(𝑡) on the last time interval. Then in the
paper [6] by V. I. Korobov and G. M. Sklyar it is shown that the optimal time
Θ = min(Θ+,Θ−), where Θ+ and Θ− are the maximum positive roots of the
equations: ⃒⃒⃒⃒

⃒⃒⃒⃒ 𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚+1 𝛾±𝑚+2 . . . 𝛾±2𝑚+1

⃒⃒⃒⃒
⃒⃒⃒⃒ = 0, (19)

if 𝑛 = 2𝑚+ 1 and ⃒⃒⃒⃒
⃒⃒⃒⃒ 𝛾±2 𝛾±3 . . . 𝛾±𝑚+1

𝛾±3 𝛾±4 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚+1 𝛾±𝑚+2 . . . 𝛾±2𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒ = 0, (20)

if 𝑛 = 2𝑚 respectively.
If 𝑛 = 2𝑚+ 1 then the odd and even switching points are found respectively

from the equations⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0;

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0, (21)
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where

𝛾±𝑘 (Θ, 𝑠) =
(−1)𝑘

𝑘!

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝑐±1 −1 0 . . . 0
𝑐±2 𝑐±1 −2 . . . 0
. . . . . . . . . . . . . . .
𝑐±𝑘−1 𝑐±𝑘−2 𝑐±𝑘−3 . . . −(𝑘 − 1)

𝑐±𝑘 𝑐±𝑘−1 𝑐±𝑘−2 . . . 𝑐±1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ , (22)

and if 𝑛 = 2𝑚 then from the equations⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±1 𝛾±2 . . . 𝛾±𝑚+1

𝛾±2 𝛾±3 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0;

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒
𝛾±2 𝛾±3 . . . 𝛾±𝑚+1

𝛾±3 𝛾±4 . . . 𝛾±𝑚+2

. . . . . . . . . . . .
𝛾±𝑚 𝛾±𝑚+1 . . . 𝛾±2𝑚
1 𝑇 . . . 𝑇𝑚−1

⃒⃒⃒⃒
⃒⃒⃒⃒
⃒⃒ = 0. (23)

2. Time-optimal control onto a subspace

Recall that we consider the problem (1)-(2). If the endpoint 𝑥𝑇 ∈ 𝐺 was
known, we would have the time-optimal control problem with fixed ends. Thus,
as in the fixed endpoints problem the time optimal control 𝑢(𝑡) is a piecewise
function with 𝑢(𝑡) = ±1maximum of 𝑛−1 points of discontinuity 𝑇1, 𝑇2, . . . , 𝑇𝑛−1.
Let us multiply from the left both sides of the equation (6) by matrix 𝐻. Since
𝑥𝑇 ∈ 𝐺 we obtain:

0 = 𝐻𝑒𝐴Θ

(︂
𝑥0 +

∫︁ Θ

0
𝑒−𝐴𝑡𝑏𝑢(𝑡)𝑑𝑡

)︂
, (24)

or⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︂
ℎ1𝑛 + ...+

ℎ11Θ
𝑛−1

(𝑛− 1)!

)︂(︂
𝑥0𝑛 +

∫︁ Θ

0
𝑢𝑑𝑡

)︂
+ ...+ ℎ11

(︂
𝑥01 +

∫︁ Θ

0

(−𝑡)𝑛−1

(𝑛− 1)!
𝑢𝑑𝑡

)︂
= 0,(︂

ℎ2𝑛 + ...+
ℎ21Θ

𝑛−1

(𝑛− 1)!

)︂(︂
𝑥0𝑛 +

∫︁ Θ

0
𝑢𝑑𝑡

)︂
+ ...+ ℎ21

(︂
𝑥01 +

∫︁ Θ

0

(−𝑡)𝑛−1

(𝑛− 1)!
𝑢𝑑𝑡

)︂
= 0,

· · ·(︂
ℎ𝑘𝑛 + ...+

ℎ𝑘1Θ
𝑛−1

(𝑛− 1)!

)︂(︂
𝑥0𝑛 +

∫︁ Θ

0
𝑢𝑑𝑡

)︂
+ ...+ ℎ𝑘1

(︂
𝑥01 +

∫︁ Θ

0

(−𝑡)𝑛−1

(𝑛− 1)!
𝑢𝑑𝑡

)︂
= 0.

This is a system of 𝑘 equations for 𝑛 unknown terms
∫︀ Θ
0 𝑡𝑘𝑢(𝑡)𝑑𝑡. Its solution

comes down to the solution of moment min-problem of V. I. Korobov and G.
M. Sklyar, but in this case the number of equations is less than the number of
variables.

Let us parametrize 𝑥𝑇 ∈ 𝐺 as

𝑥𝑇 = 𝐾 · 𝛼 =

⎛⎜⎜⎝
𝑘11𝛼1 + 𝑘12𝛼2 + ...+ 𝑘1𝑘𝛼𝑘

𝑘21𝛼1 + 𝑘22𝛼2 + ...+ 𝑘2𝑘𝛼𝑘

. . .
𝑘𝑛1𝛼1 + 𝑘𝑛2𝛼2 + ...+ 𝑘𝑛𝑘𝛼𝑘

⎞⎟⎟⎠ , (25)
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where 𝐾 ∈ R𝑛×𝑘 is a known matrix, and 𝛼 ∈ R𝑘 is a vector of parameters. If 𝐺 is
a hyperplane and is not a coordinate plane then equation (25) can be simplified
to

𝑥𝑇 =

⎛⎜⎜⎜⎜⎝
𝛼1

𝛼2

. . .
𝛼𝑛−1

𝑘1𝛼1 + 𝑘2𝛼2 + ...+ 𝑘𝑛−1𝛼𝑛−1

⎞⎟⎟⎟⎟⎠ , (26)

and we get the moment min-problem:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Θ∫︀
0

𝑡𝑘−1𝑢(𝑡)𝑑𝑡 = (−1)𝑘(𝑘 − 1)!

(︃
𝑥0,𝑘 +

𝑘∑︀
𝑗=1

(−1)𝑗Θ𝑗−1𝛼𝑘−𝑗+1

(𝑗−1)!

)︃
, 𝑘 = 1, 𝑛− 1,

Θ∫︀
0

𝑡𝑛−1𝑢(𝑡)𝑑𝑡 = (−1)𝑛(𝑛− 1)!

(︃
𝑥0,𝑛 +

𝑛−1∑︀
𝑗=1

(︁
−𝑘𝑗𝛼𝑗 +

(−1)𝑗Θ𝑗−1𝛼𝑛−𝑗+1

(𝑗−1)!

)︁)︃
,

(27)
Then, as in the original problem we have the system:⎧⎪⎪⎪⎨⎪⎪⎪⎩

(−1)𝑛𝑇1 + (−1)𝑛−1𝑇2 + (−1)𝑛−2𝑇3 + · · ·+ 𝑇𝑛−1 = 𝑐±1 (Θ, 𝛼1, 𝑠),

(−1)𝑛𝑇 2
1 + (−1)𝑛−1𝑇 2

2 + (−1)𝑛−2𝑇 2
3 + · · ·+ 𝑇 2

𝑛−1 = 𝑐±2 (Θ, 𝛼1, 𝛼2, 𝑠),

· · ·
(−1)𝑛𝑇𝑛

1 + (−1)𝑛−1𝑇𝑛
2 + (−1)𝑛−2𝑇𝑛

3 + · · ·+ 𝑇𝑛
𝑛−1 = 𝑐±𝑛 (Θ, 𝑠, 𝛼1, ..., 𝛼𝑛−1),

(28)
The idea of this paper is to obtain the equation

𝐹 (Θ, 𝛼1, 𝛼2, . . . , 𝛼𝑛−1) = 0. (29)

for the time Θ from the system (28) as a function of variables 𝛼1, 𝛼2, . . . , 𝛼𝑛−1.
This can be done using the solution of V. I. Korobov and G. M. Sklyar for
the moment min-problem. Because we have the time-optimization problem, the
necessary optimality conditions must hold:

𝜕𝐹

𝜕𝛼𝑘
= 0, 𝑘 = 1, 𝑛− 1. (30)

These conditions, together with the equation (29) obtain 𝑛 equations for
determining Θ. The solution for this system of equations may be not unique,
and we must consider all the solutions. Then for each solution we determine the
switching points 𝑇1, ...𝑇𝑛−1. If some of the switching points are negative this means
that the solution is not valid. It also should be noted that the optimal number
of switching points may be less than 𝑛 − 1 and these cases must be considered
separately.

Now we consider the cases of two-dimensional and three-dimensional systems
and show that for some subspaces the optimal control has less than 𝑛− 1 points
of discontinuity for any initial point 𝑥0.
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3. Two and three dimensional cases

Let us consider the 2-dimensional case{︃
𝑥̇1 = 𝑢,

𝑥̇2 = 𝑥1,
|𝑢| ≤ 1, 𝑥Θ =

(︂
𝛼
𝑘𝛼

)︂
, 𝑘 ∈ R, (31)

Let 𝑢 = −1 on the first interval. We consider the sign on the first interval, and
not on the last, as in the original problem, because we don’t know the number of
switching points in advance. The equation (11) has the form:{︃

2𝑇1 −Θ = 𝑥0,1 − 𝛼,

2𝑇 2
1 −Θ2 = −2(𝑥0,2 − 𝑘𝛼+ 𝛼Θ),

(32)

here

𝑐1 =
1

2
(𝑥0,1 − 𝛼+Θ) ; 𝑐2 =

1

2

(︀
−2𝑥0,2 + 2𝑘𝛼− 2𝛼Θ+Θ2

)︀
, (33)

and

𝛾1 =
1

2
(𝑥0,1 − 𝛼+Θ) ,

𝛾2 =
1

2

(︃
−
𝑥20,1
4

− 𝑥0,2 + 𝑘𝛼+
𝑥0,1𝛼

2
− 𝛼2

4
− 𝑥0,1Θ

2
− 𝛼Θ

2
+

Θ2

4

)︃
.

(34)

Then the equations for Θ, 𝑇1, and condition 𝜕𝐹
𝜕𝛼 = 0 have the form:⎧⎪⎪⎨⎪⎪⎩

−𝑥2
0,1

4 − 𝑥0,2 + 𝑘𝛼+
𝑥0,1𝛼

2 − 𝛼2

4 − 𝑥0,1Θ
2 − 𝛼Θ

2 + Θ2

4 = 0,

−𝑇1 +
𝑥0,1

2 − 𝛼
2 + Θ

2 = 0,

𝑘 +
𝑥0,1

2 − 𝛼
2 − Θ

2 = 0.

(35)

From last two equations we get that.

𝑇1 = Θ− 𝑘, 𝛼 = 2𝑘 + 𝑥0,1 −Θ. (36)

This means that if 𝑘 > 0, that is the line has a positive slope, the control has one
switching point 𝑇 = Θ−𝑘, and if 𝑘 ≤ 0 then there will no switching points, since
𝑇 > Θ is inadmissible, and we have to set 𝑇1 = Θ. The same holds for 𝑢 = 1 on
the first interval, and the optimal time Θ:

Θ = max (𝑘+ 𝑥0,1 +
√︁

−𝑘2 + 𝑥20,1 + 2𝑥0,2, 𝑘− 𝑥0,1 +
√︁

−𝑘2 + 𝑥20,1 − 2𝑥0,2) (37)

for one switching point, or

Θ = max (𝑘 + 𝑥0,1 +
√︁

𝑘2 + 𝑥20,1 + 2𝑥0,2, 𝑘 − 𝑥0,1 +
√︁
𝑘2 + 𝑥20,1 − 2𝑥0,2) (38)

for no switching points. The phase trajectories for lines 𝑥1 = 𝑥2 and 𝑥1 = −𝑥2
are shown on the pictures 1 and 2 respectively.
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Pic. 1. Trajectories for 𝐺 : 𝑥1 = 𝑥2
Рис. 1. Траєкторiї для 𝐺 : 𝑥1 = 𝑥2

Pic. 2. Trajectories for 𝐺 : 𝑥1 = −𝑥2
Рис. 2. Траєкторiї для 𝐺 : 𝑥1 = −𝑥2

If 𝑘 = ±∞ then 𝐺 = {𝑥 : 𝑥1 = 0} and the problem is equivalent to 𝑥̇1 = 𝑢.
It has the solution 𝑢 ≡ 1 if 𝑥0,1 < 0 and 𝑢 ≡ −1 if 𝑥0,1 > 0, without switching
points.

Let us now consider the case with 𝑛 = 3:⎧⎪⎨⎪⎩
𝑥̇1 = 𝑢,

𝑥̇2 = 𝑥1,

𝑥̇3 = 𝑥2,

|𝑢| ≤ 1, 𝑥Θ =

⎛⎝ 𝛼1

𝛼2

𝑘1𝛼1 + 𝑘2𝛼2

⎞⎠ , 𝑘1, 𝑘2 ∈ R. (39)

We want to determine how many switching points does the optimal trajectory
𝑢(𝑡) have depending on the values of 𝑘1 and 𝑘2 and obtain the equations for Θ.
Let 𝑢 = −1 on the first interval. Then the equation 11 has the form:⎧⎪⎪⎨⎪⎪⎩

2𝑇1 − 2𝑇2 +Θ = 𝑥0,1 − 𝛼1,

2𝑇 2
1 − 2𝑇 2

2 +Θ2 = −2(𝑥0,2 − 𝛼2 + 𝛼1Θ),

2𝑇 3
1 − 2𝑇 3

2 +Θ3 = 6
(︁
𝑥0,3 − 𝑘1𝛼1 − 𝑘2𝛼2 + 𝛼2Θ− 𝛼1Θ2

2

)︁
.

(40)

From the first two equations we obtain

𝑇1 =
𝑥20,1 − 4𝑥0,2 − 2𝑥0,1𝛼1 + 𝛼2

1 + 4𝛼2 − 2𝑥0,1Θ− 2𝛼1Θ−Θ2

4(𝑥0,1 − 𝛼1 −Θ)
,

𝑇2 =
−𝑥20,1 − 4𝑥0,2 + 2𝑥0,1𝛼1 − 𝛼2

1 + 4𝛼2 + 2𝑥0,1Θ− 6𝛼1Θ− 3Θ2

4(𝑥0,1 − 𝛼1 −Θ)
,

(41)

and by substituting in the third equation we get

𝐹 = 𝑥0,3 − 𝑘1𝛼1 − 𝑘2𝛼2 + 𝛼2Θ− 𝛼1Θ
2

2
−

(︃
32(𝑥0,1 − 𝛼1 −Θ)3Θ3+

+
(︀
𝑥20,1 − 4𝑥0,2 + 𝛼2

1 + 4𝛼2 − 2𝛼1Θ−Θ2 − 2𝑥0,1(𝛼1 +Θ)
)︀3

+

+

(︀
𝑥20,1 − 4𝑥0,2 + 𝛼2

1 + 4𝛼2 − 2𝛼1Θ−Θ2 − 2𝑥0,1(𝛼1 +Θ)
)︀3

192(𝑥0,1 − 𝛼1 −Θ)3

)︃
= 0.

(42)
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After solving 𝜕𝐹
𝜕𝛼1

= 0, 𝜕𝐹
𝜕𝛼2

= 0 for 𝛼1, 𝛼2 and substituting them into equation
(41) we get

𝑇1 = −𝑘2 −
√︁

2𝑘1 + 𝑘22 +Θ, 𝑇2 = −𝑘2 +
√︁
2𝑘1 + 𝑘22 +Θ. (43)

To show that the this is a minimum point we calculate the second derivatives
and check the sufficient condition:

𝜕2𝐹

𝜕𝛼2
1

𝜕2𝐹

𝜕𝛼2
2

− 𝜕2𝐹

𝜕𝛼1𝛼2
=

1

16
> 0 =⇒ local minimum . (44)

This means that for the plane 𝑥3 = 𝑘1𝑥1 + 𝑘2𝑥2 if both −𝑘2 −
√︀

2𝑘1 + 𝑘22 < 0
and −𝑘2 +

√︀
2𝑘1 + 𝑘22 < 0, that is 𝑘1 < 0 and 𝑘2 >

√
−2𝑘1 trajectory can have

2 switching points, if −𝑘2 −
√︀

2𝑘1 + 𝑘22 <0 and −𝑘2 +
√︀

2𝑘1 + 𝑘22 > 0, that is
𝑘1 > 0 trajectory can have 1 switching point, and in other cases trajectory has no
switching points. Same results hold for 𝑢 = 1 on the first interval.

The picture 3 shows the phase trajectories for the plane 𝑥3 = −4𝑥1 + 3𝑥2.
Here 𝑇1 = Θ− 4, 𝑇2 = Θ− 2. The equations for Θ are

8∓24𝑥0,1±18𝑥0,2∓6𝑥0,3+(24±8𝑥0,1∓6𝑥0,2)Θ+(−9−3𝑥0,1)Θ
2+Θ3 = 0, (45)

for 2 switching points, where the upper sign is for the trajectory with 𝑢 = −1 on
the first interval,

−40∓24𝑥0,1±18𝑥0,2∓6𝑥0,3+(24±8𝑥0,1∓6𝑥0,2)Θ+(−9−3𝑥0,1)Θ
2+Θ3 = 0, (46)

for 1 switching point, and

∓24𝑥0,1± 18𝑥0,2∓ 6𝑥0,3+(24± 8𝑥0,1∓ 6𝑥0,2)Θ+(−9− 3𝑥0,1)Θ
2+Θ3 = 0, (47)

for no switching points.

Pic. 3. Phase trajectories for 𝐺 : 𝑥3 = −4𝑥1 + 3𝑥2
Рис. 3. Фазовi траєкторiї для 𝐺 : 𝑥3 = −4𝑥1 + 3𝑥2
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The picture 4 shows the second case, 𝑥3 = 4𝑥1 + 𝑥2, when the trajectory can
have maximum 1 switching point. We have 𝑇1 = Θ− 4 and the equations for Θ:

160±24𝑥0,1±6𝑥0,2∓6𝑥0,3+(−24±8𝑥0,1∓6𝑥0,2)Θ+(−3−3𝑥0,1)Θ
2+Θ3 = 0, (48)

for 1 switching point, and

±24𝑥0,1±6𝑥0,2∓6𝑥0,3+(−24±8𝑥0,1∓6𝑥0,2)Θ+(−3−3𝑥0,1)Θ
2+Θ3 = 0, (49)

for no switching points.

Pic. 4. Phase trajectories for 𝐺 : 𝑥3 = 4𝑥1 + 𝑥2
Рис. 4. Фазовi траєкторiї для 𝐺 : 𝑥3 = 4𝑥1 + 𝑥2

And for the plane 𝑥3 = −4𝑥1 − 3𝑥2, (Figure 5) we have no switching points
and

∓24𝑥0,1 ∓ 18𝑥0,2 ∓ 6𝑥0,3 +(24∓ 18𝑥0,1 ∓ 6𝑥0,2)Θ+ (9− 3𝑥0,1)Θ
2 +Θ3 = 0. (50)

The equations for the switching surfaces can be found by considering the cases
when equations for different number of switching points give the same time Θ.

Pic. 5. Phase trajectories for 𝐺 : 𝑥3 = −4𝑥1 − 3𝑥2
Рис. 5. Фазовi траєкторiї для 𝐺 : 𝑥3 = −4𝑥1 − 3𝑥2
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Оптимальне за часом керування на пiдпростiр

для двовимiрної та тривимiрної системи

В. I. Коробов, О. С. Возняк
Харкiвський нацiональний унiверситет iменi В. Н. Каразiна

майдан Свободи 4, м. Харкiв, 61022, Україна
Дана стаття присвячена задачi швидкодiї на пiдпростiр для лiнiйної керованої

системи 𝑥1 = 𝑢, 𝑥̇𝑖 = 𝑥𝑖−1, 𝑖 = 2, 𝑛 з |𝑢| ≤ 1 для випадку 𝑛 = 2 та 𝑛 = 3. Вона
пов’язана iз задачею оптимального за часом керування в точку, розв’язання якої
було вперше представлено В. I. Коробовим та Г. М. Скляром i яке ґрунтується
на min-проблемi моментiв. Ключовою вiдмiннiстю задачi, що розглядається в данiй
роботi, вiд вихiдної задачi є те, що кiлькiсть невiдомих функцiй перевищує кiлькiсть
змiнних, що вимагає використання iнших методiв параметричної оптимiзацiї.

Як i в задачi оптимального за часом керування в точку, ми шукаємо оптималь-
ний розв’язок у виглядi кусково-сталої функцiї 𝑢 = ±1 з 𝑛−1 точками перемикання,
який є оптимальним згiдно з Принципом Максимуму Понтрягiна. У цiй статтi ми
розглядаємо загальний пiдхiд для розв’язання задачi оптимального за часом керу-
вання в точку, та розв’язуємо задачу у явному виглядi для двовимiрної та триви-
мiрної системи. У нашiй роботi наведено розв’язок задачi оптимального керування
для двовимiрної системи на пiдпростiр 𝐺 : {(𝑥1, 𝑥2) : 𝑥2 = 𝑘𝑥1} для всiх значень
𝑘 з використанням min-проблеми моментiв та методiв оптимiзацiї функцiй. В ро-
ботi показано, що для деяких значень параметра 𝑘 система може взагалi не мати
точок перемикання. Для тривимiрної системи ми розв’язуємо задачу оптимального
керування на площину 𝑥3 = 𝑘1𝑥1 + 𝑘2𝑥2 i отримуємо кiлькiсть точок перемикання
залежно вiд значень 𝑘1 i 𝑘2 а також будуємо траєкторiї та отримуємо рiвняння для
оптимального часу Θ для рiзних випадкiв. Подiбно до розв’язку задачi оптимально-
го за часом керування в точку, отриманого за допомогою min-проблеми моментiв В.
I. Коробовим та Г. М. Скляром, оптимальне керування може мати 𝑛− 1 або менше
точок перемикання.
Ключовi слова: керованiсть; min-проблема моментiв; оптимальне за часом

керування; задача з рухомими кiнцями
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