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Time-optimal control on a subspace for the two and

three-dimensional system

This article is devoted to the problem of the time-optimal control onto a
subspace for the linear system 1 = u,%; = z;_1,7 = 2,n with |u| < 1 in the
case of n = 2 and n = 3. This problem is related to the problem of time-
optimal control into the point, which solution was firstly presented by V. L.
Korobov and G. M. Sklyar and is based on the moment min-problem. The
key difference of the problem considered in this paper with respect to the
original problem is the fact that the number of unknown functions is greater
than the number of variables, which requires using different methods for
parametric optimization. As in the problem of time-optimal control into the
point, we construct the optimal solution in the form of the piecewise functi-
on with w = £1 and n — 1 switching points, which is optimal according to
the Pontryagin Maximum Principle. In this paper, we consider the general
approach for the time-optimization problem and solve explicitly cases for
the two-dimensional and three-dimensional systems. We give the solution
for the system with n = 2 system onto a subspace G : {(z1,22) : €2 = kx1}
for all values of £ using the moment min-problem and the optimization
methods. We show that for some values of parameter k the system may not
have switching points at all. For the three-dimensional system, we consider
the problem of time-optimal control onto a plane x3 = kix1 + keoxo and
obtain the number of switching points depending on the values of k; and
k2. We construct phase trajectories and present the equations for the opti-
mal time © for different cases. Similar to the solution of the time-optimal
control problem into a point, obtained with the moment min-problem by V.
I. Korobov and G. M. Sklyar, the time-optimal control may have n — 1 or
fewer points of discontinuity.
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1. Introduction

Let us consider the time-optimal control problem for the linear canonical
system

T1 = U,
jj? = T,
i‘g = I, (1)
Ty = Tp—1,
lul <1 2(0) =x0, (T) € G={z: Hx =0}, (2)

where H € RF*™ and k < n. We search for the time-optimal control u(t) in the
form of a piecewise function with u(t) = £1, and n — 1 points of discontinuity,
which is optimal according to the Pontryagin Maximum Principle.

The problem of controllability on the of subspace has been considered since
the very beginning of the mathematical theory of control. In 1976 the article [8]
V. I. Korobov, A. V. Lutsenko, E. N. Podolskyi obtained the criterion and the
explicit form for control u(x) = Qx for the stabilization problem on the subspace
G, and in 1977 [9] and 1981 [10] the controllability criteria were also obtained. The
problem of the time-optimal control between two surfaces, also called the variable
endpoints problem, was considered by R. V. Gamkrelidze in the paper [1] and by
L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze, E. F. Mishechenko in the
monograph [2]. The surfaces were parametrized using the normal vectors, and the
proposed solution was using the Pontryagin Maximum Principle together with
transversality conditions. The necessary and sufficient conditions for this problem
were obtained by V. G. Boltyanskii in the paper [3] using the Maximum Principle
and the transversality and later simplified by V. Jankovic in the paper [4].

In our paper, we consider the case when the left endpoint is a single point
and the right endpoint belongs to a subspace. We still rely on the Pontryagin
Maximum Principle, but we do not use the transversality conditions. Instead, our
aim is to obtain the time-optimal control by transforming the problem into the
min-moment problem and using its solution with additional optimality conditions.

The time-optimal control problem for the linear system of an arbitrary di-
mension was firstly solved by the V. I. Korobov and G. M. Sklyar in the paper
[6]. They showed that the time-optimal control problem can be transformed into
the Markov power moment problem

S
/ t*Lu(t)dt = sp,, k=1,n, (3)
0
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on the shortest time interval [0, ©], which they called the moment min-problem,
and obtained the complete analytical solution of this problem. Let us now describe
this method. Here we use the notation and the algorithm used in the paper |7].

Consider the system (1) with |u| < 1, the initial point z and the end point z7.
The aim is to construct the time-optimal control u(¢) and to find the minimum
time O. The system (1) is a linear system

& = Az + bu, (4)
with
0 0 0 1
1 0 0 0 0
A= 0 1 0 o, b=1]0 (5)
0 0 e 1 0 0

The trajectory x(t) for the system (4) is given by the equation

z(t) = e (m + /0 t e—ATbu(T)dT> . (6)

hence for x7 = x(©) we have that that

©
/ e Mou(t)dt = e Cxp — x0, (7)
0
where

1 0 0

—t 1 0
A= ~t 0 (8)

_'t)n',_l (_‘tir;,—Q o

(n—1)! (n—2)! 1

From the equation (7) we obtain the Markov power moment problem:

©
/ tFLu(t)dt = sp, k=1,n, (9)
0

where

—1)707 ' wr i
(j—1!

k
si= (k=) [ @op+ > ( Jk=T,n.  (10)
j=1

The equation (9) is called the Markov power moment problem. The aim of the
moment min-problem of V. I. Korobov and G. M. Sklyar is to find the minimum
possible interval [0, 0] and the respective solution u(t) such that there exists a
solution to the problem (9).
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From the Pontryagin Maximum Principle [2] we know that the optimal control
u(t) is a piecewise function with v = =+1 and no more than n — 1 points
Ty,T5,...,Ty—1 of the discontinuity. The sign of w(t) on the last time interval
is unknown and has to be determined, By integrating the equation (9) we have,

(=) + (=) T+ (—D)" 2Ty + - + Ty = Cli(@, s),
(D" + ()" M+ ()" -+ T2 =65 (O, 5), )
(—D)"T + (—1)" M+ ()" 2T 4+ Ty = (O, 5),

where cf = 1(©" F ksy,) and the upper index of ¢, means the sign of u(t) on the

last time interval. The main idea proposed by V. I. Korobov and G. M. Sklyar,
which allowed to solve this system, is the following:

We add the infinite amount of the equations to the system (11) and obtain
the system:

()" + ()" 'y + ()" T3 4 -+ Ty = 65(0, 5),
(—1)"TE 4+ ()" MTF + ()" TF + -+ T2 = c£ (0, ),

(1" + (1) T+ ()T 4 T = 6 (O, 8),
(D" ()M ()T e T = (6 s),

(12)
Now we divide the k — th equation by kz*, and sum the equations on the left
and on the right side of the system (12). We obtain the following equality:

InR(z) = —iw, (13)

kzk
k=1
where, if n = 2m 4+ 1 then
1)
? 2 a2 e ay,

Il
R(z) = 2= = - (14)
H (1_TQQ,1> M+ 1< + -+ m

And if n = 2m then

(1 ne)
R(z) = 2= L 2™t a2™ T+ ta, (15)
ﬁ <1_ @) 2(zm L+ b1zm 2 4 b))

j=1

z

For the equation (14) the roots of the numerator represent are even switching
points, and the roots of the denominator are the odd switching points. And for
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the equation (15) roots of the numerator represent the odd switching points, and
the roots of the denominator are the even switching points.
Now we write R(z) as a series

o Yk
R(z)=1-) P (16)
k=1
and get the equation
0o oo 4
T\ Ck (Ga S)
k=1 k=1

The equations for 75 can be written explicitly. By differentiating (17) by % and
comparing terms for same degrees of % we get the equations:

et 1 0 0
. (—1)k cét c{c 2 0
% (©,5) = |y = = (18)
’ ck£1 C]i_Q C’i_3 k ;1
L Chq Cho q

Now we have two sets of coeflicients vj and v, , corresponding to the positive
and negative sign of the control of u(¢) on the last time interval. Then in the
paper [6] by V. I. Korobov and G. M. Sklyar it is shown that the optimal time
© = min(©",07), where ©F and ©~ are the maximum positive roots of the
equations:

+ + +
ﬁt 'YQi e 'Yr£+1
2 3 Tt Tm+2 =0, (19)
= = . o
Tm+1 VYm+2 <. Yam+1
ifn=2m+1 and
+ + +
Y2 3 e Tm+1
+ + +
73 Ya Tm+2| — (20)
= = . v

if n = 2m respectively.
If n = 2m + 1 then the odd and even switching points are found respectively
from the equations

+ + + o t <t
S A IR 1 S S
2 73 e V42 Y2 73 e TYm+2
=0; |... .. |=0, (21)
+ + + ~+ ~+ ~+
Tm Tm41 s Yom Tm TYm+1 S Yom

1 T rm 1 T A
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where
et ~1 0 0
s (—1)k czi cf -2 0
Y% (0,s) = Mol = = , (22)
c,~C£1 Cﬁ:_2 cﬁc_3 . _(ki_ 1)
C Ch1q Cho . q
and if n = 2m then from the equations
~+ + + +
’Y1 :y%t . 'Ym+1 %i 73i . ’@H
’Yz 73 e ’Ym+2 73 V4 e TYm+2
=0; |... .. |=0. (23)
~+ ~+ ~:t + +
Tm erJrl te Yom Tm rmerl Tt Yom
1 T . m 1 T . Tm-1

2. Time-optimal control onto a subspace

Recall that we consider the problem (1)-(2). If the endpoint zp € G was
known, we would have the time-optimal control problem with fixed ends. Thus,
as in the fixed endpoints problem the time optimal control wu(t) is a piecewise
function with u(t) = £1 maximum of n—1 points of discontinuity T1, 15, . .., Tp—1.
Let us multiply from the left both sides of the equation (6) by matrix H. Since
xr € G we obtain:

(C]
0 = He’® <x0 +/ eAtbu(t)dt> , (24)
0

h @nfl © S) t
(hln + ...+ 11'> <l’0n + / udt> + ..+ h11 <:L‘01 + / ( udt>
(n—1)! 0 o (n—
h @nfl © o t
<h2n+...+(;11)'> (l‘on—l—/ udt> + ...+ ho1 < 1—|—/ E udt> 0,
- : 0 0

h @nfl © © —t n—1
<hkzn + ...+ kl'> <5E0n + / udt) + oo + hp (l‘m + / ()'udt> =0
(n — 1) 0 0 (n — 1)

This is a system of k£ equations for n unknown terms f0@ tFu(t)dt. Its solution
comes down to the solution of moment min-problem of V. I. Korobov and G.
M. Sklyar, but in this case the number of equations is less than the number of
variables.

Let us parametrize xp € G as

or

3

kiiaq + kigas + ... + kipoy

op = K o= ko1aq + kooao + ... + kagay, 7 (25)

knioq + kpoao + ...+ Eprag,
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where K € R™* is a known matrix, and o € R¥ is a vector of parameters. If G is
a hyperplane and is not a coordinate plane then equation (25) can be simplified
to
a1
a3
T = ‘e s (26)
Ap—1
kioq + koo + ... + kp_1ap—1

and we get the moment min-problem:

S} k i j—
[ u(t)dt = (<1 (k= 1! (xo,k > ”?H) k=Tn-T1,
0 Jj=

© n-1 C1Y@i~la,
g‘t"‘lu(t)dt =(=1)"(n—1)! <x0,n * El (‘kj%’ + W)) ’

(27)
Then, as in the original problem we have the system:

(D)™ + (=1)" 'y + (=) T3+ -+ Ty1 = ¢ (0, a1, 5),
(_1)nT12 + (_1)n_1T22 + <_1)n_2T32 +ot Tr%—l = C;:(Gv an, 02, S)v
(=) + (=) T + (—1)"‘2T§L +- 41T = c,il(@, Sy, ey A1),

(28)

The idea of this paper is to obtain the equation
F(@,al,ag,...,an,l) =0. (29)
for the time © from the system (28) as a function of variables oy, 9, ..., an_1.

This can be done using the solution of V. I. Korobov and G. M. Sklyar for
the moment min-problem. Because we have the time-optimization problem, the
necessary optimality conditions must hold:

oF
aak

=0, k=T,n—1 (30)

These conditions, together with the equation (29) obtain n equations for
determining ©. The solution for this system of equations may be not unique,
and we must consider all the solutions. Then for each solution we determine the
switching points 77, ...T;,—1. If some of the switching points are negative this means
that the solution is not valid. It also should be noted that the optimal number
of switching points may be less than n — 1 and these cases must be considered
separately.

Now we consider the cases of two-dimensional and three-dimensional systems
and show that for some subspaces the optimal control has less than n — 1 points
of discontinuity for any initial point xq.
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3. Two and three dimensional cases
Let us consider the 2-dimensional case
T = u,
! lu| < 1, x@—<a>,keR, (31)
To = T7, k’Oé

Let uw = —1 on the first interval. We consider the sign on the first interval, and
not on the last, as in the original problem, because we don’t know the number of
switching points in advance. The equation (11) has the form:

2T1—@:x071—oz, (32)
2T% — ©% = —2(x02 — ka + aB),
here ) ]
=g (o1 —a+0); co = 5 (—2x072 + 2ka — 200 + @2) , (33)
and
1
"M = 5(160,1 —a+0),
_l(lma g Taa of 7010 a®  ©F 34
T\ Ty T o 4 2 2 4
Then the equations for ©, 17, and condition g—F = 0 have the form
T g kot Ty om0 a0 82
—T1+x0721—%+%:0, (35>
X, e _
k+ 50 -5-5=0
From last two equations we get that.
T'=0—-ka=2k+xz; —O. (36)

This means that if £ > 0, that is the line has a positive slope, the control has one
switching point T'= © — k, and if k¥ < 0 then there will no switching points, since
T > O is inadmissible, and we have to set 77 = ©. The same holds for v = 1 on
the first interval, and the optimal time O:

O = max (k+ 01 + \/—k:2 + gy + 202, k— 201 + \/—k2 + a1 — 2x02) (37)

for one switching point, or

© = max (l{? + o1 + \/kﬁQ + CL‘%J + 202, k— ZTo,1 + \/k‘2 + .’Eal — 21‘0,2) (38)

for no switching points. The phase trajectories for lines 1 = 9 and 1 = —x»
are shown on the pictures 1 and 2 respectively.
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Pic. 1. Trajectories for G : x1 = 9 Pic. 2. Trajectories for G : 1 = —x9
Puc. 1. Tpaekropil ansa G : x1 = xo Puc. 2. Tpaexropii gna G : z1 = —x2

i
\

If kK = 200 then G = {x : 1 = 0} and the problem is equivalent to &; = wu.
It has the solution v = 1 if 291 < 0 and u = —1 if 2o > 0, without switching
points.

Let us now consider the case with n = 3:

j:l = u, aq
To = X1, ]u| <1, zo= Qa9 , k1, ke € R. (39)
iy = 2o, kiaq + koao

We want to determine how many switching points does the optimal trajectory
u(t) have depending on the values of k1 and k2 and obtain the equations for ©.
Let w = —1 on the first interval. Then the equation 11 has the form:

2T — 215+ O = 20,1 — o,
217 — 2T3 + 0% = —2(zp2 — a2 + a10), (40)
QTE — 2T23 =+ @3 =6 (ZL‘073 — k‘lc)q — k20£2 + 042@ — ho@?) .

From the first two equations we obtain

1‘(2)’1 — 4:170,2 — 21‘071041 + Oé% + 4oy — 213071@ — 20010 — 62

T = ,
! 4(33071 — 1 — @) (41>
T —37(2)71 — 4%072 + 21‘0’10(1 — a% + 4oy + 2.%'0’1@ — 6010 — 302
2 = )
4(1‘0’1 — ] — 9)
and by substituting in the third equation we get
@2
F = 0,3 — kiog — kaag + ao® — il — (32(1‘0,1 — Q1 — @)393 +
2 2 . 02 3
+ (500,1 4x02 + af + 4ag — 20010 — O 201 (a1 + @)) + (42)
2
(3

=0.

n Toq — 41‘072 + Oé% + 4oy — 2010 — ez — 256071(011 + @))3
192(%071 — 1 — @)3
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After solving QTFI = 07%52
(41) we get

le—kQ—\/le—i-k%—l-@, TQZ—]{,‘Q—I—\/Z]ﬁ—I-k‘%—I—@. (43)

To show that the this is a minimum point we calculate the second derivatives
and check the sufficient condition:

= 0 for aj,ay and substituting them into equation

OP?’FO*F  0°F 1
_ = _— >0 = local mini . 44
902 902~ daras 16 > ocal minimum (44)

This means that for the plane xs = k1x1 + koxo if both —ko — \/2k1 + k% <0
and —ko + \/2k1 + k‘% < 0, that is k1 < 0 and kg > +/—2k; trajectory can have
2 switching points, if —ko — \/2k; + k3 <0 and —ko + /2k; + k3 > 0, that is
k1 > 0 trajectory can have 1 switching point, and in other cases trajectory has no
switching points. Same results hold for w = 1 on the first interval.

The picture 3 shows the phase trajectories for the plane z3 = —4x; + 3x2.
Here 71 = © — 4, Th = © — 2. The equations for © are

8 F 24w £ 18209 F 620 3+ (24 £ 8701 F6102)0 + (—9—3101)0* + 0% = 0, (45)

for 2 switching points, where the upper sign is for the trajectory with u = —1 on
the first interval,

—4043241‘071:|:18"L‘072:F6$073+(24:|:81‘071:F6$0,2)@+(—9—3I071)@2+@3 = 0, (46)
for 1 switching point, and
:F24330,1 + 181‘072 F 6:E073 + (24 + 8%‘071 F 656072)@ + (—9 — 3&70,1)@2 + @3 = 0, (47)

for no switching points.

Pic. 3. Phase trajectories for G : x3 = —4x1 + 32
Puc. 3. ®azosi Tpaekropii qua G : x3 = —4x1 + 39
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The picture 4 shows the second case, x3 = 4x1 + 22, when the trajectory can
have maximum 1 switching point. We have T1 = © — 4 and the equations for ©:

1604240 1 +610 2 F 610 34 (—24+820 1 F610,2)O+(—3—3201)0*+03 = 0, (48)
for 1 switching point, and
:|:24$0,1 + 61‘0’2 F 6$0,3 + (—24 + 8.%'()71 F 6.%'072)@ + (—3 — 31‘0,1)@2 + @3 = 0, (49)

for no switching points.

Pic. 4. Phase trajectories for G : x3 = 4x1 + a2
Puc. 4. ®azosi rpaeckropil gug G : x3 = 4x1 + X0

And for the plane x5 = —4x; — 3z, (Figure 5) we have no switching points
and

:|:24$C0,1 F 18:13072 F 6‘%‘073 + (24 F 18:60,1 F 6560,2)@ + (9 — 3:5071)@2 + 03 =0. (50)

The equations for the switching surfaces can be found by considering the cases
when equations for different number of switching points give the same time O.

Pic. 5. Phase trajectories for G : x3 = —4x1 — 3x2
Puc. 5. ®azosi Tpaekropil qis G : xg = —4dx; — 39
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OnrumasibHe 32 4acOM KEPYBaHHs Ha IMAMPOCTip
JJ1 ABOBUMIPHOT Ta TPUBUMIpPHOI cucreMu
B. 1. Kopobos, O. C. Bosusk
Xapriscvkul naytonasvrul ynisepcumem iment B. H. Kapasina
matidarn Ceobodu 4, m. Xapxis, 61022, Yrpaina

JlaHa cTarTs NPUCBAYEHA 3a7adi IIBUIKOMIl HA MiAIPOCTIp A JiHIHHOI KepoBaHOI
cucremu ¥, = u,&; = ;1,1 = 2,n 3 |u| < 1 gag Bunagky n = 2 ra n = 3. Boua
[IOB’#13aHa 13 33/1a4€I0 ONTUMAJILHOIO 33 4aCOM KEPYBAHHA B TOYKY, PO3B’S3aHHS AKOL
oyno Bmepie mpeacrasaeno B. 1. Kopobosum Tta I M. Ckasgpom i sike TDyHTY€EThCsS
Ha min-pobeMi MOMeHTiB. KiIi090B0OI0 BiAMIHHICTIO 3a/1adi, 10 PO3TVISIAECTHLC B JaHii
pobori, Bix BuXimHOI 3a/1a4i € Te, M0 KiTbKiCTh HeBiOMUX (DYHKITIH MEPEBUIITYE KiTbKICTD
3MIHHHUX, 1[0 BUMAra€ BUKOPUCTAHHS 1HIIUX METOJIB MapaMeTPUYHOl ONTUMI3AIlil.

4k i B 33724l onTHMAaIbHOIO 33 9aCOM KePYBAHHS B TOYKY, MU IIYKAEMO OITUMAJIb-
HUI PO3B’SI30K Y BUTJIAIL KYCKOBO-CTAJIOT (byHKINT v = +1 3 n— 1 TOYKaMu MepeMUKAHHS,
AKu# € onTuMabHuM 3rinao 3 Ilpmamumom Makcumywmy IlonTpsarina. ¥ miit ctaTTi Mu
PO3TIISIIAEMO 3arajibHAN MiAXi [AJIs pO3B’si3aHHs 33/1a49i ONTUMAJIBHOTO 33 9aCOM KEpy-
BaHHs B TOYKY, T4 PO3B’A3yEMO 3a/a4y y SBHOMY BUIJISIl [ JBOBUMIDHOI Ta TPUBU-
MipHOI cucremu. Y Hamiiit poboTi HABEIEHO PO3B’A30K 33129l ONTUMAJIBHOIO KePYBaHHS
JUIst TBOBUMIpHOT cucremu Ha miampoctip G : {(x1,22) : 2 = ka1 } muas Beix 3HaUeHb
k 3 BUKOPHCTAHHSAM Min-mpobjeMu MOMEHTIB Ta METOAIB onTuMmizaril yuKIiii. B po-
00Ti TTOKA3aHO, 0 [JIs JAeKAX 3HAYEHD MapaMerpa k CHCTeMa MOXKe B3araji He MaTh
TOYOK nepeMukanus. st TPUBUMIPHOI CHCTEMU MU PO3B’S3yEMO 33/1a9y ONTHMAIHHOTO
KepPYBaHHA HA IJIOMKHY T3 = k121 + koXo 1 OTPUMYEMO KiMbKiCTh TOYOK MTEPEMUKAHHS
3a/1e2KHO Biz 3Ha4YeHb ki 1 ko a TakoxK OyayeMO TPA€KTOpil Ta OTPUMYEMO PIBHAHHS JIjIs
ONTUMAJIBHOTO Yacy © mys pisanx Bunaakis. I[1omibHO 10 pO3B’sa3Ky 3a1a4i ONTUMAIBHO-
T'0 33 9aCOM KEPYBAHHS B TOYKY, OTPHUMAHOTO 32 [IOMOMOIOI0 min-mpodaeMu MOMeHTIB B.
I. Kopobosuwm Ta I'. M. CrisipoM, ontuMaiibHe KepyBaHHd MOxKe MaTh 1 — 1 abo MeHIme
TOYOK ITEPEMUKAHHS.
Karowosi caosa: KepoBaHicTh; min-ripobjeMa MOMEHTIB; ONITUMAJIbHE 34 YacOM
KepyBaHHS; 33/IaYa 3 PYXOMUMU KiHISTMA

Icropis crarTi: orpumana: 5 xkoBTHA 2024; ocTanniit BapianT: 11 rpymaa 2024
npuitaara: 20 rpygaa 2024.



