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On linear stabilization of a class of nonlinear systems

in a critical case

In this paper, we address the stabilization problem for nonlinear systems in
a critical case. Namely, we study the class of canonical nonlinear systems.
Canonical nonlinear systems or chain of power integrators is an important
subject of research. Studying such systems is complicated by the fact that
they cannot be mapped onto linear systems. Moreover, they have the
uncontrollable �rst approximation. Previous results on smooth stabilization
of such systems were obtained under the assumption that the powers in the
right-hand side are strictly decreasing. In this work, we consider a case of
non-increasing powers in the right-hand side for a three-dimensional system.
A popular approach for studying such systems is the backstepping method,
which is a method of step-wise stabilization. This method requires a sequen-
tial investigation of lower-dimensional subsystems. Backstepping enables the
study of a wide range of nonlinear triangular systems but requires technically
complex and cumbersome computations. Therefore, a natural question arises
about constructing stabilizing controls of a simple form. Polynomial controls
can serve as an example of such controls. In the paper, we demonstrate
that linear controls can be considered as stabilizing controls. We derive
su�cient conditions for the coe�cients of the linear control that ensure
the asymptotic stability of the zero equilibrium point of the corresponding
closed-loop system. The asymptotic stability is proven using the Lyapunov
function method, which is found as the sum of squares. The negative de�ni-
teness of the Lyapunov function derivative in a neighborhood of the origin
guarantees asymptotic stability. In contrast to the case of strictly decreasing
powers, additional conditions on the control coe�cients, apart from their
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negativity, emerge. The obtained result extends to a broader class of nonlin-
ear systems through stabilization by nonlinear approximation. This allows
the consideration of systems with higher-order terms in the right-hand si-
de. The e�ectiveness of the applied approach is illustrated by several model
examples. The method used in this work to investigate the case of non-
increasing powers can be applied to systems of higher dimensions.

Keywords: stabilization; nonlinear systems; Lyapunov function
method; critical case; linear stabilization; linear control.

2010 Mathematics Subject Classi�cation: 93D15; 93D30; 93C10; 34H05.

1. Introduction

The stabilization problem for nonlinear systems in a critical case is an
important problem of nonlinear control theory [1, 2, 3, 4, 5, 6, 7, 8, 9]. Signi-
�cant attention has been drawn by high-order nonlinear systems that cannot be
mapped to linear systems [1, 2, 3, 4, 5, 6, 7, 8, 9]. These systems exemplify a
critical case. Since we are dealing with critical case, we cannot use the �rst (lin-
ear) approximation to �nd stabilizing controls for the original nonlinear system.
It is natural to attempt to construct simple classes of stabilizing controls, such
as linear controls. The problem of �nding such stabilizing controls is called the
linear stabilization problem.

In recent decades, a wide range of interest has been sparked by the systems
of the following form{

ẋi = xpii+1 + fi(x1, x2, . . . , xn), i = 1, . . . , n− 1,

ẋn = upn ,
(1)

where pi ≥ 1 are ratios of positive odd integers, fi(x1, . . . , xn) are continuous
real-valued functions with fi(0, . . . , 0) = 0 (i = 1, . . . , n− 1).

The stabilization problem for system (1) was studied in many works, see, for
instance, [1, 2, 3, 4, 5, 7, 8, 9]. Works [5, 7, 8, 9] rely on the backstepping approach,
which is based on recursive Lyapunov function design and leads to stabilizing
controls of rather complicated structure. In [1] simple stabilizing controls of the
form

u = a1x1 + · · ·+ anxn + an+1x
p1
2 + · · ·+ a2n−1x

pn−1
n ,

were constructed using a quadratic Lyapunov function (for pn = 1). Work [3]
shows that it is possible to linearly stabilize system (1).

The above-mentioned results from [3] were achieved under assumption that
the powers pi are strictly decreasing, that is, p1 > p2 > . . . pn ≥ 1. In this work
we weaken the condition of powers pi being strictly decreasing and prove that it is
possible to consider non-increasing values of pi and still be able to achieve linear
stabilization.
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Namely, we study the stabilizability of the system
ẋ1 = xp12 ,

ẋ2 = xp23 ,

ẋ3 = up3

(2)

with p1 > 1, p2 = p3 = 1. We �nd conditions on the coe�cients under which a
linear control stabilizes system (2). These results are generalized using nonlinear
approximation.

2. Problem formulation and linear control construction

Consider the nonlinear system
ẋ1 = xp12 ,

ẋ2 = x3,

ẋ3 = u,

(3)

where u ∈ R is a control, p1 > 1 is a ratio of two positive odd integers.

The stabilization problem for system (3) is to �nd a continuous control u(x)
such that the equilibrium point x = 0 of system (3) with u = u(x) is locally
asymptotically stable.

Consider the linear control

u(x) = −k1x1 − k2x2 − k3x3, (4)

where ki ∈ R are positive numbers.

Now we �nd conditions on the coe�cients k1, k2, k3 for the local asymptotic
stability of the zero solution of system (3). To this end, we consider the following
Lyapunov function

V (x) =
1

2

(
kp12
k1

(k1x1)
2 +

kp23
k2

(k1x1 + k2x2)
2 +

1

k3
(k1x1 + k2x2 + k3x3)

2

)
It is obvious that V (x) is positive de�nite for k1 > 0, k2 > 0, k3 > 0.

Applying the linear change of variables

e1 = k1x1, e2 = k1x1 + k2x2, e3 = k1x1 + k2x2 + k3x3,

we get

V (e) =
1

2

n∑
i=1

lie
2
i , (5)

where li = kpii+1k
−1
i , i = 1, 2, l3 = k−1

3 . The inverse change of variables is

x1 = k−1
1 e1, x2 = k−1

2 (e2 − e1), x3 = k−1
3 (e3 − e2).
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Using (3), we compute ė1, ė2, ė3 as follows:

ė1 = k1ẋ1 = k1x
p1
2 =

k1
kp12

(e2 − e1)
p1 ,

ė2 = k1ẋ1 + k2ẋ2 = k1x
p1
2 + k2x3 =

k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2),

ė3 = k1ẋ1 + k2ẋ2 + k3ẋ3 =
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

+ k3(−k1x1 − k2x2 − k3x3) =
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2) + k3u

Thus, applying the feedback u = −(k1x1 + k2x2 + k3x3) = −e3, system (3)
takes the form 

ė1 =
k1
k
p1
2

(e2 − e1)
p1 ,

ė2 =
k1
k
p1
2

(e2 − e1)
p1 + k2

k3
(e3 − e2),

ė3 = −k3e3 +
k1
k
p1
2

(e2 − e1)
p1 + k2

k3
(e3 − e2).

(6)

Now we calculate the derivative of V (e), given by (5), along the trajectories
of the closed-loop system (6)

V̇ (e) =
∂V

∂e1

k1
kp12

(e2 − e1)
p1 +

∂V

∂e2

(
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
+

∂V

∂e3

(
−k3e3 +

k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
.

Let us calculate each term separately

∂V

∂e1

k1
kp12

(e2 − e1)
p1 =

kp12
2k1

2e1
k1
kp12

(e2 − e1)
p1 = e1(e2 − e1)

p1 ,

∂V

∂e2

(
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
=

k3
2k2

2e2

(
k1
kp12

(e2 − e1)
p1

+
k2
k3

(e3 − e2)

)
= e2

(
k1k3

kp1+1
2

(e2 − e1)
p1 + (e3 − e2)

)
,

∂V

∂e3

(
−k3e3 +

k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)

)
=

1

2k3
2e3

(
− k3e3

+
k1
kp12

(e2 − e1)
p1 +

k2
k3

(e3 − e2)
)
= e3

(
− e3 +

k1
k3k

p1
2

(e2 − e1)
p1

+
k2
k23

(e3 − e2)
)
.

Then we have

V̇ (e) = e1(e2 − e1)
p1 +

k1k3

kp1+1
2

e2(e2 − e1)
p1 + e2(e3 − e2)− e23

+
k1

k3k
p1
2

e3(e2 − e1)
p1 +

k2
k23

e3(e3 − e2).
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Rewrite V̇ (e) in the form

V̇ (e) = −e1(e1 − e2)
p1 − e2(e2 − e3)− e23 +

k1k3

kp1+1
2

e2(e2 − e1)
p1

+
k1

k3k
p1
2

e3(e2 − e1)
p1 +

k2
k23

e3(e3 − e2).

(7)

To estimate the derivative V̇ (e) we use the following lemmas.

Lemma 1. [10] For any p ≥ 1 and any numbers xi ∈ R, i = 1, . . . , n, the following
inequality holds

|x1 + x2 + · · ·+ xn|p ≤ np−1(|x1|p + |x2|p + · · ·+ |xn|p).

Lemma 2. [10] Suppose that p ≥ 1 is a ratio of positive odd integers. Then the
following inequality holds

x(x+ a)p ≥ 21−pxp+1 + xap,∀x, a ∈ R.

Lemma 3. [6] Suppose that m > 0, n > 0 are constants. Then, given any number
γ > 0, the following inequality holds

|x|m|y|n ≤ m

m+ n
γ|x|m+n +

n

m+ n
γ−

m
n |y|m+n,∀x, y ∈ R.

First, using Lemma 1 and Lemma 2, we obtain the following inequalities:

−e1(e1 − e2)
p1 ≤ −21−p1ep1+1

1 + |ep12 ||e1|,
−e2(e2 − e3) ≤ −e22 + |e2||e3|,

k1k3

kp1+1
2

e2(e2 − e1)
p1 ≤ k1k3

kp1+1
2

2p1−1ep1+1
2 +

k1k3

kp1+1
2

2p1−1|ep11 ||e2|,

k1
k3k

p1
2

e3(e2 − e1)
p1 ≤ k1

k3k
p1
2

2p1−1|ep12 ||e3|+
k1

k3k
p1
2

2p1−1|ep11 ||e3|,

k2
k23

e3(e3 − e2) ≤
k2
k23

e23 +
k2
k23

|e3||e2|

(8)

Now, by applying Lemma 3, we deduce

|ep12 ||e1| =
∣∣∣∣ 1C1

e2

∣∣∣∣p1 |Cp1
1 e1| ≤

p1

(p1 + 1)Cp1+1
1

ep1+1
2 +

C
p1(p1+1)
1

p1 + 1
ep1+1
1 ,

|ep11 ||e2| = |Cp1
2 e1|p1

∣∣∣∣∣ 1

C
p21
2

e2

∣∣∣∣∣ ≤ p1C
p1(p1+1)
2

p1 + 1
ep1+1
1 +

1

(p1 + 1)C
p21(p1+1)
2

ep1+1
2 ,

|ep12 ||e3| =
∣∣∣∣ 1C3

e2

∣∣∣∣p1 |Cp1
3 e3| ≤

p1

(p1 + 1)Cp1+1
3

ep1+1
2 +

C
p1(p1+1)
3

p1 + 1
ep1+1
3 ,

|ep11 ||e3| = |Cp1
4 e1|p1

∣∣∣∣∣ 1

C
p21
4

e3

∣∣∣∣∣ ≤ p1C
p1(p1+1)
4

(p1 + 1)
ep1+1
1 +

1

(p1 + 1)C
p21(p1+1)
4

ep1+1
3 ,

|e2||e3| =
∣∣∣∣ 1C5

e2

∣∣∣∣ |C5e3| ≤
1

2C2
5

e22 +
C2
5

2
e23,

(9)
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where C1, C2, C3, C4, C5 are su�ciently small positive numbers.
Note that (9) is true for any positive Ci, i = 1, . . . , 5. In order to prove

asymptotic stability, we will �nd additional conditions on Ci to guaranty that
V̇ (e) is negative in some small deleted neighborhood of the origin.

Using estimates (8) and (9) sequentially, we have

V̇ (e) ≤ −21−p1ep1+1
1 +

p1

(p1 + 1)Cp1+1
1

ep1+1
2 +

C
p1(p1+1)
1

p1 + 1
ep1+1
1 − e22

+
1

2C2
5

e22 +
C2
5

2
e23 − e23 +

k1k3

kp1+1
2

2p1−1ep1+1
2

+
k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1
ep1+1
1 +

k1k3

kp1+1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
2

ep1+1
2

+
k1

k3k
p1
2

2p1−1 p1
p1 + 1

1

Cp1+1
3

ep1+1
2 +

k1
k3k

p1
2

2p1−1C
p1(p1+1)
3

p1 + 1
ep1+1
3

+
k1

k3k
p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1
ep1+1
1 +

k1
k3k

p1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
4

ep1+1
3

+
k2
k23

e23 +
k2

2k23C
2
5

e22 +
k2C

2
5

2k23
e23.

(10)

Rearranging the terms from the right-hand side of (10) we obtain the estimate
for V̇ (e) in the form

V̇ (e) ≤ep1+1
1

(
−21−p1 +

C
p1(p1+1)
1

p1 + 1
+

k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1

+
k1

k3k
p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1

)
+ e22

(
−1 +

1

2C2
5

+
k2

2k23C
2
5

)
+ e23

(
−1 +

C2
5

2
+

k2
k23

+
k2C

2
5

2k23

)
+ g(x),

(11)

where the function g(x) is composed of higher order terms. The function g(x) is
given by

g(x) =
p1

(p1 + 1)Cp1+1
1

ep1+1
2 +

k1k3

kp1+1
2

2p1−1ep1+1
2

+
k1k3

kp1+1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
2

ep1+1
2 +

k1
k3k

p1
2

2p1−1 p1
p1 + 1

1

Cp1+1
3

ep1+1
2

+
k1

k3k
p1
2

2p1−1C
p1(p1+1)
3

p1 + 1
ep1+1
3 +

k1
k3k

p1
2

2p1−1 1

(p1 + 1)C
p21(p1+1)
4

ep1+1
3 .

According to the Lyapunov function method, it is su�cient for V̇ (e) to be
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negative de�nite to guarantee asymptotic stability. Therefore we �nd conditions
for coe�cients of ep1+1

1 , e22, e
2
3 to be negative.

We start with the coe�cient of e22:

−1 +
1

2C2
5

+
k2

2k23C
2
5

< 0,

k2
2k23C

2
5

< 1− 1

2C2
5

,

k2
2k23C

2
5

<
2C2

5 − 1

2C2
5

,

k2
k23

< 2C2
5 − 1,

k2 < k23
(
2C2

5 − 1). (12)

Let us move on to the coe�cient of e23:

−1 +
C2
5

2
+

k2
k23

+
k2C

2
5

2k23
< 0,

k2
k23

+
k2C

2
5

2k23
< 1− C2

5

2
,

k2(2 + C2
5 )

2k23
< 1− C2

5

2
,

k2(2 + C2
5 ) < 2k23

(
1− C2

5

2
),

k2 <
2k23 − k23C

2
5

(2 + C2
5 )

. (13)

Finally, consider the coe�cient of ep1+1
1 :

−21−p1+
C

p1(p1+1)
1

p1 + 1
+

k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1
+

k1
k3k

p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1
< 0. (14)

It is clear that for any k1, k2, k3, there exist su�ciently small C1, C2, C4 such
that the coe�cient of ep1+1

1 will be negative. Indeed, we de�ne the function
r(C1, C2, C4) as follows:

r(C1, C2, C4) =
C

p1(p1+1)
1

p1 + 1
+

k1k3

kp1+1
2

2p1−1 p1C
p1(p1+1)
2

p1 + 1
+

k1
k3k

p1
2

2p1−1 p1C
p1(p1+1)
4

p1 + 1

It is obvious that r(C1, C2, C4) is a continuous function and r(0) = 0.
Therefore, by choosing su�ciently small C1, C2, C4 it is possible to make
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|r(C1, C2, C4)| smaller than any given number ε : ε ∈ (0, 21−p1). Then, for such
ε > 0, there exists δ > 0 such that

|r(C1, C2, C4)| ≤ ε for all ∥Ĉ∥ ≤ δ,

where Ĉ = (C1, C2, C4). Thus,

21−p1 − r(C1, C2, C4) > 0

when ∥Ĉ∥ ≤ δ, and the inequality (14) holds. Assume that C1, C2, and C4 are
positive and chosen small enough to satisfy the inequality (14).

So, from the conditions on the coe�cients k1, k2 and k3, given by (12) and (13),
we obtain the following constraints:

k2 < k23(2C
2
5 − 1),

k2 <
2k23−k23C

2
5

(2+C2
5 )

,

k1, k2, k3 > 0.

(15)

Using inequality (12), we deduce

C2
5 >

k23 + k2
2k23

.

From (13) we obtain

C2
5 <

2k23 − 2k2
k2 + k23

.

Combining the last two equations, we derive the constraint for C2
5 :

k23 + k2
2k23

< C2
5 <

2k23 − 2k2
k2 + k23

. (16)

To ensure the existence of C5 > 0, it is necessary for the following inequality to
hold

k23 + k2
2k23

<
2k23 − 2k2
k2 + k23

(17)

from which follows:
k23 + k2
2k23

− 2k23 − 2k2
k2 + k23

< 0,

−3k43 + 6k23k2 + k22
2k23(k2 + k23)

< 0.

It is clear that k23(k2 + k23) > 0, which yields

−3k43 + 6k23k2 + k22 < 0.
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First we �nd the roots of the equations

−3k43 + 6k23k2 + k22 = 0.

We put z = k23, then
−3z2 + 6zk2 + k22 = 0,

and

z =
k2(3± 2

√
3)

3
.

Recall that z = k23 is positive number, then z = k2(3+2
√
3)

3 . Therefore, we
conclude that inequality (17) holds for

k23 >
k2(3 + 2

√
3)

3
. (18)

Thus, condition (16) is non-contradictory and determines C5 so that system (15)
is consistent.

Now suppose that C5 is chosen to satisfy condition (16), C3 is any positive
number. Recall that C1, C2, C4 satisfy (14). This implies that by choosing k1, k2,
and k3 satisfying condition (18), we render V̇ (e) negative de�nite in a neighbor-
hood of the origin. Indeed, the function g(x) is composed of higher order terms,
since p1 > 1. So, if the coe�cients of e1, e2, and e3 are negative, then in some
su�ciently small neighborhood of the origin U(0) ∈ Rn we have

V̇ (e) < 0 for all e ∈ U(0) \ {0} .

This, by the Lyapunov function method, means that the zero equilibrium point
e = 0 of the system (6) is asymptotically stable. Therefore, since the change of
variables x1 = k−1

1 e1, x2 = k−1
2 (e2 − e1), x3 = k−1

3 (e3 − e2) is continuous, x = 0
is a locally asymptotically stable equilibrium point of system (3) with u = u(x)
given by (4). So, we have proved the following theorem.

Theorem 1. Let k1 > 0. Suppose that k2 > 0 and k3 satisfy the inequality

k23 >
k2(3 + 2

√
3)

3
= (2.154700538 . . .)k2. (19)

Then the linear control u = −k1x1 − k2x2 − k3x3 solves the stabilization problem
for system (3).

Condition (19) distinguishes our case from the case of strictly decreasing
powers, in which there is no additional requirements for k2 and k3 except that
they should be positive.

Example 1. Consider the stabilization problem for the nonlinear system:
ẋ1 = x52,

ẋ2 = x3,

ẋ3 = u.

(20)
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In this case p1 = 5, p2 = p3 = 1.
Let us choose arbitrary k1 > 0. Choose k2, k3 by the condition (19). For

example, we put k1 = 5, k2 = 2, k3 = 10. Then, by Theorem 1, the linear
stabilizing control (4) has the form u = u(x), where

u(x) = −5x1 − 2x2 − 10x3.

Let us substitute the control u(x) into system (20). By Theorem 1 the closed-
loop system has asymptotically stable equilibrium point. We will illustrate the
behavior of the closed-loop system trajectory, for example, for initial conditions

x1(0) = 1, x2(0) = 1, x3(0) = 1.

Fig. 1. The trajectory of system (20) with u = u(x).

3. Stabilization by nonlinear approximation

The results obtained in Section 2 can be generalized by considering the fol-
lowing nonlinear system: 

ẋ1 = xp12 + φ1(x1, x2, x3),

ẋ2 = x3 + φ2(x1, x2, x3),

ẋ3 = u,

(21)

where φi(x1, x2, x3) are continuous functions, i = 1, 2, 3.
To stabilize system (21), we use the same control u = u(x) as in the case of

system (3):
u(x) = −k1x1 − k2x2 − k3x3.
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So, suppose ki satisfy Theorem 1, therefore; u(x) stabilizes system (3). Assume
that the functions φi(x1, x2, x3) satisfy the following inequalities:

|φ1(x1, x2, x3)| ≤ ρ1(x1, x2, x3)
(
|x2|p1+δ1 + |x3|p1+δ1),

|φ2(x1, x2, x3)| ≤ ρ2(x1, x2, x3)
(
|x3|1+δ2)

in a neighborhood of the origin, where ρi(x1, x2, x3) ≥ 0 are some continuous
functions (i = 1, 2), δ1 > 0 and δ2 > 0 are some real numbers.

The control u = u(x) stabilizes system (21), since the functions φi(x1, x2, x3)
has higher order then xpii+1, i = 1, 2 (p1 > 1, p2 = 1). Indeed, we can use the same
change of variables and Lyapunov function as for system (3). Note that higher-
order terms generated by the functions φi(x1, . . . , xn) should be attributed to
the function g(x). These terms will not a�ect the sign of the derivative of the
Lyapunov function V̇ in a su�ciently small neighborhood of zero. Therefore, the
control u(x) stabilizes not only system (3) but also system (21). Thus, such an
approach is similar to the stabilization by �rst-order approximation. It should be
noted that system (3) is used as a nonlinear approximation of system (21).

We will illustrate this approach with the following example.

Example 2. We �nd a stabilizing control for the following nonlinear system
ẋ1 = x52 + x62 sin(x1 + x2),

ẋ2 = x3 + x23 cos(x1),

ẋ3 = u.

(22)

We use system (20) as a nonlinear approximation of system (22). Therefore,
system (22) can be stabilized by the same control as system (20).

So, consider the control u = u(x) of the form

u(x) = −5x1 − 2x2 − 10x3.

We recall that k1 = 5, k2 = 2, k3 = 10, p1 = 5, then condition (19) is satis�ed.
Put ρ1(x1, x2, x3) = 1, ρ2(x1, x2, x3) = 1, δ1 = 1, δ2 = 1. Then, it is clear that for
the functions φ1(x1, x2, x3) = x62 sin(x1 + x2) and φ2(x1, x2, x3) = x23 cos(x1) the
following estimates hold:

|φ1(x1, x2, x3)| ≤ ρ1(x1, x2, x3)
(
|x2|p1+δ1 + |x3|p1+δ1

)
= x62 + x63,

|φ2(x1, x2, x3)| ≤ ρ2(x1, x2, x3)|x3|1+δ2 = x23

in the entire space R3.
Based on the results of the work, it can be concluded that the zero equilibrium

point of system (22) under the linear control law u = u(x) is asymptotically stable.
Speci�cally, as shown above, since the control u = u(x) stabilizes the system of the
nonlinear approximation (20), it also stabilizes the original nonlinear system (22)
with higher-order terms in the right-hand side.
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To demonstrate the behavior of solutions of the closed-loop system (22) under
the chosen linear control u(x), we construct the trajectory, for example, using the
following initial conditions:

x1(0) = 0.8, x2(0) = 0.7, x3(0) = 1.

Fig. 2. The trajectory of system (22) with u = u(x).

Conclusion

This work presents a constructive method for stabilizing a class of high-order
nonlinear systems in a critical case. Namely, the class of three-dimensional canoni-
cal nonlinear systems is considered. Compared to previous results, the condition
of decreasing powers was relaxed to a condition of non-increasing powers. It has
been shown that for such systems, a linear control can be chosen to ensure that
the equilibrium point x = 0 is locally asymptotically stable.

Furthermore, an additional condition on the coe�cients k1, k2, and k3 was
found, compared to the case of strictly decreasing powers, to achieve local
asymptotic stability of the zero equilibrium point. Moreover, the class of systems
was extended by using stabilization through nonlinear approximation.
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Ïðî ëiíiéíó ñòàáiëiçàöiþ îäíîãî êëàñó íåëiíiéíèõ ñèñòåì ó
êðèòè÷íîìó âèïàäêó

Ì. Î. Áåáiÿ, Â. À. Ìàéñòðóê
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè 4, 61022, Õàðêiâ, Óêðà¨íà
Â ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à ñòàáiëiçàöi¨ íåëiíiéíèõ ñèñòåì ó êðèòè÷íîìó âè-

ïàäêó. À ñàìå, âèâ÷à¹òüñÿ êëàñ êàíîíi÷íèõ íåëiíiéíèõ ñèñòåì. Êëàñ êàíîíi÷íèõ íåëi-
íiéíèõ ñèñòåì àáî ëàíöþã ñòåïåíåâèõ iíòåãðàòîðiâ ¹ âàæëèâèì îá'¹êòîì äîñëiäæåí-
íÿ. Âèâ÷åííÿ òàêèõ ñèñòåì óñêëàäíþ¹òüñÿ òèì ôàêòîì, ùî ¨õ íå ìîæíà âiäîáðàçèòè
íà ëiíiéíi ñèñòåìè. Êðiì òîãî, âîíè ¹ íåêåðîâàíèìè çà ïåðøèì íàáëèæåííÿì. Âi-
äîìi ðåçóëüòàòè ùîäî ãëàäêî¨ ñòàáiëiçàöi¨ òàêèõ ñèñòåì áóëî îòðèìàíî ïðè óìîâi
ñòðîãîãî ñïàäàííÿ ñòåïåíiâ ïðàâî¨ ÷àñòèíè. Ó öié ðîáîòi ðîçãëÿíóòî îäèí ç âèïàäêiâ
íåñòðîãîãî ñïàäàííÿ ñòåïåíiâ ó ïðàâié ÷àñòèíi äëÿ òðèâèìiðíî¨ ñèñòåìè. Ïîïóëÿð-
íèì ïiäõîäîì äî äîñëiäæåííÿ òàêèõ ñèñòåì ¹ ìåòîä ïîêðîêîâî¨ ïîáóäîâè ñòàáiëi-
çóþ÷èõ êåðóâàíü - backstepping. Âií ïîòðåáó¹ ïîñëiäîâíîãî äîñëiäæåííÿ ïiäñèñòåì
ìåíøî¨ ðîçìiðíîñòi. Öåé ìåòîä äà¹ ìîæëèâiñòü äîñëiäæóâàòè øèðîêi êëàñè íåëiíié-
íèõ òðèêóòíèõ ñèñòåì, àëå ïîòðåáó¹ òåõíi÷íî ñêëàäíèõ, ãðîìiçäêèõ îá÷èñëåíü. Òîìó
âèíèêà¹ ïðèðîäíå ïèòàííÿ ïðî ïîáóäîâó ñòàáiëiçóþ÷èõ êåðóâàíü ïðîñòîãî âèãëÿäó.
Ïðèêëàäîì òàêèõ êåðóâàíü ìîæóòü ñëóæèòè ïîëiíîìiàëüíi êåðóâàííÿ. Ó ñòàòòi ïî-
êàçàíî, ùî ìîæíà ðîçãëÿäàòè ëiíiéíi êåðóâàííÿ â ÿêîñòi ñòàáiëiçóþ÷èõ. Îòðèìà-
íî óìîâè íà êîåôiöi¹íòè ëiíiéíîãî êåðóâàííÿ, ÿêi ¹ äîñòàòíiìè äëÿ àñèìïòîòè÷íî¨
ñòiéêîñòi íóëüîâî¨ òî÷êè ñïîêîþ âiäïîâiäíî¨ çàìêíóòî¨ ñèñòåìè. Äëÿ äîâåäåííÿ àñèì-
ïòîòè÷íî¨ ñòiéêîñòi âèêîðèñòàíî ìåòîä ôóíêöi¨ Ëÿïóíîâà, ÿêó âäà¹òüñÿ çíàéòè ÿê
ñóìó êâàäðàòiâ. Âiä'¹ìíà âèçíà÷åíiñòü ïîõiäíî¨ ôóíêöi¨ Ëÿïóíîâà â îêîëi íóëÿ ãà-
ðàíòó¹ àñèìïòîòè÷íó ñòiéêiñòü. Íà âiäìiíó âiä âèïàäêó ñòðîãîãî ñïàäàííÿ ñòåïåíiâ,
âèíèêàþòü äîäàòêîâi óìîâè íà êîåôiöi¹íòè êåðóâàííÿ îêðiì ¨õ âiä'¹ìíîñòi. Îòðèìà-
íèé ðåçóëüòàò ðîçøèðþ¹òüñÿ íà áiëüø øèðîêèé êëàñ íåëiíiéíèõ ñèñòåì çà ðàõóíîê
ñòàáiëiçàöi¨ ïî íåëiíiéíîìó íàáëèæåííþ. Öå äà¹ çìîãó ðîçãëÿäàòè ñèñòåìè ç äîäàí-
êàìè áiëüø âèñîêîãî ïîðÿäêó ó ïðàâié ÷àñòèíi. Åôåêòèâíiñòü çàñòîñîâàíîãî ïiäõîäó
ïðîiëþñòðîâàíî íà êiëüêîõ ìîäåëüíèõ ïðèêëàäàõ. Âèêîðèñòàíèé â ðîáîòi ìåòîä äî-
ñëiäæåííÿ âèïàäêó íåñòðîãîãî ñïàäàííÿ ñòåïåíiâ ìîæå áóòè çàñòîñîâàíî äëÿ ñèñòåì
áiëüø âèñîêî¨ ðîçìiðíîñòi.
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