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Ñòiéêiñòü ìiíiìàëüíèõ ïîâåðõîíü

ó ñóáðiìàíîâîìó ìíîãîâèäi Ẽ(2)

Ó ðîáîòi äîñëiäæóþòüñÿ ãëàäêi îði¹íòîâàíi ïîâåðõíi â óíiâåðñàëüíîìó
íàêðèòòi ãðóïè âëàñíèõ ðóõiâ åâêëiäîâî¨ ïëîùèíè, ùî ìà¹ ëiâîiíâàði-
àíòíó ñòðóêòóðó òðèâèìiðíîãî ñóáðiìàíîâîãî ìíîãîâèäà. Öÿ ñòðóêòóðà
áóäó¹òüñÿ ÿê îáìåæåííÿ åâêëiäîâî¨ ìåòðèêè ãðóïè íà äåÿêèé öiëêîì
íåiíòåãðîâíèé ëiâîiíâàðiàíòíèé ðîçïîäië. Ñóáðiìàíîâà ïëîùà ïîâåðõíi
âèçíà÷à¹òüñÿ ÿê iíòåãðàë äîâæèíè îðòîãîíàëüíî¨ ïðî¹êöi¨ îäèíè÷íîãî
íîðìàëüíîãî ïîëÿ ïîâåðõíi íà öåé ðîçïîäië. Îá÷èñëåíî ôîðìóëó ïåðøî¨
âàðiàöi¨ ñóáðiìàíîâî¨ ïëîùi ïîâåðõíi, ç ÿêî¨ âèâåäåíî êðèòåðié ìiíiìàëü-
íîñòi. Òóò ìè ðîçóìi¹ìî ïiä ìiíiìàëüíèìè ïîâåðõíi, ùî ¹ êðèòè÷íèìè
òî÷êàìè ôóíêöiîíàëà ñóáðiìàíîâî¨ ïëîùi ïiä äi¹þ íîðìàëüíèõ âàðiàöié
ç êîìïàêòíèìè íîñiÿìè. Âñòàíîâëåíî, ùî òàêà ìiíiìàëüíiñòü ó äàíî-
ìó âèïàäêó íå ¹ åêâiâàëåíòíîþ äî ðiâíîñòi íóëþ ñóáðiìàíîâî¨ ñåðåäíüî¨
êðèâèíè ïîâåðõíi. Ïîêàçàíî, ùî åâêëiäîâà ïëîùèíà ¹ ìiíiìàëüíîþ òîäi
é òiëüêè òîäi, êîëè âîíà ïàðàëåëüíà àáî îðòîãîíàëüíà äî îñi z (äå êî-
îðäèíàòà z âiäïîâiäà¹ êóòó îáåðòàííÿ âëàñíîãî ðóõó). Îòðèìàíî óìîâó
ìiíiìàëüíîñòi äëÿ ÿâíî çàäàíî¨ ïîâåðõíi òà íàâåäåíi ïðèêëàäè òàêèõ ïî-
âåðõîíü. Ðîçãëÿíóòi ïðèêëàäè äåìîíñòðóþòü, çîêðåìà, ùî ç ìiíiìàëü-
íîñòi ïîâåðõíi ó ðiìàíîâîìó (ó äàíîìó âèïàäêó åâêëiäîâîìó) ñåíñi íå
âèïëèâà¹ ¨¨ ñóáðiìàíîâà ìiíiìàëüíiñòü òà íàâïàêè.

Äàëi ðîçãëÿäà¹òüñÿ ïèòàííÿ ïðî ñòiéêiñòü ìiíiìàëüíèõ ïîâåðõîíü. Äëÿ
öüîãî âèâåäåíî ôîðìóëó äðóãî¨ âàðiàöi¨ ñóáðiìàíîâî¨ ïëîùi. Çà ¨¨ äîïî-
ìîãîþ âñòàíîâëåíî, ùî ìiíiìàëüíi åâêëiäîâi ïëîùèíè ¹ ñòiéêèìè. Ââåäå-
íî êëàñ ïîâåðõîíü, äëÿ ÿêèõ äîòè÷íi ïëîùèíè ïåðïåíäèêóëÿðíi äî ïëî-
ùèí ðîçïîäiëó ñóáðiìàíîâî¨ ñòðóêòóðè, i ÿêi ìè çâåìî âåðòèêàëüíèìè.
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Çîêðåìà, äëÿ òàêèõ ïîâåðõîíü ôîðìóëà äðóãî¨ âàðiàöi¨ ñóòò¹âî ñïðî-
ùó¹òüñÿ. Ïîêàçàíî, ùî ïîâíi çâ'ÿçíi âåðòèêàëüíi ìiíiìàëüíi ïîâåðõíi
âè÷åðïóþòüñÿ åâêëiäîâèìè ïëîùèíàìè òà ãåëiêî¨äàìè, ïðè÷îìó ãåëiêî¨-
äè íåñòiéêi. Çâiäñè âèïëèâà¹ ðåçóëüòàò òèïó Áåðíøòåéíà: ïîâíà çâ'ÿçíà
âåðòèêàëüíà ìiíiìàëüíà ïîâåðõíÿ ¹ ñòiéêîþ òîäi é òiëüêè òîäi, êîëè öå
åâêëiäîâà ïëîùèíà, ùî îðòîãîíàëüíà äî îñi z.

Keywords: ñóáðiìàíîâèé ìíîãîâèä; ëiâîiíâàðiàíòíà ìåòðèêà; ìi-
íiìàëüíà ïîâåðõíÿ; ñòiéêiñòü.

2010 Mathematics Subject Classi�cation: 53C40; 53C17; 53C42.

1. Âñòóï

Âiäîìî, ùî ó òðèâèìiðíîìó åâêëiäîâîìó ïðîñòîði ïîâíà çâ'ÿçíà ìiíiìàëü-
íà ïîâåðõíÿ ¹ ñòiéêîþ òîäi é òiëüêè òîäi, êîëè ¹ ïëîùèíîþ. Öåé ðåçóëüòàò
áóâ îòðèìàíèé íåçàëåæíî Î. Â. Ïîãîð¹ëîâèì, Ì. äî Êàðìî i Ê. Ê. Ïåíãîì
òà Ä. Ôiøåð-Êîëáði i Ð. Øîåíîì (äèâ., íàïðèêëàä, [3]). Âií óçàãàëüíþ¹ êëà-
ñè÷íó òåîðåìó Ñ. Í. Áåðíøòåéíà, çãiäíî ç ÿêîþ áóäü-ÿêà ïîâíà ÿâíî çàäàíà
ìiíiìàëüíà ïîâåðõíÿ ¹ ïëîùèíîþ. Ó [4] áóëî ââåäåíå ïîíÿòòÿ ìiíiìàëüíî¨
ïîâåðõíi â ñóáðiìàíîâîìó ìíîãîâèäi. Ó ïîäàëüøîìó òàêi ïîâåðõíi òà ¨õíÿ
ñòiéêiñòü âèâ÷àëèñÿ ó ðiçíèõ ñóáðiìàíîâèõ ãåîìåòðiÿõ, çîêðåìà, ó ñóáðiìàíî-
âié òðèâèìiðíié ãðóïi Ãåéçåíáåðãà (äèâ. êîðîòêèé îãëÿä ó [8]). Çîêðåìà, ó [2]
òà [7] (äèâ. òàêîæ [1]) áóëè îòðèìàíi ðåçóëüòàòè òèïó Áåðíøòåéíà, òîáòî îïèñ
ñòiéêèõ ìiíiìàëüíèõ ïîâåðõîíü, ó öié ãðóïi. Òàêîæ ìiíiìàëüíi ïîâåðõíi äîñëi-
äæóâàëèñÿ ó ò. çâ. òðèâèìiðíié ñóáðiìàíîâié ñôåði ([6]) i ãðóïi âëàñíèõ ðóõiâ
åâêëiäîâî¨ ïëîùèíè òà ¨¨ óíiâåðñàëüíîìó íàêðèòòi ([5], äå îáãîâîðþâàëîñÿ òà-
êîæ çàñòîñóâàííÿ òàêèõ ïîâåðõîíü äî çàäà÷ ìàòåìàòè÷íîãî ìîäåëþâàííÿ ó
íåéðîáiîëîãi¨, i [9]), àëå ïèòàííÿ ñòiéêîñòi íå ðîçãëÿäàëèñÿ. Ñàìå îñòàííþ çi
çãàäàíèõ ãåîìåòðié ìè áóäåìî äîñëiäæóâàòè â äàíié ðîáîòi.

2. Îñíîâíi ïîíÿòòÿ òà ïðèêëàäè

Ñóáðiìàíîâèì ìíîãîâèäîì çâåòüñÿ ãëàäêèé ìíîãîâèä M ðàçîì ç öiëêîì
íåiíòåãðîâíèì ãëàäêèì âåêòîðíèì ðîçïîäiëîì H íà M (âií çâåòüñÿ ãîðèçîí-
òàëüíèì ðîçïîäiëîì) i ãëàäêèì ïîëåì åâêëiäîâèõ ñêàëÿðíèõ äîáóòêiâ ⟨·, ·⟩H
íà H (ñóáðiìàíîâîþ ìåòðèêîþ). Çîêðåìà, ÿêùî M ðiìàíîâèé, òî ñóáðiìà-
íîâó ìåòðèêó ìîæíà ïîáóäóâàòè ÿê îáìåæåííÿ íà H ðiìàíîâî¨ ìåòðèêè M .
Ñàìå òàêó êîíñòðóêöiþ ìè é áóäåìî ðîçãëÿäàòè â ïîäàëüøîìó.

Àêòèâíî äîñëiäæóâàíèì ïðèêëàäîì ñóáðiìàíîâîãî ìíîãîâèäà ¹ òðè-
âèìiðíà ãðóïà Ãåéçåíáåðãà H1. Öå ïðîñòið R3 ç êîîðäèíàòàìè (x, y, z),
íà ÿêîìó ñòðóêòóðà ãðóïè Ëi çàäà¹òüñÿ ìíîæåííÿì (x, y, z)(x′, y′, z′) =(
x+ x′, y + y′, z + z′ + 1

2(xy
′ − yx′)

)
i âèçíà÷à¹ íàñòóïíèé áàçèñ ëiâîiíâàði-

àíòíèõ âåêòîðíèõ ïîëiâ:

X1 =
∂
∂x − y

2
∂
∂z , X2 =

∂
∂y + x

2
∂
∂z , X3 =

∂
∂z .
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Ðîçãëÿíåìî íà H1 ðiìàíîâó ìåòðèêó ⟨·, ·⟩ òàêó, ùî {X1, X2, X3} ¹ îðòîíîð-
ìîâàíèì áàçèñîì ó êîæíié òî÷öi. Ó ÿêîñòi ãîðèçîíòàëüíîãî ðîçïîäiëó H âi-
çüìåìî ðîçïîäië, ùî ïîðîäæåíèé áàçèñîì {X1, X2}, à ó ÿêîñòi ñóáðiìàíîâî¨
ìåòðèêè ⟨·, ·⟩H � îáìåæåííÿ ⟨·, ·⟩ íà H.

Íåõàé Σ � ãëàäêà îði¹íòîâàíà ïîâåðõíÿ ó òðèâèìiðíîìó ñóáðiìàíîâîìó
ìíîãîâèäiM , ñóáðiìàíîâà ìåòðèêà ⟨·, ·⟩H ÿêîãî áóäó¹òüñÿ ÿê îáìåæåííÿ íà H
äåÿêî¨ ðiìàíîâî¨ ìåòðèêè M . Ñèíãóëÿðíà ìíîæèíà Σ0 öi¹¨ ïîâåðõíi ñêëàäà-
¹òüñÿ ç òèõ ¨¨ òî÷îê p, äëÿ ÿêèõ äîòè÷íà ïëîùèíà TpΣ çáiãà¹òüñÿ ç Hp (ñèí-
ãóëÿðíèõ ). Âiäîìî, ùî Σ0 ìà¹ íóëüîâó ðiìàíîâó ïëîùó â ñèëó ïîâíî¨ íåiíòå-
ãðîâíîñòi ðîçïîäiëó H. ßêùî N � îäèíè÷íå íîðìàëüíå ïîëå Σ ó ðiìàíîâîìó
ñåíñi, òî ìîæíà îïèñàòè ñèíãóëÿðíó ìíîæèíó ÿê

Σ0 = {p ∈ Σ | Nh(p) = 0},

äå Nh � îðòîãîíàëüíà ïðîåêöiÿ ïîëÿ N íà H. Ðåøòó òî÷îê ïîâåðõíi áóäåìî
íàçèâàòè ðåãóëÿðíèìè. Ñóáðiìàíîâà ïëîùà îáëàñòi D ⊂ Σ âèçíà÷à¹òüñÿ ÿê

A(D) =
∫
D

|Nh| dΣ,

äå dΣ � ðiìàíîâà ôîðìà ïëîùi Σ. Íîðìàëüíîþ âàðiàöi¹þ ïîâåðõíi Σ, ùî
çàäàíà ãëàäêîþ ôóíêöi¹þ u, áóäåìî íàçèâàòè âiäîáðàæåííÿ φ : Σ × I → M ,
ùî âèçíà÷åíå óìîâîþ

φs(p) = expp(s u(p)N(p)).

Òóò I � äåÿêèé îêië íóëÿ â R, à expp � ðiìàíîâå åêñïîíåíöiéíå âiäîáðàæåííÿ.
Iíøèìè ñëîâàìè, ìè áóäó¹ìî âàðiàöiþ òðàäèöiéíèì äëÿ ðiìàíîâî¨ ãåîìåòði¨
÷èíîì, âèïóñêàþ÷è ãåîäåçè÷íi ç òî÷êè p ó íàïðÿìêó u(p)N(p). Ïîçíà÷èìî
÷åðåç A(s) = A(Σs) ñóáðiìàíîâó ïëîùó ïîâåðõíi âàðiàöi¨ Σs = φs(Σ), ùî
âiäïîâiäà¹ ïàðàìåòðó s (äëÿ îá÷èñëåííÿ ïåðøî¨ òà äðóãî¨ âàðiàöié äîñòàòíüî
çíàéòè ïëîùó îáðàçó íîñiÿ u, çàìèêàííÿ ÿêîãî ââàæàòèìåìî êîìïàêòíèì).
Òîäi A′(0) çâåòüñÿ ïåðøîþ (íîðìàëüíîþ) âàðiàöi¹þ ïëîùi, ùî âiäïîâiäà¹ φ,
à A′′(0) � äðóãîþ. Ïîâåðõíÿ Σ íàçèâà¹òüñÿ ìiíiìàëüíîþ, ÿêùî A′(0) = 0 äëÿ
áóäü-ÿêèõ íîðìàëüíèõ âàðiàöié ç êîìïàêòíèì íîñi¹ì ó Σ \ Σ0. Çàóâàæèìî,
ùî òóò ìè òàêîæ ñëiäó¹ìî ðiìàíîâié òðàäèöi¨, íàçèâàþ÷è ìiíiìàëüíèìè ïî-
âåðõíÿìè ñòàöiîíàðíi òî÷êè ñóáðiìàíîâîãî ôóíêöiîíàëà ïëîùi. Ìiíiìàëüíà
ïîâåðõíÿ Σ çâåòüñÿ ñòiéêîþ, ÿêùî A′′(0) ⩾ 0 äëÿ áóäü-ÿêèõ íîðìàëüíèõ âà-
ðiàöié ç êîìïàêòíèì íîñi¹ì ó Σ \ Σ0. Ó [2] òà [7] áóëî, çîêðåìà, âñòàíîâëåíî,
ùî ó ñóáðiìàíîâié òðèâèìiðíié ãðóïi Ãåéçåíáåðãà ïîâíà çâ'ÿçíà ìiíiìàëüíà
ïîâåðõíÿ ç ïîðîæíüîþ ñèíãóëÿðíîþ ìíîæèíîþ ¹ ñòiéêîþ òîäi é òiëüêè òî-
äi, êîëè öÿ ïîâåðõíÿ ¹ âåðòèêàëüíîþ (òîáòî ïàðàëåëüíîþ îñi z) åâêëiäîâîþ
ïëîùèíîþ, ùî ¹ ïðèêëàäîì ðåçóëüòàòó òèïó Áåðíøòåéíà.

Ó äàíié ðîáîòi ìè ðîçãëÿäàòèìåìî ìíîãîâèä Ẽ(2), ùî âèçíà÷à¹òüñÿ ÿê
óíiâåðñàëüíå íàêðèòòÿ ãðóïè âëàñíèõ ðóõiâ ïëîùèíè. Öå ïðîñòið R3 ç êî-
îðäèíàòàìè (x, y, z) (äå (x, y) âiäïîâiäà¹ ïàðàëåëüíîìó ïåðåíåñåííþ, à z �
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êóòó îáåðòàííÿ), íà ÿêîìó ñòðóêòóðà ãðóïè Ëi çàäà¹òüñÿ ìíîæåííÿì ðóõiâ
(x, y, z)(x′, y′, z′) = (x+ x′ cos z− y′ sin z, y+ x′ sin z+ y′ cos z, z+ z′) i âèçíà÷à¹
òàêèé áàçèñ ëiâîiíâàðiàíòíèõ âåêòîðíèõ ïîëiâ:

X1 = cos z ∂
∂x + sin z ∂

∂y , X2 =
∂
∂z , X3 = sin z ∂

∂x − cos z ∂
∂y . (1)

Íåíóëüîâèìè ïîïàðíèìè äóæêàìè Ëi öèõ ïîëiâ ¹

[X1, X2] = −[X2, X1] = X3, [X2, X3] = −[X3, X2] = X1. (2)

Ðîçãëÿíåìî íà Ẽ(2) ðiìàíîâó ìåòðèêó ⟨·, ·⟩, äëÿ ÿêî¨ {X1, X2, X3} ¹ îðòîíîð-
ìîâàíèì áàçèñîì ó êîæíié òî÷öi. Çàóâàæèìî, ùî âîíà âèÿâëÿ¹òüñÿ åâêëiäî-
âîþ. Ó ÿêîñòi ãîðèçîíòàëüíîãî ðîçïîäiëó H ðîçãëÿíåìî ðîçïîäië, ùî íàòÿ-
ãíóòèé íà áàçèñ {X1, X2}, à ó ÿêîñòi ⟨·, ·⟩H � îáìåæåííÿ åâêëiäîâî¨ ìåòðèêè
íà H. Íåõàé ∇ � çâ'ÿçíiñòü Ëåâi-×iâiòà ìåòðèêè ⟨·, ·⟩. Ç ôîðìóëè Êîøóëÿ
òà (2) (àáî ïðîñòî ç (1) i òîãî, ùî ∇ ïëàñêà) òîäi îòðèìó¹ìî

∇X1X1 = ∇X1X2 = ∇X1X3 = ∇X2X2 = ∇X3X1 =
= ∇X3X2 = ∇X3X3 = 0, ∇X2X1 = −X3, ∇X2X3 = X1.

(3)

Îïåðàòîð êðèâèíè ⟨·, ·⟩ íóëüîâèé, îñêiëüêè öÿ ìåòðèêà åâêëiäîâà.

3. Ôîðìóëè ïåðøî¨ òà äðóãî¨ âàðiàöi¨

Íåõàé òåïåð Σ � ãëàäêà îði¹íòîâàíà ïîâåðõíÿ ó Ẽ(2). Ââåäåìî äåÿêi äî-
äàòêîâi ïîçíà÷åííÿ. Íà ðåãóëÿðíié ÷àñòèíi Σ \ Σ0 ïîâåðõíi âèçíà÷èìî ãîðè-
çîíòàëüíå ãàóñîâå âiäîáðàæåííÿ νh = Nh

|Nh| òà õàðàêòåðèñòè÷íå âåêòîðíå

ïîëå Z, ÿêå ó êîæíié ðåãóëÿðíié òî÷öi p ïîâåðõíi Σ óòâîðþ¹òüñÿ ç νh(p) îáåð-
òàííÿì íà ïðÿìèé êóò ó ïëîùèíi Hp (â îði¹íòàöi¨, ùî âèçíà÷åíà âåêòîðîì
íîðìàëi X3(p) öi¹¨ ïëîùèíè). Öå ïîëå ¹ äîòè÷íèì äî Σ çà ïîáóäîâîþ. Ïîçíà-
÷èìî ÷åðåç S = ⟨N,X3⟩νh − |Nh|X3 âåêòîðíå ïîëå, ùî äîïîâíþ¹ Z ó êîæíié
ðåãóëÿðíié òî÷öi ïîâåðõíi äî îðòîíîðìîâàíîãî áàçèñó ¨¨ äîòè÷íî¨ ïëîùèíè.
×åðåç B ïîçíà÷àòèìåìî (ðiìàíîâèé) îïåðàòîð Âåéíãàðòåíà ïîâåðõíi Σ âiäíî-
ñíî N , ùî âèçíà÷à¹òüñÿ äëÿ áóäü-ÿêîãî äîòè÷íîãî äî Σ âåêòîðíîãî ïîëÿ W
óìîâîþ B(W ) = −∇WN .

Òåîðåìà 1 (Ôîðìóëà ïåðøî¨ âàðiàöi¨). Íåõàé Σ � ïîâåðõíÿ ó Ẽ(2). Òîäi
ïåðøà íîðìàëüíà âàðiàöiÿ ¨¨ ïëîùi, ùî çàäàíà ôóíêöi¹þ u, ìà¹ íàñòóïíèé
âèãëÿä:

A′(0) =
∫

Σ\Σ0

|Nh|−1 (−⟨B(Z), Z⟩+ ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)u dΣ. (4)

Äîâåäåííÿ. Çàñòîñó¹ìî òóò òåõíiêó, àíàëîãi÷íó äî âèêîðèñòàíî¨ ó ðîáî-
òi [7]. Ïîçíà÷èìî ÷åðåç N ðiìàíîâå îäèíè÷íå íîðìàëüíå ïîëå ïîâåðõîíü íîð-
ìàëüíî¨ âàðiàöi¨ φ : Σ×I → M , à ÷åðåçNh = N−⟨N,X3⟩X3 � éîãî îðòîãîíàëü-
íó ïðîåêöiþ íà H (ñóáðiìàíîâå íîðìàëüíå ïîëå). Ïîáóäó¹ìî íà ïiäìíîæèíàõ
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ðåãóëÿðíèõ òî÷îê ïîâåðõîíü âàðiàöi¨ ïîëÿ νh, Z òà S ÿê âêàçàíî âèùå. Çà
îçíà÷åííÿì ñóáðiìàíîâî¨ ïëîùi ìà¹ìî

A(s) = A(Σs) =
∫
Σs

|Nh| dΣs =
∫

Σ\Σ0

|Nh ◦ φs| |Jφs| dΣ,

äå dΣs � ðiìàíîâà ôîðìà ïëîùi ïîâåðõíi Σs, φs : Σ → Σs � äèôåîìîðôiçì âà-
ðiàöi¨, ùî âiäïîâiäà¹ ïàðàìåòðó s ∈ I, à Jφs � éîãî ÿêîáiàí. Îñòàííÿ ðiâíiñòü
àíàëîãi÷íà ôîðìóëi ðiìàíîâî¨ ïëîùi ïîâåðõíi âàðiàöi¨ (äèâ., íàïðèêëàä, [10,
ñ. 49]). ßê çãàäóâàëîñÿ âèùå, òóò äîñòàòíüî iíòåãðóâàòè ïî íîñiþ u. Äàëi
ïîçíà÷àòèìåìî |Nh|(s) = |Nh ◦ φs|. Òîäi

A′(s) =
∫

Σ\Σ0

(|Nh|′(s)|Jφs|+ |Nh|(s)|Jφs|′(s)) dΣ (5)

i, îñêiëüêè |Jφ0| = 1,

A′(0) =
∫

Σ\Σ0

(|Nh|′(0) + |Nh|(0)|Jφs|′(0)) dΣ. (6)

Ïðîâåäåìî äåÿêi äîïîìiæíi îá÷èñëåííÿ. Äèôåðåíöiþþ÷è ðiâíiñòü Nh =
N − ⟨N,X3⟩X3 ó íàïðÿìêó äîâiëüíîãî âåêòîðà v, îòðèìó¹ìî

∇vNh = ∇vN − ⟨∇vN,X3⟩X3 − ⟨N,∇vX3⟩X3 − ⟨N,X3⟩∇vX3 =
= (∇vN)h − ⟨N,∇vX3⟩X3 − ⟨N,X3⟩∇vX3.

(7)

Ó ðåãóëÿðíèõ òî÷êàõ ïîâåðõîíü âàðiàöi¨ çíà÷åííÿ ïîëiâ νh, Z òà X3 óòâîðþ-
þòü îðòîíîðìîâàíi áàçèñè i ⟨∇vνh, νh⟩ = 0, òîìó

∇vνh = ⟨∇vνh, Z⟩Z + ⟨∇vνh, X3⟩X3,

äå, îñêiëüêè νh = |Nh|−1Nh, à Z i Nh îðòîãîíàëüíi,

⟨∇vνh, Z⟩ = |Nh|−1⟨∇vNh, Z⟩ = |Nh|−1 (⟨∇vN,Z⟩ − ⟨N,X3⟩⟨∇vX3, Z⟩)

â ñèëó (7), îòæå

∇vνh = |Nh|−1 (⟨∇vN,Z⟩ − ⟨N,X3⟩⟨∇vX3, Z⟩)Z − ⟨νh,∇vX3⟩X3. (8)

Òàêîæ ó ðåãóëÿðíèõ òî÷êàõ |Nh| = ⟨Nh, νh⟩, òîìó ïîõiäíà öi¹¨ ôóíêöi¨ ó
íàïðÿìêó v äîðiâíþ¹

v(|Nh|) = ⟨∇vNh, νh⟩+ ⟨Nh,∇vνh⟩ = ⟨∇vNh, νh⟩,

áî ⟨νh,∇vνh⟩ = 0. Çâiäñè i ç (7) òîäi âèïëèâà¹

v(|Nh|) = ⟨∇vN, νh⟩ − ⟨N,X3⟩⟨∇vX3, νh⟩. (9)
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Çà ïîáóäîâîþ íîðìàëüíî¨ âàðiàöi¨ φ ó åâêëiäîâîìó ïðîñòîði ïîëå dφ
(

∂
∂s

)
äîðiâíþ¹ U = uN(0), äå N(0) � ïàðàëåëüíî ïåðåíåñåíå óçäîâæ íîðìàëåé äî
ïîâåðõíi Σ ¨ ¨ îäèíè÷íå íîðìàëüíå ïîëå. Çâiäñè i ç (9) âèïëèâà¹, ùî

|Nh|′(s) = U(|Nh|) = ⟨∇UN, νh⟩ − ⟨N,X3⟩⟨∇UX3, νh⟩. (10)

Îñêiëüêè ó ðåãóëÿðíèõ òî÷êàõ çíà÷åííÿ ïîëiâ Z, S òà N óòâîðþþòü îðòî-
íîðìîâàíi áàçèñè i ⟨∇UN,N⟩ = 0,

∇UN = ⟨∇UN,Z⟩Z + ⟨∇UN,S⟩S =
= −⟨N,∇UZ⟩Z − ⟨N,∇US⟩S = −⟨N,∇ZU⟩Z − ⟨N,∇SU⟩S,

äå îñòàííÿ ðiâíiñòü âèïëèâà¹ ç òîãî, ùî äóæêè Ëi [U,Z] òà [U, S] ïîëÿ U
i äîòè÷íèõ ïîëiâ äî ïîâåðõîíü âàðiàöi¨ íóëüîâi. Ïî÷èíàþ÷è ç öüîãî ìiñöÿ,
ïîçíà÷àòèìåìî ÷åðåç N , Nh, νh, Z òà S âiäïîâiäíi ïîëÿ íà ïîâåðõíi Σ (îñòàííi
òðè ç ÿêèõ âèçíà÷åíi ëèøå â ¨¨ ðåãóëÿðíèõ òî÷êàõ). Îòæå, ïðè s = 0

∇UN = −⟨N,∇Z(uN)⟩Z − ⟨N,∇S(uN)⟩S = −Z(u)Z − S(u)S,

áî N îäèíè÷íå, òîìó (10) ïðèéìà¹ âèãëÿä

|Nh|′(0) = ⟨−Z(u)Z − S(u)S, νh⟩ − ⟨N,X3⟩⟨∇NX3, νh⟩u =
= −⟨N,X3⟩S(u)− |Nh|⟨N,X3⟩⟨∇νhX3, νh⟩u

(11)

â ñèëó ðiâíîñòåé S = ⟨N,X3⟩νh − |Nh|X3, N = |Nh|νh + ⟨N,X3⟩X3 i (3). ßê
ïîêàçàíî, íàïðèêëàä, ó [10, ñ. 50-51], ïåðøà ïîõiäíà ìîäóëÿ ÿêîáiàíà φs â íóëi
äîðiâíþ¹ äèâåðãåíöi¨ ïîëÿ âàðiàöi¨ U = uN :

|Jφs|′(0) = divΣ(uN) = ⟨∇Z(uN), Z⟩+ ⟨∇S(uN), S⟩ =
= (⟨∇ZN,Z⟩+ ⟨∇SN,S⟩)u = − (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u. (12)

Òàêèì ÷èíîì, âèðàç ïiä iíòåãðàëîì ó (6) ìà¹ âèãëÿä

|Nh|′(0) + |Nh||Jφs|′(0) = −⟨N,X3⟩S(u)− |Nh|⟨N,X3⟩⟨∇νhX3, νh⟩u−
−|Nh| (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u. (13)

Çðîáèìî ùå êiëüêà äîïîìiæíèõ îá÷èñëåíü. Îñêiëüêè νh = ⟨νh, X1⟩X1 +
⟨νh, X2⟩X2, ç (3) âèïëèâà¹ ∇νhX3 = ⟨νh, X2⟩X1, îòæå ìà¹ìî ⟨∇νhX3, νh⟩ =
⟨νh, X1⟩⟨νh, X2⟩. Çà ïîáóäîâîþ òîäi Z = −⟨νh, X2⟩X1 + ⟨νh, X1⟩X2, òîìó
∇ZX3 = ⟨νh, X1⟩X1 â ñèëó (3), i òàêèì ÷èíîì

⟨∇νhX3, νh⟩ = ⟨νh, X1⟩⟨νh, X2⟩ = −⟨∇ZX3, Z⟩. (14)

Çâiäñè æ ìà¹ìî

⟨∇νhX3, Z⟩ = −⟨νh, X2⟩2, ⟨∇ZX3, νh⟩ = ⟨νh, X1⟩2. (15)

Çîêðåìà, îñêiëüêè νh îäèíè÷íèé, ⟨∇ZX3, νh⟩ − ⟨∇νhX3, Z⟩ = 1.
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Çàóâàæèìî òåïåð, ùî, îñêiëüêè Z i S = ⟨N,X3⟩νh−|Nh|X3 îäèíè÷íi, à νh,
Z òà X3 óòâîðþþòü îðòîíîðìîâàíi áàçèñè â ðåãóëÿðíèõ òî÷êàõ,

divΣS = ⟨∇ZS,Z⟩+ ⟨∇SS, S⟩ = −⟨S,∇ZZ⟩ =
= −⟨S, νh⟩⟨∇ZZ, νh⟩ − ⟨S,X3⟩⟨∇ZZ,X3⟩ = ⟨N,X3⟩⟨Z,∇Zνh⟩ − |Nh|⟨Z,∇ZX3⟩.

Îñêiëüêè

∇Zνh = |Nh|−1 (⟨∇ZN,Z⟩ − ⟨N,X3⟩⟨∇ZX3, Z⟩)Z − ⟨∇ZX3, νh⟩X3

â ñèëó (8) i òîìó, âðàõîâóþ÷è (14), (15) òà îçíà÷åííÿ îïåðàòîðà Âåéíãàðòå-
íà B, ìà¹ìî

∇Zνh = −|Nh|−1 (⟨B(Z), Z⟩ − ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)Z−
−⟨νh, X1⟩2X3,

(16)

çâiäñè âèïëèâà¹ ç óðàõóâàííÿì (14)

divΣS = −⟨N,X3⟩|Nh|−1 (⟨B(Z), Z⟩ − ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)+
+|Nh|⟨νh, X1⟩⟨νh, X2⟩.

Îñêiëüêè ïîëå N îäèíè÷íå, |Nh|2 + ⟨N,X3⟩2 = 1, òîìó îñòàòî÷íî ìà¹ìî

divΣS = −|Nh|−1 (⟨N,X3⟩⟨B(Z), Z⟩ − ⟨νh, X1⟩⟨νh, X2⟩) . (17)

Çà âëàñòèâîñòÿìè äèâåðãåíöi¨ òîäi

divΣ(⟨N,X3⟩uS) = S(⟨N,X3⟩u) + ⟨N,X3⟩udivΣS =
= ⟨∇SN,X3⟩u+ ⟨N,∇SX3⟩u+ ⟨N,X3⟩S(u)−

−⟨N,X3⟩|Nh|−1 (⟨N,X3⟩⟨B(Z), Z⟩ − ⟨νh, X1⟩⟨νh, X2⟩)u =
= −⟨B(S), X3⟩u+ ⟨N,X3⟩⟨∇νhX3, N⟩u+ ⟨N,X3⟩S(u)−

−|Nh|−1⟨B(Z), Z⟩u+ |Nh|⟨B(Z), Z⟩u+ |Nh|−1⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩u,

äå ó îñòàííié ðiâíîñòi çíîâó âèêîðèñòàëè |Nh|2+ ⟨N,X3⟩2 = 1. Îñêiëüêè ïîëå
B(S) ¹ äîòè÷íèì äî ïîâåðõíi Σ,

⟨B(S), X3⟩ = ⟨B(S), S⟩⟨S,X3⟩+ ⟨B(S), Z⟩⟨Z,X3⟩ = −|Nh|⟨B(S), S⟩.

Âðàõîâóþ÷è òàêîæ, ùî ∇νhX3 îðòîãîíàëüíå äî X3, îòðèìó¹ìî

divΣ(⟨N,X3⟩uS) = |Nh| (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u+ |Nh|⟨N,X3⟩⟨∇νhX3, νh⟩u+
+⟨N,X3⟩S(u) + |Nh|−1 (−⟨B(Z), Z⟩+ ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩)u.

Òàêèì ÷èíîì, ðiâíiñòü (13) íàáóâà¹ âèãëÿäó

|Nh|′(0) + |Nh||Jφs|′(0) = −divΣ(⟨N,X3⟩uS)+
+|Nh|−1 (−⟨B(Z), Z⟩+ ⟨N,X3⟩⟨⟨νh, X1⟩⟨νh, X2⟩)u.

Ïiäñòàâëÿþ÷è öå ó (6) i âðàõîâóþ÷è, ùî
∫

Σ\Σ0

divΣ(⟨N,X3⟩uS) dΣ = 0, îòðè-

ìó¹ìî ïîòðiáíó ôîðìóëó ïåðøî¨ âàðiàöi¨ (4).
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Âèñíîâîê 1 (Êðèòåðié ìiíiìàëüíîñòi). Ïîâåðõíÿ Σ ó Ẽ(2) ìiíiìàëüíà òîäi
é òiëüêè òîäi, êîëè ó âñiõ ¨¨ ðåãóëÿðíèõ òî÷êàõ

⟨B(Z), Z⟩ = ⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩. (18)

Ó [7] ðîçãëÿäàëàñÿ ñóáðiìàíîâà ñåðåäíÿ êðèâèíà H = −1
2divΣνh ïîâåðõíi Σ

i áóëî ïîêàçàíî, ùî ìiíiìàëüíiñòü Σ ó ãðóïi Ãåéçåíáåðãà åêâiâàëåíòíà óìîâi
H = 0. Îá÷èñëèìî öþ ôóíêöiþ äëÿ íàøîãî âèïàäêó. Ç (8) âèïëèâà¹, ùî

∇Sνh = |Nh|−1 (⟨∇SN,Z⟩ − ⟨N,X3⟩⟨∇SX3, Z⟩)Z − ⟨∇SX3, νh⟩X3 =
= |Nh|−1

(
−⟨B(S), Z⟩ − ⟨N,X3⟩2⟨∇νhX3, Z⟩

)
Z − ⟨N,X3⟩⟨∇νhX3, νh⟩X3.

Âðàõîâóþ÷è (14), (15) i ñàìîñïðÿæåíiñòü îïåðàòîðà Âåéíãàðòåíà, îòðèìó¹ìî

∇Sνh = −|Nh|−1
(
⟨B(Z), S⟩ − ⟨N,X3⟩2⟨νh, X2⟩2

)
Z−

−⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩X3.
(19)

Çâiäñè i ç (16) ìà¹ìî

−2H = divΣνh = ⟨∇Zνh, Z⟩+ ⟨∇Sνh, S⟩ =
= |Nh|−1

(
−⟨B(Z), Z⟩+ ⟨N,X3⟩(1 + |Nh|2)⟨νh, X1⟩⟨νh, X2⟩

)
.

Ïîðiâíþþ÷è öåé âèðàç ç (18), áà÷èìî, ùî äëÿ ïîâåðõîíü ó Ẽ(2) ìiíiìàëüíiñòü,
âçàãàëi êàæó÷è, íå ðiâíîñèëüíà ðiâíîñòi ñóáðiìàíîâî¨ ñåðåäíüî¨ êðèâèíè íó-
ëþ. Çàñòîñó¹ìî òåïåð îòðèìàíèé êðèòåðié ìiíiìàëüíîñòi äî íàéïðîñòiøîãî
êëàñó ïîâåðõîíü � åâêëiäîâèõ ïëîùèí. Ìè íå âæèâàòèìåìî ñëîâà �ãîðèçîí-
òàëüíà� i �âåðòèêàëüíà� äëÿ îïèñó ðîçòàøóâàííÿ ïëîùèíè âiäíîñíî îñi z, ùîá
óíèêíóòè ïëóòàíèíè ç iíøèìè çíà÷åííÿìè öèõ ñëiâ ó äàíié ðîáîòi.

Òâåðäæåííÿ 1. Åâêëiäîâà ïëîùèíà ó Ẽ(2) ¹ ìiíiìàëüíîþ òîäi é òiëüêè
òîäi, êîëè âîíà ïàðàëåëüíà àáî îðòîãîíàëüíà äî îñi z.

Äîâåäåííÿ. Îñêiëüêè äëÿ ïëîùèíè B = 0, (18) íàáóâà¹ âèãëÿäó

⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩ = 0,

òîáòî

⟨N,X1⟩⟨N,X2⟩⟨N,X3⟩ = 0.

Îäèíè÷íèé íîðìàëüíèé âåêòîð N = a ∂
∂x + b ∂

∂y + c ∂
∂z òóò ïîñòiéíèé, i ç óðà-

õóâàííÿì (1) óìîâîþ ìiíiìàëüíîñòi òàêèì ÷èíîì ¹

(a cos z + b sin z) c (a sin z − b cos z) = 0.

Çîêðåìà, ðåãóëÿðíèìè ¹ òî÷êè, äëÿ ÿêèõ (a cos z + b sin z)2 + c2 > 0. ßêùî
ïëîùèíà ïàðàëåëüíà îñi z, òî c = 0, à ÿêùî ïåðïåíäèêóëÿðíà äî íå¨, òî
a = b = 0, òîìó òàêi ïëîùèíè ìiíiìàëüíi. Íåõàé òåïåð ïëîùèíà ïîõèëà,
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òîáòî c ̸= 0 i a2 + b2 > 0. Ïðèïóñòèìî, ùî âîíà ìiíiìàëüíà. Ç ïîïåðåäíüîãî
ðiâíÿííÿ ìà¹ìî

1
2(a

2 − b2) sin 2z − ab cos 2z = 0.

Îñêiëüêè äëÿ ïîõèëî¨ ïëîùèíè z ïðèéìà¹ óñi äiéñíi çíà÷åííÿ, òîäi a2 − b2 =
ab = 0, òîáòî a = b = 0, ïðîòèði÷÷ÿ.

Äëÿ êðàùîãî ðîçóìiííÿ êëàñó ìiíiìàëüíèõ ïîâåðõîíü äàíî¨ ãåîìåòði¨ çà-
ïèøåìî òàêîæ ðiâíÿííÿ ìiíiìàëüíîñòi äëÿ îäíîãî ç òèïiâ ÿâíî çàäàíèõ ïî-
âåðõîíü.

Òâåðäæåííÿ 2 (Êðèòåðié ìiíiìàëüíîñòi äëÿ ÿâíî çàäàíèõ ïîâåðõîíü). Íå-

õàé ïîâåðõíÿ ó Ẽ(2) çàäàíà ðiâíÿííÿì y = f(x, z). Âîíà áóäå ìiíiìàëüíîþ
òîäi é òiëüêè òîäi, êîëè

− cos2 z f2
z fxx + (2 cos2 z fxfz − sin 2zfz)fxz+

+(− cos2 z f2
x + sin 2z fx − sin2 z)fzz−

−1
2 sin 2z f

2
xfz − cos 2z fxfz +

1
2 sin 2z fz = 0

(20)

äëÿ óñiõ (x, z) òàêèõ, ùî (fx cos z − sin z)2 + f2
z > 0.

Äîâåäåííÿ. Äëÿ äàíî¨ ïîâåðõíi

N = 1
δ

(
fx

∂
∂x − ∂

∂y + fz
∂
∂z

)
=

= 1
δ ((fx cos z − sin z)X1 + fzX2 + (fx sin z + cos z)X3)

â ñèëó (1), äå ïîçíà÷èëè δ =
√
1 + f2

x + f2
z . Òîìó

Nh = 1
δ ((fx cos z − sin z)X1 + fzX2) , ⟨N,X3⟩ = 1

δ (fx sin z + cos z) .

ßêùî ïîçíà÷èòè ∆ =
√
(fx cos z − sin z)2 + f2

z , òî |Nh| = ∆
δ , óìîâîþ ðåãóëÿð-

íîñòi áóäå ∆ ̸= 0, i â ðåãóëÿðíèõ òî÷êàõ

νh = 1
∆ ((fx cos z − sin z)X1 + fzX2) ,

òîìó çà ïîáóäîâîþ

Z = 1
∆ (−fzX1 + (fx cos z − sin z)X2) =

= − 1
∆fz cos z

(
∂
∂x + fx

∂
∂y

)
+ 1

∆(fx cos z − sin z)
(

∂
∂z + fz

∂
∂y

)
.

Ïîçíà÷èìî ÷åðåç Z1 i Z2 êîåôiöi¹íòè áiëÿ áàçèñíèõ âåêòîðíèõ ïîëiâ ïîâåðõíi
∂
∂x +fx

∂
∂y i

∂
∂z +fz

∂
∂y âiäïîâiäíî ó ïîïåðåäíüîìó âèðàçi. Îñêiëüêè â êîîðäèíà-

òàõ (x, z) êîåôiöi¹íòè äðóãî¨ ôóíäàìåíòàëüíî¨ ôîðìè ÿâíî çàäàíî¨ ïîâåðõíi
ìàþòü âèãëÿä

b11 = −fxx
δ , b12 = −fxz

δ , b22 = −fzz
δ ,

ìà¹ìî ïiñëÿ ðîçêðèòòÿ äóæîê

⟨B(Z), Z⟩ = bijZ
iZj = 1

δ∆2

(
− cos2 z f2

z fxx + (2 cos2 z fxfz − sin 2zfz)fxz+
+(− cos2 z f2

x + sin 2z fx − sin2 z)fzz
)
.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì98 (2023) 59

Òîäi â ñèëó (18), ïðèðiâíþþ÷è öåé âèðàç äî

⟨N,X3⟩⟨νh, X1⟩⟨νh, X2⟩ = 1
δ∆2 (fx sin z + cos z)(fx cos z − sin z)fz,

îòðèìà¹ìî óìîâó ìiíiìàëüíîñòi, ùî ìà¹ âèãëÿä (20).

Êðiì îðòîãîíàëüíèõ äî îñi z ïëîùèí y = a x + b, ïðèêëàäàìè ðîçâ'ÿçêiâ
ðiâíÿííÿ (20) ¹ çíàéäåíi ó [9] ïîâåðõíi y = a cos z + b òà y = x + a(sin z +
cos z)+b, äå a i b ïîñòiéíi. Àíàëîãi÷íi ðiâíÿííÿ ìîæíà âèïèñàòè äëÿ ïîâåðõîíü
âèãëÿäó x = f(y, z) i z = f(x, y). Íàâåäåíi ïðèêëàäè äåìîíñòðóþòü, çîêðåìà,
ùî ç ìiíiìàëüíîñòi ïîâåðõíi ó åâêëiäîâîìó ñåíñi íå âèïëèâà¹ ¨¨ ñóáðiìàíîâà
ìiíiìàëüíiñòü òà íàâïàêè. Òåïåð ïåðåéäåìî äî ïèòàííÿ ïðî ñòiéêiñòü òàêèõ
ïîâåðõîíü, îá÷èñëèâøè äðóãó âàðiàöiþ ñóáðiìàíîâî¨ ïëîùi.

Òåîðåìà 2 (Ôîðìóëà äðóãî¨ âàðiàöi¨). Íåõàé Σ � ìiíiìàëüíà ïîâåðõíÿ ó

Ẽ(2). Òîäi äðóãà íîðìàëüíà âàðiàöiÿ ¨¨ ïëîùi, ùî çàäàíà ôóíêöi¹þ u, ìà¹
íàñòóïíèé âèãëÿä:

A′′(0) =
∫

Σ\Σ0

(
|Nh|−1

(
Z(u)− ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)2−
−2|Nh|⟨B(Z), S⟩2u2 − 2⟨N,X3⟩⟨B(Z), S⟩Z(u)u+

+4⟨N,X3⟩|Nh|⟨νh, X1⟩⟨νh, X2⟩⟨B(S), S⟩u2+
+2
(
1− 2|Nh|2

)
⟨νh, X1⟩⟨νh, X2⟩S(u)u+

+ |Nh|
(
2− 3|Nh|2

)
⟨νh, X1⟩2⟨νh, X2⟩2u2

)
dΣ.

(21)

Äîâåäåííÿ. Ïðîäîâæèìî ìiðêóâàííÿ ç äîâåäåííÿ òåîðåìè 1. Ñïî÷àòêó
çíîâó ââàæàòèìåìî ïîëÿ N , Nh, νh, Z òà S çàäàíèìè íà ïîâåðõíÿõ âàðià-
öi¨. Ç (5) òà ðiâíîñòi |Jφ0| = 1 âèïëèâà¹

A′′(0) =
∫

Σ\Σ0

(|Nh|′′(0) + 2|Nh|′(0)|Jφs|′(0) + |Nh|(0)|Jφs|′′(0)) dΣ. (22)

Ïåðø çà âñå, ïåðåïèøåìî ôîðìóëó (10) ó áiëüø çðó÷íîìó äëÿ ïîäàëüøîãî
äèôåðåíöiþâàííÿ âèãëÿäi. Â ñèëó (3),

∇UX3 = ⟨U,X2⟩X1 = u⟨N(0), X2⟩X1,
∇UX1 = −⟨U,X2⟩X3 = −u⟨N(0), X2⟩X3,

(23)

îòæå (10) ïðèéìà¹ âèãëÿä

|Nh|′(s) = ⟨∇UN, νh⟩ − ⟨N,X3⟩u⟨N(0), X2⟩⟨νh, X1⟩.

Òóò u òà ⟨N(0), X2⟩ íå çàëåæàòü âiä s, òîìó, äèôåðåíöiþþ÷è, îòðèìó¹ìî

|Nh|′′(s) = U(|Nh|′) = ⟨∇U∇UN, νh⟩+ ⟨∇UN,∇Uνh⟩−
− (⟨∇UN,X3⟩+ ⟨N,∇UX3⟩) ⟨N(0), X2⟩⟨νh, X1⟩u−
−⟨N,X3⟩⟨N(0), X2⟩ (⟨∇Uνh, X1⟩+ ⟨νh,∇UX1⟩)u.

(24)
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Òàêîæ ç (8), (23) òà ðiâíîñòi ⟨Z,X1⟩ = −⟨νh, X2⟩ âèïëèâà¹, ùî

∇Uνh = |Nh|−1 (⟨∇UN,Z⟩ − ⟨N,X3⟩⟨∇UX3, Z⟩)Z − ⟨∇UX3, νh⟩X3 =
= |Nh|−1 (⟨∇UN,Z⟩+ ⟨N,X3⟩⟨N(0), X2⟩⟨νh, X2⟩u)Z−

−⟨N(0), X2⟩⟨νh, X1⟩uX3.
(25)

Ïiäðàõó¹ìî çíà÷åííÿ äîäàíêiâ âèðàçó (24) ïðè s = 0. Îñêiëüêè ïîëÿ Z, S
òà N óòâîðþþòü îðòîíîðìîâàíi áàçèñè ó ðåãóëÿðíèõ òî÷êàõ ïîâåðõîíü âàði-
àöi¨, à νh îðòîãîíàëüíå äî Z,

⟨∇U∇UN, νh⟩ = ⟨∇U∇UN,S⟩⟨S, νh⟩+ ⟨∇U∇UN,N⟩⟨N, νh⟩ =
= −⟨N,X3⟩ (2⟨∇UN,∇US⟩+ ⟨N,∇U∇US⟩)− |Nh|⟨∇UN,∇UN⟩ =
= −⟨N,X3⟩ (2⟨∇UN,∇SU⟩+ ⟨N,∇U∇SU⟩)− |Nh|⟨∇UN,∇UN⟩,

äå äðóãà ðiâíiñòü âèïëèâà¹ ç òîãî, ùî äðóãi ïîõiäíi âèðàçiâ ⟨N,S⟩ = 0 òà
⟨N,N⟩ = 1 ó íàïðÿìêó U ðiâíi íóëþ, à òðåòÿ � ç [S,U ] = 0. Òóò ∇U∇SU
äîðiâíþ¹ îïåðàòîðó êðèâèíè åâêëiäîâî¨ ìåòðèêè R(U, S)U = 0, áî ∇UU =
[U, S] = 0. Ïðè s = 0, ÿê áóëî âñòàíîâëåíî ó äîâåäåííi òåîðåìè 1 ïåðåä
ðiâíÿííÿìè (11), ∇UN = −Z(u)Z − S(u)S, òîìó

⟨∇UN,∇SU⟩(0) = −⟨Z(u)Z + S(u)S,∇SN⟩u =
= (⟨B(S), Z⟩Z(u) + ⟨B(S), S⟩S(u))u = B(S)(u)u

çà îçíà÷åííÿì îïåðàòîðà Âåéíãàðòåíà i îñêiëüêè Z òà S ó ðåãóëÿðíèõ òî÷êàõ
óòâîðþþòü îðòîíîðìîâàíi áàçèñè äîòè÷íèõ ïëîùèí. Òóò ó ïðàâié ÷àñòèíi é
äàëi òåïåð ïîçíà÷à¹ìî ÷åðåç N , Nh, νh, Z òà S âiäïîâiäíi ïîëÿ íà ïîâåðõíi Σ.
Òàêèì ÷èíîì,

⟨∇U∇UN, νh⟩(0) = −2⟨N,X3⟩B(S)(u)u− |Nh|(Z(u)2 + S(u)2). (26)

Ïðè s = 0 ðiâíÿííÿ (25) ïðèéìà¹ âèãëÿä

∇Uνh(0) = |Nh|−1 (−Z(u) + ⟨N,X3⟩⟨N,X2⟩⟨νh, X2⟩u)Z−
−⟨N,X2⟩⟨νh, X1⟩uX3 = |Nh|−1

(
−Z(u) + ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)
Z−

−|Nh|⟨νh, X1⟩⟨νh, X2⟩uX3.
(27)

Çâiäñè ìà¹ìî ç óðàõóâàííÿì ôîðìóëè S = ⟨N,X3⟩νh − |Nh|X3

⟨∇UN,∇Uνh⟩(0) = |Nh|−1Z(u)2 − ⟨N,X3⟩⟨νh, X2⟩2Z(u)u−
−|Nh|2⟨νh, X1⟩⟨νh, X2⟩S(u)u,
⟨∇UN,X3⟩(0) = |Nh|S(u).

(28)

Ç (23) âèïëèâà¹, ùî

⟨N,∇UX3⟩(0) = ⟨N,X2⟩⟨N,X1⟩u = |Nh|2⟨νh, X1⟩⟨νh, X2⟩u. (29)

Ç (27) òà ðiâíîñòi ⟨Z,X1⟩ = −⟨νh, X2⟩ îòðèìó¹ìî

⟨∇Uνh, X1⟩(0) = |Nh|−1⟨νh, X2⟩Z(u)− ⟨N,X3⟩⟨νh, X2⟩3u. (30)
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Íàðåøòi, ç (23) òàêîæ ìà¹ìî

⟨νh,∇UX1⟩(0) = 0, (31)

áî νh îðòîãîíàëüíå äî X3. Ïiäñòàâèìî (26) i (28)-(31) ó (24), ïðèâåäåìî ïî-
äiáíi òà ñïðîñòèìî:

|Nh|′′(0) = −2⟨N,X3⟩B(S)(u)u− |Nh|(Z(u)2 + S(u)2)+

+|Nh|−1
(
Z(u)− ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)2−
−2|Nh|2⟨νh, X1⟩⟨νh, X2⟩S(u)u− |Nh|3⟨νh, X1⟩2⟨νh, X2⟩2u2.

(32)

ßê ïîêàçàíî, íàïðèêëàä, ó [10, ñ. 50-51], äëÿ åâêëiäîâî¨ ìåòðèêè

|Jφs|′′(0) = (divΣU)2 + ⟨∇ZU,N⟩2 + ⟨∇SU,N⟩2−
−⟨∇ZU,Z⟩2 − 2⟨∇ZU, S⟩⟨∇SU,Z⟩ − ⟨∇SU, S⟩2 =

= ⟨∇ZU,N⟩2 + ⟨∇SU,N⟩2 + 2 (⟨∇ZU,Z⟩⟨∇SU, S⟩ − ⟨∇ZU, S⟩⟨∇SU,Z⟩) .

Ïåðåïèøåìî öþ ðiâíiñòü ó òåðìiíàõ îïåðàòîðà Âåéíãàðòåíà ç óðàõóâàííÿì
éîãî ñàìîñïðÿæåíîñòi:

|Jφs|′′(0) = Z(u)2 + S(u)2 + 2
(
⟨B(Z), Z⟩⟨B(S), S⟩ − ⟨B(Z), S⟩2

)
u2. (33)

Çàëèøèëîñÿ ïiäñòàâèòè (11) (âðàõóâàâøè (14)), (12), (32) i (33) ó âèðàç ïiä
iíòåãðàëîì ôîðìóëè (22):

|Nh|′′(0) + 2|Nh|′(0)|Jφs|′(0) + |Nh||Jφs|′′(0) = −2⟨N,X3⟩⟨B(S), Z⟩Z(u)u−
−2⟨N,X3⟩⟨B(S), S⟩S(u)u+ |Nh|−1

(
Z(u)− ⟨N,X3⟩|Nh|⟨νh, X2⟩2u

)2−
−2|Nh|2⟨νh, X1⟩⟨νh, X2⟩S(u)u− |Nh|3⟨νh, X1⟩2⟨νh, X2⟩2u2+

+2⟨N,X3⟩ (S(u) + |Nh|⟨νh, X1⟩⟨νh, X2⟩u) (⟨B(Z), Z⟩+ ⟨B(S), S⟩)u+
+2|Nh|

(
⟨B(Z), Z⟩⟨B(S), S⟩ − ⟨B(Z), S⟩2

)
u2.

Ïiñëÿ ïiäñòàíîâêè óìîâè ìiíiìàëüíîñòi ïîâåðõíi (18) òà äåÿêèõ ñïðîùåíü
çâiäñè îòðèìó¹ìî ïîòðiáíó ôîðìóëó (21).

Òâåðäæåííÿ 3. Óñi ìiíiìàëüíi åâêëiäîâi ïëîùèíè ó Ẽ(2) ¹ ñòiéêèìè.

Äîâåäåííÿ. Â ñèëó òâåðäæåííÿ 1, ìiíiìàëüíà ïëîùèíà àáî ïàðàëåëüíà
îñi z, i òîäi ⟨νh, X2⟩ = 0, àáî îðòîãîíàëüíà äî íå¨, i òîäi ⟨N,X3⟩ = ⟨νh, X1⟩ = 0.
Îñêiëüêè êðiì òîãî B = 0, ôîðìóëà (21) íàáóâà¹ âèãëÿäó

A′′(0) =
∫

Σ\Σ0

|Nh|−1Z(u)2 dΣ ⩾ 0,

ùî é îçíà÷à¹ ñòiéêiñòü.
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4. Âåðòèêàëüíi ïîâåðõíi

Ðîçãëÿíåìî ùå îäèí (êðiì åâêëiäîâèõ ïëîùèí) êëàñ ïîâåðõîíü, äëÿ ÿêèõ
ôîðìóëà äðóãî¨ âàðiàöi¨ (21) ñóòò¹âî ñïðîùó¹òüñÿ. Áóäåìî íàçèâàòè ïîâåðõ-
íþ Σ ó òðèâèìiðíîìó ñóáðiìàíîâîìó ìíîãîâèäi âåðòèêàëüíîþ, ÿêùî ¨¨ äî-
òè÷íà ïëîùèíà TpΣ ïåðïåíäèêóëÿðíà äî ãîðèçîíòàëüíî¨ ïëîùèíè ñóáðiìà-
íîâî¨ ñòðóêòóðè Hp ó êîæíié òî÷öi p ïîâåðõíi, òîáòî ¨õíi âåêòîðè íîðìàëi
îðòîãîíàëüíi. Çîêðåìà, òàêi ïîâåðõíi íå ìiñòÿòü ñèíãóëÿðíèõ òî÷îê. Ó íàøèõ

ïîçíà÷åííÿõ âåðòèêàëüíi ïîâåðõíi ó Ẽ(2) õàðàêòåðèçóþòüñÿ åêâiâàëåíòíèìè
óìîâàìè ⟨N,X3⟩ = 0, |Nh| = 1 àáîN = Nh = νh. Óìîâà (18) ìiíiìàëüíîñòi äëÿ
íèõ ïðèéìà¹ âèãëÿä ⟨B(Z), Z⟩ = 0. Çàóâàæèìî, ùî âåðòèêàëüíi åâêëiäîâi ïëî-
ùèíè ó òðèâèìiðíié ãðóïi Ãåéçåíáåðãà, ÿêèìè çãiäíî ç ðåçóëüòàòàìè ðîáiò [2]
òà [7] âè÷åðïóþòüñÿ ïîâíi çâ'ÿçíi ñòiéêi ìiíiìàëüíi ïîâåðõíi ç ïîðîæíiìè ñèí-
ãóëÿðíèìè ìíîæèíàìè, ¹ âåðòèêàëüíèìè ó öüîìó ñåíñi. ßê ïîáà÷èìî äàëi ó
äîâåäåííi òåîðåìè 3, ôîðìóëà äðóãî¨ âàðiàöi¨ äëÿ òàêèõ ïîâåðõîíü ñóòò¹âî
ñïðîùó¹òüñÿ (íà ùî ìîæíà ñïîäiâàòèñÿ i ó âèïàäêó çàãàëüíîãî òðèâèìiðíîãî
ñóáðiìàíîâîãî ìíîãîâèäà).

Åâêëiäîâà ïëîùèíà ó Ẽ(2) ¹ âåðòèêàëüíîþ òîäi é òiëüêè òîäi, êîëè âî-
íà ïåðïåíäèêóëÿðíà äî îñi z, áî óìîâà îðòîãîíàëüíîñòi ¨¨ ïîñòiéíîãî âåêòîðà
íîðìàëi N òàX3 â óñiõ òî÷êàõ ïëîùèíè åêâiâàëåíòíà N = ± ∂

∂z . Òàêi ïëîùèíè
¹ ìiíiìàëüíèìè â ñèëó òâåðäæåííÿ 1. Iíøèì ïðèêëàäîì âåðòèêàëüíî¨ ìiíi-

ìàëüíî¨ ïîâåðõíi ó Ẽ(2) ¹ ñòàíäàðòíèé ãåëiêî¨ä x cos z + y sin z = 0. Äiéñíî,
éîãî îäèíè÷íå íîðìàëüíå ïîëå N ïðîïîðöiéíå äî ãðàäi¹íòà cos z ∂

∂x +sin z ∂
∂y +

(−x sin z + y cos z) ∂
∂z , à îòæå îðòîãîíàëüíå äî X3. Ìiíiìàëüíiñòü öi¹¨ ïîâåðõ-

íi ìîæíà âñòàíîâèòè çà äîïîìîãîþ ðiâíÿííÿ (20), âèðàçèâøè y = −x ctg z
ó òî÷êàõ, äå sin z ̸= 0, àáî áåçïîñåðåäíüî ïåðåâiðèâøè óìîâó ⟨B(Z), Z⟩ = 0,
ùî áóäå çðîáëåíî ó äîâåäåííi íàñòóïíî¨ òåîðåìè. Òàêîæ âëàñòèâîñòi âåðòè-
êàëüíîñòi òà ìiíiìàëüíîñòi íå ïîðóøàòüñÿ, ÿêùî ïàðàëåëüíî ïåðåíåñòè òàêèé
ãåëiêî¨ä óçäîâæ ïëîùèíè (x, y). Âèÿâëÿ¹òüñÿ, ùî öåé ñïèñîê ïðèêëàäiâ âè÷åð-
ïíèé. Äàëi ïiä ïîâíîòîþ ìè áóäåìî ðîçóìiòè ïîâíîòó iíäóêîâàíî¨ ðiìàíîâî¨
ìåòðèêè ïîâåðõíi.

Òåîðåìà 3. Áóäü-ÿêà ïîâíà çâ'ÿçíà âåðòèêàëüíà ìiíiìàëüíà ïîâåðõíÿ

ó Ẽ(2) � öå îðòîãîíàëüíà äî îñi z åâêëiäîâà ïëîùèíà àáî ïàðàëåëüíî ïå-
ðåíåñåíèé óçäîâæ ïëîùèíè (x, y) ñòàíäàðòíèé ãåëiêî¨ä x cos z + y sin z = 0.
Ïðè öüîìó ãåëiêî¨äè ¹ íåñòiéêèìè.

Äîâåäåííÿ. Îñêiëüêè äëÿ âåðòèêàëüíî¨ ïîâåðõíi ⟨N,X3⟩ = 0 i |Nh| = 1,
â óñiõ ¨¨ òî÷êàõ S = −X3, òîáòî â ñèëó ïîâíîòè ïîâåðõíÿ ñêëàäà¹òüñÿ ç ií-
òåãðàëüíèõ òðà¹êòîðié ïîëÿ X3 � ãåîäåçè÷íèõ, ùî ¹ ãîðèçîíòàëüíèìè åâêëi-
äîâèìè ïðÿìèìè ç íàïðÿìíèìè âåêòîðàìè (sin z,− cos z, 0). Îòæå, ïîâåðõíÿ
¹ ëiíié÷àòîþ. Ïðåäñòàâèìî ¨¨ ÿê

r(ρ, φ) = (x(φ), y(φ), z(φ)) + ρ(sin z(φ),− cos z(φ), 0), (34)
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äå (x, y, z) � íàòóðàëüíî ïàðàìåòðèçîâàíà (ó åâêëiäîâîìó ñåíñi, òîáòî (x′)2+
(y′)2 + (z′)2 = 1) iíòåãðàëüíà òðà¹êòîðiÿ ïîëÿ Z, òîìó âèêîíó¹òüñÿ óìîâà

x′ sin z − y′ cos z = 0 (35)

îðòîãîíàëüíîñòi Z i S. Çîêðåìà, äëÿ ïëîùèí ìîæíà ïîêëàñòè x = φ cos z
i y = φ sin z ïðè ïîñòiéíié z, à äëÿ ãåëiêî¨äiâ � âçÿòè ïîñòiéíi x òà y i z = φ.
Äëÿ òàêî¨ ïîâåðõíi áàçèñ äîòè÷íèõ ïëîùèí óòâîðþþòü ïîëÿ

rρ = sin z ∂
∂x − cos z ∂

∂y = −S, rφ = (x′ + ρz′ cos z) ∂
∂x + (y′ + ρz′ sin z) ∂

∂y + z′ ∂
∂z ,

òîìó N = 1
δ

(
z′ cos z ∂

∂x + z′ sin z ∂
∂y − σ ∂

∂z

)
, äå ïîçíà÷à¹ìî σ = x′ cos z +

y′ sin z + z′ρ i δ =
√
(z′)2 + σ2. Òàêèì ÷èíîì, N = Nh = νh = z′

δ X1 − σ
δX2,

òîìó

Z = σ
δX1 +

z′

δ X2 =
1
δ (−x′ sin z + y′ cos z)rρ +

1
δ rφ = 1

δ rφ (36)

â ñèëó (35). Îá÷èñëþþ÷è êîåôiöi¹íòè äðóãî¨ ôóíäàìåíòàëüíî¨ ôîðìè ïî-
âåðõíi (34) ó êîîðäèíàòàõ (ρ, φ), îòðèìó¹ìî

b11 = 0, b12 =
(z′)2

δ , b22 =
1
δ ((x

′′z′ − x′z′′) cos z + (y′′z′ − y′z′′) sin z) . (37)

Çàóâàæèìî, ùî óñi öi ìiðêóâàííÿ âiðíi é äëÿ äîâiëüíèõ âåðòèêàëüíèõ ïî-
âåðõîíü. Â ñèëó (36), óìîâà ìiíiìàëüíîñòi ⟨B(Z), Z⟩ = 0 òóò åêâiâàëåíòíà
b22 = 0, òîáòî

(x′′z′ − x′z′′) cos z + (y′′z′ − y′z′′) sin z = 0.

Ç óìîâè (35) âèïëèâà¹, ùî (x′, y′) = λ(cos z, sin z) äëÿ äåÿêî¨ ôóíêöi¨ λ, òîìó
ïîïåðåäí¹ ðiâíÿííÿ íàáóâà¹ âèãëÿäó

λ′z′ − z′′λ = 0, (38)

à óìîâà íàòóðàëüíîñòi ïàðàìåòðà φ äà¹ λ2 + (z′)2 = 1. Òîìó íà ïðîìiæêàõ,
äå λ = 0, ìà¹ìî z′ = ±1, x′ = y′ = 0, òîáòî ïîâåðõíÿ (34) ¹ ñòàíäàðòíèì ãå-
ëiêî¨äîì, ùî ïàðàëåëüíî ïåðåíåñåíèé óçäîâæ ïëîùèíè (x, y). Íà ïðîìiæêàõ,

äå λ ̸= 0, óìîâà (38) îçíà÷à¹, ùî
(
z′

λ

)′
= 0, òîáòî z′ = λc äëÿ äåÿêîãî ïî-

ñòiéíîãî c. Ç óìîâè íàòóðàëüíîñòi ïàðàìåòðà òîäi îòðèìó¹ìî, ùî λ = ± 1√
1+c2

i z′ = a = ± c√
1+c2

ïîñòiéíi, îòæå z = aφ+b i (x′, y′) = λ(cos(aφ+b), sin(aφ+b)).

Òîäi ïðè a = 0 ðiâíÿííÿ (34) çàäà¹ îðòîãîíàëüíó äî îñi z ïëîùèíó, à ïðè
a ̸= 0 � çíîâó ïàðàëåëüíî ïåðåíåñåíèé ñòàíäàðòíèé ãåëiêî¨ä.

Çàëèøèëîñÿ äîñëiäèòè ãåëiêî¨äè íà ñòiéêiñòü. Äëÿ öüîãî ñïî÷àòêó ñïðî-
ñòèìî ôîðìóëó äðóãî¨ âàðiàöi¨ (21). Äëÿ âåðòèêàëüíî¨ ìiíiìàëüíî¨ ïîâåðõíi
âèðàç ïiä iíòåãðàëîì ó öié ôîðìóëi íàáóâà¹ âèãëÿäó

Z(u)2 − 2⟨B(Z), S⟩2u2 − 2⟨νh, X1⟩⟨νh, X2⟩S(u)u−
−⟨νh, X1⟩2⟨νh, X2⟩2u2.

(39)
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ßê i â äîâåäåííi òåîðåìè 1, çðîáèìî ïåðåòâîðåííÿ, îá÷èñëèâøè äèâåðãåíöiþ
äîïîìiæíîãî ïîëÿ. Ïiäñòàâëÿþ÷è óìîâó ìiíiìàëüíîñòi ⟨B(Z), Z⟩ = 0 òà óìîâè
âåðòèêàëüíîñòi ïîâåðõíi ó (17) òà (19), îòðèìà¹ìî

divΣS = ⟨νh, X1⟩⟨νh, X2⟩, ∇Sνh = −⟨B(Z), S⟩Z.

Òîìó, âðàõîâóþ÷è, ùî ∇SX1 ïðîïîðöiéíå äî X3 (àíàëîãi÷íî äî (23)), à
∇SX2 = 0 â ñèëó (3), ìà¹ìî

divΣ
(
⟨νh, X1⟩⟨νh, X2⟩u2S

)
= (⟨∇Sνh, X1⟩+ ⟨νh,∇SX1⟩) ⟨νh, X2⟩u2+

+⟨νh, X1⟩ (⟨∇Sνh, X2⟩+ ⟨νh,∇SX2⟩)u2 + 2⟨νh, X1⟩⟨νh, X2⟩S(u)u+
+⟨νh, X1⟩⟨νh, X2⟩u2divΣS = −⟨B(Z), S⟩⟨Z,X1⟩⟨νh, X2⟩u2−
−⟨νh, X1⟩⟨B(Z), S⟩⟨Z,X2⟩u2 + 2⟨νh, X1⟩⟨νh, X2⟩S(u)u+

+⟨νh, X1⟩2⟨νh, X2⟩2u2 = 2⟨νh, X1⟩⟨νh, X2⟩S(u)u+
+
(
⟨B(Z), S⟩

(
⟨νh, X2⟩2 − ⟨νh, X1⟩2

)
+ ⟨νh, X1⟩2⟨νh, X2⟩2

)
u2.

Òàêèì ÷èíîì, (39) äîðiâíþ¹

Z(u)2 − 2⟨B(Z), S⟩2u2 − divΣ
(
⟨νh, X1⟩⟨νh, X2⟩u2S

)
+

+⟨B(Z), S⟩
(
1− 2⟨νh, X1⟩2

)
u2.

Çíîâó æ âðàõîâóþ÷è, ùî iíòåãðàë âiä äèâåðãåíöi¨ äîðiâíþ¹ íóëþ, îòðèìó¹ìî
çâiäñè ñïðîùåíó ôîðìóëó äðóãî¨ âàðiàöi¨:

A′′(0) =
∫
Σ

(
Z(u)2 + (−2⟨B(Z), S⟩2 + ⟨B(Z), S⟩(1− 2⟨νh, X1⟩2))u2

)
dΣ. (40)

Ïîêëàäåìî ó (34) ôóíêöi¨ x òà y ïîñòiéíèìè i z = φ. Òîäi ó ââåäåíèõ âèùå
ïîçíà÷åííÿõ ìà¹ìî ⟨νh, X1⟩ = z′

δ = 1√
1+ρ2

, Z = 1
δ rφ = 1√

1+ρ2
rφ, S = −rρ

i òàêèì ÷èíîì ⟨B(Z), S⟩ = − b12√
1+ρ2

= − 1
1+ρ2

â ñèëó (36) i (37). Âðàõîâóþ÷è

òàêîæ, ùî dΣ = δ dρdφ =
√
1 + ρ2 dρdφ, áà÷èìî, ùî (40) íàáóâà¹ âèãëÿäó

A′′(0) =
∫
Σ

1√
1+ρ2

(u2φ − u2) dρdφ.

Íåõàé u(ρ, φ) = u1(ρ)u2(φ), äå u1 � ãëàäêà íåâiä'¹ìíà ôóíêöiÿ ç êîìïàêòíèì

íîñi¹ì, à u2(φ) =
(
φ2 − 4

)2
íà âiäðiçêó [−2, 2] i äîðiâíþ¹ íóëþ çà éîãî ìåæàìè.

Äëÿ âiäïîâiäíî¨ ãëàäêî¨ íîðìàëüíî¨ âàðiàöi¨ ç êîìïàêòíèì íîñi¹ì òîäi ìà¹ìî
A′′(0) < 0 çà ïîïåðåäíüîþ ôîðìóëîþ. Òàêèì ÷èíîì, ãåëiêî¨äè äiéñíî íåñòiéêi.

Ç öi¹¨ òåîðåìè òà òâåðäæåííÿ 3 îòðèìó¹ìî íàñòóïíèé ÷àñòêîâèé ðåçóëüòàò
òèïó Áåðíøòåéíà.

Âèñíîâîê 2. Ó Ẽ(2) ïîâíà çâ'ÿçíà âåðòèêàëüíà ìiíiìàëüíà ïîâåðõíÿ ¹
ñòiéêîþ òîäi é òiëüêè òîäi, êîëè öÿ ïîâåðõíÿ ¹ îðòîãîíàëüíîþ äî îñi z
åâêëiäîâîþ ïëîùèíîþ.
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5. Ïðèêiíöåâi çàóâàæåííÿ

Àâòîðè õîòiëè á ïîäÿêóâàòè àíîíiìíîìó ðåöåíçåíòó çà êîðèñíi ïðîïîçèöi¨
ùîäî çìiñòó i âèêëàäåííÿ ðîáîòè, çîêðåìà, çà çàïðîïîíîâàíó íîâó ôóíêöiþ,
ùî âèêîðèñòàíà äëÿ äîâåäåííÿ íåñòiéêîñòi ãåëiêî¨äiâ ó äîâåäåííi òåîðåìè 3.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 9 æîâòíÿ 2023; îñòàííié âàðiàíò: 22 ëèñòîïàäà 2023
ïðèéíÿòà: 25 ëèñòîïàäà 2023.
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Stability of minimal surfaces in the sub-Riemannian manifold Ẽ(2)

I. O. Havrylenko, E. V. Petrov
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022

In the paper we study smooth oriented surfaces in the universal coveri-
ng space of the group of orientation-preserving Euclidean plane isometri-
es, which has a three-dimensional sub-Riemannian manifold structure. This
structure is constructed as a restriction of the Euclidean metric on the
group to some completely non-integrable left invariant distribution. The sub-
Riemannian area of a surface is then de�ned as the integral of the length
of its unit normal �eld projected orthogonally onto this distribution. We
calculate the �rst variation formula of the sub-Riemannian surface area and
derive the minimality criterion from it. Here we call a surface minimal if it
is a critical point of the sub-Riemannian area functional under normal vari-
ations with compact support. We show that the minimality in this case is
not equivalent to the vanishing of the sub-Riemannian mean curvature. We
then prove that a Euclidean plane is minimal if and only if it is parallel or
orthogonal to the z-axis (where the z-coordinate corresponds to the rotati-
on angle of an isometry). Also we obtain the minimality condition for a
graph and give examples of minimal graphs. The examples considered in the
paper demonstrate, in particular, that the minimality of a surface in the Ri-
emannian (in this case Euclidean) sense does not imply its sub-Riemannian
minimality, and vice versa.

Next, we consider the stability of minimal surfaces. For this purpose, we
derive the second variation formula of the sub-Riemannian area and show
with it that minimal Euclidean planes are stable. We introduce a class of
surfaces for which the tangent planes are perpendicular to the planes of the
sub-Riemannian structure, and call them vertical surfaces. In particular, for
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such surfaces the second variation formula is simpli�ed signi�cantly. Then we
prove that complete connected vertical minimal surfaces are either Euclidean
planes or helicoids and that helicoids are unstable. This implies a following
Bernstein type result: a complete connected vertical minimal surface is stable
if and only if it is a Euclidean plane orthogonal to the z-axis.

Keywords: sub-Riemannian manifold; left invariant metric; minimal
surface; stability.


