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Construction of controllability function as the time of

motion

This article is devoted to the controllability function method in admissible
synthesis problems for linear canonical systems. The work considers methods
of constructing such control so that the controllability function is time of
motion of an arbitrary point to the origin. A canonical controlled system
of linear equations &; = x;41,7i = 1,n — 1,4, = w with control constraints
|u| < d is considered. The controllability function © can be found as the
only positive solution of the implicit equation 2aq® = (D(©)FD(0)z, ),
where D(©) = dz’ag(@‘w)?zl. Matrix F' = {fi;}7;—; is positive defi-
nite and ag > 0 is chosen so that the control constraints are satisfied. The
controllability function is motion time if © = —1. From this condition, an
equation is obtained, the solution of which is considered in this work. Unlike
previous works on this topic, no additional restrictions are imposed on the
appearance of matrix F. The task of this article is to find the parameters
set of the matrix ' and the column vector a, which satisfy the obtained
equation and for which the controllability function is the time of movement
from the point x to the origin. In this way, we get a family of controls
depending on this parameters such that the trajectory of system steers the
origin in finite time. In general case, difficulties may arise when finding the
solution of Cauchy problem of the corresponding system. Canonical system
can be reduced to Euler’s equation, for which a characteristic equation can
be found, and therefore a trajectory in an explicit form. Two-dimensional,
three-dimensional and four-dimensional canonical systems are considered. In
each case, the matrix equation is solved and sets of parameters for which the
controllability functions value will be the time of movement of an arbitrary
point to the origin are found. Conditions on parameters are obtained from
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positive definiteness of the matrix F'. Some parameters and an arbitrary ini-
tial point are chosen and the solution of Cauchy problem in analytical form
is found.

Keywords: controllability; controllability function; controllability
function as the time of movement.

2010 Mathematics Subject Classification: T6A11; 76B11; 76M11.

1. Introduction

To solve the problem of admissible synthesis in 1979, Korobov V.I. the
controllability function method was proposed in the article [1] and developed
in the monograph [2]. In works [3, 4], the controllability function was obtained as
time of motion from an arbitrary initial point to the origin. A family of controls
solving synthesis problem was found. An extended control set was proposed for a
two-dimensional canonical system in [5].

Let us consider the canonical system

( .
T = X2,

To = zs3,

ITpn—1 = Tn,

Ty =1U

with the constraint |u| < d.

To solve the control synthesis problem for the system & = f(x,u) is to
construct a control u = wu(z) which satisfies a given constraint |u| < d. And
for which the trajectory of the closed-loop system & = f(z,u(z)) starts at an
arbitrary point zg and reaches the origin in a finite time.

In the Korobov’s method ©(x) is a controllability function and the control
u(z) is constructed on base of ©(z)

Qa;T;

@n—i—&—l(x) : (2)

u(zx) =
i=1
Let us denote a = (a1, aq, ...,an)*,a; < 0.
The function ©(z) needs further definition.
If the following inequality holds

6= 2 firu(e)) < ~50!h(x), (3)
=1

then the time of motion is finite.
A particular case of inequality (3) is the equation (4) for a = =1

6 =329 i ) = 1. (@)
=1
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In this case, the controllability function is the time of motion from an arbitrary
point xo to the origin. This problem was considered in works |3, 4]. There was
highlighted a special case when the matrix F~! has the form F~! = D,CD,,.
Where C'is a Hankel matrix C' = (ch)Z;:lO and D,, = diag((—1)"1/(i—1))",.
Our work though considers the whole class of controllability functions without
constraints on matrix F~'. Let us move on to the construction of a controllability
function.

Let us consider the canonical system with the constraint |u| < d. We will
choose a control according to the formula (2).

And the controllability function is defined as the only positive solution of the
equation

204900 = (D(O)FD(©)z, ),

—2n—2i+1 )n

where x # 0 and ©(0) = 0, if z = 0. Here D(0) = diag <@7 2 lil.Matrix
F = {fij}1j—1 is a positive definite matrix and ag > 0 is such a number that the
constraints on a control are satisfied. The value of ag found [2| 2a¢ = ﬁ

Let us denote y(©, z) = D(©)z. Then the control function satisfies the equati-
on

2a00(z) = (Fy(O(2), z),y(O(z), ). (5)

Derivative ©(z) of the controllability function ©(xz) has the following form

((F (Ao + boa®) + (Ao + boa™)" F)y(O(x), z), y(O(x), z))

O(z) = ’ , 6
) (F ~ HF — FH)y(0(x).2).y(0(x). 2)) N
0 0 1 0 .. 0
0 0 1 .. 0 '
where bp = | ... |, A4g=1]... ... ... ... .| and H= dz’ag(—%)?ﬂ.
0 0O 0 0 .. 1
1 0 0 0 .. O
We equate the derivative of ©(x) (6) to -1 and get

Denote A = (Ao + bga™* + %I — H) It has the following form

n 1 0 .. 0 0
0 n—-1 1 .. 0 0
(8)
0 0 0 2 1
a1 az as ... ap—1 l4ay,

We obtain
FA+A'F =0. (9)
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Our task is to find parameters of the matrix F' and the column vector a so
that the equation (9) is fulfilled. Then the controllability function ©(x) is time of
motion from an arbitrary point xg to the origin.

Let us move on to the construction of the controllability function. From the
lemma [2, p. 79] we get ap, = —%. Consider det(A — AE). Matrix A is similar
to the skew-symmetric matrix F SAF _%, therefore real parts of eigenvalues are
equal to zero. All coefficients of A"~ are zero where k is odd and k < n. In this
way we obtain equations for parameters a;. We substitute these parameters into
the matrix A and solve the equation (9). It should be noted, that the matrix F'A
is skew-symmetric, therefore all main-diagonal elements are zeros. We obtain the
matrix F, which is positive definite as was said earlier. We use Sylvester’s cri-
terion and find conditions for parameters of the matrix F' and a;. In this way we
describe the whole class of controllability functions ©(x) and controls u(x), which
transfer some initial point to the origin of coordinates. Moreover, the controllabi-
lity function is the time of motion.

Next, we find a trajectory of the canonical system (1), which reduces to an
Euler equation (©¢ — t)”x(ln) — (©0 — t)”*lanw(ln_l) — ... —ajz; =0.

Looking for a solution in the form z1(t) = (@9 — t)* we get the characteristic
equation. After solving we get an analytical solution.

2. Construction of the controllability function
in the two-dimensional case

Consider a solution of the synthesis problem. We find the controllability functi-
on O(x). On base of O(x), we construct the control u(z), which transfers an
arbitrary given point to the origin.

System has the following form

{?’1 - (10)

To = U.

Theorem 1. Let

9
a; < 5 fao > 0. (11)

The controllability function © = ©O(x) is defined as the only positive root of the

equation
44 ay

Ca1(3+al)

at © =0, we put O(0) = 0.
Then control

01 = —a12? + 421290 + 23602, (12)

al1x 31‘2

) = G2y ~ Ol

transfers an arbitrary initial point zo € R? to the origin in time O(xo).
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Indeed, in this case

F:(f“ f12)7 A:<2 1 )
fiz fo2 ar az+1

Recall that the real parts of the eigenvalues are equal to zero, hence the coeffi-
cients near odd powers of A are equal to zero. We have

det(A — AE) =2 — a1 + 2az — (ag + 3)\ + \?,

then a9 = —3.
Equation (9) has the form

2f1 +a1fi2 =0,
fiz+ (a2 +1)foa =0,
f11 + (a2 + 3) fi2 + a1 fae = 0.

It follows that
—ay fo2 2f22> (2 1 > 1 <—4a1f22 6f22)
F= A= - . 14
( 2fe2  fo2 ay —2 6f2  2f22 (14)

We use Sylvester criterion and get (11).

Therefore, form (5) where y(0(z),z) = (210732, 2,07Y2) and 2a¢ =
m we get (12). The solution is any control (13), where a1 < —3. It should
be noted that we choose only parameters a; and fas. The other ones we calculate
from (14) according to the formulas: f11 = —aj fa2, fi2 = 2 f22 and inequalities (11)
must be fulfilled.

For example, let us choose a; = —6, fos = 1, then f11 = 6, fi1o = 2, conditi-
ons (11) fulfilled. We have ag = {5. We obtain the equation relating ©

1
594 = 62 + 421220 + 2307

The system has the form (10), where

6.%1 (t) 3:L’2 (t)

0%z, w2)  O(xy,a9)

u =

So, a control is found that satisfies the constraints and translates any given
initial point to the origin in a finite time. Let {1, 1} be the initial point. Let’s find
the trajectory of the system. Equation (12) takes the form

1
§@4:6+4@+@2

It has a unique positive solution ©y ~ 4.4512.
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As was mentioned earlier, the system (10) reduces to Euler equation
(©p — t)zi"l +3(0g — )& + 621 = 0.

Looking for a solution in the form z1(t) = (@9 — t)* we get a characteristic
equation
A2 —4X 46 = 0.

We find roots Ao =2 £ iv/2 and obtain
z1(t) = (By — t)2 (01 cos(vV21In(fp — 1)) + casin(v2 In(fy — t))) :

From the initial conditions z1(0) = 1,22(0) = 1 we find ¢; = 0.17,¢c2 = 0.16.
Let us denote 7(t) = v/2In(6g — t). Finally, we have the solution in analytical
form

71(t) = (09 — )2(0.17 cos(7(t)) + 0.16 sin(7(t))),
x2(t) = —2(0g — t)(0.29 cos(7(t)) + 0.04 sin(7(t))).

The trajectory is shown in Fig. 1 and time of motion ©¢y ~ 4.4512.

Fig. 1. The trajectory (x1(t),x2(t)) of the point {1,1,1} which reaches the origin
in time ©g ~ 4.4512.

3. Construction of the controllability function
in the three-dimensional case

Similarly to the previous case, we will consider a solution of the synthesis
problem.
The system has the following form

x‘l = X2,
i‘g = I3, (15)

T3 = u.
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Theorem 2. Let
75
ay < —?,fzzs >0,

15523 < i3 < _a12€23‘
The controllability function ©® = ©(x) at x # 0 is defined as the only positive
root of the equation (5), at x = 0 we put ©(0) = 0.
Then view control

(16)

arz1(t) (a1 —30)za(t)  6x3(t)

3
= — ) 17
03 (x) 302%(x) O(z) (17)
translates an arbitrary point o € R3 to the origin in time ©(x).
Here
fir fiz fis 31 0
F=1\fiz fo fs|, A=10 2 1
fis foz f33 ap ay 1l+ag
Recall that the real parts of the eigenvalues are equal to zero, therefore the
coefficients for even powers of A are equal to zero. Then a3 = —6,a9 = %al —10.
We solve an equation (9) and get
— a1 fi3 2f13 — +a1 fa3 J13
F=|2fis—taifos —fis+(B—EFa)fos fos |, (18)
f13 Ja3 £ fa3
3 1 0
A=1|o0 2 1|, (19)
ai %al —10 -5
—2a1 f13 10f13 — a1 fo3 4f13
F'= [10fi3 —aifos —4fi3+4(5— a1)fo3 3fo3
4f13 3f23 2 fa3

We use Sylvester’s criterion for F' and F! and obtain (16).

Therefore, from the equation (5), where y(0(x), x) = (xl@_%, 2,073 , 563@_%)
we get (12). And control (17) is a solution of the synthesis problem. Note that
we choose only the parameters a1, fi3 and fo3, and we calculate the others from
(18),(19) according to the formulas: a9 = %al — 10, f11 = —%alflg, f12 = 2f13 —
%alfgg, foo = —fis+(5— 1—15a1)f23, faz = %fgg. Inequalities (16) must be satisfied.

For example, let’s choose a3 = —57,f13 = 2,fo3 = %—8, then ay =
—29, f11 = 38, f12 = %,fn = %,fgg = %, conditions (16) fulfilled. We

have ag = %. Equation (5) for chosen parameters

667

505 0% = 380027 + 296611120 + (63623 + 400x122)0? + 19022230 4 192507
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And control solving synthesis problem

ue  OTi(t) - 29a5(t) 63t

(0 — t)3 (6 — t)2 Oy —t

Let {1,1,1} be an initial point. We get

667
T%@G = 3800 + 29660 + 103602 + 19003 + 1964

We have a unique positive solution ©y =~ 10.0131.
The system (15) reduces to an Euler equation

.. 1 .
(©0 — )31 +6(0¢ — t)%i1 + (10 — gal)(@o —t)&1 —aix; =0.
As earlier, we find the characteristic equation
—A* 4+ 9A% — 37\ + 57 = 0.

We get roots A1 = 3, A23 = 3 £4/10 and obtain an expression for zi.
From the initial conditions we find ¢; = 0.017,¢c3 = —0.005, c3 = —0.016. Let
us denote 7(t) = v/101In(©¢ — t). Finally, we have an analytical solution

71(t) = (09 — 1)3(0.017 — 0.005 cos 7(t) — 0.016 sin 7(2)),
2a(t) = —3(0y — 1)2(0.017 — 0.021 cos 7(t) — 0.01 sin 7(t)),
x3(t) = 6(09 —t)(0.017 — 0.038 cos 7(t) + 0.024 sin 7(t)).

The trajectory is shown in Fig. 2 and time of motion ©g ~ 10.0131.

Fig. 2. The trajectory(z1(t), z2(t), x3(t)) of the point {1,1,1} which reaches
the origin in time ©¢ ~ 10.0131.

Note that in order to use the methods described |3, 4] in three-dimensional
space, matrix '~ must have a representation F~! = D3CDs. For this, the matrix
D3*1F_1D3*1 must be Hankel. This holds only if fi3 = 2f23. In our example, we
selected such parameters for which it was not fulfilled.



Bicuuk XHY, Cep. «Maremaruka, NIpukjaIHa MaTeMaTHKa i MexaHikay, Tom 97 (2023) 21

4. Construction of the controllability function
in four-dimensional case

Let us consider a solution of the synthesis problem. We have a system

T1 = X2,
T2 = 3, (20)
T3 = T4,
$4 =Uu.

Theorem 3. Let

ap < =385 La; —39 <az < —23-2y/—ay,
234+a3 4, (23 2 234a3—+/4 23
+a3++/4a1+(23+a3) Fia < faa < +a3—+/4a1+(23+a3)? Fray fra >0,

8a1 8a1

(30 + a3)(3a1 — 49(30 + as))f124 + 6a1(—2a1 + 49(30 + a3))f14f44 — 441a%ff4 > 0,

3(—a1(155 + 6as) + 2(30 + a3) (1770 + 49a3)) f7, + 2(6aF + 98(30 + a3)*(33 + a3)—
—a1 (8175 + a3(415 + 6a3))) f74 faa + a1 (—98(30 + a3)(636 + 17a3)+
+3a1(945 + 34a3)) fraf3 — 72a3(3a1 — 49(39 + a3)) f3, > 0,

%(f124 + 4(21 + ag)f14f44 - 18a1ff4)((5125 — 8a; + 130(13)f124 + 4(—&1(107 + 6a3)+
+49(1425 +asz(115 + 2a3)))f14f44 + 2a; (48@1 —49(633 + 16&3))]”24) > 0.

(21)

The controllability function © = O(x) at © # 0 is defined as the only positive
root of the equation (5), at x = 0 we put ©(0) =
Control
alxl(t) 7(30 + ag)xg (t) asxs (t) 10x3 (t)

YTeiw) T @) @) e (22)

translates an arbitrary point o € R3 to the origin in time ©(x).

In this case

fii fiz fi3 fua 4 0
po |1z f2 Sz fau a0 3 1 0

fiz fo3s faz fa |’ 0 0 2 1

fia foa f3a faa ap ay as 14 ay

As earlier we obtain ag = —10, a9 = 7(30 + a3).
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We solve the equation (9) and getF' = {fij}ﬁjzl

fir == fua,

fi2 = —(30 + a3) f14 — 3a1 fua,

fi13 = 5f14 — a1 faa,

oz = —1(30 + a3) fua + (a1 — 49(30 + az)) fus,
fo3 = & fia — 7(12 + a3) faa,

foa = 7 f1a+ 21 fua,

f33 = —1f11 — (a3 — 42) fua,

f34 = 9f447

4 1 0 0
0 3 1 0
A= 0 0 2 1

ar 730+ a3) a3 —9

From Sylvester criterion we get (21).

From (5), where y(O(x),z) = (x1®7%, 29073, 33072, 1:4@7%) we get an
equation relative to ©(x) . Note that we choose only parameters ai,as, f14 and
faa so that inequalities (21) are fulfilled, and we calculate the others according to
the formulas ag = 7(30 + a3z),as = —10 and (23).

For example, let’s choose parameters a; = —550,a3 = —73 and f14 = 75, fya =
1, conditions (21) are fulfilled. Then we have as = —301, f1; = Q%ﬁ,flg =
4875, f13 = 925, fog = 253 fo5 = 929 fo, = 129 fy0 = 38 £, — 9 and ag = 2.
Equation is relative to ©

9308 = 2002542 4 975021220 + (249223 + 185021 23)0% + (929z223+

+150$11‘4)@3 + (%J)% + %$2$4)@4 + 181‘3.7)4@5 + l‘i@6 (24)

We obtain control

_550:U1(t) . 301.132(t) B 731,‘3(t) _ 10$3(t)
0% (x) ©3(x)  ©%*z)  O(x)

Let {1,1,1,1} be the initial point. From (24) we get
To370% = 202 4+ 97500 + 1995202 +10790°% + P! + 180° + 6.

Here the solution is ©g ~ 19.2179.
We have Euler equation

(@0 — t)4 'i"'l — a4(@0 — t)s i"l — ag(@o — t)g.i'l — GQ(@O — t).fl — a1r1 = 0,

We find characteristic equation and get the roots A\j o = 4 £1.31129¢, A\34 =
4 +0.964628i.
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We use the initial conditions to find constants ¢; = 0.0083, co = 0.0015,¢c3 =
0.00005,c4 = 0.0011. Let us denote 7(t) = In(Qg — 1), B1 = V9 —5V3, B2 =
V9 + 5v/3. Finally, we have a solution in analytical form

1(t) = (B9 — £)*(0.0083 cos 17 (t) + 0.0015 sin 17 (t)+
0.00005 cos Bo7(t) + 0.0011 sin Bo7(t))

za(t) = —4(60 — 1)*(0.0085 cos S17(t) — 0.0003 sin 31 7(t)+
+0.0011 cos B27(t) — 0.0012sin B27())

z3(t) = 12(0g — ¢)(0.0086 cos 51 7(t) — 0.0014 sin By 7(t)+
+0.0028 cos Bo7(t) — 0.0004 sin By7(t))

24(t) = —24(0¢ — )(0.0082 cos By 7(t) — 0.0039 sin By 7(t)+
+0.0020 cos Bo7(t) — 0.0064 sin Bo7(t)).

The trajectory is shown in Fig. 3 and time of motion O ~ 19.2179.

F

Fig. 3. The trajectory(zy(t), z2(t), x3(t), x4(t)) of the point {1,1,1,1} which
reaches the origin in time ©¢ ~ 19.2179
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ITobynosa dyHKIT KEPOBAHOCTI AK Yacy pyXy
B. I. Kopo6os, T. B. Augpienko
Xapxiscoruti naytonasvhul yrwieepcumem imenws B. H. Kapasina
matidan Ceobodu, Xapwie, 61022, Ykpaina

Jana crarTs mpuCBaYeHa METOMY (DYHKINI KePOBAHOCTI B 33/1a9aX JIOMYCTHUMOIO CHH-
Te3y /I JMHIHHAX KaHOHIYHUX crcTeM. B pobOoTi po3rIsgHyTO CIocod mobymOBH TAaKOrO
KepyBaHH#A, 00 (PYHKITisT KEPOBAHOCTI Oy/ia 9acoM PyXy JOBLIBHOI TOYKH B IIOYATOK KO-
opanHaT. Po3rnanaeThcsa KaHOHIUHA KEPOBAHA CUCTEMA JHHIITHUX DIRHAHD &) = Tjy1,1 =
1,n — 1,4, = u 3 oOMexkeHHsIMY Ha yrpaBiinHs |u| < d. @yHKIis KepoBaHoCcTi O 3HAXO-
JIUTHC 9K €IMHUI NOJaTHIil pO3B’sA30K HeaBHOrO piBHaHHA 2000 = (D(0)FD(0)x, ),
1e D(©) = diag(©~—"=""")"_,. Marpunz F = {fij}7j=1 momarmo Bu3Hadena, a ag > 0
0OMPAETHCA TaK, MO0 BUKOHYBAJINCH OOMEXKEHHS HA kepyBaHHﬂ. OyHKIIA KEPOBAHOCT1
€ YacoM PYXYy, AKIIO © = —1. 3 njei YMOBHU OTPUMAHO DiBHSIHHS, PO3B’SA3aHHS SKOTO
po3LISAIAEThCA ¥ AaHii pobori. Ha BimMimy Bif momepesamix pobiT 3 1mi€l TeMu, Ha BUTJIAT,
Marpuili F' He HAK/IaJIEHO JOJATKOBI OOMerkeHHsi. B mi#f cTtarTi 3HAMIEHO MHOXKUHY IIa-
pamMeTpiB mMaTpuili F' Ta BEKTOP-CTOBMIIS @, AKi 33IOBLIHHAIOTH OTPUMAHOMY PiBHSIHHIO
Ta Ay SKuX DYHKIIS KePOBAHOCTI 9ac pyXy i3 TOUKM & y TMOYATOK KOOpamHAT. Takwmm
9UHOM OIHUCYETHCH BECh KJaC (DYHKINH KEPOBAHOCTI, SKi € 4acOM PyXy. ¥ 3arajbHOMY
BUIIAJKY TPH 3HAXOMKEHHs Po3B’a3Ky 3amadi Ko BigmoBigHol cucTeMyu MOXKYTH BH-
Hukaru TpyaHoimi. Cucrema, sKa pO3MJIsiaiach y JaHiil poboTi 3BOAUTHCS 10 PIBHSIHHS
Eitnepa, fgns sSKoro Mo)kHa 3HAUTH XapaKTEPUCTUYIHE PIBHAHHS, & OTXKE i TPAEKTOPIO
y ABHOMY BUTIAAL. PO3ryIgHyTO ABOBMMIpHY, TPUBUMIPHY Ta YOTHPUBUMIpPHY KaHOHIYHI
cucremu. Y KOXHOMY BHUIQJKY PO3B’S3aHO MATPWYHE DIBHAHHSA TA 3HANIEHO MHOXKHU-
HE TTapaMeTpiB, MpH IKAX 3HaUEeHHA (PYHKIII KEPOBAHOCTI Oyae 9acoM PyXy JOBLILHOI
TOYKH B MOYATOK KOOpAMHAT. TakoK 0OpaHO MeAKHil JOBLMbHMI HAOIp mapamerpis, sAKi
3aI0BIIBHAIOTH yMOBaM JIO/IATHOI BH3HAMeHOCTI MaTpuili F' ta mobymoBaHo TpaekTopil 3
0OpaHWX MOYATKOBUX TOYOK B MOYATOK KOODIWHAT.

Karwuosi caosa: KepoBaHicTh; (PYyHKIIIS KEPOBAaHOCTI; (DYyHKI[iS KEPOBAHOCTI AK

Jac pyxy.

Icropisa crarri: orpumana: 29 ksitua 2023; npuitaara: 7 yepsus 2023.



