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Approximation of classes of Poisson integrals by Fejer

means

The work is devoted to the investigation of the extremal problem of approxi-
mation theory in functional spaces, namely to the solution of the problem
of �nding of the exact upper bounds on the given functional classes of the
quantities of the deviation of trigonometric polynomials, which are generated
by linear methods of summation of Fourier series. This problem is related
to the linear approximation of functions which is one of the main directions
of the classical approximation theory.

The simplest example of a linear approximation of periodic functions is the
approximation of functions by partial sums of their Fourier series. However,
the sequences of partial Fourier sums are not uniformly convergent over the
class of continuous periodic functions. Therefore, a many studies is devoted
to the research of the approximative properties of approximation methods,
which are generated by transformations of the partial sums of Fourier series
and allow us to construct sequences of trigonometrical polynomials that
would be uniformly convergent for the whole class of continuous functions.
Particularly, Fejer means have been widely studied in the last time. One
of the important problems in this �eld is the study of asymptotic behavior
of the upper bounds over a �xed classes of functions of deviations of the
trigonometric polynomials.

The aim of the work systematizes known results related to the approximation
of classes of Poisson integrals of continuous functions by arithmetic means
of Fourier sums, and presents new facts obtained for particular cases.

The asymptotic behavior of the upper bounds on classes of Poisson integrals
of periodic functions of the real variable of deviations of linear means of
Fourier series, which are de�ned by applying the Fejer summation method
is studied. The mentioned classes consist of analytic functions of a real vari-
able, which are narrowing of bounded harmonic in unit disc functions of
complex variable. In the work, asymptotic formulas for the upper bounds of
deviations of Fejer means on classes of Poisson integrals were obtained. These
formulas are asymptotically exact inequalities without additional conditions.
Examples are given when these inequalities turn into equality.
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1. Introduction

Let C(T), T = [−π;π] be the space of continuous 2π-periodic functions with
the norm

∥f∥C = max
t∈T

|f(t)|.

Denote by G(q,m), q ∈ (0; 1), m ∈ [−1; 1] the class of continuous 2π-periodic
functions, given by the convolution [1, p. 241]

f(x) = A0 +
1

π

∫
T

φ(x+ t)Pq(t) dt,

where A0 is a �xed constant,

Pq(t) =
∞∑
k=1

qk cos kt,

is the well-known Poisson kernel, the summable on T, 2π-periodic function φ
satis�es the conditions

ess sup
t∈T

|φ(t)| ≤ 1, MT[φ] :=
1

2π

∫
T

φ(t) dt = m.

The function φ continues periodically.
Let

S[f ] =
a0[f ]

2
+

∞∑
k=1

(ak[f ] cos kx+ bk[f ] sin kx) ,

be the Fourier series of the function f ∈ C(T), where

a0[f ] =
1

π

∫
T

f(x) dx, ak[f ] =
1

π

∫
T

f(x) cos kx dx,

bk[f ] =
1

π

∫
T

f(x) sin kx dx, k ∈ N,

are the Fourier coe�cients of the function f and let

Sn(f ;x) =
a0[f ]

2
+

n∑
k=1

(ak[f ] cos kx+ bk[f ] sin kx)

be the n-partial sum of the Fourier series of the function f .
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Nikolsky [1] established the asymptotic equality as n → ∞

sup
f∈G(q,m)

∥f(·)− Sn−1(f ; ·)∥C =
8qn

π2
K(q) +O(1)

qn

n
,

where

K(q) =

π
2∫

0

du

(1− q2 sin2 u)
1
2

is the complete elliptic integral of the �rst kind, O(1) is a quantity uniformly
bounded with respect to n. Stechkin [2] proposed another proof of this result,
which made it possible to re�ne the remainder.

Let f ∈ C(T). Trigonometric polynomials given by the relation

σn(f ;x) =
1

n

n−1∑
k=0

Sk(f ;x)

are called Fejer means of function f . Asymptotic equalities for upper bounds of
deviations of Fejer means on classes G(q, 0) were obtained in [3, 4]:

sup
f∈G(q,0)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1 + q2)
+O(1)

qn

n
, q ∈ (0; 2−

√
3],

where O(1) is a quantity uniformly bounded with respect to n. Some related
results may be found in [5, 7, 6].

The purpose of this work is to present the asymptotic formulas for upper
bounds of deviations of Fejer means taken over classes of Poisson integrals in case
when mean of function φ(t) would not be equal zero. So far, formulas that directly
take into account the values of the parameters q and MT[φ] have not been found.
This paper is motivated by the works [8, 9] where estimates are obtained for the
derivatives of bounded harmonic functions in the unit disc. On the circle, the limit
values of such functions coincide with the elements of the classes G(q, φ).

2. Result
The main result is as follows.
Theorem. Let f ∈ G(q,m), q ∈ (0; 1), MT[φ] = m, |m| ≤ 1.

1. If −1 ≤ m ≤ 0, q ∈ (0; 2 −
√
3], then the following inequalities hold as

n → ∞
q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+ 4qm
n

(1+q2) sin π
2
m+2q

(1+2q sin π
2
m+q2)2

+O(1) q
n

n , − 4
π arctan q ≤ m,

q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+O(1) q
n

n , m ≤ − 4
π arctan q,

≤ sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C ≤
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q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+O(1) q
n

n , − 4
π arctan q ≤ m,

q
πn

4 cos π
2
m

1+2q sin π
2
m+q2

+ 4qm
n

(1+q2) sin π
2
m+2q

(1+2q sin π
2
m+q2)2

+O(1) q
n

n , m ≤ − 4
π arctan q,

(1)

2. If −1 ≤ m ≤ 0, q ∈ (2−
√
3;
√
3− 2

√
2], and

∂Pq(
π
2 + π

2m)

∂q
≥ ∂Pq(π)

∂q
, (2)

then inequalities (1) hold.

3. If 0 < m ≤ 1, q ∈ (0; 2−
√
3] and condition (2) is ful�lled, then the following

inequalities hold as n → ∞

q

πn

4 cos π
2m

1 + 2q sin π
2m+ q2

+O(1)
qn

n
≤ sup

f∈G(q,m)
∥f(·)− σn(f ; ·)∥C

≤ q

πn

4 cos π
2m

1 + 2q sin π
2m+ q2

+
4qm

n

(1 + q2) sin π
2m+ 2q

(1 + 2q sin π
2m+ q2)2

+O(1)
qn

n
. (3)

Here O(1) is a quantity uniformly bounded with respect to n.

Proof

First we consider the case −1 ≤ m ≤ 0. For f ∈ G(q,m) we have [3, 4]

f(x)− σn(f ;x) =
q

πn

∫
T

φ(x+ t)
∂Pq(t)

∂q
dt+O(1)

qn

n
.

Denote

Γq(t) :=
∂Pq(t)

∂q
=

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
.

For any constant I we can write

f(0)− σn(f ; 0)−
q

πn
I

∫
T

φ(t) dt =
q

πn

∫
T

φ(t) (Γq(t)− I) dt+O(1)
qn

n
.

Denote

c := −1

4

∫
T

φ(t) dt = −π

2
m, c ∈

[
0;

π

2

]
. (4)

Taking into account relation (4), we have

∣∣∣∣f(0)− σn(f ; 0) +
4qc

πn
I

∣∣∣∣ =
∣∣∣∣∣∣ qπn

∫
T

φ(t) (Γq(t)− I) dt+O(1)
qn

n

∣∣∣∣∣∣ .
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Since ess sup
t∈T

|φ(t)| ≤ 1, we obtain

∣∣∣∣f(0)− σn(f ; 0) +
4qc

πn
I

∣∣∣∣ ≤ q

πn

∫
T

|Γq(t)− I| dt+O(1)
qn

n
.

Therefore

sup
f∈G(q,m)

∥∥∥∥f(·)− σn(f ; ·) +
4qc

πn
I

∥∥∥∥
C

≤ q

πn

∫
T

|Γq(t)− I| dt+O(1)
qn

n
. (5)

We �nd a constant I = I(c) such that the function φ(t) = sign (Γq(t)− I(c))
satis�es the condition (4).

We investigate the function Γq(t), t ∈ [0;π]. We have

Γ′
q(t) =

(6q2 − q4 − 1− 2q(1 + q2) cos t) sin t

(1− 2q cos t+ q2)3
.

If q ∈ (0; 2−
√
3], then the function Γq(t) is monotone decreasing on [0;π]. If

q ∈ (2−
√
3;
√

3− 2
√
2], then the function Γq(t) is monotone decreasing on

[
0; π2

]
and has one extremum on

[
π
2 ;π

]
.

Tacking into account that Γq(0) > 0, Γq

(
π
2

)
< 0 and Γq(π) < 0, we have that

function Γq(t) has a single simple zero on
[
0; π2

]
.

Therefore, we obtain

I(c) = Γq

(π
2
− c
)
=

(1 + q2) sin c− 2q

(1− 2q sin c+ q2)2

for any q ∈ (0; 2−
√
3] and any 0 ≤ c ≤ π

2 .

For q ∈ (2 −
√
3;
√
3− 2

√
2] we can denote I(c) = Γq

(
π
2 − c

)
only if

Γq

(
π
2 − c

)
≥ Γq(π). This condition is equivalent to inequality

2q − (1 + q2) sin c

(1− 2q sin c+ q2)2
≤ 1

(1 + q)2
,

or

sin c ≥ q4 − 2q3 − 2q2 − 2q + 1

−4q2
. (6)

Denote

s(q) :=
q4 − 2q3 − 2q2 − 2q + 1

−4q2
.

Since condition s′(q) > 0, q ∈ (0; 1) is met, then function s(q) is increasing
and

min
q∈[2−

√
3;1]

s(q) = s(2−
√
3) = −1, max

q∈[2−
√
3;1]

s(q) = s(1) = 1.
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If q ∈ (2 −
√
3;
√

3− 2
√
2], then inequality (6) is solvable for any �xed 0 ≤

c ≤ π
2 . Note, if q ∈ (0; 2−

√
3], then inequality (6) is true for any c.

Let

φ(t) = sign
(
Γq(t)− Γq

(π
2
− c
))

=

{
1, t ∈ [−π

2 + c; π2 − c],
−1, t ∈ [−π;−π

2 + c) ∪ (π2 − c;π].

It's clear that for function φ(t) the condition (4) is met. Therefore, there exists
function f∗ for which the following equality holds∣∣∣∣f∗(0)− σn(f

∗; 0) +
4qc

πn
Γq

(π
2
− c
)∣∣∣∣

=
q

πn

∫
T

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt+O(1)

qn

n
. (7)

Comparing relations (5), (7), we obtain

sup
f∈G(q,m)

∥∥∥∥f(·)− σn(f ; ·) +
4qc

πn
Γq

(π
2
− c
)∥∥∥∥

C

=
q

πn

∫
T

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt+O(1)

qn

n
. (8)

Next, we calculate the de�nite integral in (8)

∫
T

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt = 2

π∫
0

∣∣∣Γq(t)− Γq

(π
2
− c
)∣∣∣ dt

= 2


π
2
−c∫

0

Γq(t) dt−
π∫

π
2
−c

Γq(t) dt

+ 4cΓq

(π
2
− c
)

= 2

 sin t

1− 2q cos t+ q2

∣∣∣∣∣
π
2
−c

0

− sin t

1− 2q cos t+ q2

∣∣∣∣∣
π

π
2
−c

+ 4cΓq

(π
2
− c
)

=
4 cos c

1− 2q sin c+ q2
+ 4cΓq

(π
2
− c
)
. (9)

Combining (8), (9), we get the formula (1). The �rst and second statements
of the theorem are proved. Repeating the reasoning above for case 0 < m ≤ 1
and I(c) = Γq

(
π
2 + c

)
, c = π

2m, we obtain the third statement of theorem. The
theorem is proved.

The following few examples illustrate the theorem.
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Example 1. Let MT[φ] = − 4
π arctan q, q ∈ (0; 2−

√
3]. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1− q2)
+O(1)

qn

n
.

Example 2. Let MT[φ] = 0, q ∈ (0; 2−
√
3]. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1 + q2)
+O(1)

qn

n
.

This equality was obtained in [3].

Example 3. Let MT[φ] = 0, q ∈
[
2−

√
3;

√
2 +

√
5− 2

√
2 +

√
5

]
. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

πn(1 + q2)
+O(1)

qn

n
.

This equality was obtained in [4].

Example 4. Let MT[φ] = −0.4π−1, q = 0.3. Then

1.2 cos 0.2

πn(1.09− 0.6 sin 0.2)
+

0.48(1.09 sin 0.2− 0.6)

πn(1.09− 0.6 sin 0.2)2
+O(1)

0.3n

n
≤

≤ sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C ≤ 1.2 cos 0.2

πn(1.09− 0.6 sin 0.2)
+O(1)

0.3n

n
.

Example 5. Let MT[φ] = 1, q ∈ (0; 2−
√
3]. Then

sup
f∈G(q,m)

∥f(·)− σn(f ; ·)∥C =
4q

n(1 + q)2
+O(1)

qn

n
.
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Íàáëèæåííÿ êëàñiâ iíòåãðàëiâ Ïóàññîíà ñåðåäíiìè Ôåé¹ðà
Ðîâåíñüêà Î. Ã.

Äîíáàñüêà äåðæàâíà ìàøèíîáóäiâíà àêàäåìiÿ

Àêàäåìi÷íà 72, Êðàìàòîðñüê, 84313, Óêðà¨íà

Ðîáîòó ïðèñâÿ÷åíî äîñëiäæåííþ åêñòðåìàëüíî¨ çàäà÷i òåîði¨ íàáëèæåíü ó ôóí-
êöiîíàëüíèõ ïðîñòîðàõ, à ñàìå: ðîçâ'ÿçàííþ çàäà÷i ïðî òî÷íi âåðõíi ìåæi íà çàäàíèõ
ôóíêöiîíàëüíèõ êëàñàõ âiäõèëåíü òðèãîíîìåòðè÷íèõ ïîëiíîìiâ, ùî ïîðîäæóþòüñÿ
ëiíiéíèìè ìåòîäàìè ïiäñóìîâóâàííÿ ðÿäiâ Ôóð'¹. Öÿ çàäà÷à âiäíîñèòüñÿ äî ëiíiéíî¨
àïðîêñèìàöi¨ ôóíêöié � îäíîãî ç îñíîâíèõ ïiäðîçäiëiâ êëàñè÷íî¨ òåîði¨ íàáëèæåíü.
Íàéïðîñòiøèì ïðèêëàäîì ëiíiéíî¨ àïðîêñèìàöi¨ ïåðiîäè÷íèõ ôóíêöié ¹ íàáëèæå-
ííÿ ôóíêöié ÷àñòèííèìè ñóìàìè ¨õ ðÿäiâ Ôóð'¹. Îäíàê ïîñëiäîâíîñòi ÷àñòèííèõ
ñóì ðÿäó Ôóð'¹ íå ¹ ðiâíîìiðíî çáiæíèìè íà öiëîìó êëàñi íåïåðåðâíèõ ïåðiîäi÷íèõ
ôóíêöié. Òîìó çíà÷íó êiëüêiñòü ðîáiò ïðèñâÿ÷ó¹òüñÿ äîñëiäæåííþ àïðîêñèìàöiéíèõ
âëàñòèâîñòåé íàáëèæóþ÷èõ ìåòîäiâ, ÿêi ïîðîäæóþòüñÿ ïåâíèìè ïåðåòâîðåííÿìè
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÷àñòèííèõ ñóì ðÿäó Ôóð'¹ i äîçâîëÿþòü ïîáóäóâàòè ïîñëiäîâíîñòi òðîãîíîìåòðè-
÷íèõ ïîëiíîìiâ, ÿêi ¹ ðiâíîìiðíî çáiæíèìè äëÿ âñüîãî êëàñó íåïåðåâíèõ ôóíêöié.
Çîêðåìà, îñòàííi ðîêè iíòåíñèâíî âèâ÷àþòüñÿ ñåðåäíi Ôåé¹ðà. Îäíi¹þ ç âàæëèâèõ
çàäà÷ öüîãî íàïðÿìó ¹ âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè òî÷íèõ âåðõíiõ ìåæ ïî
ôiêñîâàíèì êëàñàì ôóíêöié âiäõèëåíü òðèãîíîìåòðè÷íèõ ïîëiíîìiâ. Ìåòà ðîáîòè �
ïðåäñòàâèòè íîâi ôàêòè ùîäî íàáëèæåííÿ êëàñiâ iíòåãðàëiâ Ïóàññîíà íåïåðåðâíèõ
ôóíêöié ñåðåäíiìè àðèôìåòè÷íèìè ñóì Ôóð'¹. Â ðîáîòi äîñëiäæåíî àñèìïòîòè÷íó
ïîâåäiíêó òî÷íèõ âåðõíiõ ìåæ ïî êëàñàõ èíòåãðàëiâ Ïóàññîíà ïåðiîäè÷íèõ ôóíêöié
äiéñíî¨ çìiííî¨ âiäõèëåíü ëiíiéíèõ ñåðåäíiõ ðÿäiâ Ôóð'¹, ÿêi âèçíà÷àþòüñÿ çà äîïî-
ìîãîþ ìåòîäó ïiäñóìîâóâàííÿ Ôåé¹ðà. Çàçíà÷åíi êëàñè ñêëàäàþòüñÿ ç ôóíêöié äié-
ñíî¨ çìiííî¨, ÿêi ¹ çâóæåííÿì îáìåæåíèõ ãàðìîíi÷íèõ â îäèíè÷íîìó äèñêó ôóíêöié
êîìïëåêñíîi çìiííîi. Ó ðîáîòi îòðèìàíî àñèìïîòè÷íi ôîðìóëè äëÿ òî÷íèõ âåðõíiõ
ìåæ âiäõèëåíü ñåðåäíiõ Ôåé¹ðà íà êëàñàõ iíòåãðàëiâ Ïóàññîíà. Öi ôîðìóëè ¹ àñèì-
ïòîòè÷íî òî÷íèìè íåðiâíîñòÿìè áåç äîäàòêîâèõ óìîâ. Íàâåäåíî ïðèêëàäè êîëè öi
íåðiâíîñòi ïåðåòâîðþþòüñÿ â ðiâíîñòi.
Êëþ÷îâi ñëîâà: Iíòåãðàë Ïóàññîíà; ñåðåäí¹ Ôåé¹ðà; àñèìïòîòè÷íà íåðiâ-

íiñòü

Iñòîðiÿ ñòàòòi: îòðèìàíà: 4 ñi÷íÿ 2023; îñòàííié âàðiàíò: 25 êâiòíÿ 2023;
ïðèéíÿòà: 15 òðàâíÿ 2023.


