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Approximation of classes of Poisson integrals by Fejer
means

The work is devoted to the investigation of the extremal problem of approxi-
mation theory in functional spaces, namely to the solution of the problem
of finding of the exact upper bounds on the given functional classes of the
quantities of the deviation of trigonometric polynomials, which are generated
by linear methods of summation of Fourier series. This problem is related
to the linear approximation of functions which is one of the main directions
of the classical approximation theory.

The simplest example of a linear approximation of periodic functions is the
approximation of functions by partial sums of their Fourier series. However,
the sequences of partial Fourier sums are not uniformly convergent over the
class of continuous periodic functions. Therefore, a many studies is devoted
to the research of the approximative properties of approximation methods,
which are generated by transformations of the partial sums of Fourier series
and allow us to construct sequences of trigonometrical polynomials that
would be uniformly convergent for the whole class of continuous functions.
Particularly, Fejer means have been widely studied in the last time. One
of the important problems in this field is the study of asymptotic behavior
of the upper bounds over a fixed classes of functions of deviations of the
trigonometric polynomials.

The aim of the work systematizes known results related to the approximation
of classes of Poisson integrals of continuous functions by arithmetic means
of Fourier sums, and presents new facts obtained for particular cases.

The asymptotic behavior of the upper bounds on classes of Poisson integrals
of periodic functions of the real variable of deviations of linear means of
Fourier series, which are defined by applying the Fejer summation method
is studied. The mentioned classes consist of analytic functions of a real vari-
able, which are narrowing of bounded harmonic in unit disc functions of
complex variable. In the work, asymptotic formulas for the upper bounds of
deviations of Fejer means on classes of Poisson integrals were obtained. These
formulas are asymptotically exact inequalities without additional conditions.
Examples are given when these inequalities turn into equality.
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1. Introduction

Let C(T), T = [—m;7] be the space of continuous 27-periodic functions with
the norm

I7lle = max | (1)

Denote by G(q,m), ¢ € (0;1), m € [—1; 1] the class of continuous 27-periodic
functions, given by the convolution [1, p. 241]

f@) = o+ [ ola+ 0P bt
T

where Ay is a fixed constant,
oo
P,(t) = Z ¢~ cos kt,
k=1

is the well-known Poisson kernel, the summable on T, 27-periodic function ¢
satisfies the conditions

1

esssup |p(t)| <1, Mry[p]:= 2/@(2&) dt =m.
teT ™

T

The function ¢ continues periodically.
Let

S[f] = “OQW + ) (ag(f] cos kx + be[f] sin k),
k=1

be the Fourier series of the function f € C(T), where

ao[f]—i/f(x)dx, ak[f]—jr/f(x)coskxdx,
T T

bk[f]:i/f(x)sinkxdx, ke N,
T

are the Fourier coefficients of the function f and let

aolf]

Sn(fiz) = 5

+ Z(ak[f] cos kx + by[f] sin kx)
k=1

be the n-partial sum of the Fourier series of the function f.
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Nikolsky [1] established the asymptotic equality as n — oo

n

sup 1FC) = Sucs(fi)le = L K(g) + o)L,
f€G(g,m) d n

where

.mwzj du_
0

(1 —¢g?sin u)%
is the complete elliptic integral of the first kind, O(1) is a quantity uniformly
bounded with respect to n. Stechkin [2| proposed another proof of this result,
which made it possible to refine the remainder.

Let f € C(T). Trigonometric polynomials given by the relation

n—1
oulfia) = = 3 Sulfsa)
k=0

are called Fejer means of function f. Asymptotic equalities for upper bounds of
deviations of Fejer means on classes G(q,0) were obtained in |3, 4]

V= on(f: )l = —24 7 o
w0 = nlfi)lo = s+ O e 052 VA

where O(1) is a quantity uniformly bounded with respect to n. Some related
results may be found in [5, 7, 6].

The purpose of this work is to present the asymptotic formulas for upper
bounds of deviations of Fejer means taken over classes of Poisson integrals in case
when mean of function ¢(t) would not be equal zero. So far, formulas that directly
take into account the values of the parameters ¢ and Mr[p] have not been found.
This paper is motivated by the works [8, 9] where estimates are obtained for the
derivatives of bounded harmonic functions in the unit disc. On the circle, the limit
values of such functions coincide with the elements of the classes G(q, ¢).

2. Result
The main result is as follows.
Theorem. Let f € G(q,m), q € (0;1), Mr[p] =m, |m| < 1.

1. If =1 <m <0, ¢ € (0;2— /3], then the following inequalities hold as
n — oo

q 4cos gm dgm (144¢2) sin 5m+2q

T 7+ n (142gsin Fm+¢?)?

a ¢ _4
7 142¢sin Sm+q + O<1) n T arCtqu S m,

4cos Zm n
_ fcosom q- _4
7 T92gsn Tmrg? T o)L, m < —2 arctan g,

< sup [[f() —onl(fi)lle <
feG(g;m)
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4cos Tm n
9 _ Pt a _4
mn 142¢sin gm+q2 + O(l) n po arctan q < m,

4cosTm 4 (14+4?) sin Zm+2q n 4
% 1—‘,—2qsin§7’n—|—q2 + % (1+2¢sin %?n—&—qz)z + O(l)%’ m < T arctanq,
(1)
2. If-1<m<0,qge (2—V3;V3—2V2], and
OFy(5 +Fm) _ 0Py(r) o)

0q - 9q ’
then inequalities (1) hold.

3. If0 <m <1, q€ (0;2—+/3] and condition (2) is fulfilled, then the following
inequalities hold as n — oo

n

q 4 cos m q

- . +0(1)— <  su N —o ;-

mn 14 2gsin §m + ¢? S n feG(g),m) I7C) n(f5)lle
<4 dcoshm dgm (4 @)singm+2 o000 g
SEnlt2gmgmt @ (r2gsmgm @R O

Here O(1) is a quantity uniformly bounded with respect to n.
Proof
First we consider the case —1 < m < 0. For f € G(q, m) we have 3, 4]

@) = antfiz) = 2 [ oo+ 028 ar o)L

T

Denote
0P (t) (14 ¢*) cost —2q

dq (1 —2qgcost + ¢%)?

Ly(t) :

For any constant I we can write

n

£0) = ou(£:0) — L1 [ oyt =2 [ ooy w0 - 1) e+ o)

™ n
T T
Denote ]
T T
== = —— =1 . 4
c 4/g0(t)dt 5™, €€ [O, 2} (4)
T

Taking into account relation (4), we have

— |2 e @0 -1 @t o
T

4qc

£0) —ou(£:0)+ -1
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Since esssup |¢(t)| < 1, we obtain
teT

V@—%um+1

< /|r — 1] at+ o)L

Therefore

4
sup Hf —anf)+£1
JeG(g,m)

< f/\r y dt+O(1)%. (5)

We find a constant I = I(c) such that the function ¢(t) = sign (I'y(¢) — I(c))
satisfies the condition (4).

We investigate the function I'y(t), t € [0; 7]. We have

I (1) = (6> — ¢* —1—2q(1+q)cost)smt
(1 —2qgcost + ¢?)3

If ¢ € (0;2 — /3], then the function I'y(t) is monotone decreasing on [0; 7]. If

q € (2—+/3; V3 — 2v/2], then the function T';(¢) is monotone decreasing on [O, 2]

and has one extremum on [%, 77]

Tacking into account that I'y(0) > 0, Ty (5) < 0 and I'y(7) < 0, we have that
function I'y(t) has a single simple zero on [0' 7]
Therefore, we obtain

s (14 ¢®)sinc — 2q
o0-ri(5 -
(¢) =T ¢ (1 — 2gsinc + ¢2)2

for any ¢ € (0;2 — /3] andany0<c< T,
For ¢ € (2 — v3;v/3—2V2] we can denote I(c) = Iy (3 —c) only if
Iy (g — c) > I'y(m). This condltlon is equivalent to inequality
2¢ — (1 + ¢?)sine < 1
(1—-2¢sinc+¢%)2 = (1+¢)%’

or

19203 —2¢2 — 29+ 1
sine > 4 a _432 a+! (6)

Denote

_q —2¢° —2¢> —2q+1
s(q) :== vy .

Since condition s'(q) > 0, ¢ € (0;1) is met, then function s(q) is increasing
and

min s =s(2 — \/g
e (q) = s( )

-1, max s(q) = s(1) = 1.
e (q) = s(1)
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If ¢ € (2 —/3;V3 —2V2], then inequality (6) is solvable for any fixed 0 <
c < 5. Note, if ¢ € (0;2 — V3], then inequality (6) is true for any c.
Let

p(t) = sign (Fq(t) —Ty (g B C)) - { Elt, fé_[g:,i’g;cc)}?u (5 —c ).

It’s clear that for function ¢(t) the condition (4) is met. Therefore, there exists
function f* for which the following equality holds

£2(0) — on(s%:0) + 221, (5~ o)
- % / ’Fq(t) - T, (g ~ c)’ dt + 0(1)%. (7)
T

Comparing relations (5), (7), we obtain

|50 = onlf)+ 200 (5 )

FeGgm ™ 2 c
=L / () Ty (5 )| at + 0(1)%. (8)
T

Next, we calculate the definite integral in (8)

T (t) =Ty (= —c)| dt =2 qu(t)—rq T_o)|at
T 2 0 2

int 2 int "
5 sin B sin LT, <E —c)
1 —2qcost + g2 o 1—2gcost+¢q?|_ 2
5—c
4cosc s
- 4cl (f— ) 9
1—2qsinc+q2+ Galyg € (9)

Combining (8), (9), we get the formula (1). The first and second statements
of the theorem are proved. Repeating the reasoning above for case 0 < m <1
and I(c) =Ty (5 +¢), ¢ = Tm, we obtain the third statement of theorem. The
theorem is proved.

The following few examples illustrate the theorem.
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Example 1. Let My[p] = —2 arctang, g € (0;2 — v/3]. Then

sup || f(-) = on(fi)llc =

feG(a,m) (1l — ¢?) n’

Example 2. Let Mr[p] =0, ¢ € (0;2 — +/3]. Then

feciom) 170) = onlfille = sy n’

This equality was obtained in [3].

Example 3. Let Mr[p] =0, ¢ € [2—\/5;\/2+\f—2 24+ /5|. Then

4q q
sup () —on(fi)llc = —7—F—5 +O1)—.
FeG(gm) ! (1 + ¢?) n
This equality was obtained in [4].
Example 4. Let My[p] = —0.47~!, ¢ = 0.3. Then
1.2 cos 0.2. 0.48(1.09 sin 0.2 —0.6) N 0(1)0.3" <
™ (1.09 — 0.6sin0.2) ~ 7n(1.09 — 0.6sin0.2)? n
1.2co0s0.2 0.3™
< D — .. < O(1 .
= teGlam) I7C) =onlfi e = a 59 —06smo2) T W
Example 5. Let Mr[p] =1, ¢ € (0;2 — +/3]. Then
4q q"
sup  [|[f() —on(fi)llec = ———5 +O(1)—.
feG(qm) " n(1+q)? n
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Habun:kenns kiacis interpasisB Ilyaccona cepesuimu @eiiepa
Posencrka O. I
onbacvra depocasna mawurobydiena arxademis
Axademiuna 72, Kpamamopcox, 84313, Yxpaina

Pobory npucBsgeHo DOCTIIKEHHIO eKCTPeMaIbHOI 3a1a49i Teopii HaOIuKeHb y PyH-
KIIOHAJTBHAX IIPOCTOPAX, & CaMe: PO3B’sI3aHHIO 33,031 PO TOYHI BEPXHI MeXKi Ha 3aJaHIX
GYHKIIOHATBHUX KJTACAX BiAXUIEHD TPUTOHOMETPHIHUX IOJIHOMIB, IO MOPOZKYIOTHCS
JIHIWHUMY METOIAMU TincyMoByBanHs psaiB @yp’e. Ila 3amada BiTHOCUTHCS 10 JTiHITHOT
anpokcuMariii PyHKII# — OZHOrO 3 OCHOBHUX MiIPO3IiIiB KJIACHIHO! TeOpil HADIMKEHD.
HaitnpocrimuM npukIagoM JHiHIHHOL anmpokcuMaril nepioguaanx (YHKINH € HaOIuKe-
HHs (QyHKOi# gacTuHHUME cyMamu iX psamiB @Pyp’e. OgHAK TOCTITOBHOCTI YACTHHHUX
cyM pany Pyp’e He € piBHOMIPHO 30i2KHUMH HA IIIOMY KJaCl HEIIEPEePBHUX MEPIOIITHAX
dyukmniit. Tomy 3HauHy KiABKICTH POOIT MPUCBATYETHCS TOCTIIZKEHHIO aTTPOKCAMAITI HHITX
BJIACTUBOCTEH HAOIMAKYIOUUX METO/IB, SKi MOPOIKYIOTHCS MEBHUMHU MEPETBOPEHHSIMU
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qacTuHHUX cyM psay Pyp’e i 103BosAIOTH MOOY/yBaTU MOCJIiIOBHOCTI TPOrOHOMETDH-
YHUX TOJIHOMIB, $IKi € PIBHOMIpHO 301KHUMY JJIsi BCHOTO KJIACy HEMepeBHUX (DYHKIIiA.
30KpeMa, OCTaHHI POKHM iHTEHCHMBHO BUBUYAIOTHCA cepenni Peitepa. OmHi€0 3 BasKJIMBAX
3a7a9 [IHOr0 HAMPSMY € BHUBYEHHS ACHMITOTHYHO! MOBEIIHKH TOYHUX BEPXHIX MEXK IO
dikcoBannM KaacaMm (PYHKIIH BiAXUIEHb TPUTOHOMETPUIHAX HOMiHOMIB. MeTta poborn —
MIPeCTABUTH HOBI (aKTH MO0 HAOIMKEHHs KaaciB inrerpasnis Ilyaccona memepepBHEX
dbyukmiit cepeqaivu apudmernaanvu cym @yp’e. B poboTi m0OCTi1XKEHO aCUMITOTHYHY
TMOBEIIHKY TOYHUX BEPXHIX MeXK Mo Kjaacax maTerpajis [lyaccona mepiognunnx dyHKIIiHk
JifiCHOT 3MIHHOI BinXujeHb JIHIHHUX cepeauix psamiB @yp’e, AKi BU3HAYAOTHCA 3 IOTO-
MOro0 Merofy miacymoByBants ®efiepa. 3a3HadeHi KIacu CKIANAIOThCA 3 DYHKIGH Tiii-
CHOI 3MIHHOI, sIKi € 3BY2KE€HHAM OOMEXKEHUX FAPMOHIYHUX B OJMWHUIHOMY JHUCKY (DYHKITii
KOMILJIEKCHOL 3MiHHOI. Y poboTi oTpuManHo acuMuoTuvHi GOPMYJIn [Jisi TOYHUX BEPXHIX
MexK Bimxuienn cepennix @eitepa Ha kiacax inrerpanis Ilyaccona. i dopmynu € acum-
NTOTUYHO TOYHUMH HEpPiBHOCTsAME O€3 J0JaTKOBUX yMOB. HaBemeHO mpuk/aau KOJU Iii
HEpPiBHOCTI MEPeTBOPIOIOTHCSA B PiBHOCTI.

Kmouwosi caosa: Imrerpan Ilyaccoma; cepemne Peiiepa; acMMOTOTHYHA HepiB-
HICTH

Ictopis crarTi: orpumana: 4 ciuua 2023; octanuiit BapianT: 25 kBiTHA 2023;
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