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Cramer's rule for implicit linear di�erential equations

over a non-Archimedean ring

We consider a linear nonhomogeneous m-th order di�erential equation in a
ring of formal power series with coe�cients from some �eld of characteristic
zero. This equation has in�nite many solutions in this ring � one for each
initial condition of the corresponding Cauchy problem. These solutions can
be found using classical methods of di�erential equation theory.

Let us suppose the coe�cients of the equation and the coe�cients of
nonhomogeneity belong to some integral domain K. We are looking for a
solution in the form of a formal power series with coe�cients from this
integral domain. The methods of classical theory do not allow us to �nd out
whether there exists an initial condition that corresponds to the solution of
the coe�cients from K and do not allow �nd this initial condition.

To solve this problem, we use the method proposed by U. Broggi. This
method allows to �nd a formal solution of the linear nonhomogeneous di-
�erential equation in the form of some special series.

In previous articles, su�cient conditions for the existence and uniqueness of
a solution were found for a certain class of rings K with a non-Archimedean
valuation. If these conditions hold, the formal power series obtained using
the Broggi's method is considered. Its coe�cients are the sums of series that
converge in the non-Archimedean topology considered. It is shown that this
series is the solution from K[[x]] of our equation.

Note that this equation over a ring of formal power series can be considered
as an in�nite linear system of equations with respect to the coe�cients of
unknown formal power series. In this article it is proved that this system can
be solved by some analogue of Cramer's method, in which the determinants
of in�nite matrices are found as limits of some �nite determinants in the
non-Archimedean topology.
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1. Introduction

Let us consider m-th order linear di�erential equation with constant coe�ci-
ents

amw
(m)(x) + am−1w

(m−1)(x) + . . .+ a1w
′(x) + a0w(x) = f(x), am 6= 0. (1)

Let ai belong to an integral domain K, f(x) ∈ K[[x]] be a formal power series.
The equation (1) is called implicit if the element am is not invertible in K. We are
looking for the solution of the equation (1) from K[[x]]. In [1] it is proved that for
some conditions on K and on coe�cients ai this equation has a unique solution
from K[[x]].

Let F denote the quotient �eld of K. Using the classical di�erential equations
theory methods we are able to solve the Cauchy problem �nding the in�nitely
many solution from F [[x]] � one solution for each initial condition. However, the
form of these solutions does not allow us to �nd the unique solution from K[[x]]
[2, Ch.VII].

For this purpose we use the construction proposed by U. Broggi (see [3, �5,
22.1]). He looked for the solution of (1) as a series

w(x) =
∞∑
k=0

ckf
(k)(x), (2)

where coe�cients ck satis�es the equality

(ams
m + am−1s

m−1 + . . .+ a1s+ a0)−1 = c0 + c1s+ c2s
2 + c3s

3 + . . . . (3)

In [1] we use the non-Archimedean topology construction in some special ring
K to formulate conditions for the existence and uniqueness of a solution of equati-
on (1) in K[[x]]. We also write the coe�cients of formal power series solution in
the form of series converged with respect to the non-Archimedean topology. The
results from [1] are formulated in the Section 2 of this article.

Di�erential equation (1) can be regarded as an in�nite linear system of equati-
ons with respect to the coe�cients of the unknown series. In the present article
it is shown that the unique solution of the equation (1) from K[[x]] can be found
using an analogue to the Cramer's rule. For m = 1 and K = Zp it was proved in
[4]. The proof of the main result of this article is based on using the methods and
constructions of [5].

2. Preliminaries

Suppose (F, |·|) is a �eld of characteristic zero with a non-Archimedean valuati-
on | · | and K = {s ∈ F : |s| ≤ 1} is its valuation ring ([6, Ch.XII, �4]). Let us
consider the di�erential equation (1) where a0, a1, . . . , am ∈ K and f(x) ∈ K[[x]].
We are looking for the solutions of this equation from K[[x]].

In [1, Section 4, Theorems 4 and 5] su�cient conditions for the existence and
uniqueness of a solution in K[[x]] are found. Noticing that an element a ∈ K is
invertible if and only if |a| = 1, we can formulate these conditions in the following
way:
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Theorem 1. Let in equation (1) a0 be invertible and ai be non-invertible in K
for any 1 ≤ i ≤ m. Then this equation has no more than one solution in K[[x]].

If, in addition, F is complete with respect to | · |, then series (2) converges
by the topology of coe�cientwise convergence (see [7, Chapter 1, Section 3]) in
K[[x]] and the sum of this series solves (1).

Let wk denote the coe�cient of x
k of the unknown series w(x). The following

statement shows, that we can �nd the formulas for these coe�cients to write the
solution in the form w(x) =

∑∞
n=0wnx

n.

Remark 1. Suppose (2) converges by coe�cientwise topology. Let f(x) =∑∞
n=0 fnx

n. Then f (k)(x) =
∑∞

n=0
(n+k)!
n! fk+nx

n. Thus,

wn =
∞∑
k=0

ck
(n+ k)!

n!
fk+n, (4)

where these series converge with respect to | · |.

The following theorem shows that the invertibility of a0 is an important condi-
tion for the existence of a solution of (1).

Theorem 2. Suppose ai is non-invertible in K for all 1 ≤ i ≤ m. If equation (1)
has a solution in K[[x]] for every f(x) ∈ K[[x]], then a0 is invertible.

Proof. Since (1) has a solution for any f(x), then for f(x) = 1 also. Writing the

degree zero coe�cient, we get
∑m

j=1 j!ajwj+a0w0 = 1. Since |aj | < 1, |wj | ≤ 1 for

any 1 ≤ j ≤ m, then
∑m

j=1 j!ajwj is non-invertible element of K. Since valuation

is non-Archimedean, then the sum of two non-invertible elements of K is non-
invertible, that is K is local. Therefore 1 −

∑m
j=1 j!ajwj = a0w0 is invertible.

Since K is commutative, then a0 is invertible.
The proof is complete.
Note that in some cases the equation (1) has a unique solution in K[[x]] even

if a0 is not invertible.
Example. Let K = Z and m = 1. For any non-zero coe�cients a0, a1 ∈ Z

if f(x) = a1 + a0x, then the equation a1w
′(x) + a0w(x) = f(x) has a solution

w(x) = x. Moreover, this solution is unique, that is the homogeneous equation
a1w

′(x) + a0w(x) = 0 has only trivial solution. Indeed, if w(x) =
∑∞

n=0wnx
n is

a solution of this equation, then a1nwn = −a0wn−1. Hence for any n ≥ 1 we get
n!an1wn = (−1)nan0w0. Let p denote some prime, that is not divisor of a0. Then
for any j there exists n such that n! is divisible by pj . Thus w0 is divisible by p

j

for any j. It is impossible for any integer w0 6= 0.

3. Main result

Now suppose a0 is invertible. Without loss of generality we can assume a0 = 1.
Then the sequence {ck} that is found by equality (3) satis�es the following system:
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
c0 = 1

c0 +
∑j−1

i=0 aicj−i = 0, j = 1, 2, 3, . . . ,m∑m
i=0 aicj−i = 0, j = m+ 1,m+ 2, . . .

. (5)

Let us rewrite (1) as an in�nite linear system of equations. For any k =
0, 1, 2, . . ., extracting coe�cients of xk, we get

a0wk+a1
(k + 1)!

k!
wk+1 + . . .+aj

(k + j)!

k!
wk+j+ . . .+am

(k +m)!

k!
wk+m = fk, (6)

where w(x) =
∑∞

k=0wnx
n.

By de�nition, put ai = 0 for any i > m. Then in the matrix form this system
of equations can be written as Aw = f , where

A =



1 a1 2a2 3!a3 4!a4 5!a5 · · ·
0 1 2a1 3!a2 4!a3 5!a4 · · ·
0 0 1 3!

2 a1
4!
2 a2

5!
2 a3 · · ·

0 0 0 1 4!
3!a1

5!
3!a2 · · ·

0 0 0 0 1 5!
4!a1 · · ·

...
...

...
...

...
...

. . .


and f =



f0

f1

f2

f3

f4

f5
...


. (7)

That is A ia an upper triangular matrix that has the terms αij =
(j − 1)!

(i− 1)!
aj−i

for any 0 ≤ i ≤ j and αij = 0 for any 0 < j < i.
Similarly as in [5] for any n ≥ 0 let An be obtained from the matrix An

by replacing the (n + 1)-th column with the vector f . For any j ≥ 0 by ∆̃j

(respectively, ∆̃n,j) denote the principal corner minor of the (j + 1)-th order of
the matrix A (respectively, An).

Theorem 3. Suppose F is a complete �eld of characteristic zero with a non-
Archimedean valuation | · |, K is the valuation ring of F , a0 = 1 and |ai| < 1 for
any 1 ≤ i ≤ m. Then equation (1) has a unique solution

w(x) =
∞∑
n=0

wnx
n

from K[[x]]. The coe�cients of this solution can be found using Cramer's rule:

wn =
detAn
detA

= detAn, n = 0, 1, 2, . . . , (8)

where the determinants are de�ned as following limits in K with respect to the
valuation | · |:

detA = lim
r→∞

∆̃r

detAn = lim
r→∞

∆̃n,r, n = 1, 2, 3, . . .
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Proof. Note that ∆̃r = 1 for any r, so detA = 1. By Theorem 1 equation (1)
has a unique solution over K in the form (2). Let us show that detAn = wn.

Let B̃r denote the determinant

B̃r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 2a2 3!a3 4!a4 5!a5 · · · r!ar

1 2a1 3!a2 4!a3 5!a4 · · · r!ar−1

0 1 3!
2 a1

4!
2 a2

5!
2 a3 · · · r!

2 ar−2

0 0 1 4!
3!a1

5!
3!a2 · · · r!

3!ar−3

0 0 0 1 5!
4!a1 · · · r!

4!ar−4
...

...
...

...
...

. . .
...

0 0 0 0 0 . . . r!
(r−1)!a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (9)

Let us consider

∆̃0,r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

f0 a1 2a2 3!a3 4!a4 5!a5 · · · r!ar

f1 1 2a1 3!a2 4!a3 5!a4 · · · r!ar−1

f2 0 1 3!
2 a1

4!
2 a2

5!
2 a3 · · · r!

2 ar−2

f3 0 0 1 4!
3!a1

5!
3!a2 · · · r!

3!ar−3

f4 0 0 0 1 5!
4!a1 · · · r!

4!ar−4
...

...
...

...
...

...
. . .

...

fr−1 0 0 0 0 0 . . . r!
(r−1)!a1

fr 0 0 0 0 0 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Decomposing it relative to the �rst column, we get

∆̃0,r = f0−f1a1+f2

∣∣∣∣∣a1 2a2

1 2a1

∣∣∣∣∣−f3

∣∣∣∣∣∣∣
a1 2a2 3!a3

1 2a1 3!a2

0 1 3!
2 a1

∣∣∣∣∣∣∣+f4

∣∣∣∣∣∣∣∣∣
a1 2a2 3!a3 4!a4

1 2a1 3!a2 4!a3

0 1 3!
2 a1

4!
2 a2

0 0 1 4!
3!a1

∣∣∣∣∣∣∣∣∣+. . . =

= f0 − f1a1 + f2B̃2 − f3B̃3 + f4B̃4 − . . . = f0 −
r∑
i=1

(−1)i−1fiB̃i. (10)

In [5] the determinants

Br =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 a4 · · · ar
1 a1 a2 a3 · · · ar−1

0 1 a1 a2 · · · ar−2

0 0 1 a1 · · · ar−3
...

...
...

...
. . .

...
0 0 0 0 . . . a1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(11)

are consedered and there is proved that Br = (−1)rcr, where the secuence {cr} is
a solution of (5).
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Note that

B̃r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 2a2 3!a3 4!a4 · · · k!ar

1 2a1 3!a2 4!a3 · · · r!ar−1

0 1 3!
2 a1

4!
2 a2 · · · r!

2 ar−2

0 0 1 4!
3!a1 · · · r!

3!ar−3
...

...
...

...
. . .

...

0 0 0 0 . . . r!
(r−1)!a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

= 2 · 3! · . . . · r! ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a2 a3 a4 · · · ar

1 a1 a2 a3 · · · ar−1

0 1
2

1
2a1

1
2a2 · · · 1

2ar−2

0 0 1
3!

1
3!a1 · · · 1

3!ar−3
...

...
...

...
. . .

...

0 0 0 0 . . . 1
(r−1)!a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=
2 · 3! · . . . · r!

2 · 3! · . . . · (r − 1)!
Br = r!Br. (12)

Then B̃r = r!(−1)rcr. Hence

∆̃1,r = f0 −
r∑
i=1

(−1)i−1fiB̃i = f0 +
r∑
i=1

fii!ci =
r∑
i=0

fii!ci. (13)

Thus

detA0

detA
=

limr→∞ ∆̃0,r

limr→∞ ∆̃r

= lim
r→∞

r∑
i=0

i!fici =

∞∑
i=0

i!fici. (14)

It coincides to the w0 found in Remark 1.

Let us now consider An for any n ≥ 1 and its minor of i-th order ∆̃n,i−1. We
are interested in the limit by i, so it is enough to consider i such that i > n and
i > m. Then the principal corner minor ∆̃n,i−1 is equal to
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∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

nA

f0 (n+ 1)!an+1 · · · m!am 0 · · · ∗
f1 (n+ 1)!an · · · m!am−1 (m+ 1)!am · · · ∗
f2

(n+1)!
2 an−1 · · · m!

2 am−2
(m+1)!

2 am−1 · · · ∗
...

...
. . .

...
...

. . .
...

fn−2
(n+1)!
(n−2)!a3 · · · m!

(n−2)!am−n+2
(m+1)!
(n−2)! am−n+3 · · · ∗

fn−1
(n+1)!
(n−1)!a2 · · · m!

(n−1)!am−n+1
(m+1)!
(n−1)! am−n+2 · · · ∗

. . .
...

0
...

. . .

fn (n+ 1)a1 · · · m!
n! am−n

(m+1)!
n! am−n+1 · · · ∗

fn+1 1 · · · m!
(n+1)!am−n−1

(m+1)!
(n+1)! am−n · · · ∗

fn+2 0 · · · m!
(n+2)!am−n−2

(m+1)!
(n+2)! am−n−1 · · · ∗

...
...

. . .
...

...
. . .

...

fi−1 0 · · · 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

,

where the last i-th column is (0, · · · , 0, (i−1)!
(i−m−1)!am, · · · ,

(i−1)!
(i−3)!a2,

(i−1)!
(i−2)!a1, 1)>

and nA is the square submatrix of A formed by deleting all rows an columns
except the �rst n− 1 ones.

We see that its determinant ∆̃n,i−1 equals∣∣∣∣∣∣∣∣∣∣∣∣∣

fn (n+ 1)a1
(n+2)!
n! a2 · · · m!

n! am−n · · · (i−1)!
n! ai−n−1

fn+1 1 (n+ 2)a1 · · · m!
(n+1)!am−n−1 · · · (i−1)!

(n+1)!ai−n−2

fn+2 0 1 · · · m!
(n+2)!am−n−2 · · · (i−1)!

(n+2)!ai−n−3

...
...

...
. . .

...
. . .

...

fi−1 0 0 · · · 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (15)

Set B̌0 = 1 and

B̌r =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(n+ 1)a1
(n+2)!
n! a2

(n+3)!
n! a3

(n+4)!
n! a4 · · · (n+r)!

n! ar

1 (n+ 2)a1
(n+3)!
(n+1)!a2

(n+4)!
(n+1)!a3 · · · (n+r)!

(n+1)!ar−1

0 1 (n+ 3)a1
(n+4)!
(n+2)!a2 · · · (n+r)!

(n+2)!ar−2

0 0 1 (n+ 4)a1 · · · (n+r)!
(n+3)!ar−3

...
...

...
...

. . .
...

0 0 0 0 . . . (n+ r)a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
. (16)
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Then, decomposing ∆̃n,i−1 relative to the �rst column, we obtain

∆̃n,i−1 =
i−n∑
s=1

(−1)s−1fn+s−1B̌s−1. (17)

Note that B̌r = (n+1)!·(n+2)!·...·(n+r)!
n!·(n+1)!·...·(n+r−1)! Br = (n+r)!

n! Br. Therefore

∆̃n,i−1 =

i−n∑
s=1

(−1)s−1fn+s−1
(n+ s− 1)!

n!
Bs−1 =

i−n−1∑
s=0

fn+s
(n+ s)!

n!
cs.

Then

lim
i→∞

∆̃n,i =
∞∑
s=0

fn+s
(n+ s)!

n!
cs = wn.

The proof is complete.

Remark 2. Equality (12) shows the connection between the determinants consi-
dered and the determinants constructed in the similar situation for the m-th order
implicit linear di�erence equation considered in [5].

Remark 3. By [1, Corollary 3] under the conditions of Theorem 3 for the second
order equation a2w

′′(x) + a1w
′(x) +w(x) = f(x) the solution can be found by the

following explicit formula:

w(x) =
∞∑
n=0

 ∞∑
j=0

(j + n)!

n!
fn+j

[ j
2

]∑
i=0

(−1)j−i
(
j − i
i

)
aj−2i

1 ai2

xn.

By Theorem 3 the solution of this equation can be found using the Cramer`s rule

wn = detAn = lim
r→∞

∆̃n,r, n = 0, 1, 2, . . .

It means that for

A =



1 a1 2a2 0 0 0 · · ·
0 1 2a1 6a2 0 0 · · ·
0 0 1 3a1 12a2 0 · · ·
0 0 0 1 4a1 20a2 · · ·
0 0 0 0 1 5a1 · · ·
...

...
...

...
...

...
. . .


(18)

the determinant of the matrix formed by replacing the (n+ 1)-th column of A by
the column vector f we can �nd in the following form:

detAn =

∞∑
j=0

(j + n)!

n!
fn+j

[ j
2

]∑
i=0

(−1)j−i
(
j − i
j

)
aj−2i

1 ai2.
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Ïðàâèëî Êðàìåðà äëÿ íåÿâíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî

ðiâíÿííÿ íàä íåàðõiìåäîâèì êiëüöåì

À. Á. Ãîí÷àðóê
Õàðêiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Â. Í. Êàðàçiíà

ìàéäàí Ñâîáîäè 4, Õàðêiâ, 61022, Óêðà¨íà

Ðîçãëÿíåìî ëiíiéíå íåîäíîðiäíå äèôåðåíöiàëüíå ðiâíÿííÿ m-ãî ïîðÿäêó ó êiëüöi
ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ ç êîåôiöi¹íòàìè ç äåÿêîãî ïîëÿ íóëüîâî¨ õàðàêòåðè-
ñòèêè. Òàêå ðiâíÿííÿ ìà¹ íåñêií÷åííî áàãàòî ðîçâ' ÿçêiâ ó öüîìó êiëüöi � ¹äèíèé
ðîçâ' ÿçîê äëÿ êîæíî¨ ïî÷àòêîâî¨ óìîâè âiäïîâiäíî¨ çàäà÷i Êîøi. Öi ðîçâ' ÿçêè ìî-
æóòü áóòè çíàéäåíi çà äîïîìîãîþ êëàñè÷íèõ ìåòîäiâ òåîði¨ äèôåðåíöiàëüíèõ ðiâ-
íÿíü.

Ðîçãëÿíåìî òàêå ðiâíÿííÿ ó âèïàäêó, êîëè êî¹ôiöi¹íòè ðiâíÿííÿ i êîåôiöi¹íòè
íåîäíîðiäíîñòi íàëåæàòü äî äåÿêî¨ îáëàñòi öiëiñíîñòi K i áóäåìî øóêàòè ðîçâ' ÿçîê
ó âèãëÿäi ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó ç êîåôiöi¹íòàìè ç öi¹¨ îáëàñòi öiëiñíîñòi.
Ìåòîäè êëàñè÷íî¨ òåîði¨ íå äàþòü íàì çìîãè ç'ÿñóâàòè, ÷è iñíóâàòèìå ïî÷àòêîâà
óìîâà, ùî âiäïîâiäà¹ ðîçâ' ÿçêó ç êîåôiöi¹íòàìè iç K i ÿêà ñàìå.

Äëÿ ðîç' âÿçàííÿ öi¹¨ çàäà÷è ìè êîðèñòó¹ìîñÿ ìåòîäîì, ùî áóâ çàïðîïîíîâàíèé ó
ðîáîòi Ó. Áðîääæi, ÿêèé çíàõîäèòü ôîðìàëüíèé ðîçâ' ÿçîê ëiíiéíîãî íåîäíîðiäíîãî
äèôåðåíöiàëüíîãî ðiâíÿííÿ ó âèãëÿäi äåÿêîãî ñïåöiàëüíîãî ðÿäó.

Ó ïîïåðåäíiõ ðîáîòàõ çíàéäåíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi òàêîãî
ðîçâ'ÿçêó äëÿ äåÿêîãî êëàñó êiëåöü K ç íåàðõiìåäåâèì íîðìóâàííÿì. Ó âèïàäêó
âèêîíàííÿ öèõ óìîâ ðîçãëÿíóòî ôîðìàëüíèé ñòåïåíåâèé ðÿä, îòðèìàíèé çà äîïî-
ìîãîþ ìåòîäó Áðîääæi. Êîåôiöi¹íòàìè öüîãî ðÿäó ¹ ñóìè ðÿäiâ, ÿêi çáiãàþòüñÿ ó
ðîçãëÿíóòié íåàðõiìåäîâié òîïîëîãi¨ äî åëåìåíòiâ iç êiëüöÿ K. Ïîêàçàíî, ùî öåé ðÿä
¹ ðîçâ' ÿçêîì íàøîãî ðiâíÿííÿ ó êiëüöi K[[x]].

Âàðòî âiäìiòèòè, ùî òàêå ðiâíÿííÿ ó êiëüöi ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ ìîæíà
ðîçãëÿäàòè ÿê íåñêií÷åííó ëiíiéíó ñèñòåìó ðiâíÿíü âiäíîñíî êîåôiöi¹íòiâ íåâiäîìî-
ãî ôîðìàëüíîãî ñòåïåíåâîãî ðÿäó. Â öié ñòàòòi äîâåäåíî, ùî öþ ñèñòåìó ìîæíà
ðîçâ'ÿçóâàòè çà äîïîìîãîþ äåÿêîãî àíàëîãó ìåòîäó Êðàìåðà, â ÿêîìó âèçíà÷íèêè
íåñêií÷åííèõ ìàòðèöü çíàõîäÿòüñÿ ÿê ãðàíèöi ñêií÷åííèõ âèçíà÷íèêiâ ó íåàðõiìå-
äîâié òîïîëîãi¨.
Êëþ÷îâi ñëîâà: äèôåðåíöiàëüíå ðiâíÿííÿ; ôîðìàëüíi ñòåïåíåâi ðÿäè; ïðà-

âèëî Êðàìåðà.

Iñòîðiÿ ñòàòòi: îòðèìàíà: 15 ÷åðâíÿ 2022; îñòàííié âàðiàíò: 22 ÷åðâíÿ 2022
ïðèéíÿòà: 26 ÷åðâíÿ 2022.


