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JIBoTOYKOBaA KpaiioBa 3aJadva AJd CUCTEM
niceBaoaAnepeHiaJIbHUX PIBHAHb
3 KpaifiloBUMHU yMOBaMU, IO MICTATH
nceBJ10An(epeHItiajJIbHI onepaTopu

YV poboTi po3risgmacThCsa ABOTOYKOBA KpaioBa 3aa4da JI1s MCeBIoandepeH-
MaTbHUX PIBHSHD Ta CHCTEM IICEeBIA0AM(pEPEHIIATbHIX PIBHIHD IPYTOTro MO~
PsIKY 3 KpalOBUMHU YMOBAMH, IO MiCTITh IICEeBA0AAMEPEHITIaIbHI OIepaTo-
pu. HeobximgHicTs po3risimy mnceBaoandepeHIliaIbHuX OMepaTopiB 00yMOB-
JIeHa TUM, 110, MO-TIEPITe, y MPUKIQTHAX 33/1a9aX BCE YACTiIEe BUHUKAIOTH
PIBHSIHHS 3 TAKUMU OIEPATOPAMU, & MMO-JIPYTe, PO3TISIIAI0YN TaKi PiBHAHHS,
BIAETHCs JOCATTH KOPEKTHOCTI KpaitoBoi 3azadui B mpocropi JI. [llsapua S i
B JIBOICTOMY /IO HbOI'O IIPOCTOPI.

Cuogarky pO3IIsSJIa€ThCsd CKajgpHe ImcesaoaudepeHiiaibie PIBHAHHS 3
CHMBOJIOM 3 mpocropy C'™ . IO CKIAJAEThCA 3 HECKIHUYEHHO audepeHIi-
oBHUX (DYHKIIH, IKX 3POCTAIOTH CTEEHEBUM YUHOM. JIj1s TaKOTO piBHSIHHS
3a3HAYAECTHCA KOHKPETHUil BHJ KpailoBOI YMOBH, 3a SKOIO KpailoBa 3a/a4a
kopekTHa y mpocropi S. Kpim roro, maBegeno npuksiaz audepeniianibHo-
PI3HIIEBOTO PiBHAHHSA Ta KOHKPETHI KpaitoBi yMOBH 3 1ceBmoandepeHIliab-
HUM OTI€PATOPOM THUITY 3TOPTKH, 3a IKUX JaHa KpaifioBa 3a/1a4a, € KOPEKTHOIO
y mpocTopi S.

ITorim po3rIsimaeTbes cucTemMa ABOX TceBaoauddEpeHIiaIbHNX PIBHIHD i3
cuMBoIaMH 3 mpoctopy C°% i nig niel cucreMu 10BOAUTHCA iCHYBaHHSA KOD-
PeKTHOI KpaeBoi 3amadi B npocropi S. Ilpu noBejienHi BUKOPUCTOBYETHCS
nepersoperns @Pyp’e 1 3BefeHHs cuCTEMU /10 TPUKYTHOrO Buay. s mporo
BUIMAIKY TAKOXK HABEIEHO MPUKJIAJ, TAKOI CUCTEMHU T, BKA3AHWI KOHKPETHUH
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BU/I KPAOBOI yMOBHU, IIPU SKOI 1 KpaloBa 33/a4a € KOPEKTHOIO Y IPOCTOPi

S.

Takum anHOM, y pOOOTiI HOBEAEHO, IO i OYIb-AKOTO IICEBIOAu(EPEHIIi-
AJILHOTO PIBHSIHHS, 8 TAKOXK JJIsT CHCTEMH JIBOX TICEBIOAN(EPEHIIATHLHUX
PIBHSHB 3aBXK/IM iCHY€ KOPEKTHA KPAHoBa 33/1a4a y MPOCTOPi S, Mpu mMbOMY
KpaifioBi yMOBU MicTaTh mceBaoandepeniiaabai oneparopu. TakoK BKa3aHO
aropuT™M 1MoOyI0BA KOPEKTHWX KPAailOBUX YMOB, siKi € TICeBIOIudepeHIri-
AJTBHUMH OIEPATOPaMK, CHMBOJIH SKiX 3a/1€KaTh BiJ CMBOJIB 1ceBaoande-
peHIlia/IbHUX PIBHSHb.

Karowosi caosa: kpaiioBa 3aj1ada; nceaoandepeHiaaibHi PIBHIHHS;
neperBopeHHs Pyp’e; TpUAHTYJIALid.

2010 Mathematics Subject Classification: 35515.

[Tcermomudepentiianibii piBHAHHA BCE YACTIINE BHHUKAIOTH ¥ 3aCTOCYHKAX TO-
My, 110, 30KpeMa, MicTaTh JudepeHIiaabHO-Pi3HIIEeBl PIBHAHHS Ta PIBHSIHHS Yy
sroprkax |1, 2, 3, 4] .

[Ipore KOpeKTHOI IBOTOYKOBOI KpaioBol 3ajadi 31 crajamMu KoedillieHTaMu
MOXKe He icHyBaTu Jyisi Jeskux pisasitb [5]. Tomy BuHuKae HEOOXijHICTH pO3IJIsi-
Iy KpailoBUX yMOB, ITI0 MICTATH IceBaoaudepenmianbui omeparopu. Ilokakemo,
IO B KJacli TaKWX 33739 3aBKIM ICHYIOTH KOPEKTHI KpaloBi 3aJadi y TmpocTopi
JI. IlIBaprma S Ta y nmpocTopax CKIHYeHHO-IIJIKUX (PYHKIIH, sTKi 3pOCTaloTh abo
CMaJal0Th CTENEHEBUM THHOM.

Pozrianemo niceBmoandepentiianbie piBHAHHS

i) (2

o 83;) u(z,t), xe€R" te[0,T]. (1)

B <88x> u(z,0) +C (;x) (@, T) = o), @)

me A (d%) B ( df;) C (%) — 1ceBjo/indepeHIlia bt ONEPATOPU 3 CUMBOJIAMEU
A(s), B(s),C(s) 3 mpoctopy C, MO CKIATAECTHCS 3 HeCKIHYeHHO AudepemIi-
fiopHIX (DYHKIIII cTenenesoro spoctanns [6]. N
[Tokazkemo, mo st 6yap-skoro A(s) € C% smaiiayreca Taki B(s) € O
ta, C(s) € C%, mo kpaiiosa 3aja4a (1)—(2) 6yae kopekTHOW0O y npocropi S.
Bukonaemo nepersopenna @yp’e 3a MpOCTOPOBUMH 3MIHHIMEI
ou(s,t) ~, .~
Tt’ = A(s)u(s,1),
B(s)i(s,0) + C(s)uls, T) = @(s).

Posp’s130k Takoi 3amadi Mae BUTIIST

(s, 1) = 1) (B(s) + (o) exp TA(s)) 35,
(B(s C(s) exp TA(s )) #0, s e R™
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Bissmenmo B(s) =1, C(s) = exp (—iTImAYs)) € 0.

~ ~ -1
Mokazxemo, mo Q(s,t) = etA() <1 + exp TReA(s)> € C2%.
[Te meckinuenno nudepentiiioBHa PYHKITisT TA

~ ~ —1
1Q(s, 1)] = etReAl) (1 + exp TReA(s))

ko ReA(s) > 0, o

~ ~ -1
1Q(s,1)] < o(t=T)ReA(s) (e—TReA(s) i 1) <1

sIkmo ReA(s) < 0, 10

Q(s, 1) < 1.
Ouirumo moxigui
9 tA(s) TAe) ", 0A(s) tA(s) TAs)\ "2 _TA(s)
— < o A
asz(S’t)‘— e (1+e ) t D5, + le <1+e ) eTAG) T

TO6TO 06MIBA JOJAHKH 3aJ0BOJLHAIOTH CTEIEHEBY OIIHKY.
6k
AHaIOrivuHO OIIHIOEMO TIOXiIHI BUIIOTO MOPSAIKY WQ(S, t).
S
J

Kopexmmnicmo dosedero.

JoBemeMo KOPEKTHICTh KPaoBol 33,184l I HEOTHOPIAHOTO PIBHSTHHS.
s TIbOTO PO3TUIAHEMO KpalioBy 33/1ady I HEOMHOPITHOTO PiBHSIHHS.

8u(£, ) _ 4 (aax) u(z,t) + f(z,1),

5 (L) ate0+0 (2 utery=o.

[Ticns mepersoperns Pyp’e 11s 3a7a49a mepeiie B HACTYIIHY:

ou(s,t)  ~+ - ~
50 = Asyats. 1)+ Fs, ),

B(s)u(s,0) + C(s)u(s,T) = 0.
Oyukmig ['pina gaa miel 3a7a49i Mae BATIIT

Q(s, t)e ™) . B(

- B(s) t>,
—Q(s,1)eT=7AG) . C(5s) t<T.

G(s,t,7) = {

[Mokaxkenmo, mo G(s,t,7) € C*% upu obpannx E(s) Ta 6’(3)

DA(s)
c%j

)
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Iput>71 |G(s,t,7) < e(t=T—T)ReA(s) < 1 34 ymosu ReA(s) > 0.
ko ReA(s) <0, o |G(s,t,7)| < e(T-T)ReA(s) < 1,

IIput <71 |G(s,t,7) < e(t=T+T—T)ReA(s) < | 34 ymosu ReA(s) > 0.
dxmo ReA(s) <0, o |G(s,t,7)| < e(HT=T)ReA(s) < 1.
Takum unsom, |G(s,t,7)| < 1.

Anasoriuno ominni moximHUX @Q(S,t) TOBOAUTHCH, IO

kG (s,t,7)
c%j

< Ci(1 +[s])P*

Tomy G(s,t,7) € C. Orxe, kpaiioba 3aga4a (3)—(4) € KOPEKTHOW y HPOCTOPI
S.

Po3rnganemo HacTynmHUH TPUKIAL.

IMpuknaazn 1.
2
augxl;t) - aa g(;:;t) + bU(fE + ha t)’ T e Ra te [O’T]’ a, b’ h eR.

ImA(s) = bsin hs.
iTbsin hs

Tyr A(s) = —as® + beihs € C

o0

Tomy, AKITO B3ATH E(s) =1, 5(3) =e , TO KpaiioBa 3ajada 3 yMOBOIO

u(z,0) + C (;) w(z,T) = (s)

Xz

Oyme KOPEeKTHOW y mpocTopi S.
Bona rakox 6ye KOpeKTHOIO y ABOICTOMY IIPOCTOPi S’ Ta KOPEKTHO PO3B’ I3y BAHOIO
y mpocropax Cobonesa-Crnobozmerpkoro Hj (mus. [6]).

Binbm Toro, ockinbku dpyHmaMenTaabHa DYHKITA

Q(S t) _ 6t(—asQ+be“LS) (1 + eT(—as2—|—bcoshs))71
)
3aJT0BOJILHAE OIIHKY

C’le_at52 mpu  a > 0,
C’gea(T_lt)s2 opu a < 0,

Q(s, t)] < {

TO PO3B’A3KM TAKO! KPaioBoi 3agati OYIyTh HECKIHUYEHHO MuDepPEeHITiiOBHUMY 38
zupu t € (0,T) (nus.[7]).
Po3zryianemo cucremy ncepaonudepeHiiaibHuX PIBHAHD

f%(a?t) _4 @) (s 1) (7)

3 KpailoBumMu yMOBaMu

B ((,i) u(z,0) + C (i) (@, T) = o(x), (8)
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e matpuui A(s), B(s) Ta C(s) posmipamu 2 X 2 Hazexars upocropy C_ .
Hexait \1(s) Ta A\2(s) — BacHi 3HaYEHHST MATPUIIL

g(s) — (all(s) 012(5)> .

asy (S) as9 (S)

Jlerko mokazatu, 1o A1(s) Ta Aa(s) Hamexkars mpocropy O .
VYHiTapHa MaTPUTIST

! aia(s)  an(s) — Mi(s)
T(s) =
\/|CL12($)|2 + ’)\1(8) — a11<5)|2 <)‘1(8) - all(S) alg(s) >

3BOIUTL MATPHUIIO g(s) 210 TPUKYTHOTO Buriisy (aus. [8])

T*(s)A(s)T(s) = <A1(§S) qu((i))> ’

1e byHKIA ¢(S) BUPasKaeThCs depes a;;(s) i TakokK HaTeXKUTh mpocTopy C2% .
Tomy zamina v(s,t) = T*(s)u(s,t) npusene g0 cucremn

dvi(s,t) 3
———= = Mi(s)vi(s,t) + q(s)va(s, ),
d’l)g%g,t) . (9)

AxImo B3ATH KpaoBl yMOBH

UI(S, 0) + e*’L:TIm)\l(S)Ul(S’T) — ¢1(3), (10)
va(s,0) + e T ImA2() gy (5, T) = 1hy(s),
TO, 3TiTHO TIOTIEPETHBOMY, V1 (S, ) Ta va(s,t) OyIyTh HaJIEKATH TPOCTOPY S, & OT-
x®e, 1 u(s,t) € S.
TakuM YMHOM, TOBEJIEHO TEOPEMY.

Teopema 1. Jlaa 6ydv-axoi mampuui g(s) € C posmipy 2 X 2 ichyroms ma-

o0

Ki Mampuyi E(s) ma 5’(3), AKi nasexrcams npocmopy C

wa (7) - (8) e xopexmmnoro y npocmopi S.

wo kpatiosa 360a-

ITpuknan 2. Posrisaemo cucremy
8u1 (:Bl, 9, t) _ u2($17 2, t)
81@ (wl, 9, t) _ 282162 (wl, T2, t) _ 82162(1‘1, T, t) B 64U1 (.rl, T, t)
ot Oz Ox? Oxt
84U1 (xl,xg,t) 84U1 (1‘1,$2,t> 82u1(x1,x2,t)
0x20x3 B ox} Ox?

+2
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SanuiemMo MaTPHUITO 1€l CHCTEME

N 0 1
3= (L et 2t )

XapakTepucTHUIHE PIBHIHHS Ti€T MATPUIN Ma€ BUTJIST
2 2 2 2 2\2 2
A= 2(s] — sp)A + (81— s3)" + 51 =0,

a BJIACHi 3HageHHd \j o(s) = s7 — s3 & is1.

Orxe, yuiTapna marpunsg nepexoay 1(s) gopisatoe

T(s) = 1 1 s3 — 52 +isy
2 2 2 2 _32+32+7:31 1 ’
\/(32—31) +s2+1 20

a micsst 3amiam v(s,t) = T*(s)u(s,t) mepeiigeMo 10 TPUKYTHOI CHCTEMU

Blesl) _ (2~ 3 4 is1) va(s.) + al)en(s 1),
dva(s,t) ,
— = (S% — 55— is1) va(s, t)

3 KpailoBumMu yMOBaMu

U1 (57 0) + eiiTslvl(Sv T) = ¢1(5)7
1}2(8, O) + e+iT81v2(87 T) = ¢2(S>7

e P(s) = T*(s)@(s). s kpaiioBa 3agaga Oyjge KOpekTHOWO y mpoctopi S Ha
MiICTaBl JOBEICHOI BUIIE TEOPEMH.

fximo Bix meperBopends Pyp’e MOBEPHYTHUCA 10 BUXITHUX (DYHKIIH, TO Kpa-
OBl yMOBU OyIyTh TaKUMHU

ul(x17x270) + 'U/l(xl + T; x27T> == wl(xlaxQ)
’LLQ((E]_,.TQ,O) + UQ(QE]_ - Ta $2,T) - wQ(xla$2)7

Bucaosok

Y pobori moBeneHo, 110 Mg OyIb-IKOTO MCEBAOANMEPEHIIAILHOIO PIBHIHHS,
a TAKOXK JI/Id CUCTEMHU [BOX ICEBAOANMDEPEHITIATbHIX PIBHIHD 3aBK N iICHYE KOpe-
KTHa KpaiioBa 3ajada y mMpocTopi S, npu 1boMy KpaloBi yMOBH MICTSTh TICEBIO-
mudpepentianbHi omeparopu. KpiM TOT0, BKA3aHO aJTOPUTM MOOYI0BH KOPEKTHUX
KpalioBUX YMOB.
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Two-point boundary value problem for systems of
pseudo-differential equations under boundary conditions
containing pseudodifferential operators.

O. Makarov!, I. Nikolenko?

L Department of Applied Mathematics
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022
2Department of Artificial Intelligence and Software
V. N. Karazin Kharkiv National University
Svobody square, 4, Kharkiv, Ukraine, 61022

This paper deals with a two-point boundary value problem for pseudodifferential equati-
ons and for systems of second order pseudodifferential equations under boundary condi-
tions containing pseudodifferential operators. The need to consider pseudodifferential
operators is caused by two reasons, first, such equations appear more and more often in
applied problems, and second, by considering such equations, it is possible to achieve the
well-posedness of the boundary value problem in the Schwartz space S and in its dual
space.

First, we consider a scalar pseudodifferential equation with a symbol belonging to the
space C°_, consists of infinitely differentiable functions of polinomial growth. For this
equation it is found of the boundary condition under which a specific type the boundary
value problem is well-posed in the space S. In addition, an example of a differential-
difference equation and a specific boundary condition with a convolution-type pseudo-
differential operator under which this boundary value problem is well-posed in the space
S are given.

Then we consider a system of two pseudodifferential equations with symbols from
the space C=°_. For this system, we prove the existence of a well posed boundary value
problem in the space S. The Fourier transform and the reduction of the system to a
triangular form are used in the proof. In this case, we also give an example of a system
and a specific boundary condition under which this boundary value problem is correct
in the space S.

Thus, the work proves that for any pseudo-differential equation, as well as for a system
of two pseudo-differential equations, there is always a correct boundary value problem
in the S space, while the boundary conditions contain pseudo-differential operators.
The algorithm for constructing correct boundary conditions is also indicated. They are
pseudo-differential operators whose symbols depend on the symbols of pseudo-differential
equations.

Keywords: boundary-value problem; pseudodifferential equations; Fourier
transform; triangulation.
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