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Äâîòî÷êîâà êðàéîâà çàäà÷à äëÿ ñèñòåì

ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü

ç êðàéîâèìè óìîâàìè, ùî ìiñòÿòü

ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè

Ó ðîáîòi ðîçãëÿäà¹òüñÿ äâîòî÷êîâà êðàéîâà çàäà÷à äëÿ ïñåâäîäèôåðåí-
öiàëüíèõ ðiâíÿíü òà ñèñòåì ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïî-
ðÿäêó ç êðàéîâèìè óìîâàìè, ùî ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòî-
ðè. Íåîáõiäíiñòü ðîçãëÿäó ïñåâäîäèôåðåíöiàëüíèõ îïåðàòîðiâ îáóìîâ-
ëåíà òèì, ùî, ïî-ïåðøå, ó ïðèêëàäíèõ çàäà÷àõ âñå ÷àñòiøå âèíèêàþòü
ðiâíÿííÿ ç òàêèìè îïåðàòîðàìè, à ïî-äðóãå, ðîçãëÿäàþ÷è òàêi ðiâíÿííÿ,
âäà¹òüñÿ äîñÿãòè êîðåêòíîñòi êðàéîâî¨ çàäà÷i â ïðîñòîði Ë.Øâàðöà S i
â äâî¨ñòîìó äî íüîãî ïðîñòîði.

Ñïî÷àòêó ðîçãëÿäà¹òüñÿ ñêàëÿðíå ïñåâäîäèôåðåíöiàëüíå ðiâíÿííÿ ç
ñèìâîëîì ç ïðîñòîðó C∞−∞, ùî ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié, ÿêõ çðîñòàþòü ñòåïåíåâèì ÷èíîì. Äëÿ òàêîãî ðiâíÿííÿ
çàçíà÷à¹òüñÿ êîíêðåòíèé âèä êðàéîâî¨ óìîâè, çà ÿêîþ êðàéîâà çàäà÷à
êîðåêòíà ó ïðîñòîði S. Êðiì òîãî, íàâåäåíî ïðèêëàä äèôåðåíöiàëüíî-
ðiçíiöåâîãî ðiâíÿííÿ òà êîíêðåòíi êðàéîâi óìîâè ç ïñåâäîäèôåðåíöiàëü-
íèì îïåðàòîðîì òèïó çãîðòêè, çà ÿêèõ äàíà êðàéîâà çàäà÷à, ¹ êîðåêòíîþ
ó ïðîñòîði S.

Ïîòiì ðîçãëÿäà¹òüñÿ ñèñòåìà äâîõ ïñåâäîäèôôåðåíöiàëüíèõ ðiâíÿíü iç
ñèìâîëàìè ç ïðîñòîðó C∞−∞ i äëÿ öi¹¨ ñèñòåìè äîâîäèòüñÿ iñíóâàííÿ êîð-
ðåêòíî¨ êðà¹âî¨ çàäà÷i â ïðîñòîði S. Ïðè äîâåäåííi âèêîðèñòîâó¹òüñÿ
ïåðåòâîðåííÿ Ôóð'¹ i çâåäåííÿ ñèñòåìè äî òðèêóòíîãî âèäó. Äëÿ öüîãî
âèïàäêó òàêîæ íàâåäåíî ïðèêëàä òàêî¨ ñèñòåìè òà âêàçàíèé êîíêðåòíèé
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âèä êðàéîâî¨ óìîâè, ïðè ÿêî¨ öÿ êðàéîâà çàäà÷à ¹ êîðåêòíîþ ó ïðîñòîði
S.

Òàêèì ÷èíîì, ó ðîáîòi äîâåäåíî, ùî äëÿ áóäü-ÿêîãî ïñåâäîäèôåðåíöi-
àëüíîãî ðiâíÿííÿ, à òàêîæ äëÿ ñèñòåìè äâîõ ïñåâäîäèôåðåíöiàëüíèõ
ðiâíÿíü çàâæäè iñíó¹ êîðåêòíà êðàéîâà çàäà÷à ó ïðîñòîði S, ïðè öüîìó
êðàéîâi óìîâè ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè. Òàêîæ âêàçàíî
àëãîðèòì ïîáóäîâè êîðåêòíèõ êðàéîâèõ óìîâ, ÿêi ¹ ïñåâäîäèôåðåíöi-
àëüíèìè îïåðàòîðàìè, ñèìâîëè ÿêiõ çàëåæàòü âiä ñìâîëiâ ïñåâäîäèôå-
ðåíöiàëüíèõ ðiâíÿíü.

Êëþ÷îâi ñëîâà: êðàéîâà çàäà÷à; ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ;

ïåðåòâîðåííÿ Ôóð'¹; òðèàíãóëÿöiÿ.

2010 Mathematics Subject Classi�cation: 35S15.

Ïñåâäîäèôåðåíöiàëüíi ðiâíÿííÿ âñå ÷àñòiøå âèíèêàþòü ó çàñòîñóíêàõ òî-
ìó, ùî, çîêðåìà, ìiñòÿòü äèôåðåíöiàëüíî-ðiçíiöåâi ðiâíÿííÿ òà ðiâíÿííÿ ó
çãîðòêàõ [1, 2, 3, 4] .

Ïðîòå êîðåêòíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i çi ñòàëèìè êîåôiöi¹íòàìè
ìîæå íå iñíóâàòè äëÿ äåÿêèõ ðiâíÿíü [5]. Òîìó âèíèêà¹ íåîáõiäíiñòü ðîçãëÿ-
äó êðàéîâèõ óìîâ, ùî ìiñòÿòü ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè. Ïîêàæåìî,
ùî â êëàñi òàêèõ çàäà÷ çàâæäè iñíóþòü êîðåêòíi êðàéîâi çàäà÷i ó ïðîñòîði
Ë. Øâàðöà S òà ó ïðîñòîðàõ ñêií÷åííî-ãëàäêèõ ôóíêöié, ÿêi çðîñòàþòü àáî
ñïàäàþòü ñòåïåíåâèì ÷èíîì.

Ðîçãëÿíåìî ïñåâäîäèôåðåíöiàëüíå ðiâíÿííÿ

∂u(x, t)

∂t
= A

(
∂

∂x

)
u(x, t), x ∈ Rn, t ∈ [0, T ]. (1)

B

(
∂

∂x

)
u(x, 0) + C

(
∂

∂x

)
u(x, T ) = ϕ(x), (2)

äå A
(
∂
∂x

)
, B

(
∂
∂x

)
, C

(
∂
∂x

)
� ïñåâäîäèôåðåíöiàëüíi îïåðàòîðè ç ñèìâîëàìè

Ã(s), B̃(s), C̃(s) ç ïðîñòîðó C∞−∞, ùî ñêëàäà¹òüñÿ ç íåñêií÷åííî äèôåðåíöi-
éîâíèõ ôóíêöié ñòåïåíåâîãî çðîñòàííÿ [6].

Ïîêàæåìî, ùî äëÿ áóäü-ÿêîãî Ã(s) ∈ C∞−∞ çíàéäóòüñÿ òàêi B̃(s) ∈ C∞−∞
òà C̃(s) ∈ C∞−∞, ùî êðàéîâà çàäà÷à (1)�(2) áóäå êîðåêòíîþ ó ïðîñòîði S.

Âèêîíà¹ìî ïåðåòâîðåííÿ Ôóð'¹ çà ïðîñòîðîâèìè çìiííèìè

∂ũ(s, t)

∂t
= Ã(s)ũ(s, t),

B̃(s)ũ(s, 0) + C̃(s)ũ(s, T ) = ϕ̃(s).

Ðîçâ'ÿçîê òàêî¨ çàäà÷i ìà¹ âèãëÿä

ũ(s, t) = etÃ(s)
(
B̃(s) + C̃(s) expTÃ(s)

)−1
ϕ̃(s),(

B̃(s) + C̃(s) expTÃ(s)
)
6= 0, s ∈ Rn.
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Âiçüìåìî B̃(s) ≡ 1, C̃(s) = exp
(
−iT ImÃ(s)

)
∈ C∞−∞.

Ïîêàæåìî, ùî Q(s, t) = etÃ(s)
(

1 + expTReÃ(s)
)−1
∈ C∞−∞.

Öå íåñêií÷åííî äèôåðåíöiéîâíà ôóíêöiÿ òà

|Q(s, t)| = etReÃ(s)
(

1 + expTReÃ(s)
)−1

ßêùî ReÃ(s) ≥ 0, òî

|Q(s, t)| ≤ e(t−T )ReÃ(s)
(
e−TReÃ(s) + 1

)−1
≤ 1.

ßêùî ReÃ(s) < 0, òî

|Q(s, t)| ≤ 1.

Îöiíèìî ïîõiäíi∣∣∣∣ ∂∂sjQ(s, t)

∣∣∣∣≤
∣∣∣∣∣etÃ(s)

(
1+eTÃ(s)

)−1
t
∂Ã(s)

∂sj

∣∣∣∣∣+
∣∣∣∣∣etÃ(s)

(
1+eTÃ(s)

)−2
eTÃ(s)T

∂Ã(s)

∂sj

∣∣∣∣∣ ,
òîáòî îáèäâà äîäàíêè çàäîâîëüíÿþòü ñòåïåíåâó îöiíêó.

Àíàëîãi÷íî îöiíþ¹ìî ïîõiäíi âèùîãî ïîðÿäêó
∂k

∂skj
Q(s, t).

Êîðåêòíiñòü äîâåäåíî.

Äîâåäåìî êîðåêòíiñòü êðàéîâî¨ çàäà÷i äëÿ íåîäíîðiäíîãî ðiâíÿííÿ.
Äëÿ öüîãî ðîçãëÿíåìî êðàéîâó çàäà÷ó äëÿ íåîäíîðiäíîãî ðiâíÿííÿ.

∂u(x, t)

∂t
= A

(
∂

∂x

)
u(x, t) + f(x, t), (3)

B

(
∂

∂x

)
u(x, 0) + C

(
∂

∂x

)
u(x, T ) = 0. (4)

Ïiñëÿ ïåðåòâîðåííÿ Ôóð'¹ öÿ çàäà÷à ïåðåéäå â íàñòóïíó:

∂ũ(s, t)

∂t
= Ã(s)ũ(s, t) + f̃(s, t), (5)

B̃(s)ũ(s, 0) + C̃(s)ũ(s, T ) = 0. (6)

Ôóíêöiÿ Ãðiíà äëÿ öi¹¨ çàäà÷i ìà¹ âèãëÿä

G(s, t, τ) =

{
Q(s, t)e−τÃ(s) · B̃(s) t > τ,

−Q(s, t)e(T−τ)Ã(s) · C̃(s) t < τ.

Ïîêàæåìî, ùî G(s, t, τ) ∈ C∞−∞ ïðè îáðàíèõ B̃(s) òà C̃(s).
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Ïðè t > τ |G(s, t, τ)| ≤ e(t−T−τ)ReÃ(s) ≤ 1 çà óìîâè ReÃ(s) ≥ 0.

ßêùî ReÃ(s) < 0, òî |G(s, t, τ)| ≤ e(T−τ)ReÃ(s) ≤ 1.

Ïðè t < τ |G(s, t, τ)| ≤ e(t−T+T−τ)ReÃ(s) ≤ 1 çà óìîâè ReÃ(s) ≥ 0.

ßêùî ReÃ(s) < 0, òî |G(s, t, τ)| ≤ e(t+T−τ)ReÃ(s) ≤ 1.
Òàêèì ÷èíîì, |G(s, t, τ)| ≤ 1.

Àíàëîãi÷íî îöiíöi ïîõiäíèõ Q(s, t) äîâîäèòüñÿ, ùî∣∣∣∣∂kG(s, t, τ)

∂sj

∣∣∣∣ ≤ Ck(1 + |s|)pk

Òîìó G(s, t, τ) ∈ C∞−∞. Îòæå, êðàéîâà çàäà÷à (3)�(4) ¹ êîðåêòíîþ ó ïðîñòîði
S.

Ðîçãëÿíåìî íàñòóïíèé ïðèêëàä.
Ïðèêëàä 1.

∂u(x, t)

∂t
= a

∂2u(x, t)

∂x2
+ bu(x+ h, t), x ∈ R, t ∈ [0, T ], a, b, h ∈ R.

Òóò Ã(s) = −as2 + beihs ∈ C∞−∞, ImÃ(s) = b sinhs.

Òîìó, ÿêùî âçÿòè B̃(s) = 1, C̃(s) = eiT b sinhs, òî êðàéîâà çàäà÷à ç óìîâîþ

u(x, 0) + C

(
∂

∂x

)
u(x, T ) = ϕ(s)

áóäå êîðåêòíîþ ó ïðîñòîði S.
Âîíà òàêîæ áóäå êîðåêòíîþ ó äâî¨ñòîìó ïðîñòîði S ′ òà êîðåêòíî ðîçâ'ÿçóâàíîþ
ó ïðîñòîðàõ Ñîáîëåâà-Ñëîáîäåöüêîãî Hs

l (äèâ. [6]).
Áiëüø òîãî, îñêiëüêè ôóíäàìåíòàëüíà ôóíêöiÿ

Q(s, t) = et(−as
2+beihs)

(
1 + eT (−as2+b coshs)

)−1

çàäîâîëüíÿ¹ îöiíêó

|Q(s, t)| ≤

{
C1e

−ats2 ïðè a > 0,

C2e
a(T−t)s2 ïðè a < 0,

òî ðîçâ'ÿçêè òàêî¨ êðàéîâî¨ çàäà÷i áóäóòü íåñêií÷åííî äèôåðåíöiéîâíèìè çà
x ïðè t ∈ (0, T ) (äèâ.[7]).

Ðîçãëÿíåìî ñèñòåìó ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü

∂u(x, t)

∂t
= A

(
∂

∂x

)
u(x, t) (7)

ç êðàéîâèìè óìîâàìè

B

(
∂

∂x

)
u(x, 0) + C

(
∂

∂x

)
u(x, T ) = ϕ(x), (8)



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì95 (2022) 35

äå ìàòðèöi Ã(s), B̃(s) òà C̃(s) ðîçìiðàìè 2× 2 íàëåæàòü ïðîñòîðó C∞−∞.

Íåõàé λ1(s) òà λ2(s) � âëàñíi çíà÷åííÿ ìàòðèöi

Ã(s) =

(
a11(s) a12(s)
a21(s) a22(s)

)
.

Ëåãêî ïîêàçàòè, ùî λ1(s) òà λ2(s) íàëåæàòü ïðîñòîðó C∞−∞.
Óíiòàðíà ìàòðèöÿ

T (s) =
1√

|a12(s)|2 + |λ1(s)− a11(s)|2

(
a12(s) a11(s)− λ1(s)

λ1(s)− a11(s) a12(s)

)

çâîäèòü ìàòðèöþ Ã(s) äî òðèêóòíîãî âèãëÿäó (äèâ. [8])

T ∗(s)Ã(s)T (s) =

(
λ1(s) q(s)

0 λ2(s)

)
,

äå ôóíêöiÿ q(s) âèðàæà¹òüñÿ ÷åðåç aij(s) i òàêîæ íàëåæèòü ïðîñòîðó C∞−∞.
Òîìó çàìiíà v(s, t) = T ∗(s)ũ(s, t) ïðèâåäå äî ñèñòåìè

dv1(s, t)

dt
= λ1(s)v1(s, t) + q(s)v2(s, t),

dv2(s, t)

dt
= λ2(s)v2(s, t).

(9)

ßêùî âçÿòè êðàéîâi óìîâè{
v1(s, 0) + e−iT Imλ1(s)v1(s, T ) = ψ1(s),

v2(s, 0) + e−iT Imλ2(s)v2(s, T ) = ψ2(s),
(10)

òî, çãiäíî ïîïåðåäíüîìó, v1(s, t) òà v2(s, t) áóäóòü íàëåæàòè ïðîñòîðó S, à îò-
æå, i ũ(s, t) ∈ S.
Òàêèì ÷èíîì, äîâåäåíî òåîðåìó.

Òåîðåìà 1. Äëÿ áóäü-ÿêî¨ ìàòðèöi Ã(s) ∈ C∞−∞ ðîçìiðó 2× 2 iñíóþòü òà-

êi ìàòðèöi B̃(s) òà C̃(s), ÿêi íàëåæàòü ïðîñòîðó C∞−∞, ùî êðàéîâà çàäà-
÷à (7) � (8) ¹ êîðåêòíîþ ó ïðîñòîði S.

Ïðèêëàä 2. Ðîçãëÿíåìî ñèñòåìó

∂u1(x1, x2, t)

∂t
= u2(x1, x2, t)

∂u2(x1, x2, t)

∂t
= 2

∂2u2(x1, x2, t)

∂x2
2

− 2
∂2u2(x1, x2, t)

∂x2
1

− ∂4u1(x1, x2, t)

∂x4
1

+

+ 2
∂4u1(x1, x2, t)

∂x2
1∂x

2
2

− ∂4u1(x1, x2, t)

∂x4
2

+
∂2u1(x1, x2, t)

∂x2
1

.
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Çàïèøåìî ìàòðèöþ öi¹¨ ñèñòåìè

Ã(s) =

(
0 1

−(s2
1 − s2

2)2 − s2
1 2(s2

1 − s2
2)

)
.

Õàðàêòåðèñòè÷íå ðiâíÿííÿ öi¹¨ ìàòðèöi ìà¹ âèãëÿä

λ2 − 2(s2
1 − s2

2)λ+ (s2
1 − s2

2)2 + s2
1 = 0,

à âëàñíi çíà÷åííÿ λ1,2(s) = s2
1 − s2

2 ± is1.

Îòæå, óíiòàðíà ìàòðèöÿ ïåðåõîäó T (s) äîðiâíþ¹

T (s) =
1√(

s2
2 − s2

1

)2
+ s2

1 + 1

(
1 s2

2 − s2
1 + is1

−s2
2 + s2

1 + is1 1

)
,

à ïiñëÿ çàìiíè v(s, t) = T ∗(s)ũ(s, t) ïåðåéäåìî äî òðèêóòíî¨ ñèñòåìè
dv1(s, t)

dt
=
(
s2

1 − s2
2 + is1

)
v1(s, t) + q(s)v2(s, t),

dv2(s, t)

dt
=
(
s2

1 − s2
2 − is1

)
v2(s, t)

ç êðàéîâèìè óìîâàìè{
v1(s, 0) + e−iT s1v1(s, T ) = ψ1(s),
v2(s, 0) + e+iT s1v2(s, T ) = ψ2(s),

äå ψ(s) = T ∗(s)ϕ̃(s). Öÿ êðàéîâà çàäà÷à áóäå êîðåêòíîþ ó ïðîñòîði S íà
ïiäñòàâi äîâåäåíî¨ âèùå òåîðåìè.

ßêùî âiä ïåðåòâîðåííÿ Ôóð'¹ ïîâåðíóòèñÿ äî âèõiäíèõ ôóíêöié, òî êðà-
éîâi óìîâè áóäóòü òàêèìè

u1(x1, x2, 0) + u1(x1 + T, x2, T ) = w1(x1, x2)
u2(x1, x2, 0) + u2(x1 − T, x2, T ) = w2(x1, x2),

äå w(x) = T ∗
(
∂

∂x

)
ϕ(x).

Âèñíîâîê

Ó ðîáîòi äîâåäåíî, ùî äëÿ áóäü-ÿêîãî ïñåâäîäèôåðåíöiàëüíîãî ðiâíÿííÿ,
à òàêîæ äëÿ ñèñòåìè äâîõ ïñåâäîäèôåðåíöiàëüíèõ ðiâíÿíü çàâæäè iñíó¹ êîðå-
êòíà êðàéîâà çàäà÷à ó ïðîñòîði S, ïðè öüîìó êðàéîâi óìîâè ìiñòÿòü ïñåâäî-
äèôåðåíöiàëüíi îïåðàòîðè. Êðiì òîãî, âêàçàíî àëãîðèòì ïîáóäîâè êîðåêòíèõ
êðàéîâèõ óìîâ.
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Two-point boundary value problem for systems of

pseudo-di�erential equations under boundary conditions

containing pseudodi�erential operators.
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This paper deals with a two-point boundary value problem for pseudodi�erential equati-
ons and for systems of second order pseudodi�erential equations under boundary condi-
tions containing pseudodi�erential operators. The need to consider pseudodi�erential
operators is caused by two reasons, �rst, such equations appear more and more often in
applied problems, and second, by considering such equations, it is possible to achieve the
well-posedness of the boundary value problem in the Schwartz space S and in its dual
space.

First, we consider a scalar pseudodi�erential equation with a symbol belonging to the
space C∞−∞, consists of in�nitely di�erentiable functions of polinomial growth. For this
equation it is found of the boundary condition under which a speci�c type the boundary
value problem is well-posed in the space S. In addition, an example of a di�erential-
di�erence equation and a speci�c boundary condition with a convolution-type pseudo-
di�erential operator under which this boundary value problem is well-posed in the space
S are given.

Then we consider a system of two pseudodi�erential equations with symbols from
the space C∞−∞. For this system, we prove the existence of a well posed boundary value
problem in the space S. The Fourier transform and the reduction of the system to a
triangular form are used in the proof. In this case, we also give an example of a system
and a speci�c boundary condition under which this boundary value problem is correct
in the space S.

Thus, the work proves that for any pseudo-di�erential equation, as well as for a system
of two pseudo-di�erential equations, there is always a correct boundary value problem
in the S space, while the boundary conditions contain pseudo-di�erential operators.
The algorithm for constructing correct boundary conditions is also indicated. They are
pseudo-di�erential operators whose symbols depend on the symbols of pseudo-di�erential
equations.
Keywords: boundary-value problem; pseudodi�erential equations; Fourier

transform; triangulation.
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