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On two resolvent matrices of the truncated Hausdorff
matrix moment problem

We consider the truncated Hausdorff matrix moment problem (THMM) in
case of a finite number of even moments to be called non degenerate if
two block Hankel matrices constructed via the moments are both positive
definite matrices. The set of solutions of the THMM problem in case of a
finite number of even moments is given with the help of the block matrices of
the so-called resolvent matrix. The resolvent matrix of the THMM problem
in the non degenerate case for matrix moments of dimension ¢ x g, is a 2¢ X 2¢q
matrix polynomial constructed via the given moments.

In 2001, in [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001. -69(1-2). -P.175-187], the resolvent
matrix V27t for the mentioned THMM problem was proposed for the
first time. In 2006, in [A. E. Choque Rivero, Y. M. Dyukarev, B. Fri-
tzsche and B. Kirstein, A truncated matricial moment problem on a fini-
te interval, Interpolation, Schur Functions and Moment Problems. Oper.
Theory: Adv. Appl. -2006. - 165. - P. 121-173|, another resolvent matrix
U@+ for the same problem was given. In this paper, we prove that
there is an explicit relation between these two resolvent matrices of the
form V@t = AUtV B where A and B are constant matrices. We
also focus on the following difference: For the definition of the resolvent
matrix V"t one requires an additional condition when compared wi-
th the resolvent matrix U2"*1) which only requires that two block Hankel
matrices be positive definite.
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In 2015, in [A. E. Choque Rivero, From the Potapov to the Krein-Nudel’man
representation of the resolvent matrix of the truncated Hausdorff matrix
moment problem, Bol. Soc. Mat. Mexicana. — 2015. — 21(2). — P. 233~
259], a representation of the resolvent matrix of 2006 via matrix orthogonal
polynomials was given. In this work, we do not relate the resolvent matrix
V(41 with the results of [A. E. Choque Rivero, From the Potapov to
the Krein-Nudel’'man representation of the resolvent matrix of the truncated
Hausdorff matrix moment problem, Bol. Soc. Mat. Mexicana. — 2015. — 21(2).
~P. 233-259]. The importance of the relation between U2+ and V(?7+1) is
explained by the fact that new relations among orthogonal matrix polynomi-
als, Blaschke-Potapov factors, Dyukarev-Stieltjes parameters, and matrix
continued fraction can be found. Although in the present work algebraic
identities are used, to prove the relation between U2 t1) and V1) the
analytic justification of both resolvent matrices relies on the V.P. Potapov
method. This approach was successfully developed in a number of works
concerning interpolation matrix problems in the Nevanlinna class of functi-
ons and matrix moment problems.

Keywords: Hausdorff matrix moment problem; resolvent matrix.

2010 Mathematics Subject Classification: 30E05; 47A56.

1. Introduction

We will use C, R, and Ny to denote the set of complex numbers, real numbers,
and nonnegative integers, respectively. We will employ CP*9, 0,4, O, 14 to denote
the p x ¢ complex-valued matrices, the p x ¢ zero matrix, the ¢ X g zero matrix,
and the g x g identity matrix, respectively.

We consider the truncated Hausdorff matrix moment (THMM) problem for an
even number of moments, which is stated as follows: Let a and b be real numbers
with a < b, let n € Ny, and let (sj)gifgl be a sequence of complex g X g matrices.
Find the set M%[[a,b],B N [a,b]; (sj)?i"gl] of all nonnegative Hermitian ¢ X ¢
measures o defined on the o-algebra of all Borel subsets of the interval [a, b] such

that
5j = / to(dt)

[a,b]

holds true for each integer j with 0 < 57 < 2n 4 1.
We construct the following Hankel matrices:

Hyp = {811k k=0, Hin = {8145+1 k=0 (1)

H3,n = le,n - ﬁl,ny H4,n = _aHl,n + ﬁl,n- (2)

Definition 1. Let the Hankel matrices Hs,, and Hy,, be as in (2). The sequence
(k)i is called Hausdorff positive definite (resp. nonnegative) on [a,b] if the
block Hankel matrices Hs , and Hy,, are both positive (resp. nonnegative) definite.
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In [1], it is proved that the THMM problem for the even number of moments
has a solution if {s; }?Z}rl is a nonnegative definite sequence.

Once we have verified the existence of solutions for the THMM problem for
the even number of moments, instead of determining the set of measures o, we

look for matrix-valued holomorphic functions s(z) defined as

s(z) == / io(dt), ceC\[ab), oeMLllab],Bn[ab; {5128 (3)
)

In (3), for each constructed measure o, we have a unique s(z). We use G4 [B N

[a, b]; (sj)ii'gl] to denote the set of all such s(z). In the case when the sequence
{s; ?Zarl is a positive definite sequence, called non-degenerate case, there are an

infinite number of associated solutions. Each such solution can be written as
-1
s(2) = (a2 p(z) + B2 () a(2) ) (Y2 V() pl2) + 6P (2) a(2))

where a@t1) g2nt+1) 4 (@nt1l) ynd §2n+1) are matrix—valued polynomials on
the variable z and are determined by the moments (sj)?igl. The quantities p
and q denote ¢ x ¢ matrix-valued functions of z, which do not depend on the
moments (sj)?iérl. The set of column pairs column(p, q) is described in 2006 in
[1, Definition 5.2]. The 2¢ x 2¢ matrix-valued function

(4)

U(2n+l) [a(2n+1) 6(2n+1)]

,.)/(2n+1) §5@n+1)

is called the resolvent matrix (RM) of the THMM problem for an even number
of moments.

In 2001, in [19], another resolvent matrix for solving the same THMM problem
was proposed, which we denote by

~(2n+1)  2(2n+1)
2n+1) .__ « B
Vi )= [;)7(211+1) g(2n+1)] : (5)

The matrices a2ntD, gent+l)  5@ntl) ang §2n+) are constructed by using
the sequence of moments (sj)?igl. With the help of the entries of the matrix
polynomial (5) and a family of columns pairs column(p,q) [19, Equalities (18)-
(20)], an associated solution to the THMM problem is given in [19, Theorem
6].

The goal of this paper is to determine an explicit relation between the resolvent
matrices U and V21 of the form

V(Qn—‘rl)(Z) _ AU(Qn—H)(Z)B (6)

for z € C. Here A and B are constant matrices. The resolvent matrices U (27 +1) and

V(1) are both matrix polynomials on the variable z. They differ as described
below:
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e For the definition of matrix U®"t1) the positive definiteness of matrices
Hs,, and Hy, are required. For the definition of matrix V(@4 however,
the invertibility of matrix Hy,, is additionally required.

The relation between the resolvent matrix V(2"*t1) and resolvent matrix for the
truncated Hausdorff matrix moment in case of an even number of moments
proposed in [8] and the help of orthogonal matrix polynomials will be considered
in forthcoming work.

The importance of the relation between U7+ and V(2"+1) is explained by
the fact that well-known objects such as orthogonal polynomials [25], [8], Blaschke-
Potapov factors [5], |6], Dyukarev-Stieltjes parameters [9],[12], continued fracti-
ons [11] and the three-term recurrence relation coefficients [13] related to the
THMM problem in the case of an even number of moments can be obtained with
new expressions. Additionally, the mentioned relation can be used in the control
problem in a similar way as in [4, 3, 10]. In the frame of the V.P. Potapov schema,
interpolation problems in the Nevanlinna or Stieltjes class of functions and matrix
moment problems are studied in [2], [7], [15], [16], [17], [18], [20], [21] and [23].
The THMM problem was recently studied in [22]| via an Schur—Nevanlinna type
algorithm. In [26] and [14], the operator approach was applied to solve the THMM
problem.

2. Notations and preliminaries

In this section, we reproduce matrices, which allow us to define the entries of
the resolvent matrix (5) and (4). Let R, : C — C(»+Dax(+1)d 1o given by

Rn(2) == (I(ng1)q — 2T n>0, (7)
with
Th =0 T = OqX”q Oq >1 8
0 = Ug, n = I 0 , n=1. ( )
nq ngxq
Let
1y
vo =1y, Up = , n>1. (9)
Ongxq
Furthermore,
Uy :=column (—8g, —S1,...,—8n), (10)
u3,0 =50, uzp = =Ry (D) un, (11)
Ug0 1= — S0, Ugy = Ry Ha)uy. (12)

If A is complex matrix, then A* denotes the conjugate transpose of A.

Lemma 1. Let (sj)iiarl be a Hausdorff positive definite sequence on |a,b].

Furthermore, let Hy ,, ﬁl,n, Hyyn, H3p, Th, Up, us g, and ugy, be as in (1), (2),
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(8), (10), (11) and (12), respectively. Thus, the following identities hold:

1
Hl,n = m(HS,n + H4,TL)7 (13)
~ 1
Hl,n = m(bH‘lu” =+ aHg,n), (14)
unvz = f_jl,nT; - Hl,m (15)
Hy o Ty — ToHy i = UrnUy, — Vnly,, 7 =3,4. (16)

Proof. Equality (13) (resp. Equality (14)) can be readily verified from (1) and
(2). Equality (13) is considered in [1, Equation (2.1)]. Equality (15) is proved in
[9, Equation (6.17)]. Equality (16) is considered in [19, Page 178] and [1, Equation

Proposition 1. For a < b, let Hy ,, ﬁlm, Hs,, and Hy, be as in (1) and (2).
Moreover, let H3,, and Hy, be positive definite matrices.

a) Thus, the matriz Hy ,, is a positive definite matric.

b) Let 0 < a < b (resp. a < b<0), then matriz ffl,n is a positive definite matriz
(negative definite matriz).

c) If a <0 < b, the determinant of the matriz f[lm can be equal to 0.

Proof. For the proof of part a) and part b) with the condition 0 < a < b,
we use (13), (14) and the fact that the sum of positive definite matrices is a
positive definite matriz. To verify the part b) with a < b < 0, it is sufficient to
multiply equality (14) by —1 and apply part a). Part c) we prove by giving an
ezample. Let a = —3, b= 3(2 —V/3), sop = —54(—2+ V/3), 51 = 81(5 — 3v/3) and
s9 = —486(—7 + 4v/3). Furthermore, let s3 be such that

—243 (47\/5 . 81) < 53 < 243 (147 _ 85\/3) .

An approzimation of this interval is given by —98.7522 < s3 < —54.5094. Clearly,
the matrices Hs 1 Hy 1 are positive definite, while the the determinant of the matriz
ﬁl,l on s3 = 1458 (19 - 11\/5) s equal to 0. An approzimation of the latter value
18 3 = —76.6309.

In the following definition, we use the invertibility of the matrix ﬁl,n =
bH4,n+aH3,n
b—a ’

Definition 2. [19, Theorem 4] Lel (sk)%:gl be a Hausdorff positive definite
sequence on [a,b]. Let Hy p, up, forr = 3,4, R, and v, be defined as in (2), (11),
(12), (7) and (9), respectively. Furthermore, let IA—I/'Ln as in (14) be an invertible
matriz.

The entries of the 2q x 2q matriz polynomial V"V (2) as in (5) are defined
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by
A o gy iy (o) (P elhon) T, a7)
S = iy o) (Mlin Eelhan) T, a9
B i (2 - ) - i)t (19)
3@ (2) o= I, + w RA (%) oz - DR (a)H‘*’gl js(z e LNGLY Vn. (20)

The matriz (5) is called the first resolvent matriz of the THMM problem in the
case of an even number of moments.

Matrix V2?+1)(2) has important properties concerning the matrix

o, —il,
Jg = [Z,Iq oq]' (21)

In particular, the inverse matrix of V2?1 (2) can be explicitly calculated via two
2g X 2g matrices defined below.

Definition 3. Let (Sk)izgl be a Hausdorff positive definite sequence on |a,b]. Let
H,p, Uy forr = 3,4, Ry, v, and J, be defined as in (2), (11), (12), (7), (9)
and (21), respectively. For r = 3,4, let

VD () = I, — iz { uqfk" ] R} (2)H,  [vn trn)Jq. (22)

rn
TN
The matriz (22) is called the first Kovalishina resolvent matriz of the THMM
problem in the case of an even number of moments.
Furthermore, let Hyy, as in (14) be an invertible matriz. Let

My, = —aqufNIiiLun, Ms, = bqufNIi}lun,
Ny = —bU:LH;}LﬁLnH?:,}L’Un, N3, = avZH;}Lﬁl,nHiévn.
Forr=3,4, let
S I e ]
and
VD (5) o T ) )

The matriz (23) is called the first auziliary resolvent matriz of the THMM problem
in the case of an even number of moments.
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Equality (22) (resp. (23)) appears in [19, Theorem3| (resp. [19, Equality (7)]).

Note that the name Kovalishina resolvent matrix for the matrix V,*" ! (z) was
suggested by Yury Dyukarev as the paper [19] was being prepared. Prof. Irina
Kovalishina studied matrix interpolation and moment problems in the frame of
the V.P. Potapov method. See [23].

Observe that the matrix 17}(2"+1) can be expressed in the following form

~ am(z) BM(=

where
a™ (2) =1, 4+ 2v:R}(Z )H nUrms
B () = — s R H o
T (2) =2l Ry (2) Hy i,
grn)(z) :*Iq Zu*,nR;kz( )H
In a similar manner, from (23) we write the matrix V2 as follows:

where
dg”)(z) :z&&")(z) + Eﬁ")(Z)MT ns
B (2) :=a" (2) Ny + B (2) Iy + My Ny ),
5 (2) =7 (2) + 6 (2) My,
08 (2) =" (2) Ny + 0 (2) Iy + My Nyn)

In the next lemma, the explicit representation of the inverse of the matrix V (27+1)
is given.

Lemma 2. Let (sk)i"'gl be a Hausdorff positive definite sequence on [a,b]. Let

H,pn, urp, forr =3,4, Ry, vy, Jy and VT@”H)(Z) be defined as in (2), (11), (12),
(7), (9), (21) and Definition 2, respectively. Furthermore, let Hy , be as in (1).
Assume that Hy , is an invertible matriz. Thus, the following equality holds:

V;(2n+1)*1(z) :JqVT@”"‘l)* (2)Jy, =34 (24)
Moreover,
[ e
vty (ZZ \ (25)
(2) @) (z) @@t (z)



Bicuuk XHY, Cep. «Maremaruka, NIpukjaIHa MaTeMaThKa i MexaHikay, Tom 95 (2022) 11

Proof. The proof of (24) readily follows from the equality
Jq = V. (@) 1,2 () = 0

for real z, [19, Equality (8)] and the identity theorem of analytic functions [24,
Theorem II1.3.2]. Equality (24) appears in [19, Equality (16)]. To prove (25), one
uses Equality (24) for r =4 and the equality [19, Equation (10)]

pEnt) () _ [éz ’ _(;q) 1IJ yem () [(I)Z . _Oqa )Lj , (26)

which is valid for z € C\ {a}. Finally, because point z = a is a removable di-
scontinuity for the inverse matriz of the right-hand side of (26), we obtain (25).

Definition 4. [1, Proposition 6.10] Let (sy);™h' be a Hausdorff positive definite
sequence on [a,b]. Let Hyp, Uy, for v = 3,4, R, and v, be defined as in (2),
(11), (12), (7) and (9), respectively.

The entries of the 2q x 2q matriz polynomial U™ (2) as in (4) are defined

by
o(2nt1) (Z) =1, — (2 —a)uz, R;(z )H:;’%Rn(a)vn, (27)
B (2) =l Ry () Hy LR (@), (28)
(2n+1)(z) _( 2)(z — a)vy R};(2) Hy p Ry (a)vn, (29)
D (2) 1= I + (2 = a)o Ry (2) Hy R (@) - (30)

The matriz (4) is called the second resolvent matriz of the THMM problem in the
case of an even number of moments.

3. Explicit relation between two resolvent matrices

In this section, we prove the explicit relation (6) between the resolvent matrix
V241 presented in [19] and the resolvent matrix U+ given in [1].
The next Remark can be proved by using (25).

Remark 1. Let the matrices @20, BentD) 52n+1) gpng 5@t pe qs in (17)-
(20) Furthermore, let

~ 0q Iq}
Jo = , (31)
! [Iq Og
and the matriz VD be as in (5). Thus, the following equality is valid:

_ (2n+1)* (5) /\(Qn-‘rl ( )
BV )3 :{ ) w1 s
q q R(2n+1) ( ) 5(2 +1)* (Z)

Now we state and prove the main result of this work.
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Theorem 1. Let (sk)zzgl be a Hausdorff positive definite sequence on |a,b]. Let
ﬁlm, H,p, Upn, forr=3,4, Ry, vy, and J, be defined as in (1), (2), (11), (12),
(7), (9) and (31), respectively. Furthermore, let fh,n be an invertible matriz.
Moreover, let UMD and VD) e the resolvent matrices as in (4) and (5),
respectively. In addition, let

« 771
D = ot aunh&]mR”(a)U" I, — aU;‘LHZilLRn(a)M,n (33)
Thus, the following equality holds
Ut () = SqV(2"+1)(z)3q®(2"+1). (34)
The proof of this theorem is provided in the Appendix section.
In the following lemma, to obtain a relation of the form
Vet (z) = AU (2)B, (35)

we calculate the inverse of the matrix D*"*1) as in (33).

Lemma 3. Let Hi, Hup, Toy Ry, Un, tn and ugy be asin (1), (2), (8), (7), (10)
and (12), respectively. Moreover, let Hy,, be an invertible matriz. Furthermore,
let DY) be as in (33). Thus, the following equality holds:

@(2n+1)_1 — Iq - a“z,nR;(a)H;}LUn Oq ~ ) (36)
0, Iy + v Ry @) T L

Proof. Let n, == I, + auZﬁi}LRn(a)vn, kp 1= Iy — aU;H;}LRn(a)uzm, Uy =
I, — auZ’nR;“L(a)H;}Lvn and 1, = I, + aU:R;‘L(a)PNIi}Lun. Thus, Equality (36) is
equivalent to the following two equalities:

Nnvn =Ig, (37)
KnTn =1q. (38)

We prove (37). Using (12), we have

v = (Ig + awy Hi Ry (a)on) (I = au, Ry () Hyyvn)
=1+ auflﬁi}LRn(a) [—(Iy — aTn)ﬁl,n + Hyp — avnu;]HZ’}Lvn
=1,+ au;klﬁi;Rn(a) [—ﬁl’n + Hyp+ aHLn}H;;Un
=1,
In the third equality, we used (15). The last equality follows from the second equali-

ty of (2). In a similar manner, Equality (38) can be proved using the Equalities
(12), (15) and (2). Thus, Equality (36) is valid.
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In the next corollary of Theorem 1, the relation (35) is proven.

Corollary 1. Let I}Ln, Hyyn, Ty, Ry, vp, up and ugy be asin (1), (2), (8), (7),
(10) and (12), respectively. Furthermore, let D"+ be as in (33), and let Hy
be an invertible matriz. Moreover, let V1) and UC™D be as in (5) and (4).
Thus, the following equality is valid:

V(2n+1) (Z) — JqU(2n+1)(2)©(2n+l)—13q‘ (39)
Proof. The proof of Equality (39) readily follows from (34), equality 3(;1 =Jq
and (36).

4. Auxiliary identities

In this section, we consider auxiliary identities that we will use in the main
theorem of this work.

Lemma 4. Let T, Ry, vy, Hiy, fNILn, Hs ., Hyp, Up, us, and ugp, be as in (8),
(7), (9), (1), (2) (10), (11) and (12), respectively. Moreover, let z € C. Thus, the

following equalities are valid.

(b—a)I(ni1) = bR, (a) —aR% (b), (40)

—R;Ya)HsRY ' (2) + R, N (2)HsnR: ' (a) = (2 — a)(Hs T — Ty Hsp), (41)

R, (2)Hin R (@) + zvauf,, — HinRYE (2) = (2 — a)upvls = 0g, (42)

(2 — a)(vptil,, — uz vi) — Ry (a)H o R: ™ (2) + Ry (2)Ha RS (a) = Oy,
(43)

(2 — a)ou, + (2 — b)ug vy — Ry (a)Hsn RS (2) — Ryt (2)Han R, (b) = 0y
(44)
Proof. The proof of the identities (40) and (41) readily follows from (7), (8) and
(2). To verify Equality (42), we use (7), (12), (15) and (2) to obtain:
R, (2)Hi R (@) + zoauf,, — HinRY (2) = (2 — a)upv)
= (Itni1)g — 2Tn) Hin(Iini1yg — aT%) + 2(TnHip — H )Ly 1)g — aT)
— (—aHyp+ Fy) Ty — 2T3) — (2 — ) (i TS — Hy )
= Hyp —aHy T — 2T Hyp + 02Ty Hy )T + 2T, Hy y — 2Hy
— azTanLnT,if +azH )T, +aHi, — fILn —azHy T, + szLnT;
— zﬁlvnT,if +zHi, + aIA{TLnT;’{ —aHy
=0,
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Equality (43) follows from (16) for r = 3 and (41).
We now we prove (44). We use (7), the identities (40) and (15):

— R, (a)Hz Ry, (2) = Ry, (2) Hun Ry, (b)
= _(I(n+1)q - aTn)H3,n(I(n+1)q —217) — (I(n+1)q - ZTn)H4,n(I(n+1)q — bTy)
= —bHy, + bzH, , T + Hy,, — 2H, , T + abT, Hy ,, — abzTy, Hy T3
— T Hyp + azTyHy )T + aHyy — abHy T — Hy oy, + bHy T
— azTy, Hyy + abzTy Hy T + 2T Hy y — b2Ty Hy T
= —a(TpHy, — Hyp) — b2(TyHy o — Hy )T + 2(TyHy oy — Hy )
+ ab(Ty Hy p — Hy )T + b(Hy T — Hy ) — abTy,(Hy T — Hy )
+ azTy(Hy T — Hy ) — 2(Hy o T — Hy )
= —avpu,, — bzv,uy T + zvpuy, + abvyu), T,y
+ bupv; — abTpupv) + azTyunv), — zu,v,,
= —(z — a)vpup(—L(nt1)g + 013) — (2 = O)(L(ny1)g — aTn)unvy

=—(z— a)vnuz;n — (2 — b)ug nvy,.
In the last equality, we used (7), (11) and (12).

Lemma 5. Let the conditions of Lemma 4 be satisfied. Thus, the following identi-
ties are satisfied:

1

2R N a)Hs Ry (2) — 2(2 — a)vaul, + (b — 2)(2 — a)upv);
= R;'(2)((az + bz — ab)H, , T} — zHy , + abHy , R (%), (45)

(2 = a)(z = B HunT; — (2 = a)(z = b) T Ha
(5= DR @R, (2) — (2 — R () Hia R, ()

n

= —(b—a)R; ' (2)HynR:(2), (46)

P (Z - b) x—1 (Z - CL) %1 - *
RY (%) + (b_a)Rn (a) +b b a) Ry, (b)Hj vnus,
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Proof. To prove (45), we use (2), (7) and (15):

zR;l(a)Hg,nR;;_l (2) — z(z — a)vnugn + (b—2)(z — a)upv),
= 2(I(ng1)q — A1) H3 n(Iny1)g — 2T,) — 2(2 — a)vpus,, + (b — 2) (2 — a)unvy,
= zH3,, — ngng; —azl, Hsp + az2TnH37nT; — azTnﬁLn +azH;,
+ abzTy Hy T — abzH, T + 2T Hy , — 2°Hy  — 2201, Hy T
+b22Hy T + bzHy T — bzHy ,, — abHy T + abHy ,, — 22Hy , T
+ 22H1,n + az]TILnT; —azH,
= 2bHy ,, — Zﬁl,n — bzzHLnT;: + zZﬁLnT;f —azblHyy + azTanLn
+ ab2* T Hy f Ty — a2° T Hy Ty — a2TnHy — ab(Iiny1yg — 2T0) Hin T
— abzHy o Tj + 22Ty Hy g + b22Hy o T + b2(I 4 1)y — 2T0)Hy T — b2Hy
+abHy , — 22Hy W Tk + azHy , Ty
= ab(Iiny1yg — 2Tn) Hip — ab2(Iny1yg — 2T0) Hin Ty — ab(Iin 1y — 210 Hi o Tk
+02(Iny1yg — 2T) Hin T — 2(Iny1yg — 2T0) Hip + az(Iini1yg — 2Tn) Hin T
= (Iny1)g — 2T0)((az + bz — ab)Hy yTjt — 2Hy 5 + abHy o(Iny1yg — 215))
= R;Y(2)((az + bz — ab)H, , T — zHy ,, + ale,nR;‘;l (2).

In the second equality, we used the first equality of (2). The last equality follows
from (7).
Now we prove Equality (46). We use (7) and obtain

(z—a)(z—b)Hy, T, — (2 —a)(z — b)TpHap + (2 — b)R;l(a)Hsz,"fl (%)
— (2= )R, () Hy Ry, (b)
= 22Hy T — b2Hy o T — azHy T + abHy T — 2T Hyy, + 02T Hy o,
+azTHyy — abTpHyp + 2Hay — 22 Hy T — azTy Ha g + a2 T Hy T
—bHy 4+ b2Hy T + abTy Hyy — azbTy Hy T — 2Hyp, + bz Hy T
+ 22T, Hy = 02° Ty Hy o Tk + aHyp, — abHy Ty — 02Ty Hyp, + abz Ty Hy T
=(b—a)2ThHypn + (b—a)zHy, T — (b —a)2*Ty Hy y T — (b — a)Hyp,
=(b- a)(_(I(n—f—l)q - ZTn)H4,n + Z(I(n-i—l)q - ZTn)H4,nT;)
= —(b—a)(I(nr1)qg — ZTn)Han(I(ny1)g — 2T7)
= —(b—a)R," (2)Hyn Ry (2).

In the last equality, we used (7).
Finally, we prove the identity of (47). We perform the left-hand side of (47).
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We use the Equalities (7) and (15) and obtain

1

R+ G @)+ b B O o
= E; — Z; Lins1)g = VT3 + (In1yg — 0T )bH; vnus]
- E; — Z; R (b)H; L [Hsp + bugul)

- Ei — Z; R (b)H; L [Hsp + b(Tn Hyy — Hip))

— R OH R O

We now give the proof of Theorem 1.
Proof of Theorem 1

Proof. Since 3;1 = Jq and the inverse of the matriz V(Q”‘H)(z) s well defined,
we prove the equality

@3V (2)3,) T (z) = DR, (48)

which is equivalent to (34). Using the equality 3(1—1 = Jq, Equality (32) and the
representation (4), we denote the left-hand side of (48) as follows:

Wll;n WlQ;n
Watn  Waaip

)

) = Qv (3, TUIG), (49)

where

Wll;n — (2n+1 (2)0&<2n+1)(2) - ;?(2n+1)* (2),}/(2n+1)(z)’ (5())
Wl2;n — 2n+1 (2)5 (2n+1) (Z) o ;Y\(2n+1)* (2)5(2n+1)(2)7 (51)
Wargn = =B (2)aCmD(2) 4 5B (2200 (), (52)
WQQ;n — 2n+1 ( ) (2n+1 (Z)+5(2n+1) ( )5(2n+1)(z) (53)

We now perform the expression (50)-(53). For the expression (50), by using (17),
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(27), (18) and (29), we have

H2n+1)* (2)a(2n+1) (2) — A(2n+1)* (2)7(2%1) (2)
= Iy — (2 — a)u} , R} (2) Hy ) Ru(a)vn + 2uj, Hi ) Ri(2)n
— 2(z — a)ul, Hy p Ry (2)vnu3 , Ry (2) Hy o R (@) n
+ (b — 2)(2 — a)up Hy Ry (2)un v}y Ry (2) Hy R (a)vn
= I, + zup R}, (2) Hy ) Ry (a)v, — bzup T Ry, (2) Hy R (a)vn
— auZRZ(E)Hg}lan(a)vn + abu:T;R:(E)Hg’}LRn(a)vn
+ azuy Ty Ry, (2)Hy ) Ry (a)von + bzu), Ty Ry (2) Hy y Ry (a)vy
— abu;T;R;(Z)H?:éRn(a)vn - zuZRZ(E)H?;}LRn(a)vn
+ abuZﬁiiHl,nH:;}LRn(a)vn
= Iy — auy(I(ng1)q — sz)RZ(E)H&%Rn(a)vn + abuZﬁi}lHLanﬁRn(a)vn
= Iy + au Hy } [~ Hyp + bHy ) Hy  Ro(a)vp
=1,+ auZﬁiﬁRn(a)vn.

In the second equality, we used (11) and (15). In the fourth equality, we used the
first equality of (2). Thus, Equality (48) is proved for the (1,1) block matriz.

Let us now prove Equality (48) for the (1,2) block matriz. Using (51), (17),
(18), (28), (30) and the identity (14), we have

a@nt+)* (2)5(2n+1) (2) — ;y\(2n+1)* (2)5(2n+1) (2)

=}, Ry (2) Hy R (@) s + 20, Hy ) R (2) v, Ry (2) Hy ) R (@)t
— up Hy R (2)un — (2 — a)up Hy Ry (2)un vl Ry (2) H i R (@)uan

= uh Hy } Ru(2) Ry (2)Hin Ry () + 2vtl,, — HinRE (2)
— (2 — a)uuy ] Ry (2) Hy pup

= 0,.

In the last equality, we used (42). Thus, Equality (48) for the (1,2) block matriz
18 proved.

We now prove the Equality (48) for the (2,1) block matriz. Using (52), (19),
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(20), (27) and (29), we obtain

_ §(2n+1)* (g)a(2n+1) (Z) + g(QnJrl)* (2)7(2n+1) (Z)

— (= ) A 4 DR @) B ()

+ (2 —a)(aHy, +bHz ) Ra(2)vnus, + (b — a)Ig + (a(z — b)Hy, R, (a)
+b(z — a)Hy Ry (0)) R (2)un v | Ry (2) Hy R (@)vn

3,n"'n

— (c = V) e R By @B () + (2 = o,

+ (2 — Q)vaus, + (2 — b)Ry H(a)unvl — Ry (2) Hun R, (b)) + bH; Ra(2)
(=R M) Ha Ry, (2) + (2 — a) Ry (D)unvy, + Ry, (2)Ha By, (a)]}
- R}(2)H; , Ra(a)vn
=0,
In the last equality, we employed Equality (44). Thus, Equality (48) for the (2,1)
matriz—block is proved.

We now prove the Equality (48) for the (2,2) block matriz. Using (19), (20),
(28) and (30), we have

6(2n+1 ( )IB(Zn—H( )_|_5(2n+1) ( )6(2n+1)( )

— I+ E;:Zivﬂ—(z —b)(aH} + bH3 ) R (2)vntdh , + (b — a) ],

<a§z § Hy Ry (@) + bHy LRy (0) Ru(2) Han RS (2)
T

a(z = b)Hy, Ry () +b(2 — a)Hy , Ry (b)) R (2)unvy ) Ry, (2) o,

= I,+ (Z: @) vi{a(z = b)Hy  Ra(2) [Hyn Ty — ToHap

1 —1
(Z—CL) ( —b)R ( )H4nR (b)]

+ bHy Ry ()~ (z — bYonuy, + Ry 0)Han R (2) — (2 — a)ug nv)
+ RNz )H3 R ()]} R () H ) Ru(a)uap
=Lt 5o a)v wHinBn(2)[= (b — ) Ing1yg — 2T0) Han(Inaryg — 2151 Ry (2)
. H;an(a)uzm
=1, 7— aU;H;}LRn(a)uzl,n.

_|_

Ry (a)HinRy, (2) -

In the second equality, we used (11), (12), (16) for r = 3, (40), and (42). In the
third equality, we use Equality (47).
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Thus, Equality (48) for the block matriz (2,2) is proved. Consequently, having
proven Equality (48), we have proved Equality (34).
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IIpo aBi matpuni po3B’si3aHHs 3a/4a4i yciueHOro
MATPUYIHOTO MOMEHTY Xaycaopda.
A. E. Yoke Pisepo!, B. E. Mesina Epnanyec?
L Visepcumem Mivoaxana de Can Hixorac de Idanveo
206’conana acnipanmypa 3 mamemamuunur nayk, Hayionaivonutd a6monommud
ynieepcumem Mexcurxu — Ynisepcumem Mivoaxana de Can Hixonac de Idasveo

Mu posrisgaemMo yciueHy mMarpudHy npobjemy mMomeHTiB Xaycaopda y BHUIIAJIKY CKiH-
9EeHHOI MAPHOI KiTbKOCTI MOMEHTIB, K& HA3WBAETHCS HEBUPOXKEHOIO, SIKINO 1B O/09HI
lamkenesi marpurii, mobyIOBaHi 33 JOIOMOIOI0 MOMEHTIB, € IOJATHO BU3HAYEeHUMH. VHO-
JKWHA PO3B’SA3KIB yciueHoi mpobemu MOMeHTIE Xaycaopda y BUMAIKY CKIHYEHHOI map-
HOI KiJIBKOCTI MOMEHTIB 33/Ia€ThCA 33 JTOTMOMOTOI0 TaK 3BAHOI PE30JbBEHTHOI MATPHIIL.
PezonbBenTHa MmaTpuils ycidenol mpobsemu moMentiB Xaycmopda y HeBUPOIKEHOMY BH-
MaJIKy JJIsi MATPUYHUX MOMEHTIB BUMIPHOCTH ¢ X ¢ € 2q X 2q MATPUYHHUM IOJIHOMOM,
sAxuit OyyeThbCsd 3a JOMOMOTOI0 3aaHUX MOMEHTIB.

¥ 2001 p., B pobori [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001.-69(1-2).-P.175-187], misa 3razanoi Buile yciueHol
npobiemu MmomeHTiB Xaycaopda Brepie Oysa 3amporOHOBAHA PE30JIbBEHTHA, MATPHUILA
V2t Y 2006 p., B pobori [A. E. Choque Rivero, Y. M. Dyukarev, B. Fritzsche and
B. Kirstein, A truncated matricial moment problem on a finite interval, Interpolation,


https://doi.org/10.1007/s11785-020-01051-w
https://doi.org/10.1070/IM1984v022n03ABEH001452
https://doi.org/10.1070/IM1984v022n03ABEH001452
https://doi.org/10.4310/MAA.2012.v19.n1.a2
https://doi.org/10.4310/MAA.2012.v19.n1.a2
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Schur Functions and Moment Problems. Oper. Theory: Adv. Appl. -2006. - 165. - P.
121-173], 6yna mama inma pesombeentra marpuis U g riei camoi mpoGiemu. B
JaHiit pobOTI MU TOBOAWMO, IO iCHY€ SIBHE CIIBBIiIHOINEHHS MiXK IUMHU JTBOMA PE30JIhb-
BEHTHUMU MaTPUIAMU BUIVIAILY y@ntl) — AU(2"+1)B, ne A i B — crani marpuni. Mu
TaKOK (POKYCYEMOCH Ha HACTYITHI# BiIMIHHOCTI: /)T BUBHAYEHHST PE30IbBEHTHOI MATPHUIIL
V(2741 yae BEKOHYBATHCS JOJATKOBA YMOBA, y MOPIBHSHHI 3 BH3HAYEHHSIM PE30/IbBEH-
THOI MaTpuili U (2"+1), NI TKOT BUMAraeThcst jimme mob asi 6mouni Tamkenaesi marpuri
Oy/au JOJATHO BU3HAYEH].

V¥ 2015 p., B pobori [A. E. Choque Rivero, From the Potapov to the Krein-Nudel’'man
representation of the resolvent matrix of the truncated Hausdorff matrix moment
problem, Bol. Soc. Mat. Mexicana. — 2015. — 21(2). — P. 233-259], Gysio mane 306pa-
2KEHHS Pe30/IbBeHTHOI Marpuni, orpumanol B 2006 p., depe3 MarpudHi OpTOrOHAJIbHI
nosinomu. B mamiit po6ori Mu me now’s3yemo pesombeenTry Marpuiio V(2T 3 pesyin-
raramn [A.E. Choque Rivero, From the Potapov to the Krein-Nudel’'man representation
of the resolvent matrix of the truncated Hausdorff matrix moment problem, Bol. Soc.
Mat. Mexicana. — 2015. — 21(2). — P. 233-259]. Baxmsicrs cripsinnomens mix U271
i V2t posicuioerbest M, 10 MOXKYTH OyTH 3HAiAeH] HOBI CLIBBLAHOEHHS MiK OpPTO-
TOHAJILHUMY MATPUIHUME TIOJIHOMaMu, MHOKHUKaMu Bisike-TloTamosa, mapamerpamu
okapeBa-CTifTheca i MATPUYHUMHE HEMTEpEepBHUME apobamu. Xoda B maHiit pobOTi Bu-
KOPHCTOBYIOTHCS ajareOpaidni TOTOXKHOCTI JJIs JOBEIEHHSI CIIIBBIIHOIIIEHHS MiXK U@ntl)
V(24D apanitimdane oGrpyHTYBaHHS 060X PE30IbBEHTHIX MATPHIb CIIAPAETHCS Ha METOJL
B.II. Iloramosa. et miaxix 6yB ycmimuo po3BuHEeHHit B 6ararbox poboTax, MoB’S3aHUX
3 MarpudHuME mpobseMamu inTepnosdnil B kiaci dynkniii Hepanminau i marpuaHOO
TIPOOJIEMOI0 MOMEHTIB.

Karwnoei crosa: 3agaua MaTpudHOro MOMeHTy Xaycaopda, MaTpuils po3B’si3aHHS.

Icropia crarri: orpumana: 27 ciuna 2022; ocransiit Bapiant: 5 smnuasa 2022
npuitaara: 7 gunasg 2022.



