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On two resolvent matrices of the truncated Hausdor�

matrix moment problem

We consider the truncated Hausdor� matrix moment problem (THMM) in
case of a �nite number of even moments to be called non degenerate if
two block Hankel matrices constructed via the moments are both positive
de�nite matrices. The set of solutions of the THMM problem in case of a
�nite number of even moments is given with the help of the block matrices of
the so-called resolvent matrix. The resolvent matrix of the THMM problem
in the non degenerate case for matrix moments of dimension q×q, is a 2q×2q
matrix polynomial constructed via the given moments.

In 2001, in [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001. -69(1-2). -P.175-187], the resolvent
matrix V (2n+1) for the mentioned THMM problem was proposed for the
�rst time. In 2006, in [A. E. Choque Rivero, Y. M. Dyukarev, B. Fri-
tzsche and B. Kirstein, A truncated matricial moment problem on a �ni-
te interval, Interpolation, Schur Functions and Moment Problems. Oper.
Theory: Adv. Appl. -2006. - 165. - P. 121-173], another resolvent matrix
U (2n+1) for the same problem was given. In this paper, we prove that
there is an explicit relation between these two resolvent matrices of the
form V (2n+1) = AU (2n+1)B, where A and B are constant matrices. We
also focus on the following di�erence: For the de�nition of the resolvent
matrix V (2n+1), one requires an additional condition when compared wi-
th the resolvent matrix U (2n+1) which only requires that two block Hankel
matrices be positive de�nite.
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In 2015, in [A. E. Choque Rivero, From the Potapov to the Krein-Nudel'man
representation of the resolvent matrix of the truncated Hausdor� matrix
moment problem, Bol. Soc. Mat. Mexicana. � 2015. � 21(2). � P. 233�
259], a representation of the resolvent matrix of 2006 via matrix orthogonal
polynomials was given. In this work, we do not relate the resolvent matrix
V (2n+1) with the results of [A. E. Choque Rivero, From the Potapov to
the Krein-Nudel'man representation of the resolvent matrix of the truncated
Hausdor� matrix moment problem, Bol. Soc. Mat. Mexicana. � 2015. � 21(2).
� P. 233�259]. The importance of the relation between U (2n+1) and V (2n+1) is
explained by the fact that new relations among orthogonal matrix polynomi-
als, Blaschke-Potapov factors, Dyukarev-Stieltjes parameters, and matrix
continued fraction can be found. Although in the present work algebraic
identities are used, to prove the relation between U (2n+1) and V (2n+1), the
analytic justi�cation of both resolvent matrices relies on the V.P. Potapov
method. This approach was successfully developed in a number of works
concerning interpolation matrix problems in the Nevanlinna class of functi-
ons and matrix moment problems.

Keywords: Hausdor� matrix moment problem; resolvent matrix.

2010 Mathematics Subject Classi�cation: 30E05; 47A56.

1. Introduction

We will use C, R, and N0 to denote the set of complex numbers, real numbers,
and nonnegative integers, respectively. We will employ Cp×q, 0p×q, 0q, Iq to denote
the p× q complex-valued matrices, the p× q zero matrix, the q × q zero matrix,
and the q × q identity matrix, respectively.

We consider the truncated Hausdor� matrix moment (THMM) problem for an
even number of moments, which is stated as follows: Let a and b be real numbers
with a < b, let n ∈ N0, and let (sj)

2n+1
j=0 be a sequence of complex q × q matrices.

Find the set Mq
≥[[a, b],B ∩ [a, b]; (sj)

2n+1
j=0 ] of all nonnegative Hermitian q × q

measures σ de�ned on the σ-algebra of all Borel subsets of the interval [a, b] such
that

sj =

∫
[a,b]

tjσ(dt)

holds true for each integer j with 0 ≤ j ≤ 2n+ 1.

We construct the following Hankel matrices:

H1,n := {sl+k}nl,k=0, H̃1,n := {sl+k+1}nl,k=0, (1)

H3,n := bH1,n − H̃1,n, H4,n := −aH1,n + H̃1,n. (2)

De�nition 1. Let the Hankel matrices H3,n and H4,n be as in (2). The sequence
(sk)

2n+1
k=0 is called Hausdor� positive de�nite (resp. nonnegative) on [a, b] if the

block Hankel matrices H3,n and H4,n are both positive (resp. nonnegative) de�nite.
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In [1], it is proved that the THMM problem for the even number of moments
has a solution if {sj}2n+1

j=0 is a nonnegative de�nite sequence.
Once we have veri�ed the existence of solutions for the THMM problem for

the even number of moments, instead of determining the set of measures σ, we
look for matrix-valued holomorphic functions s(z) de�ned as

s(z) :=

∫
[a,b]

1

z − t
σ(dt), z ∈ C \ [a, b], σ ∈Mq

≥[[a, b],B ∩ [a, b]; {sj}2n+1
j=0 ]. (3)

In (3), for each constructed measure σ, we have a unique s(z). We use Sq
≥[B ∩

[a, b]; (sj)
2n+1
j=0 ] to denote the set of all such s(z). In the case when the sequence

{sj}2n+1
j=0 is a positive de�nite sequence, called non-degenerate case, there are an

in�nite number of associated solutions. Each such solution can be written as

s(z) =
(
α(2n+1)(z)p(z) + β(2n+1)(z)q(z)

)(
γ(2n+1)(z)p(z) + δ(2n+1)(z)q(z)

)−1

where α(2n+1), β(2n+1), γ(2n+1) and δ(2n+1) are matrix�valued polynomials on
the variable z and are determined by the moments (sj)

2n+1
j=0 . The quantities p

and q denote q × q matrix-valued functions of z, which do not depend on the
moments (sj)

2n+1
j=0 . The set of column pairs column(p,q) is described in 2006 in

[1, De�nition 5.2]. The 2q × 2q matrix-valued function

U (2n+1) :=

[
α(2n+1) β(2n+1)

γ(2n+1) δ(2n+1)

]
(4)

is called the resolvent matrix (RM) of the THMM problem for an even number
of moments.

In 2001, in [19], another resolvent matrix for solving the same THMM problem
was proposed, which we denote by

V (2n+1) :=

[
α̂(2n+1) β̂(2n+1)

γ̂(2n+1) δ̂(2n+1)

]
. (5)

The matrices α̂(2n+1), β̂(2n+1), γ̂(2n+1) and δ̂(2n+1) are constructed by using
the sequence of moments (sj)

2n+1
j=0 . With the help of the entries of the matrix

polynomial (5) and a family of columns pairs column(p̃, q̃) [19, Equalities (18)-
(20)], an associated solution to the THMM problem is given in [19, Theorem
6].

The goal of this paper is to determine an explicit relation between the resolvent
matrices U (2n+1) and V (2n+1) of the form

V (2n+1)(z) = AU (2n+1)(z)B (6)

for z ∈ C. Here A andB are constant matrices. The resolvent matrices U (2n+1) and
V (2n+1) are both matrix polynomials on the variable z. They di�er as described
below:
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• For the de�nition of matrix U (2n+1), the positive de�niteness of matrices
H3,n and H4,n are required. For the de�nition of matrix V (2n+1), however,

the invertibility of matrix H̃1,n is additionally required.

The relation between the resolvent matrix V (2n+1) and resolvent matrix for the
truncated Hausdor� matrix moment in case of an even number of moments
proposed in [8] and the help of orthogonal matrix polynomials will be considered
in forthcoming work.

The importance of the relation between U (2n+1) and V (2n+1) is explained by
the fact that well-known objects such as orthogonal polynomials [25], [8], Blaschke-
Potapov factors [5], [6], Dyukarev-Stieltjes parameters [9],[12], continued fracti-
ons [11] and the three-term recurrence relation coe�cients [13] related to the
THMM problem in the case of an even number of moments can be obtained with
new expressions. Additionally, the mentioned relation can be used in the control
problem in a similar way as in [4, 3, 10]. In the frame of the V.P. Potapov schema,
interpolation problems in the Nevanlinna or Stieltjes class of functions and matrix
moment problems are studied in [2], [7], [15], [16], [17], [18], [20], [21] and [23].
The THMM problem was recently studied in [22] via an Schur�Nevanlinna type
algorithm. In [26] and [14], the operator approach was applied to solve the THMM
problem.

2. Notations and preliminaries

In this section, we reproduce matrices, which allow us to de�ne the entries of
the resolvent matrix (5) and (4). Let Rn : C→ C(n+1)q×(n+1)q be given by

Rn(z) := (I(n+1)q − zTn)−1, n ≥ 0, (7)

with

T0 := 0q, Tn :=

[
0q×nq 0q
Inq 0nq×q

]
, n ≥ 1. (8)

Let

v0 := Iq, vn :=

[
Iq

0nq×q

]
, n ≥ 1. (9)

Furthermore,

un :=column (−s0,−s1, . . . ,−sn) , (10)

u3,0 :=s0, u3,n := −R−1
n (b)un, (11)

u4,0 :=− s0, u4,n := R−1
n (a)un. (12)

If A is complex matrix, then A∗ denotes the conjugate transpose of A.

Lemma 1. Let (sj)
2n+1
j=0 be a Hausdor� positive de�nite sequence on [a, b].

Furthermore, let H1,n, H̃1,n, H4,n, H3,n, Tn, un, u3,n and u4,n be as in (1), (2),
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(8), (10), (11) and (12), respectively. Thus, the following identities hold:

H1,n =
1

b− a
(H3,n +H4,n), (13)

H̃1,n =
1

b− a
(bH4,n + aH3,n), (14)

unv
∗
n = H̃1,nT

∗
n −H1,n, (15)

Hr,nT
∗
n − TnHr,n = ur,nv

∗
n − vnu∗r,n, r = 3, 4. (16)

P r o o f. Equality (13) (resp. Equality (14)) can be readily veri�ed from (1) and
(2). Equality (13) is considered in [1, Equation (2.1)]. Equality (15) is proved in
[9, Equation (6.17)]. Equality (16) is considered in [19, Page 178] and [1, Equation
(2.2)].

Proposition 1. For a < b, let H1,n, H̃1,n, H3,n and H4,n be as in (1) and (2).
Moreover, let H3,n and H4,n be positive de�nite matrices.
a) Thus, the matrix H1,n is a positive de�nite matrix.

b) Let 0 < a < b (resp. a < b < 0), then matrix H̃1,n is a positive de�nite matrix
(negative de�nite matrix).
c) If a < 0 < b, the determinant of the matrix H̃1,n can be equal to 0.

P r o o f. For the proof of part a) and part b) with the condition 0 < a < b,
we use (13), (14) and the fact that the sum of positive de�nite matrices is a
positive de�nite matrix. To verify the part b) with a < b < 0, it is su�cient to
multiply equality (14) by −1 and apply part a). Part c) we prove by giving an
example. Let a = −3, b = 3(2−

√
3), s0 = −54(−2 +

√
3), s1 = 81(5− 3

√
3) and

s2 = −486(−7 + 4
√

3). Furthermore, let s3 be such that

−243
(

47
√

3− 81
)
< s3 < 243

(
147− 85

√
3
)
.

An approximation of this interval is given by −98.7522 < s3 < −54.5094. Clearly,
the matrices H3,1 H4,1 are positive de�nite, while the the determinant of the matrix

H̃1,1 on s3 = 1458
(
19− 11

√
3
)
is equal to 0. An approximation of the latter value

is s3 = −76.6309.

In the following de�nition, we use the invertibility of the matrix H̃1,n =
bH4,n+aH3,n

b−a .

De�nition 2. [19, Theorem 4] Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite

sequence on [a, b]. Let Hr,n, ur,n for r = 3, 4, Rn and vn be de�ned as in (2), (11),

(12), (7) and (9), respectively. Furthermore, let H̃1,n as in (14) be an invertible
matrix.

The entries of the 2q × 2q matrix polynomial V (2n+1)(z) as in (5) are de�ned
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by

α̂(2n+1)(z) := Iq + zv∗nR
∗
n(z̄)

(
bH4,n + aH3,n

b− a

)−1

un, (17)

γ̂(2n+1)(z) := u∗nR
∗
n(z̄)

(
bH4,n + aH3,n

b− a

)−1

un, (18)

β̂(2n+1)(z) := (z − b)(z − a)v∗nR
∗
n(z̄)

aH−1
4,n + bH−1

3,n

b− a
vn, (19)

δ̂(2n+1)(z) := Iq + u∗nR
∗
n(z̄)

a(z − b)R∗−1

n (a)H−1
4,n + b(z − a)R∗

−1

n (b)H−1
3,n

b− a
vn. (20)

The matrix (5) is called the �rst resolvent matrix of the THMM problem in the
case of an even number of moments.

Matrix V (2n+1)(z) has important properties concerning the matrix

Jq :=

[
0q −iIq
iIq 0q

]
. (21)

In particular, the inverse matrix of V (2n+1)(z) can be explicitly calculated via two
2q × 2q matrices de�ned below.

De�nition 3. Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite sequence on [a, b]. Let

Hr,n, ur,n for r = 3, 4, Rn, vn and Jq be de�ned as in (2), (11), (12), (7), (9)
and (21), respectively. For r = 3, 4, let

Ṽ (2n+1)
r (z) := I2q − iz

[
v∗n
u∗r,n

]
R∗n(z̄)H−1

r,n [vn ur,n]Jq. (22)

The matrix (22) is called the �rst Kovalishina resolvent matrix of the THMM
problem in the case of an even number of moments.
Furthermore, let H̃1,n as in (14) be an invertible matrix. Let

M4,n := −au∗nH̃−1
1,nun, M3,n : = bu∗nH̃

−1
1,nun,

N4,n := −bv∗nH−1
4,nH̃1,nH

−1
3,nvn, N3,n := av∗nH

−1
4,nH̃1,nH

−1
3,nvn.

For r = 3, 4, let

C(2n+1)
r :=

[
Iq 0q
Mr,n Iq

]
, D(2n+1)

r :=

[
Iq Nr,n

0q Iq

]
,

and

V (2n+1)
r (z) := Ṽ (2n+1)

r (z)C(2n+1)
r D(2n+1)

r . (23)

The matrix (23) is called the �rst auxiliary resolvent matrix of the THMM problem
in the case of an even number of moments.
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Equality (22) (resp. (23)) appears in [19, Theorem3] (resp. [19, Equality (7)]).

Note that the name Kovalishina resolvent matrix for the matrix Ṽ
(2n+1)
r (z) was

suggested by Yury Dyukarev as the paper [19] was being prepared. Prof. Irina
Kovalishina studied matrix interpolation and moment problems in the frame of
the V.P. Potapov method. See [23].

Observe that the matrix Ṽ
(2n+1)
r can be expressed in the following form

Ṽ (2n+1)
r (z) =

[
α̃

(n)
r (z) β̃

(n)
r (z)

γ̃
(n)
r (z) δ̃

(n)
r (z),

]
,

where

α̃(n)
r (z) :=Iq + zv∗nR

∗
n(z̄)H−1

r,nur,n,

β̃(n)
r (z) :=− zv∗nR∗n(z̄)H−1

r,nvn,

γ̃(n)
r (z) :=zu∗4,nR

∗
n(z̄)H−1

r,nur,n,

δ̃(n)
r (z) :=Iq − zu∗r,nR∗n(z̄)H−1

r,nvn.

In a similar manner, from (23) we write the matrix V
(2n+1)
r as follows:

V (2n+1)
r (z) =

[
ᾰ

(n)
r (z) β̆

(n)
r (z)

γ̆
(n)
r (z) δ̆

(n)
r (z)

]
where

ᾰ(n)
r (z) :=α̃(n)

r (z) + β̃(n)
r (z)Mr,n,

β̆(n)
r (z) :=α̃(n)

r (z)Nr,n + β̃(n)
r (z)(Iq +Mr,nNr,n),

γ̆(n)
r (z) :=γ̃(n)

r (z) + δ̃(n)
r (z)Mr,n,

δ̆(n)
r (z) :=γ̃(n)

r (z)Nr,n + δ̃(n)
r (z)(Iq +Mr,nNr,n).

In the next lemma, the explicit representation of the inverse of the matrix V (2n+1)

is given.

Lemma 2. Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite sequence on [a, b]. Let

Hr,n, ur,n, for r = 3, 4, Rn, vn, Jq and V
(2n+1)
r (z) be de�ned as in (2), (11), (12),

(7), (9), (21) and De�nition 2, respectively. Furthermore, let H̃1,n be as in (1).

Assume that H̃1,n is an invertible matrix. Thus, the following equality holds:

V (2n+1)−1

r (z) =JqV
(2n+1)∗
r (z̄)Jq, r = 3, 4. (24)

Moreover,

V (2n+1)−1
(z) =

[
δ̂(2n+1)∗(z̄) −β̂(2n+1)∗(z̄)

−γ̂(2n+1)∗(z̄) α̂(2n+1)∗(z̄)

]
. (25)
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P r o o f. The proof of (24) readily follows from the equality

Jq − V (2n+1)
r (x)JqV

(2n+1)∗
r (x) = 0

for real x, [19, Equality (8)] and the identity theorem of analytic functions [24,
Theorem III.3.2]. Equality (24) appears in [19, Equality (16)]. To prove (25), one
uses Equality (24) for r = 4 and the equality [19, Equation (10)]

V (2n+1)(z) =

[
Iq 0q
0q (z − a)−1Iq

]
V

(2n+1)
4 (z)

[
Iq 0q
0q (z − a)Iq

]
, (26)

which is valid for z ∈ C \ {a}. Finally, because point z = a is a removable di-
scontinuity for the inverse matrix of the right-hand side of (26), we obtain (25).

De�nition 4. [1, Proposition 6.10] Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite

sequence on [a, b]. Let Hr,n, ur,n, for r = 3, 4, Rn and vn be de�ned as in (2),
(11), (12), (7) and (9), respectively.

The entries of the 2q × 2q matrix polynomial U (2n+1)(z) as in (4) are de�ned
by

α(2n+1)(z) := Iq − (z − a)u∗3,nR
∗
n(z̄)H−1

3,nRn(a)vn, (27)

β(2n+1)(z) := u∗4,nR
∗
n(z̄)H−1

4,nRn(a)u4,n, (28)

γ(2n+1)(z) := −(b− z)(z − a)v∗nR
∗
n(z̄)H−1

3,nRn(a)vn, (29)

δ(2n+1)(z) := Iq + (z − a)v∗nR
∗
n(z̄)H−1

4,nRn(a)u4,n. (30)

The matrix (4) is called the second resolvent matrix of the THMM problem in the
case of an even number of moments.

3. Explicit relation between two resolvent matrices

In this section, we prove the explicit relation (6) between the resolvent matrix
V (2n+1) presented in [19] and the resolvent matrix U (2n+1) given in [1].

The next Remark can be proved by using (25).

Remark 1. Let the matrices α̂(2n+1), β̂(2n+1), γ̂(2n+1) and δ̂(2n+1) be as in (17)�
(20) Furthermore, let

Jq :=

[
0q Iq
Iq 0q

]
, (31)

and the matrix V (2n+1) be as in (5). Thus, the following equality is valid:

JqV
(2n+1)−1

(z)Jq =

[
α̂(2n+1)∗(z̄) −γ̂(2n+1)∗(z̄)

−β̂(2n+1)∗(z̄) δ̂(2n+1)∗(z̄)

]
. (32)

Now we state and prove the main result of this work.
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Theorem 1. Let (sk)
2n+1
k=0 be a Hausdor� positive de�nite sequence on [a, b]. Let

H̃1,n, Hr,n, ur,n, for r = 3, 4, Rn, vn, and Jq be de�ned as in (1), (2), (11), (12),

(7), (9) and (31), respectively. Furthermore, let H̃1,n be an invertible matrix.
Moreover, let U (2n+1) and V (2n+1) be the resolvent matrices as in (4) and (5),
respectively. In addition, let

D(2n+1) :=

[
Iq + au∗nH̃

−1
1,nRn(a)vn 0q

0q Iq − av∗nH−1
4,nRn(a)u4,n

]
. (33)

Thus, the following equality holds

U (2n+1)(z) = JqV
(2n+1)(z)JqD

(2n+1). (34)

The proof of this theorem is provided in the Appendix section.

In the following lemma, to obtain a relation of the form

V (2n+1)(z) = AU (2n+1)(z)B, (35)

we calculate the inverse of the matrix D(2n+1) as in (33).

Lemma 3. Let H̃1,n, H4,n, Tn, Rn, vn, un and u4,n be as in (1), (2), (8), (7), (10)

and (12), respectively. Moreover, let H̃1,n be an invertible matrix. Furthermore,
let D(2n+1) be as in (33). Thus, the following equality holds:

D(2n+1)−1
=

(
Iq − au∗4,nR∗n(a)H−1

4,nvn 0q

0q Iq + av∗nR
∗
n(a)H̃−1

1,nun

)
. (36)

P r o o f. Let ηn := Iq + au∗nH̃
−1
1,nRn(a)vn, κn := Iq − av∗nH

−1
4,nRn(a)u4,n, νn :=

Iq − au∗4,nR∗n(a)H−1
4,nvn and τn := Iq + av∗nR

∗
n(a)H̃−1

1,nun. Thus, Equality (36) is
equivalent to the following two equalities:

ηnνn =Iq, (37)

κnτn =Iq. (38)

We prove (37). Using (12), we have

ηnνn = (Iq + au∗nH̃
−1
1,nRn(a)vn)(Iq − au∗4,nR∗n(a)H−1

4,nvn)

= Iq + au∗nH̃
−1
1,nRn(a)[−(Iq − aTn)H̃1,n +H4,n − avnu∗n]H−1

4,nvn

= Iq + au∗nH̃
−1
1,nRn(a)[−H̃1,n +H4,n + aH1,n]H−1

4,nvn

= Iq.

In the third equality, we used (15). The last equality follows from the second equali-
ty of (2). In a similar manner, Equality (38) can be proved using the Equalities
(12), (15) and (2). Thus, Equality (36) is valid.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì95 (2022) 13

In the next corollary of Theorem 1, the relation (35) is proven.

Corollary 1. Let H̃1,n, H4,n, Tn, Rn, vn, un and u4,n be as in (1), (2), (8), (7),

(10) and (12), respectively. Furthermore, let D(2n+1) be as in (33), and let H̃1,n

be an invertible matrix. Moreover, let V (2n+1) and U (2n+1) be as in (5) and (4).
Thus, the following equality is valid:

V (2n+1)(z) = JqU
(2n+1)(z)D(2n+1)−1

Jq. (39)

P r o o f. The proof of Equality (39) readily follows from (34), equality J−1
q = Jq

and (36).

4. Auxiliary identities

In this section, we consider auxiliary identities that we will use in the main
theorem of this work.

Lemma 4. Let Tn, Rn, vn, H1,n, H̃1,n, H3,n, H4,n, un, u3,n and u4,n be as in (8),
(7), (9), (1), (2) (10), (11) and (12), respectively. Moreover, let z ∈ C. Thus, the
following equalities are valid.

(b− a)I(n+1)q = bR∗
−1

n (a)− aR∗−1

n (b), (40)

−R−1
n (a)H3,nR

∗−1

n (z̄) +R−1
n (z)H3,nR

∗−1

n (a) = (z − a)(H3,nT
∗
n − TnH3,n), (41)

R−1
n (z)H̃1,nR

∗−1

n (a) + zvnu
∗
4,n −H4,nR

∗−1

n (z̄)− (z − a)unv
∗
n = 0q, (42)

(z − a)(vnu
∗
3,n − u3,nv

∗
n)−R−1

n (a)H3,nR
∗−1

n (z̄) +R−1
n (z)H3,nR

∗−1

n (a) = 0q,

(43)

(z − a)vnu
∗
3,n + (z − b)u4,nv

∗
n −R−1

n (a)H3,nR
∗−1

n (z̄)−R−1
n (z)H4,nR

∗−1

n (b) = 0q.

(44)

P r o o f. The proof of the identities (40) and (41) readily follows from (7), (8) and
(2). To verify Equality (42), we use (7), (12), (15) and (2) to obtain:

R−1
n (z)H̃1,nR

∗−1

n (a) + zvnu
∗
4,n −H4,nR

∗−1

n (z̄)− (z − a)unv
∗
n

= (I(n+1)q − zTn)H̃1,n(I(n+1)q − aT ∗n) + z(TnH̃1,n −H1,n)(I(n+1)q − aT ∗n)

− (−aH1,n + H̃1,n)(I(n+1)q − zT ∗n)− (z − a)(H̃1,nT
∗
n −H1,n)

= H̃1,n − aH̃1,nT
∗
n − zTnH̃1,n + azTnH̃1,nT

∗
n + zTnH̃1,n − zH1,n

− azTnH̃1,nT
∗
n + azH1,nT

∗
n + aH1,n − H̃1,n − azH1,nT

∗
n + zH̃1,nT

∗
n

− zH̃1,nT
∗
n + zH1,n + aH̃1,nT

∗
n − aH1,n

= 0q.
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Equality (43) follows from (16) for r = 3 and (41).

We now we prove (44). We use (7), the identities (40) and (15):

−R−1
n (a)H3,nR

∗−1

n (z̄)−R−1
n (z)H4,nR

∗−1

n (b)

= −(I(n+1)q − aTn)H3,n(I(n+1)q − zT ∗n)− (I(n+1)q − zTn)H4,n(I(n+1)q − bT ∗n)

= −bH1,n + bzH1,nT
∗
n + H̃1,n − zH̃1,nT

∗
n + abTnH1,n − abzTnH1,nT

∗
n

− aTnH̃1,n + azTnH̃1,nT
∗
n + aH1,n − abH1,nT

∗
n − H̃1,n + bH̃1,nT

∗
n

− azTnH1,n + abzTnH1,nT
∗
n + zTnH̃1,n − bzTnH̃1,nT

∗
n

= −a(TnH̃1,n −H1,n)− bz(TnH̃1,n −H1,n)T ∗n + z(TnH̃1,n −H1,n)

+ ab(TnH̃1,n −H1,n)T ∗n + b(H̃1,nT
∗
n −H1,n)− abTn(H̃1,nT

∗
n −H1,n)

+ azTn(H̃1,nT
∗
n −H1,n)− z(H̃1,nT

∗
n −H1,n)

= −avnu∗n − bzvnu∗nT ∗n + zvnu
∗
n + abvnu

∗
nT
∗
n

+ bunv
∗
n − abTnunv∗n + azTnunv

∗
n − zunv∗n

= −(z − a)vnu
∗
n(−I(n+1)q + bT ∗n)− (z − b)(I(n+1)q − aTn)unv

∗
n

= −(z − a)vnu
∗
3,n − (z − b)u4,nv

∗
n.

In the last equality, we used (7), (11) and (12).

Lemma 5. Let the conditions of Lemma 4 be satis�ed. Thus, the following identi-
ties are satis�ed:

zR−1
n (a)H3,nR

∗−1

n (z̄)− z(z − a)vnu
∗
3,n + (b− z)(z − a)unv

∗
n

= R−1
n (z)((az + bz − ab)H̃1,nT

∗
n − zH̃1,n + abH1,nR

∗−1

n (z̄), (45)

(z − a)(z − b)H4,nT
∗
n − (z − a)(z − b)TnH4,n

+ (z − b)R−1
n (a)H4,nR

∗−1

n (z̄)− (z − a)R−1
n (z)H4,nR

∗−1

n (b)

= −(b− a)R−1
n (z)H4,nR

∗
n(z̄), (46)

R∗
−1

n (z̄) +
(z − b)
(b− a)

R∗
−1

n (a) + b
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nvnu

∗
n

= −(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nR

−1
n (b)H̃1,n. (47)
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P r o o f. To prove (45), we use (2), (7) and (15):

zR−1
n (a)H3,nR

∗−1

n (z̄)− z(z − a)vnu
∗
3,n + (b− z)(z − a)unv

∗
n

= z(I(n+1)q − aTn)H3,n(I(n+1)q − zT ∗n)− z(z − a)vnu
∗
3,n + (b− z)(z − a)unv

∗
n

= zH3,n − z2H3,nT
∗
n − azTnH3,n + az2TnH3,nT

∗
n − azTnH̃1,n + azH1,n

+ abzTnH̃1,nT
∗
n − abzH1,nT

∗
n + z2TnH̃1,n − z2H1,n − z2bTnH̃1,nT

∗
n

+ bz2H1,nT
∗
n + bzH̃1,nT

∗
n − bzH1,n − abH̃1,nT

∗
n + abH1,n − z2H̃1,nT

∗
n

+ z2H1,n + azH̃1,nT
∗
n − azH1,n

= zbH1,n − zH̃1,n − bz2H1,nT
∗
n + z2H̃1,nT

∗
n − azbTnH1,n + azTnH̃1,n

+ abz2TnH1,nT
∗
n − az2TnH̃1,nT

∗
n − azTnH̃1,n − ab(I(n+1)q − zTn)H̃1,nT

∗
n

− abzH1,nT
∗
n + z2TnH̃1,n + bz2H1,nT

∗
n + bz(I(n+1)q − zTn)H̃1,nT

∗
n − bzH1,n

+ abH1,n − z2H̃1,nT
∗
n + azH̃1,nT

∗
n

= ab(I(n+1)q − zTn)H1,n − abz(I(n+1)q − zTn)H1,nT
∗
n − ab(I(n+1)q − zTn)H̃1,nT

∗
n

+ bz(I(n+1)q − zTn)H̃1,nT
∗
n − z(I(n+1)q − zTn)H̃1,n + az(I(n+1)q − zTn)H̃1,nT

∗
n

= (I(n+1)q − zTn)((az + bz − ab)H̃1,nT
∗
n − zH̃1,n + abH1,n(I(n+1)q − zT ∗n))

= R−1
n (z)((az + bz − ab)H̃1,nT

∗
n − zH̃1,n + abH1,nR

∗−1

n (z̄).

In the second equality, we used the �rst equality of (2). The last equality follows
from (7).

Now we prove Equality (46). We use (7) and obtain

(z − a)(z − b)H4,nT
∗
n − (z − a)(z − b)TnH4,n + (z − b)R−1

n (a)H4,nR
∗−1

n (z̄)

− (z − a)R−1
n (z)H4,nR

∗−1

n (b)

= z2H4,nT
∗
n − bzH4,nT

∗
n − azH4,nT

∗
n + abH4,nT

∗
n − z2TnH4,n + bzTnH4,n

+ azTnH4,n − abTnH4,n + zH4,n − z2H4,nT
∗
n − azTnH4,n + az2TnH4,nT

∗
n

− bH4,n + bzH4,nT
∗
n + abTnH4,n − azbTnH4,nT

∗
n − zH4,n + bzH4,nT

∗
n

+ z2TnH4,n − bz2TnH4,nT
∗
n + aH4,n − abH4,nT

∗
n − azTnH4,n + abzTnH4,nT

∗
n

= (b− a)zTnH4,n + (b− a)zH4,nT
∗
n − (b− a)z2TnH4,nT

∗
n − (b− a)H4,n

= (b− a)(−(I(n+1)q − zTn)H4,n + z(I(n+1)q − zTn)H4,nT
∗
n)

= −(b− a)(I(n+1)q − zTn)H4,n(I(n+1)q − zT ∗n)

= −(b− a)R−1
n (z)H4,nR

∗
n(z̄).

In the last equality, we used (7).

Finally, we prove the identity of (47). We perform the left�hand side of (47).
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We use the Equalities (7) and (15) and obtain

R∗
−1

n (z̄) +
(z − b)
(b− a)

R∗
−1

n (a) + b
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nvnu

∗
n

=
(z − a)

(b− a)
[I(n+1)q − bT ∗n + (I(n+1)q − bT ∗n)bH−1

3,nvnu
∗
n]

=
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,n[H3,n + bvnu

∗
n]

=
(z − a)

(b− a)
R∗

−1

n (b)H−1
3,n[H3,n + b(TnH̃1,n −H1,n)]

= −(z − a)

(b− a)
R∗

−1

n (b)H−1
3,nR

−1
n (b)H̃1,n.

We now give the proof of Theorem 1.
Proof of Theorem 1

P r o o f. Since J−1
q = Jq and the inverse of the matrix V (2n+1)(z) is well de�ned,

we prove the equality

(JqV
(2n+1)(z)Jq)

−1U (2n+1)(z) = D(2n+1), (48)

which is equivalent to (34). Using the equality J−1
q = Jq, Equality (32) and the

representation (4), we denote the left-hand side of (48) as follows:

(
W11;n W12;n

W21;n W22;n

)
:= (JqV

(2n+1)(z)Jq)
−1U (2n+1)(z), (49)

where

W11;n := α̂(2n+1)∗(z̄)α(2n+1)(z)− γ̂(2n+1)∗(z̄)γ(2n+1)(z), (50)

W12;n := α̂(2n+1)∗(z̄)β(2n+1)(z)− γ̂(2n+1)∗(z̄)δ(2n+1)(z), (51)

W21;n := −β̂(2n+1)∗(z̄)α(2n+1)(z) + δ̂(2n+1)∗(z̄)γ(2n+1)(z), (52)

W22;n := −β̂(2n+1)∗(z̄)β(2n+1)(z) + δ̂(2n+1)∗(z̄)δ(2n+1)(z). (53)

We now perform the expression (50)�(53). For the expression (50), by using (17),
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(27), (18) and (29), we have

α̂(2n+1)∗(z̄)α(2n+1)(z)− γ̂(2n+1)∗(z̄)γ(2n+1)(z)

= Iq − (z − a)u∗3,nR
∗
n(z̄)H−1

3,nRn(a)vn + zu∗nH̃
−1
1,nRn(z)vn

− z(z − a)u∗nH̃
−1
1,nRn(z)vnu

∗
3,nR

∗
n(z̄)H−1

3,nRn(a)vn

+ (b− z)(z − a)u∗nH̃
−1
1,nRn(z)unv

∗
nR
∗
n(z̄)H−1

3,nRn(a)vn

= Iq + zu∗nR
∗
n(z̄)H−1

3,nRn(a)vn − bzu∗nT ∗nR∗n(z̄)H−1
3,nRn(a)vn

− au∗nR∗n(z̄)H−1
3,nRn(a)vn + abu∗nT

∗
nR
∗
n(z̄)H−1

3,nRn(a)vn

+ azu∗nT
∗
nR
∗
n(z̄)H−1

3,nRn(a)vn + bzu∗nT
∗
nR
∗
n(z̄)H−1

3,nRn(a)vn

− abu∗nT ∗nR∗n(z̄)H−1
3,nRn(a)vn − zu∗nR∗n(z̄)H−1

3,nRn(a)vn

+ abu∗nH̃
−1
1,nH1,nH

−1
3,nRn(a)vn

= Iq − au∗n(I(n+1)q − zT ∗n)R∗n(z̄)H−1
3,nRn(a)vn + abu∗nH̃

−1
1,nH1,nH

−1
3,nRn(a)vn

= Iq + au∗nH̃
−1
1,n[−H̃1,n + bH1,n]H−1

3,nRn(a)vn

= Iq + au∗nH̃
−1
1,nRn(a)vn.

In the second equality, we used (11) and (15). In the fourth equality, we used the
�rst equality of (2). Thus, Equality (48) is proved for the (1,1) block matrix.

Let us now prove Equality (48) for the (1,2) block matrix. Using (51), (17),
(18), (28), (30) and the identity (14), we have

α̂(2n+1)∗(z̄)β(2n+1)(z)− γ̂(2n+1)∗(z̄)δ(2n+1)(z)

= u∗4,nR
∗
n(z̄)H−1

4,nRn(a)u4,n + zu∗nH̃
−1
1,nRn(z)vnu

∗
4,nR

∗
n(z̄)H−1

4,nRn(a)u4,n

− u∗nH̃−1
1,nRn(z)un − (z − a)u∗nH̃

−1
1,nRn(z)unv

∗
nR
∗
n(z̄)H−1

4,nRn(a)u4,n

= u∗nH̃
−1
1,nRn(z)[R−1

n (z)H̃1,nR
∗−1

n (a) + zvnu
∗
4,n −H4,nR

∗−1

n (z̄)

− (z − a)unv
∗
n]R∗n(z̄)H−1

4,nun

= 0q.

In the last equality, we used (42). Thus, Equality (48) for the (1,2) block matrix
is proved.

We now prove the Equality (48) for the (2,1) block matrix. Using (52), (19),
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(20), (27) and (29), we obtain

− β̂(2n+1)∗(z̄)α(2n+1)(z) + δ̂(2n+1)∗(z̄)γ(2n+1)(z)

= (z − b)(z − a)

(b− a)
v∗n[−(aH−1

4,n + bH−1
3,n)Rn(z)R−1

n (a)H3,nR
∗−1

n (z̄)

+ (z − a)(aH−1
4,n + bH−1

3,n)Rn(z)vnu
∗
3,n + (b− a)Iq + (a(z − b)H−1

4,nR
−1
n (a)

+ b(z − a)H−1
3,nR

−1
n (b))Rn(z)unv

∗
n]R∗n(z̄)H−1

3,nRn(a)vn

= (z − b)(z − a)

(b− a)
v∗n{aH−1

4,nRn(z)[−R−1
n (a)H3,nR

∗−1

n (z̄) + (z − a)vnu
∗
3,n

+ (z − a)vnu
∗
3,n + (z − b)R−1

n (a)unv
∗
n −R−1

n (z)H4,nR
∗−1

n (b)] + bH−1
3,nRn(z)

· [−R−1
n (a)H3,nR

∗−1

n (z̄) + (z − a)R−1
n (b)unv

∗
n +R−1

n (z)H3,nR
∗−1

n (a)]}
·R∗n(z̄)H−1

3,nRn(a)vn

= 0q.

In the last equality, we employed Equality (44). Thus, Equality (48) for the (2,1)
matrix�block is proved.

We now prove the Equality (48) for the (2,2) block matrix. Using (19), (20),
(28) and (30), we have

− β̂(2n+1)∗(z̄)β(2n+1)(z) + δ̂(2n+1)∗(z̄)δ(2n+1)(z)

= Iq +
(z − a)

(b− a)
v∗n[−(z − b)(aH−1

4,n + bH−1
3,n)Rn(z)vnu

∗
4,n + (b− a)Iq

+ (a
(z − b)
(z − a)

H−1
4,nR

−1
n (a) + bH−1

3,nR
−1
n (b))Rn(z)H4,nR

∗−1

n (z̄)

+ (a(z − b)H−1
4,nR

−1
n (a) + b(z − a)H−1

3,nR
−1
n (b))Rn(z)unv

∗
n]R∗n(z̄)H−1

4,n

·Rn(a)u4,n

= Iq +
(z − a)

(b− a)
v∗n{a(z − b)H−1

4,nRn(z)[H4,nT
∗
n − TnH4,n

+
1

(z − a)
R−1
n (a)H4,nR

∗−1

n (z̄)− 1

(z − b)
R−1
n (z)H4,nR

∗−1

n (b)]

+ bH−1
3,nRn(z)[−(z − b)vnu∗4,n +R−1

n (b)H4,nR
∗−1

n (z̄)− (z − a)u3,nv
∗
n

+R−1
n (z)H3,nR

∗−1

n (a)]}R∗n(z̄)H−1
4,nRn(a)u4,n

= Iq +
a

(b− a)
v∗nH

−1
4,nRn(z)[−(b− a)(I(n+1)q − zTn)H4,n(I(n+1)q − zT ∗n)]R∗n(z̄)

·H−1
4,nRn(a)u4,n

= Iq − av∗nH−1
4,nRn(a)u4,n.

In the second equality, we used (11), (12), (16) for r = 3, (40), and (42). In the
third equality, we use Equality (47).
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Thus, Equality (48) for the block matrix (2,2) is proved. Consequently, having
proven Equality (48), we have proved Equality (34).
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Ïðî äâi ìàòðèöi ðîçâ'ÿçàííÿ çàäà÷i óñi÷åíîãî

ìàòðè÷íîãî ìîìåíòó Õàóñäîðôà.

À. Å. ×îêå Ðiâåðî1, Á. Å. Ìåäiíà Åðíàíäåñ2

1Óíiâåðñèòåò Ìi÷îàêàíà äå Ñàí Íiêîëàñ äå Iäàëüãî
2Îá'¹äíàíà àñïiðàíòóðà ç ìàòåìàòè÷íèõ íàóê, Íàöiîíàëüíèé àâòîíîìíèé
óíiâåðñèòåò Ìåêñèêè � Óíiâåðñèòåò Ìi÷îàêàíà äå Ñàí Íiêîëàñ äå Iäàëüãî

Ìè ðîçãëÿäà¹ìî óñi÷åíó ìàòðè÷íó ïðîáëåìó ìîìåíòiâ Õàóñäîðôà ó âèïàäêó ñêií-
÷åííî¨ ïàðíî¨ êiëüêîñòi ìîìåíòiâ, ÿêà íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî äâi áëî÷íi
Ãàíêåëåâi ìàòðèöi, ïîáóäîâàíi çà äîïîìîãîþ ìîìåíòiâ, ¹ äîäàòíî âèçíà÷åíèìè. Ìíî-
æèíà ðîçâ'ÿçêiâ óñi÷åíî¨ ïðîáëåìè ìîìåíòiâ Õàóñäîðôà ó âèïàäêó ñêií÷åííî¨ ïàð-
íî¨ êiëüêîñòi ìîìåíòiâ çàäà¹òüñÿ çà äîïîìîãîþ òàê çâàíî¨ ðåçîëüâåíòíî¨ ìàòðèöi.
Ðåçîëüâåíòíà ìàòðèöÿ óñi÷åíî¨ ïðîáëåìè ìîìåíòiâ Õàóñäîðôà ó íåâèðîäæåíîìó âè-
ïàäêó äëÿ ìàòðè÷íèõ ìîìåíòiâ âèìiðíîñòè q × q ¹ 2q × 2q ìàòðè÷íèì ïîëiíîìîì,
ÿêèé áóäó¹òüñÿ çà äîïîìîãîþ çàäàíèõ ìîìåíòiâ.

Ó 2001 ð., â ðîáîòi [Yu.M. Dyukarev, A.E. Choque Rivero, Power moment problem
on compact intervals, Mat. Sb.-2001.-69(1-2).-P.175-187], äëÿ çãàäàíî¨ âèùå óñi÷åíî¨
ïðîáëåìè ìîìåíòiâ Õàóñäîðôà âïåðøå áóëà çàïðîïîíîâàíà ðåçîëüâåíòíà ìàòðèöÿ
V (2n+1). Ó 2006 ð., â ðîáîòi [A. E. Choque Rivero, Y. M. Dyukarev, B. Fritzsche and
B. Kirstein, A truncated matricial moment problem on a �nite interval, Interpolation,

https://doi.org/10.1007/s11785-020-01051-w
https://doi.org/10.1070/IM1984v022n03ABEH001452
https://doi.org/10.1070/IM1984v022n03ABEH001452
https://doi.org/10.4310/MAA.2012.v19.n1.a2
https://doi.org/10.4310/MAA.2012.v19.n1.a2


22 A. E. Choque-Rivero, B. E. Medina-Hernandez

Schur Functions and Moment Problems. Oper. Theory: Adv. Appl. -2006. - 165. - P.
121-173], áóëà äàíà iíøà ðåçîëüâåíòíà ìàòðèöÿ U (2n+1) äëÿ òi¹¨ ñàìî¨ ïðîáëåìè. Â
äàíié ðîáîòi ìè äîâîäèìî, ùî iñíó¹ ÿâíå ñïiââiäíîøåííÿ ìiæ öèìè äâîìà ðåçîëü-
âåíòíèìè ìàòðèöÿìè âèãëÿäó V (2n+1) = AU (2n+1)B, äå A i B � ñòàëi ìàòðèöi. Ìè
òàêîæ ôîêóñó¹ìîñü íà íàñòóïíié âiäìiííîñòi: äëÿ âèçíà÷åííÿ ðåçîëüâåíòíî¨ ìàòðèöi
V (2n+1) ìà¹ âèêîíóâàòèñÿ äîäàòêîâà óìîâà, ó ïîðiâíÿííi ç âèçíà÷åííÿì ðåçîëüâåí-
òíî¨ ìàòðèöi U (2n+1), äëÿ ÿêî¨ âèìàãà¹òüñÿ ëèøå ùîá äâi áëî÷íi Ãàíêåëåâi ìàòðèöi
áóëè äîäàòíî âèçíà÷åíi.

Ó 2015 ð., â ðîáîòi [A. E. Choque Rivero, From the Potapov to the Krein-Nudel'man
representation of the resolvent matrix of the truncated Hausdor� matrix moment
problem, Bol. Soc. Mat. Mexicana. � 2015. � 21(2). � P. 233�259], áóëî äàíå çîáðà-
æåííÿ ðåçîëüâåíòíî¨ ìàòðèöi, îòðèìàíî¨ â 2006 ð., ÷åðåç ìàòðè÷íi îðòîãîíàëüíi
ïîëiíîìè. Â äàíié ðîáîòi ìè íå ïîâ'ÿçó¹ìî ðåçîëüâåíòíó ìàòðèöþ V (2n+1) ç ðåçóëü-
òàòàìè [A.E. Choque Rivero, From the Potapov to the Krein-Nudel'man representation
of the resolvent matrix of the truncated Hausdor� matrix moment problem, Bol. Soc.
Mat. Mexicana. � 2015. � 21(2). � P. 233�259]. Âàæëèâiñòü ñïiââiäíîøåííÿ ìiæ U (2n+1)

i V (2n+1) ïîÿñíþ¹òüñÿ òèì, ùî ìîæóòü áóòè çíàéäåíi íîâi ñïiââiäíîøåííÿ ìiæ îðòî-
ãîíàëüíèìè ìàòðè÷íèìè ïîëiíîìàìè, ìíîæíèêàìè Áëÿøêå-Ïîòàïîâà, ïàðàìåòðàìè
Äþêàðåâà-Ñòiëòü¹ñà i ìàòðè÷íèìè íåïåðåðâíèìè äðîáàìè. Õî÷à â äàíié ðîáîòi âè-
êîðèñòîâóþòüñÿ àëãåáðà¨÷íi òîòîæíîñòi äëÿ äîâåäåííÿ ñïiââiäíîøåííÿ ìiæ U (2n+1) i
V (2n+1), àíàëiòè÷íå îá ðóíòóâàííÿ îáîõ ðåçîëüâåíòíèõ ìàòðèöü ñïèðà¹òüñÿ íà ìåòîä
Â.Ï. Ïîòàïîâà. Öåé ïiäõiä áóâ óñïiøíî ðîçâèíåíèé â áàãàòüîõ ðîáîòàõ, ïîâ'ÿçàíèõ
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