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The controllability function method, introduced by V. I. Korobov in late 1970s,
is known to be an efficient tool for control systems design. This paper bridges
the method with the homogeneity theory popular today. In particular, it is
shown that the so-called homogeneous norm is a controllability function of the
system in some cases. Moreover, the closed-loop control system is homogeneous
in a generalized sense. This immediately yields many useful properties of the
system such as robustness (Input-to-State Stability) with respect to a rather
large class of perturbations.
Keywords: controllability function; generalized homogeneity; robustness.

Поляков А. Про однорiднi функцiї керованостi. Метод функцiї ке-
рованостi, введений В. I. Коробов наприкiнцi 1970-х рокiв, як вiдомо, є
ефективним iнструментом для дослiдження систем керування. Ця стаття
поєднує цей метод iз популярною сьогоднi теорiєю однорiдностi. Зокрема,
показано, що так звана однорiдна норма в деяких випадках є функцiєю
керованостi системи. Бiльше того, замкнута система керування є однорi-
дною в узагальненому сенсi. Це вiдразу дає багато корисних властивостей
системи, таких як робастiсть (стабiльнiсть вхiдного стану) щодо досить
великого класу збурень.
Ключовi слова: функцiя керованостi; узагальнена однорiднiсть; роба-
стнiсть.

Поляков А. Об однородных функциях управляемости. Метод фун-
кции управляемости, введенный В. И. Коробов в конце 1970-х годов,
как понятно, является действенным инвентарем для исследования систем
управления. Эта статья совмещает этот метод с популярной сегодня те-
орией однородности. В частности, показано, что так называемая одноро-
дная норма в некоторых случаях является функцией управляемости систе-
мы. Более того, замкнутая система управления однородна в обобщенном
смысле. Это сразу дает много полезных свойств системы, таких как робо-
тность (стабильность входного состояния) относительно достаточно боль-
шого класса возмущений.
Ключевые слова: функция управляемости; обобщенная однородность; ро-
бастность.
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1. Introduction
Most of physical systems are symmetric in the view of Noether’s Theorem

[23]. Differential symmetries can discovered in both ODE (Ordinary Differential
Equation) and PDE (Partial Differential Equation) models of dynamical systems
[9], [8], [27]. One of Lie symmetries, that is rather popular in control theory, is
homogeneity. The homogeneity is a dilation symmetry known since 18th century,
when Leonhard Euler studied functions x → f(x) which are symmetric with
respect to uniform dilation x → λx of its argument, namely, f(λx) = λνf(x),
∀λ > 0,∀x, where ν is a real number. Such functions were called homogeneous and
the number ν was referred as the homogeneity degree. It seems that a generalized
homogeneity (the symmetry with respect to a non-uniform dilation) was first
studied by Vladimir Zubov in [36]. The homogeneity is useful for analysis of
nonlinear finite-dimensional dynamical systems (see also [36], [11], [13] [14], [33],
[4], [2]) as well as non-linear controllers/observers design (see [13], [7], [10], [1],
[19]). Homogeneity degree specifies a convergence rate of any asymptotically stable
homogeneous system (see e.g. [22]). Homogeneous approximations of nonlinear
models are useful in the case when a linear approximation is not informative or
simply impossible [1]. Homogeneous control systems have similar properties to
linear ones, e.g., local stability yields global stability, invariance of the compact
set is equivalent to stability, etc. However, they may have better control quality,
e.g., faster convergence, better robustness and less overshoot. For more details we
refer the reader to [27, Chapter 1].

The controllability function method [16] is an efficient tool for control systems
design. The monograph [17] presents most detailed study of the method and its
applications to different control problems. Formally, a controllability function has
no relation with the homogeneity theory. However, in some cases, its design is
implicitly inspired by the homogeneity and uses the dilation symmetry of the
system. This paper bridges controllability function method with the homogeneity
theory showing that the control/controllability function design for linear plants
results in a generalized homogeneous control system, that inherits all good
properties of homogeneity, e.g., robustness (Input-to-State Stability) with respect
to a sufficiently large class of perturbations.

The paper is organized as follows. First, the controllability function method
and elements of the homogeneity theory are remained. Next, the main theorem
about homogeneous controllability functions for linear plants is proven. Finally,
some remarks and conclusions are given.

2. On controllability function method

Following [17] the controllability function Θ : Rn 7→ [0,+∞) is a Lyapunov-
like function of a closed-loop system u = u(x) realizing a position control in a
finite time. More precisely, the properties of Θ are characterized by the following
theorem.
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Theorem 1. [17, Theorem 1.2, page 19] Let us consider the controlled process

ẋ = f(x, u), t > 0, f : Rn+m 7→ Rm (1)

where x(t) ∈ Rn, u ∈ Ω ⊂ Rm and the function f is locally Lipschit continuous
on (Rn\{0})× Ω, i.e.,

‖f(x1, u1)− f(x2, u2)‖ ≤ L(ρ1, ρ2)(‖x1−x2‖+ ‖u1−u2‖),
xi ∈ K(ρ1, ρ2),
‖ui‖ ∈ Ω, i = 1, 2,

where K(ρ1, ρ2) := {x : 0 < ρ1 ≤ ‖x‖ ≤ ρ2}.
Let there exist a function Θ : Rn 7→ [0,+∞) such that

1) Θ > 0 for x 6= 0 and Θ(0) = 0;

2) there exists c > 0 such that the set is Q := {x : Θ(x) ≤ c} is bounded;

3) there exists a function u : Q 7→ Ω satisfying the inequality

∂Θ(x)

∂x
f(x, u(x)) ≤ −qΘ1− 1

α (x), ∀x ∈ Q\{0} (2)

for some q > 0 and α > 0, such that u satisfies the Lipschitz condition on
on any set K(ρ1, ρ2) ∩Q.

Then the trajectory x(t) of the closed-loop system (1) with x(0) = x0 ∈ Q
reaches the state x = 0 at an instant of time T (x0) ≤ α

q Θ
1
α (x0). Moreover, if

α =∞ then x(t)→ 0 as t→∞.

If α = 1 and the symbol ≤ in (2) is replaced with =, then the inequali-
ty becomes the Bellman (dynamic programming) equation and the function Θ
is the settling time function of the closed-loop system. On the other hand, the
controllability function Θ satisfies the classical [20] (resp., a generalized [32], [5])
Lyapunov theorem for α = +∞ (resp. 0 < α < +∞).

Example 1. [17, page 21] A controllability function Θ for the chain of
integrators

ẋ = Ax+Bu, x(t) ∈ Rn, u(t) ∈ R, A =

(
0 1 0 ... 0
0 0 1 ... 0
... ... ... ... ...
0 0 0 ... 1
0 0 0 ... 0

)
, B =

(
0
0
...
0
1

)
, (3)

can be designed implicitly as a solution of the following algebraic equation

a0Θ = x>D(Θ)FD(Θ)x, x 6= 0 (4)

where a0 > 0, a symmetric matrix F = F> ∈ Rn×n satisfies1 the linear matrix
inequalities (LMIs)

F (A+BK) + (A+BK)>F ≺ 0, F � 0 (5)
1The sign ≺ (resp. �) denotes the negative (resp. positive) definiteness of a symmetric matrix.
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with K ∈ R1×n : A+BK - Hurwitz, and the matrix-valied function D is defined
as follows

D(Θ) = diag
(

Θ−
m+n−2i+1

2α

)
(6)

with α and m are natural numbers being selected such that the linear matrix
inequality (LMI)

F −HαF −HαF � 0, Hα = diag

(
−m+ n− 2i+ 1

2α

)
, (7)

is fulfilled. The corresponding controller is given by

u(x) = Θ
m−n−1

2α KD(Θ)x. (8)

3. Homogeneity

This section presents a brief summary of the homogeneity theory of dynamical
system in Rn .

3.1. Dilations in Rn
The standard (Euler’s) dilation in a vector space is the operator x → λx,

λ > 0. Generalized dilations and the generalized homogeneity in Rn are introduced
in [36], [15], [14], [26].

Definition 1. [14] A family of mappings d(s) : Rn 7→ Rn, s ∈ R is a said to be
a dilation group (or, simply, a dilation) in Rn if

• (Group property) d(0)x = x, d(t)◦d(s)x = d(t+s)x, ∀t, s ∈ R, ∀x ∈ Rn;

• (Limit property) lim
s→−∞

‖d(s)x‖ = 0 and lim
s→+∞

‖d(s)x‖ =∞ for all x 6= 0.

Below we deal only with the so-called linear dilation [26] defined as follows:

d(s) := esGd =

∞∑
i=0

siGid
i!

, (9)

where Gd ∈ Rn×n is an anti-Hurwitz matrix being a generator of the dilation. For
Gd = In (the identity matrix), we have the standard (Euler’s) dilation d(s) = esIn
but the case of diagonal matrix Gd corresponds to the so-called weighted dilation
[36], [31], [12], [18], [1], [28] popular today.

Definition 2. [26] A linear dilation d is said to be monotone with respect to a
norm ‖ · ‖ if there exists β > 0 such that

‖d(s)‖ ≤ eβs, ∀s ≤ 0, (10)

where ‖d(s)‖ = max
x 6=0

‖d(s)x‖
‖x‖ is the matrix norm of d(s).
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A criterion of the monotonicity of the linear dilation in Rn is given by the
following lemma

Lemma 1. [26] Any linear dilation d in the finite dimensional space Rn is
monotone with respect to the weighted Euclidean norm ‖x‖P =

√
x>Px, x ∈ Rn

provided that the symmetric matrix P = P> ∈ Rn×n satisfies the linear matrix
inequality

G>dP + PGd � 0, P � 0, (11)

where the symbol � 0 means that the matrix is positive definite.

It is known [26] that any vector from Rn\{0} can be uniquely projected to a
unit sphere using monotone dilation. More precisely, for any x ∈ Rn\{0} there
exists a unique pair (z, s) : ‖z‖ = 1, s ∈ R such that d(s)x = z. We use this
feature of monotone dilation in our further constructions.

3.2. Canonical homogeneous norm. Any compact and convex neighborhood of
the origin induces a norm in Rn by means of the standard dilation x→ λx, λ > 0
(see, e.g.,[30]). In the general case, the similar construction for monotone dilation
leads to the so-called homogeneous norm [10].

Definition 3. The function ‖ · ‖d : Rn 7→ [0,+∞) defined as follows ‖0‖d = 0
and

‖x‖d = esx : ‖d(−sx)x‖ = 1, x 6= 0,

is called the canonical homogeneous norm, where d is a monotone dilation with
respect to the norm ‖ · ‖ in Rn.

The canonical homogeneous norm is continuous on Rn and locally Lipschitz
continuous on Rn\{0} (see, [26]). Moreover, in [27, Theorem 7.1., page 188] it is
proven that ‖ · ‖d is, in fact, a norm (in the classical sense) in a finite-dimensional
space R̃n homeomorphic2 to Rn.

Below we show that the canonical homogeneous norm is the controllability
function for linear control systems considered in [17, Chapter 1]. The related
analysis would require differentiability of ‖ · ‖d on Rn\{0}. The latter can always
be guaranteed for a canonical homogeneous norm induced by a weighted Euclidean
norm.

Lemma 2. [26] If the canonical homogeneous norm ‖ · ‖d is induced by the norm
‖x‖ =

√
x>Px with a symmetric matrix P = P> ∈ Rn×n satisfying (11) then

‖ · ‖d ∈ C(Rn) ∩ C1(Rn\{0}) and

∂‖x‖d
∂x

= ‖x‖d
x>d>(− ln ‖x‖d)Pd(− ln ‖x‖d)

x>d>(− ln ‖x‖d)PGdd(− ln ‖x‖d)x
, x 6= 0. (12)

2The space R̃n consists of vectors from Rn, but a sum of vectors and a multiplication of a
vector by a scalar are defined differently.
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Below we show that a properly designed canonical homogeneous norm is a
controllability function for linear control plant.

3.3. Homogeneous systems. By definition, we say that an ODE is homogeneous
if its right-hand side is a homogeneous vector field.

Definition 4. [14] A vector field (resp. a function) f : Rn 7→ Rn (resp. h : Rn →
R) is said to be d-homogeneous of the degree ν ∈ R is

f(d(s)x) = eνsd(s)f(x), ∀s ∈ R, ∀x ∈ Rn
(resp. h(d(s)x) = eνsh(x), ∀s ∈ R, ∀x ∈ Rn),

(13)

where d is a dilation in Rn.

The canonical homogeneous norm is the simplest example of the homogeneous
function of the degree 1.

Example 2: The system

ẋ = f(x) :=

(
x2

−k1x
1
5
1 − k2x

1
3
2

)
is d-homogeneous of the degree ν = −2 with respect to the dilation

d(s) =

(
e5s 0
0 e3s

)
.

Indeed, simple computations show

f(d(s)x) = e−2sd(s)f(x), ∀x ∈ Rn, ∀s ∈ R.

Moreover, one can be shown [29] that

V (x) = c

(
5k1|x1|

6
5

6
+
x22
2

) 4
3

+ k1x1x2, c > max


(

3

4

) 4
3

,
k

5
6
1 2

2
3 (1 + k2/6)

4k2/3


is the controllability function (in the sense of Theorem 1)

∃q > 0 : V̇ (x) =
∂V

∂x
f(x) ≤ −qV

3
4 (x), ∀x 6= 0,

of the system
ẋ1 = x2, ẋ2 = u

with the feedback control

u(x) = −k1x
1
5
1 − k2x

1
3
2 , k1 >

5

6
k2.

To highlight some features the homogeneous systems we present the series of
known results.
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Theorem 2. [36] If x(t, x0) is a solution of a d-homogeneous system

ẋ = f(x), t > 0, f : Rn 7→ Rn, f ∈ C(Rn) (14)

with the initial condition x(0) = x0 then

x(t,d(s)) = dx(eµst, x0)

is a solution of the same ODE with the scaled initial condition x(0) = d(s)x0.

The latter theorem implies that any local property of the system (14) can be
extended globally. For instance, local stability implies global stability, global-in-
time existence of solutions for small initial data yields global-in-time existence of
solutions for large initial data, etc.

The Zubov-Rosier Theorem [36], [31] given below is the converse Lyapunov
theorem for homogeneous systems. For shortness, we say that a ”system is stable”
if its zero solution is stable.

Theorem 3. [31] A d-homogeneous system (14) is asymptotically stable if and
only if there exists a positive definite d-homogeneous function V : Rn 7→ [0,+∞)
of degree 1 such that V ∈ C(Rn) ∩ C1(Rn\{0}) and

V̇ (x) =
∂V

∂x
f(x) ≤ −qV 1+µ(x), ∀x 6= 0, (15)

where µ is the homogeneity degree of the vector field f and q > 0 is a positive
parameter.

In other words, any stable homogeneous system admits a homogeneous
Lyapunov function. Notice that, for µ < 0 the inequality (15) repeats the inequali-
ty (2). The estimate (15) yields the following corollary which characterize the
convergence rates of homogeneous systems.

Corollary 1. [22] If the system is asymptotically stable then it is

• globally uniformly finite-time stable3 for µ < 0;

• globally uniformly exponentially stable for µ = 0;

• globally uniformly nearly fixed-time stable4 for µ > 0,

where µ ∈ R is a homogeneity degree of the vector field f .
3A system is globally uniformly finite-time stable if it is Lyapunov stable and there exists a

locally bounded function T : Rn → [0,+∞) such that ‖x(t)‖ = 0,∀t ≥ T (x0), ∀x0 ∈ Rn. For
more details about finite-time stability see [5], [32].

4A system is globally uniformly nearly fixed-time stable if it Lyapunov stable and ∀r >
0, ∃Tr > 0 : ‖x(t)‖ < r,∀t ≥ Tr independently of x0 ∈ Rn. For more details about fixed-time
stability see [24].



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том94 (2021) 31

One of useful properties of homogeneous control systems is robustness (Input-
to-State Stability) in the sense of the following definition.

Definition 5. [34] The system

ẋ = f(x, δ), f : Rn+k 7→ Rn, f ∈ C(Rn+k) (16)

is said to be Input-to-State Stable (ISS) if there exist 5 β ∈ KL and γ ∈ K :

‖x(t)‖ ≤ β(‖x(0)‖, t) + γ

(
sup
τ∈[0,t]

‖δ(τ)‖

)
, ∀t > 0.

The ISS analysis is a non-trivial problem in the general case [35], however,
ISS of a perturbed homogeneous systems follows from asymptotic stability of a
non-perturbed one provided that the disturbances are involved to the system in
a homogeneous way [33], [12], [1].

Theorem 4. [3] Let d be a dilation in Rn, d is a dilation in Rk, and tµ ∈ R.If

f(d(s)x, d̃(s)δ) = eµsd(s)f(x, δ), ∀s ∈ R, ∀x ∈ Rn,∀δ ∈ Rk.

and the system (16) with δ = 0 is asymptotically stable then this system is ISS.

Example 3. The control system considered in Example 2 is robust (Input-
to-State Stable) with respect to bounded additive exogenous perturbations and
additive measurement noises. Indeed, let us denote

f(x, δ) =

(
x2

u(x+ δ)

)
+ δ1, x = (x1, x2)

> ∈ R2,

(
δ1
δ2

)
∈ R4,

where the feedback control u is defined in Example 2, δ1 ∈ R2 is a measurement
noise and δ2 is an exogenous perturbation. Let the dilation d be defined as in
Example 2. Then

d̃(s) =

(
d(s) 0

0 e−2sd(s)

)
,

is a dilation in R4 with the generator

Gd̃ =


5 0 0 0
0 3 0 0
0 0 3 0
0 0 0 1


5A function γ : [0,+∞) 7→ [0,+∞) is of class K if it is continuous, strictly increasing and

γ(0) = 0.
A function β : [0,+∞)× [0,+∞)→ [0,+∞) is of class KL if the function r 7→ β(r, s) is of class
K for any fixed s ∈ R and for any fixed r ≥ 0 the function s 7→ β(r, s) is decreasing to zero as
s→ +∞.
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being an anti-Hurwitz matrix. In Example 2, it was shown that the system

ẋ = f(x, 0)

is globally uniformly asymptotically stable. Since

f(d(s)x, d̃(s)δ) = e−2sd(s)f(x, δ), ∀x ∈ R2, ∀δ ∈ R4, ∀s ∈ R

then, by Theorem 4, this system is ISS.

4. Homogeneous controllability functions for linear plants

Let us consider the linear control system

ẋ = Ax+Bu, t > 0, x(0) = x0 (17)

where x(t) ∈ Rn is the system state, A ∈ Rn×n is the system matrix, u(t) ∈ Rm
is a control input and B ∈ Rn×m.

Inspired by Theorem 1 and [26] we present the following result.

Theorem 5. Let the pair {A,B} be controllable and the pair Y0 ∈ Rm×n, G0 ∈
Rn×n be a solution of the linear algebraic equation

AG0 −G0A+BY0 = A, G0B = 0 (18)

with respect to G0, Y0, then

1) Gd = In + µG0 is anti-Hurwitz for any µ ∈ [−1, 0);

2) G0 − In is invertible and the matrix A0 = A+BY0(G0 − In)−1 satisfies

A0Gd = (Gd + µIn)A0, GdB = B. (19)

If a solution X ∈ Rn×n, Y ∈ Rm×n satisfies the system of linear matrix inequalities
(LMIs)

A0X+XA>0 +BY +Y >B> ≺ 0, GdX+XG>d � 0, X = X> � 0 (20)

then

3) the canonical homogeneous ‖ · ‖d induced by the weighted Euclidean norm
‖x‖ =

√
x>X−1x is a controllability function of the system (17) with

the control

u(x) = Y0(G0 − In)−1x+ ‖x‖µ+1
d Y X−1d(− ln ‖x‖d)x (21)

and
d

dt
‖x‖d ≤

λmax(A0X+XA>0 +BY+Y >B>)

λmax(GdX+XG>d )
‖x‖1+µd , x 6= 0, (22)

where λmax(Q) denotes a maximal eigenvalue of a symmetric matrix Q and
d is a dilation generated by Gd;
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4) u ∈ C1(Rn\{0}) for any µ ∈ [−1, 0), u is continuous at zero if µ ∈ (−1, 0)
and u is discontinuous at zero but locally bounded if µ = −1;

5) the closed-loop system (17), (21) is d-homogeneous of the degree µ.

Proof. 1) Since the pair {A,B} then there exists [21], [28] a coordinate
transformation M ∈ Rn×n such that

M−1B=


0
...
0

Ak k+1

 , M−1A0M=


0 A12 0 ... 0
0 0 0 ... 0
... ... ... ... ...
0 0 0 ... Ak−1 k
Ak1 Ak2 Ak3 ... Akk

 , (23)

where Ai i+1 ∈ Rni×ni+1 , rank(Ai i+1) = ni, ni ≤ ni+1, i = 1, 2, ..., k, n1 + ... +
nk = n, nk ≤ m, nk+1 = m and k is a minimal natural number such that
rank(B,AB, ..., Ak−1B) = n.

In this case, the equation (18) can be equivalently rewritten as follows

ÃG̃0 − G̃0Ã+ B̃Ỹ0 = Ã, G̃0B̃ = 0 (24)

where B̃ = M−1B, Ã = M−1A0M, G̃0 = M−1G0M and Ỹ0 = Y0M .
Taking into account, the structure of Ã and B̃ we conclude that the linear

equation (24) has a solution with respect to Ỹ0, G̃0 and the matrix G̃0 has the
block lower triangular form

G̃0 =


−(k − 1)In1 0 0 ... 0 0

∗ −(k − 2)In2 0 ... 0 0
... ... ... ... ...
∗ ∗ ∗ ... −Ink−1

0
∗ ∗ ∗ ... ∗ 0

 ,

where ∗ denotes a possibly non-zero block. The latter means G0 − I is invertible
and Gd = In + µG0 is anty-Hurwitz for µ < 0.

2) Since G0 − In is invertible and the pair G0, Y0 satisfies (18) then

A−A+ µAG0 − µG0A+ µBY0 = µA

or, equivalently,
AGd + µBY0 = (Gd + µIn)A.

On the one hand, obviously, GdB = B and

(Gd + µIn)A = (Gd + µIn)
(
A+BY0(G0 − In)−1 −BY0(G0 − In)−1

)
=

(Gd + µIn)A0 − (1 + µ)BY0(G0 − In)−1.

On the other hand, one has

AGd + µBY0 =
(
A+BY0(G0 − In)−1 −BY0(G0 − In)−1

)
Gd + µBY0 =
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A0Gd−BY0(G0−In)−1Gd+µBY0 = A0Gd−BY0(G0−In)−1(Gd−µ(G0−In)) =

A0Gd − (µ+ 1)BY0(G0 − In)−1.

Hence, we derive the identity (19).
3) First of all, notice that, the canonical homogeneous is well defined since

X−1 is satisfies the second and the third inequalities from (20). It is continuous
on Rn and continuously differentiable on Rn\{0} in the view of Lemma 2.

On the other hand, the formula d(s) = esGd and the identity (19) yield

A0d(s) =
∞∑
i=0

siA0G
i
d

i!
=
∞∑
i=0

si(Gd − µIn)iA0

i!
= esGdA0 = eµsd(s)A0. (25)

and
d(s)B = esB, ∀s ∈ R. (26)

In this case, for the closed loop system, using the formula (12) we derive

d

dt
‖x‖d = ‖x‖d

x>d>(− ln ‖x‖d)X−1d(− ln ‖x‖d)(A0x+‖x‖µ+1
d BYX−1d(− ln ‖x‖d)x)

x>d>(− ln ‖x‖d)X−1Gdd(− ln ‖x‖d)x
=

‖x‖1+µd
x>d>(− ln ‖x‖d)X−1(A0+BYX−1)d(− ln ‖x‖d)x

x>d>(− ln ‖x‖d)X−1Gdd(− ln ‖x‖d)x
=

‖x‖1+µd
x>d>(− ln ‖x‖d)X−1(A0X+BY+XA>0 +Y >B>)X−1d(− ln ‖x‖d)x

x>d>(− ln ‖x‖d)X−1(GdX+XG>d )X−1d(− ln ‖x‖d)x
.

Hence, taking into account that X and Y satisfy (20) we derive (22).
4) Since the canonical homogeneous is continuous on Rn and continuously

differentiable on Rn\{0} then, by construction, u is continuously differentiable
on Rn\{0}. Moreover, from the definition of the canonical homogeneous norm we
have

x>d>(− ln ‖x‖d)X−1d(− ln ‖x‖d)x = 1,

so
‖u‖ ≤ r1‖x‖+ r2‖x‖µ+1

d , ∀x ∈ Rn

with r1 ≥ 0 and r2 > 0 dependent of Y0, G0, X, and Y . The latter means that u
is locally bounded for any µ ∈ [−1, 0) and continuous at zero for µ ∈ (−1, 0).

5) Let us denote the right-hand side of the closed-loop system by

f(x) = A0x+ ‖x‖µ+1
d BYX−1d(− ln ‖x‖d)x

Using the identities (25), (26) and ‖d(s)x‖d = es‖x‖d we derive

f(d(s)x) = A0d(s)x+ ‖d(s)x‖µ+1
d BYX−1d(− ln ‖d(s)x‖d)d(s)x =

eµsd(s)A0x+ es(1+µ)‖x‖µ+1
d BYX−1d(− ln ‖x‖d − s)d(s)x =

eµsd(s)
(
A0x+ ‖x‖µ+1

d BYX−1d(− ln ‖x‖d)x
)

= eµsd(s)f(x),

for all x ∈ Rn and all s ∈ R. The proof is complete.
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Remark 1. A solution of the linear matrix equation (18) is not unique in the
general case of the multiply-input linear control system. In the single input case
(m = 1), the solution if always unique and G̃0 is a diagonal matrix.

Remark 2. The system of linear matrix inequalities (20) is always feasible at
least for µ close to 0. Indeed, the feasibility of the first LMI together with the third
one follows from controllability of the pair {A,B} (see, [6]), while the second LMI
becomes the third one for µ tending to 0 (reps. Gd → In as µ→ 0). Notice that,
the system of LMIs (20) is always feasible for µ = [−1, 0), at least, in the single
input case [25].

As a straightforward corollary of Theorems 4 and 5 (see also Example 3 as
the hint of the proof) we provide the following result.

Corollary 2. The control system (17), (21) designed by Theorem 5 is ISS with
respect bounded additive measurement noises if µ ∈ [−1, 0) and ISS with respect
to bounded additive exogenous perturbations if µ ∈ (−1, 0).

Remark 3. If m = 1 and A as in Example 1 then Y0 = 0,

G0 =

(−n+1 0 ... 0 0
0 −n+2 ... 0 0
... ... ... ... ...
0 0 ... −1 0
0 0 ... 0 0

)
, d(s) =

 es(1−µ(n−1)) 0 ... 0 0
0 e1−µ(n−2)) ... 0 0
... ... ... ... ...
0 0 ... es(1−µ) 0
0 0 ... 0 es

 .

Obviously, for F = a0X
−1, an integer α = − 1

µ and m = α+ n− 1 the canonical
homogeneous norm defined in Theorem 5 simply coincides with the controllability
function given by (4), (6) and the system of LMIs (20) implies (5), (7) with
K = Y X−1. Therefore, the controller (21) coincides with (8). The latter means
that the control system (3), (8) is d-homogeneous.

Similar conclusions can be made for controllability functions designed in [17,
Chapter 1, §5] and [17, Chapter 1, §6].

5. Conclusions

The paper shown that linear autonomous control system always admits
a generalized homogeneous controllability function. Moreover, the well-known
controllability function studied in [17, Chapter 1] are homogeneous as well! This
immediately results in robustness (Input-to-State Stability) of the corresponding
control systems with respect to a rather large class of disturbances. An interesti-
ng open problem in this context is the homogeneity analysis of controllability
functions designed by means of integral operators (see [17, Chapter 5]).
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Про однорiднi функцiї керованостi
Поляков. A.

Iнрiя Лiлль-Норд Європа, пр-т. Алле, 40, Вiльньов д’Аск, Францiя, 5965.

Метод функцiї керованостi, введений В. I. Коробовим наприкiнцi
1970-х рокiв, як вiдомо, є ефективним iнструментом для проектування си-
стем керування. Вiн розроблений як для лiнiйних/нелiнiйних, так i для скiн-
ченно/нескiнченновимiрних систем. Ця стаття поєднує цей метод iз теорiєю
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однорiдностi, що корiнням сягає початку 18 столiття та являє собою симе-
трiєю функцiї щодо рiвномiрного масштабування її аргументу. Узагальнення
такого ефективного пiдходу були введенi в 20 столiттi. У цiй роботi показано,
що так звана однорiдна норма є функцiєю керованостi лiнiйної автономної
системи керування, а вiдповiдна замкнута система є однорiдною в узагаль-
неному сенсi. Це вiдразу дає багато корисних властивостей, вiдомих для
однорiдних систем, таких як робастiсть (стабiльнiсть вхiдних даних) щодо
досить великого класу збурень, зокрема щодо обмежених адитивних шумiв
вимiрювання та обмежених адитивних екзогенних збурень. Основна теоре-
ма, представлена в цiй роботi, дещо уточнює побудову функцiї керованостi
для лiнiйних автономних систем керування з кiлькома входами. Процедура
полягає в розв’язаннi лiнiйного алгебраїчного рiвняння та систему лiнiйних
матричних нерiвностей. Сама однорiднiсть i використання канонiчної одно-
рiдної норми iстотно спрощують знаходження функцiї керованостi та аналiз
замкнутої системи. Теоретичнi результати пiдкрiпленi прикладами. Перспе-
ктивним напрямком для майбутнiх дослiджень є подальше вивчення побудо-
ви функцiй керованостi на основi однорiдностi.
Ключовi слова: функцiя керованостi; узагальнена однорiднiсть; робастнiсть.

On homogeneous controllability functions
A. Polyakov

Inria Lille-Nord Europe, 40. av. Halley, Villeneuve d’Ascq, 5965, France

The controllability function method, introduced by V. I. Korobov in late 1970s, is
known to be an efficient tool for control systems design. It is developed for both li-
near/nonlinear and finite/infinite dimensional systems. This paper bridges the method
with the homogeneity theory popular today. The standard homogeneity known since
18th century is a symmetry of function with respect to uniform scaling of its argument.
Some generalizations of the standard homogeneity were introduced in 20th century.
This paper shows that the so-called homogeneous norm is a controllability function
of the linear autonomous control system and the corresponding closed-loop system is
homogeneous in the generalized sense. This immediately yields many useful properti-
es known for homogeneous systems such as robustness (Input-to-State Stability) with
respect to a rather large class of perturbations, in particular, with respect to bounded
additive measurement noises and bounded additive exogenous disturbances. The main
theorem presented in this paper slightly refines the design of the controllability function
for a multiply-input linear autonomous control systems. The design procedure consists in
solving subsequently a linear algebraic equation and a system of linear matrix inequali-
ties. The homogeneity itself and the use of the canonical homogeneous norm essentially
simplify the design of a controllability function and the analysis of the closed-loop system.
Theoretical results are supported with examples. The further study of homogeneity-based
design of controllability functions seems to be a promising direction for future research.
Keywords: controllability function; generalized homogeneity; robustness.
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