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Let RG be a group algebra of a finite group G over the field R of real
numbers. A probability P(g) on the group G corresponds to an element

p =Y. P(g9)g € RG; we call it probability on the algebra RG. For a natural
9

number n, n-fold convolution of probability P on G corresponds to p™ € RG.
Let e € RG be the probability that corresponds to the uniform probability
E(g) = |G|7%(g € G). Two probabilities p, p; € RG are called complementary,
if their convex linear combination equals to e, i.e. ap + (1 — a)p; = e for some
a, 0 < o < 1. We find condition for existence of such « and compare || p™ —e ||
and || p1™ — e || for arbitrary norm |.||.
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Bummnepenpkuit O. JI. IIIBuakicTs 36i>kHOCTiI JoaAaTKOBUX TMOBipHOCTEH
Ha ckinvenniii rpymni. Hexait RG — rpynosa anrebpa ckindennol rpymu G
uaj, nojeM R pificnux uwuces. Imosipuicts P(g) Ha rpymi G Bignosinae ese-

st HAaTypaJIbHOIO YHCJIa 71, M-KpaTHa 3ropTka iiMosipHocti P Ha G Bimmo-
Bimae p" € RG. Hexait e € RG — fiMOBIpHICTB, IO BiAIOBiTae piBHOMIpHIH
timosiprocti E(g) = |G|™Y(g € G). HBi iimosiprocti p,p1 € RG nazusaio-
THCsI JOJATKOBUMHU, SIKIMO 1X OIyKJIa JIiHIHA KOMOIHAIS MOPIBHIOE €, TOOTO
ap+ (1—a)p1 = e g geskoro «, 0 < o < 1. Mu 3HaX0MMO yMOBHU iCHYBaHHS
Takoro « i mopieatoenmo || p" —e || 1 || p1™ — e || st posiabHOT HOpMU .|

Karwwo6i cao6a: IMOBIPHICTE; CKIHYEHHA, IPYyIa; 301KHICTh; TPYIIOBa ajredpa.

Bumnesenkuit A. JI. CKOpOCTh CXOAMMOCTH IOTIOJIHUTEIBHBIX BEpOsi-
THOCTell Ha KoHe4dHOoii rpymie. [lycrs RG — rpymmoBas ajrebpa KOHETHON
rpyumnsl G zHaz nosteM R BemecrBeHHbIX unces. Bepostaocts P(g) Ha rpyumne G
COOTBeTCTBYET 3ymeMenTy p = » . P(g)g € RG; Mbl Ha3bIBaeM €€ BEPOSITHOCTHIO

g
Ha asjredbpe RG. [t HATYpaIbHOrO YUCIa N, N-KPATHAS CBEPTKA BEPOSITHOCTH

P wa G coorBercrByer p" € RG. Ilycth e € RG — BEpOSITHOCTH, COOTBET-
cTBytomas pasHomepHoit BepositHoctn E(g) = |G| (g € G). Jse BeposiTHO-
cTH p, p1 € RG HA3BIBAIOTCA JONOJHATEILHBIMHI, €CJIM UX BBITYKJIas JUHeHHas
KoMOWHAIWs paBHa €, T.e. ap+(l—a)p; = e muas mexoroporo a, 0 < a < 1.
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MbI HaXOAUM YCJIOBHsI CYIECTBOBAHUS TAKOro (v U cpaBHHBaeM | p" —e | u
|| p1™ — e || mast npoussosbHON HOPMEL |||

Knouesvie ca06a: BEPOATHOCTD; KOHEUHAs! IPYIIIIA; CXOAUMOCTD; IPYIIIOBAsl aJl-
rebpa.

2010 Mathematics Subject Classification: prim. 60B15, 60B10; sec. 20D99.

1. Introduction

Let G be a finite group of order |G|, RG the group algebra of the group G over
the field R of real numbers. Each real function F(g) on the group G corresponds

to an element f = > F(g)g € RG (we write > instead of > ). We denote a
g g geG

function on the group G with a capital letter and the corresponding element of

RG with the same (but small) letter, and call the latter a probability on RG. For

1

instance, the trivial (uniform) probability E(g) = 1€l (9 € G) corresponds to the

element

1
e:@deRG.
g

Exploring probabilities on group algebras is sometimes more convenient than on
groups (see e.g. [4])
Convolution of two functions P, Q on G

(PxQ)(h) =Y _Pl9)Q(g™'h) (heq)

corresponds to product pg of corresponding elements p, ¢ € RG.
Let function P(g) be a probability on a group G, i.e.

P(g)>0(ge @), Y Plg) =1 (1)

and P = P« ...x P (n times) an n-fold convolution of function P. There is a
lot of works devoted to evaluation of speed of convergence of P to the uniform
probability E(g) on G at n — oo (see e.g. review [2]|). In other words, a norm
of || p" — e || is evaluated (for different norms) at n — oo. The case when p" = e
for some finite n was studied in [4]. Conditions for convergence p" to e are well
known, some refinements are in [3].

For any element b =) byg € RG we denote |b| = )" |by| € R. We write b >0

g

g
if by > 0 for all g € G. Now for any probability

p=> ag (2)
g
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on RG conditions (1) can be written as follows:

p>0, [p|=1 (3)

Since hY g = > g for any h € G, then he = e and by linearity, we get
9 g
be = |ble for any element b= )" byg € RG. So
g

pe=ce (4)
for any probability p € RG.

2. Theorem

We study the case when a linear combination of two probabilities on RG
equals to e. Since |a| + |b| = |a + b| for any a,b € RG, then from (3) this linear
combination must be convex.

Convex linear combinations of idempotent distributions on countable groups
were studied in [1])

Definition 1. Probabilities p, p1 € RG are called complementary, if their convex
linear combination equals to e, i.e.

ap+(1—a)pr=e (5)
for some number a, 0 < o < 1.

We find out when for a given probability p € RG a complementary probability
p1 € RG exists, i.e.

e—ap

(6)

is a probability for a number a, 0 < a < 1. By (3) we have to check if p; > 0 and
Ip1| = 1. We also compare ||p" — 1| and |[p} — 1|| (n is a natural number) for any
norm ||.]|.

p1 = 1—a

Theorem 1. Let p = ) aqzg be a probability in algebra RG, a = maéc ag. Then
g 9€

1
for any a, 0 < a < W there exist a probability p1 € RG such that (5) holds.
a
Moreover,

7 1 T
[T —ell = mﬂp —e. (7)

Proof. Let p; be as defined in (6). p; > 0 if and only if (1 — a)p; > 0. By (5)

(1—a)p Ze—apZZ(Kl”—aag)g.
g
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So p; > 0 if and only if

Z(é‘ ~aay)g >0,
g

ie.
1
@ — aag Z 0
for any g € G. It is equivalent to
1
< — 8
o< g (8)

where a = maé( ag. This necessary condition for two complementary probabilities
ge

to exist is equivalent to the condition p; > 0. Now we prove that |[p;| = 1:
1 1
(1 —a)p1] = |e — ap :Z(@ —aag) :Z@—az% =l—-alpl=1—-«
g g g

ie. p1| =1 (as @ # 1). So under condition (8) py is a probability.

Now we compare |p" — 1|| and ||p}" — 1|| (n is a natural number) for any norm
||.|l. As well known, e is an idempotent of the algebra RG: e¥ = e for any natural
number k. Taking into account the binomial formula, (4) and (6), we obtain:

(1 —a)"pf = (e —ap)" =
— e C%en—lap + 07216”_20[2]?2 — (_1)nc77ll—1ean—1pn—1 + (_1)nanpn —
— 6(1 _ C%Oé 44 (_1)71—1077;—10/1—1 + (—1)”04” _ (—1)”0&”) + (_1)nanpn —

=e(l—a)"+ (=1)"a"(p" —e).
We divide by (1 — a)™:

= Lo C0n o9 g
Then
I8 el = [ 2 0" = )| = 87 = ell = (ol = el

The theorem is proved. It can be formulated as follows.
If ap+ (1 — a)p1 = e for probabilities p, p1 € RG and some number «,

0 <a<1,then a < alGl where a = I;leagx ag and equality (7) holds.

2
Corollary 1. Ifa = ek then ||pf —e|| = ||p™ — ]l
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1
Indeed, if a = —-, one can put o = B in (2.3).

2
|G

Corollary 2. p" converges to e iff p} converges to e.
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IIIBuakicTs 36i>kHOCTI JOMATKOBUX MMOBipHOCTEH
Ha CKiHYeHHiil rpymi.
Bummuesenpknii O. JI.
Xapriscoruli HAUIoHAAOHUT G8MOMObIALHO-00POHCHUT YHIBEPCUMEM,
eya. HApocaasa Mydpozo 25, Xapxis, Yxpaina, 61002

Hexait ¢dynkuia P e iimosipmicTio ma ckingenniit rpymi G, tobro P(g) > 0
(9 € G), X2, P(g) =1 (vu nmmemo ) samicts ) ). 3roprka asox dynxuiit P, Q

g geaqG
na rpymi G € (P * Q)(h) = Y. P(9)Q(¢g~th) (h € G). Hexait E(g) = ﬁZg € pis-
g 9
HOMipHOIO (TpmBianBHOIO) fiMOBipHicTIO Ha rpymi G, P = Px .. x P (n pasis) - n

-kpaTHa 3ropTka P. 3a mobpe BioMOI HECKJIaIHOI yMOBHU HMOBIDHICTH P(") sGiraerbes
1o E(g) npu n — oco. Bararo pobiT npucBa9eHo OIIHII MIBUAKOCTI Mi€l 301KHOCTI JJist
pizHux HOpM. Byupb-sika iimosipuicrs (i, 3arasom, Gyub-sgka (QyHKIig 31 3HAYEHHAMH B
nosi R pificHux dmcen) Ha rpyni MoxKe OyTH IIOB’si3aHa 3 €JIEMEHTOM I'PYHOBOI ajrebpu
niel rpynu Haj nojieM R. Ile moxkHa 3pobutu HacTynHuM unHoM. Hexait RG - rpynosa
asre6pa ckingennol rpymm G mag mosmem R. VmosipricTs P(g) ma rpyui G Bignosinae

esiementy p = Y. P(g)g anrebpu RG. Mu nosnagaemo dyukniio ma rpymni G BeJUKOIO
g
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jiteporo, a Bifmosimmmit erement 3 RG Tieo xk (aje Masoo) JiTeporo, i ocramuiii Ha-

suBaeMo fimosipaicTio Ha RG. Hanpukian, pisHomipra fimosipaicts FE(g) Bimnosinae

eJIeMEHTy € = I—é” >>g € RG. 3roprka apox dyskuiii P, Ha G Biguosizae nobyTKy
g

pq BigmoBimHuX ejemenTiB P, () B rpynosiit ajrebpi RG. st HaTypajbHOrO 4mcia n,
n-KpaTHa 3ropTka iMoBipHocti P Ha G Bimmosimae ejnementy p” € RG. Y crarti mMu
BUBYAEMO BUITAJOK, KOJIM JIiHiHA KOMOiHAIisT TBOX HiMoBipHOCTEH B anarebpi RG mopis-
uioe ¥imosipaocti e € RG. Taka siniiina komGinariis moBuHHa O6yTH OMyKJI00. TouHire,
MU CIIBCTaBIIEMO WMOBIpHOCTI p € RG iHmty #iMoBipHiCTh p; € RG HACTYIHUM YHHOM.
JIBi iimMoBipHOCTI p, p1 € RG Ha3uBaIOThCs JOJATKOBUMHE, SKIIO 1X OIYKJIA JIHIHA KOM-
Gimarist gopisHioe €, T06T0 ap + (1 — @)p; = e s geaxoro uuciaa «, 0 < a < 1. Mu
3HAXOJMMO YMOBH iCHyBaHHS Takoro « i mopisaioemo || p™ —e || ta | ;1™ — e || maa
noBiiabHOT HOpMU .||

Kmowosi caroea: IMOBIPHICTD; CKiHYeHHA rpyIia; 30iKHICTE; 3ropTKa; IpymoBa ajaredpa.
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Let function P be a probability on a finite group G, i.e. P(g) >0 (g€ G), Y. P(g) =1
g

(we write Y instead of > ). Convolution of two functions P, @ on group G is
geG

(P+Q)(h) =Y. P(9)Q(g7th) (h € G). Let E(g) = |—(1;‘Zg be the uniform (trivial)

probability on the group G, P = P« ..% P (n times) an n-fold convolution of P.
Under well known mild condition probability P converges to E(g) at n — oo. A lot
of papers are devoted to estimation the rate of this convergence for different norms. Any
probability (and, in general, any function with values in the field R of real numbers) on
a group can be associated with an element of the group algebra of this group over the
field R. It can be done as follows. Let RG be a group algebra of a finite group G over
the field R. A probability P(g) on the group G corresponds to the element p = > P(g)g
g

of the algebra RG. We denote a function on the group G with a capital letter and

the corresponding element of RG with the same (but small) letter, and call the latter a

probability on RG. For instance, the uniform probability E(g) corresponds to the element

e= ﬁ > g € RG. The convolution of two functions P,Q on G corresponds to product
g

pq of corresponding elements p, ¢ in the group algebra RG. For a natural number n, the
n-fold convolution of the probability P on G corresponds to the element p™ € RG. In
the article we study the case when a linear combination of two probabilities in algebra
RG equals to the probability e € RG. Such a linear combination must be convex. More
exactly, we correspond to a probability p € RG another probability p; € RG in the
following way. Two probabilities p,p; € RG are called complementary if their convex
linear combination is e, i.e. ap + (1 — a)p; = e for some number «, 0 < a < 1. We find
conditions for existence of such o and compare || p" —e || and || p1™ —e || for an arbitrary
norm |||
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