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OTrpumano HeOOXigHI Ta JOCTATHI YMOBH ITOBHOI KEPOBAHOCTI CUCTEM JIHIHHUX
TudepeHIiaJIbHAX PIBHAHD 3 YaCTUHHUMHY MOXITHAME 31 cTaauMu KoedirieHra-
vu B ipoctopi JI. IIIBapria. 3HalimeHo Takoxk psif eEeKTUBHUX JTOCTATHIX YMOB
MTOBHOI KEPOBAHOCTI JIJIsI OKpeMUX BUIAIKIB. I BCiX IMiX OKpeMuX BUIIAIKIB
HaBEJIEHO TIPUKJIA/IN.

Kmowosi caosa: moBHA KepoBaHicTh; 3a1a4a Komm; neperBopenns Pyp’e.

A. A. Makarov. Controllability of systems of linear partial differential
equations. Necessary and sufficient conditions for complete controllability of
systems of linear partial differential equations with constant coefficients in L.
Schwartz space are obtained. A number of sufficient conditions for complete
controllability have also been found for special cases.Examples are given for all
of these special cases.
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1. Beryn Ta mocranoBka 3agadi

Teopii KepoBaHOCTI OCTAHHIM YACOM IPUCBSIIEHO OaraTo podbiT, aje 3HATHA Ta-
CTUHA 3 HUX [PUCBSYEHA 3BUYAWHUM JudepeHIiaJbHIM PIBHSIHHSIM; a 3 PiBHSHD
3 YACTUHHUMU OXITHUMHI PO3IJISIAI0THCS 31e01IbITOr0 piBHIHHS MaTeMaTHIHOT
dizuku. Hanpukian, B poborax Ckisipa I M. ta @apairosm JI. B. [1, 2] posris-
JaJIach KEPOBAHICTh XBUJILOBOT'O PiBHSHHS.

(© MaxkaposO. A., 2021
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Y pobori aBropa [3] Gysa mocsiiizkeHa KepOBaHICTH CUCTEMH JIHIKHUX Jude-
peliajbHUX PIiBHSIHb 3 YaCTMHHUMHU THoXigauMu. KpiMm Toro 0yso JOBeIeHO, 10
SIKINO BJIACHI 3HAYEHHsI OJIHOMIaJIbHOI MATPUIL, IO sIKiif OYIyeThCs I CUCTEMA,
JificHi abo ysiBHI, TO icHye KepyBaHHs1 y BULIIsil u(z)v(t).

Y naniit poboTi m10BEIEHO KpUTEPi TOBHOI KEPOBAHOCTI JAHOI CHCTEMH y MIPO-
cropi JI. IlBapra, a TakoxK 3HAIEHO Psifi ePEKTIBHUX JIOCTATHIX yMOB IIOBHOI
kepoBaHocTi. Bel i BUIaIKU TPOLTIOCTPOBaHI MPUKJIAIaAMHA.

OTrpumana Tako2K yMOBa HEKEPOBAHOCTI CUCTEMHU, 38 JIOTIOMOT'0IO sIKOI HaBe/Ie-
HO IIPUKJIAJ HEKEPOBAHOI CUCTEMU.

Posriisinemo minifiny cucreMy qudepeHIiaJ bHIX PIBHAHD 3 YACTUHHUME ITOXi-
JHUMHA 31 cTajguMu KoedillieHTaMu HACTYITHOTO BULJISIITY

M =P <8> w(z,t) +o(t)u(z), te[0,T], »cR"

ot 10z (1)

w(z,0) = ¢(x),

Jie:
— P(s) — xBajpaTHa MaTPUIA M X M, €JIEMEHTH sIKOI € IOJIHOMAMU;
o0

— BekTop-pyHKil u(z) Ta ¢(z) namsexars npocropy JI. Ilsapua S = [ C},

$,0=0
AKUI CKIIAJAETHCA 3 HECKIHYeHHO-In(EePEHIIHOBAHNX Ta MBUIKO CIATHAX (PYH-
kit (us. [4]);
— ckastgpHa dyHKIis v(t) € KyCKOBO-HEIepEepBHOIO, aje B JaHiit pobori Mu Oyie-
MO posrisaTi juie gynkiio v(t) = e 3 a > 0.

Bu3snauenns. Cucrema (1) HasMBa€ThCS HMOBHICTIO KEPOBAHOIO y IMPOCTODI
S, sikimo juist Oyup-sikoi yHKIGT @(x) € S icHye kepyBanHs u(z) € S Take, 10
po3B’s130K ganol cucremu w(-,t) € S 3amososbuse ymosi w(z,T) = 0.

2. Kpurepiii moBHOT KepoBaHOCTi

B crarti [3] 6ysa jroBesiena reopema.
Teopema. Cucrema (1) Gy/e 1moBHICTIO KepoBaHOW y HpocTopi S Tomi 1 TiibKi
TOJI, SIKIIO ICHY€ OOepHEHa MaTPHILs

-1

T
/exp(—at) exp (—tP(s))dt eC>,, VseR"
0

[ ole o]

e C, = () U C?; — npocrip Heckinuenno-audepenmiiioBannx OyHKIL, Sk
s=01=0

3pOCTAIOTH He MBu/IIe creneni (aus. [4]).

Hacaidok. fkimo BusHauynnk

T
A= det/exp (—=t(P(s) +aFE))dt #0, VseR",
0
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To cucreMa (1) 6y/e TTOBHICTIO KepOBaHOWO y IpocTopi S (E — onxuHUYIHA MaTpH-
1st).

Lle BunmBae 3 poboru [5], Je moBezeno, 1o 3 ymoBu A # 0 BUILIIBA€E HaJjle-
JKHICTB 00epHeHO! MaTpuri npocropy C°% .

YMoBa HaCTIIKY eKBiBaJeHTHA HACTYIHIN yMOBI

exp (=T'(Aj(s) +a)) — 1
Aj(s) +

70, j=1m, (2)

ne Aj(s) — Bracui 3navenus marpuni P(s).

Teopema 1. (3azaavHuli kKpumepil xKeposarocmsi)
Hexati ichye nesid’emme o mare, uo 1o MHOACUNHAL

N;j={seR": Re)j(s)=—a}, j=1m
. . 2k
sukoHyromvca nepisnocmi Im;(s) # T k=41,42....

Todi cucmema (1) e nosnicmio xKeposaroio.

HoBemenus. Y cuiIy HaBeJeHHOTO HACTIAKY JOCTATHLO IEPEBIPUTH yMO-

2k
By (2), sika piBHO3Ha4YHA TOMY, 1m0 Rel;(s) # —a abo ImA;(s) # Tﬂ

A 1e, B cuity ymoBi TeopeMu, BUKOHAHO.
Teopema dosedetria.
Ilpuknan 1. Posrasgaemo cucremy

&Ula(x’t) = dwo(x,t) + Aws(z,t) + uy(x)e™ ™,
5 (t " , xeR"
% = 2wy (z,t) + Aw (z,t) + uz(z)e”*

4 — 2
Bamnumemo marpuiio P(s) mist panoi cucremu P(s) <_E§2 _]28’ )7 e

n
|s|*= ];1 s?. Toni xapaxrepucruime pisusnms Mae surysg A2 —2A—|s[4+4|s2 = 0.

Moro koperi Aja(s) = 1+ /[s|* — 4[s[2+1=1 + 1/(|s|2 — 2)* — 3 abo obupa

aiiieni, a6o komrutexcni 3 [Im;(s)| < /3.

2k
Orzke, Hanpukiaz, npu I’ = 1 Bukonyerbest ymosa Teopemu 1: ImA;(s) # TW,

k=41,42, ..., To6TO cucTeMa MOBHICTIO KEPOBAHA.

Teopema 2. (ymosa Hexeposarocmi)

Axwo npu 6ydo-axur snavennar o > 0 icnye s € R™ i icnye snavenna Aj(so)

2k
maxe, wo Re)j(sp) = —a ma ImA;(sg) = Tﬂ 3 dearxum yiaum k, modi cucme-

ma (1) € nexeposaroro.
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Hosenenus. lle Bumimsae 3 Toro, mo He BUKOHAHA yMoBa (2).

IIpuknan 2. Posriasgaemo cucremy

—at

Owr (21, 19, t
M:wz(:pl,m,t)—i—ul(m)e :

ot
Ows(x1,x0,1 Ows(x1, T2,
—2( L2 ) :—Aw1($1,$2,t)+2 2( 12 )+ ( )
ot 0xy
0 1
Tak sik MaTpurg st JaHOI cucreMu Mae BUDsi P(s 2 52 % TO
1

XapaKTepucTuIHe piBHAHHA Oyne Takum A2 — 2isi\ — 57 — 53 = 0.

Moro xopemi A 2(s) = is1 £ s9. Tomy y piBasani T'(is1 — s2 + ) = 2kmi 3aBxKu
e . { 51 = 2km /T,
Oyze aificHuii Kopinb . — o , & 3HAUYUTh, CUCTEMA He € KePOBAHOIO.
2 p—
B npoMy BUIIJKy KepyBaHHSI CJILJ IIYKATH B 1HIIOMY BHIJISII.
Tak, B pobori [3] Gys10 j0BejIeHO, 110 PiBHSIHHS
Own (x,t) 0
—2 > =P —=— |w(x,t) +u(z,t), z€R" tel0;T
o D) e t) + (e 0:7)

3aBXK 1M TMOBHICTIO KepoBame B mipoctopi JI. [IIBapra 3 kepyBamHsIM

u(z,t) = F; <exp(]j?./’P~(]S%)e‘lf(is))) — exP (itImP(s))) ,

ne F71 — obepuene nepersopennsa ®yp’e mo 3MiHHOT §.

Ilpuknam 2-1. Posriisnemo piBHSIHHS

Qwi(x1,9,t)  Pwi(wy,x9,t)  Pwi(w1, w2,1)

ot - 0z? ox3

owy (z1,x2,t) owi (x1,x2,1t)

_— L 7 b2 R S A
0z 0z2

B nanHOMYy piBHSTHHI:

— P(S) = —S% + S% + ’iblsl + ibQSQ,

— ReP(s) = —s2 + 53,

— ImP(s) = 6181 + 5282

+b1 . —|—u($1,$2,t), blabQ eR.

—s% + s% = —q,

Cucrema 2km  3aBXKJU Mae€ JiificHi KopeHi, TOMy He icHY€
bisi + basy = T

KepyBaHHs BUrIsALy u(x)e . Ase icnye kepyBaHHs

—s?+52) - ¢(s
u(w,t) = F;1 <e£(p71’(+ E)S;)O( )1 ~exp(it (bys1 + b2$2)> =

2 2
_ - B _ s5 — 87
G1(7) x p(x1 — bit, m2 — bat), me Gi(z) = Fj (expT(s% ) —1)°
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[IpH sIKOMY Iie PIBHSHHS MTOBHICTIO KepoBane y mpoctopi JI. IlIapra.
3. Okpemi Bumaaku

3 Teopemu 1 BUILINBAE Psif BAXKIUBUX HACIIKIB.

Hacaidox 1. dxmo cucrema (1) kopekrna 3a Ilerposcbkum [6], ToGTO
Rej(s) < C, abo Re)j(s) > —C 3 gesikum C' jist 6ynp-sikux s € R™ ta j = 1,m,
TO BOHA € IIOBHICTIO KEPOBAHOIO.

2k
Hosenenns. Ilepesipumo ymoBy \j(s) + a # Tﬂ- mpu k # 0.

dAxmo Re)j(s) < C, 1o icaye o > C npu sikuit Re)j(s) # «, 10610 HepiBHIiCTH
noBesieHa. TaKMM 9MHOM, TBEDJIZKEHHS! JIOBEJIEHO.

IIpuknan 3. (piBHAHHS 3BYKY y B’SI3KOMY CEepeJOBMIIL])

POED) — o, 1)+ wa (e,
ot
ana(:’t) = 2Aws(x,t) + Awy (z,t) + ug(x)e .

Xapakrepuctuine pisnsaEe Mae Burasag A2 + 2|s|?A + |s|? = 0.
Moro wopeni A1 2(s) = —|s]? = /Is|* — |s]2 = —|s|> & |s] /|52 — 1.

Ilpu |s| > 1 kopewni aiiicui 1 max Re);(s) < 0, a npu |s| < 1 xopeni komIiekcHi
J
ta max Re);(s) = 0. To6ro cucrema kopekrHa 3a IleTpoBchKIM.
J

Hacwidox 2. fxkmo x € R, 1o cucrema (1) 3aBK/¢ HOBHICTIO KepoBaHA 3
JeSKIM (.
HoBenenns. 3amepedeHHst yMOBH (2) eKBiBaJIe€HTHO CHCTEMI

ReXj(so) = —a,
2km
ImA](SO) == T

3 JIeIKUM j Ta JIHCHUM S().
Bumaiok ziiicHix BiacHuX 3HaYeHb OyB po3risHyTHii B poboti [3]. Tomy posriis-
HeMO TilbKN BHIAJOK, Ko ImA;(sg) # 0.

Jlpyre piBHSHHS CHCTeMH Ma€ KiHrenBe abo 3/lideHy KiabKicTh HymiB mpu ¢i-
KCOBaHOMY k, a BChOT'O ITUX KOPEHIB — 3jliueHHa MHOXKUHA S € R. Tosi MHOXKMHA
sHadeHb Re\j(sy) Tex 3iiiueHHa i TOMY 3aBK/H 3HAIETBCS Take «, IPU SKOMY
Re)j(sk) # —a. Buaunts icnye a € R Take, 10 BUKOHYETbCA yMOBa (2), & OTKe
CUCTEMa KEPOBAHA.

3. Bucuosku

VYV nauiit pobOTi I0Be/IEHO 3araJbHUI KpUTEPiit KEPOBAHOCTI /IJIsT CUCTEM JIHIiH-
HUX JudepeHIliaJbHuX PiBHIHb 3 YaCTUHHUMU HoxijgHuMu y npocropi JI. [IBapia

3 KepyBaHHsIM BUTIs Ty u(x)e” L.
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Takoxk 3HalIeH] YMOBU HEKEPOBAHOI CHCTEMU Ta HABEJEH IIPUKJIA] TAKOI Ch-
CTEMU.

Kpim Toro posrisinyTi Baxk/ MBI OKpeMi BUIIAIKN KEPOBAHUX CUCTEM: KOPEKTHI
3a [lerpoBchbkuMm cucremu Ta Oy/Iib-Ki CUCTEMU 3 OJIHIEIO ITPOCTOPOBOIO 3MIHHOIO.

Jutst BCix BUIIAIKIB HaBEIEHI TPUKJIAIN.

ORCID ID
A. A. Makarov https://orcid.org/0000-0002-9050-4987

REFERENCES

1. G. M. Sklyar, L. V. Fardigola. The Markov trigonometric moment problem in
controllability problems for the wave equation on a half-axis, Matem. Fizika,
Analiz, Geometriya, 2002. — Vol. 9, No. 2. — P. 233-242.

2. L. V. Fardigola. Controllability Problems for the String Equation on a
Half-Axis with a Boundary Control Bounded by a Hard Constant, SI-
AM J. Control Optim., — 2008. — Vol. 47, No. 4. — P. 2179-2199.
https://doi.org/10.1137,/070684057

3. A. A. Makarov. Controllability of evolution partial differential equation, Vi-
snyk of V. N. Karazin Kharkiv National University, Ser. “Mathematics,
Applied Mathematics and Mechanics”, — 2016. — 83. — P. 47-56. DOI:
https://doi.org/10.26565,/2221-5646-2016-83-04 (in Russian).

4. L. R. Volevich, S. G. Gindikin. Distributions and convolution equations. 1994.
Nauka, M., 336 p. (in Russian). in English: 1992. Gordon and Breach, Phi-
ladelphia, xi4+465 p., ISBN 2-88124-753-9

5. L. V. Fardigola. An integral boundary-value problem in a layer for a system
of partial differential equations, Mat. sbornik, — 1995. — Vol. 186. — No. 11. —
P. 123-144. (in Russian) English translation: Sbornik: Mathematics, — 1995.
— Vol. 186. — No. 11. — P. 1671-1692

6. I. N. Gelfand, G. E. Shilov. Some questions of the theory of differential equati-
ons. 1958. Physmatgiz, M., 275 p. (in Russian).

KepoBanicTh cucrem JginifiHux audepeHniaabHIX
PiBHSHBb 3 YACTUHHUMMU TMOX1THUMMU
Maxkapos O. A.
Xapxiscorut naytonasvrul ynisepcumem im. B. H. Kapasina

Mm. Ceobodu, 4, Xapxie, Yxpaina, 61022
OcranHiM 9acoM Teopisi KEPOBAHOCTI BUBYAJIAcAd B baraTbox poborax. Ajie duMasio 3
HUX IIPUCBSYEHO KEPOBAHMM CHCTEMaM, siKi OIUCYIOThCSI 3BUYAMHUME JIMpepPeHIialbHI-
MU PIBHSHHSMU. Y BUIAJKY CHCTEM, sIKi ONUCYIOTHCS JU(EPEHIIAIBHUMY PIBHIHHSIMI
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3 YACTUHHUMHU TOXITHUMHU, BOHU BUBYAJIUCA 3/1€01IbINOTO /I KJIACHIHAX PiBHIHDL Ma-
TemaTudHOl disuku. Hanpukiamn, y podorax I'. Ckisipa i JI. @apaurosu 6yj0 BUBYEHO
IpobJIeMI KEPOBAHOCTI /I XBUJILOBOTO PIBHSIHHS Ha IIiB OCi.

V wniit poboTi npobiieMy TOBHOI KEPOBAHOCTI BUBYEHO JIJIsi CUCTEM JIHIHHUX Jndepen-
IiaJIbHUX PiBHsIHB 31 crajgmmu KoedirienTamu B mpocropax [IIBapria mBHUIKO CIIaIHUAX
dyukmiit. OpepkaHo HEOOXiHI 1 JOCTATHI YMOBU IIOBHOI KEPOBAHOCTI IIUX CUCTEM 3 PO3-
HOJIJIEHUM KepyBaHHAM ClelliajbHoro BUrasty: u(z,t) = e~ *u(x).

Jutst ToBeieHHs X YMOB OyJI0 BUKOPUCTAHO iHII HEOOXi IHi 1 TocTaTHi yMOBH, OJ1€p-
»kaHi aBTopoM pamximie (nus. pobory “Keposanicrs esosmoniiinoro qudepeHiajbHoro pis-
HfHHS B YaCTHMHHUX moXimunx . Bicamk XapKiBChKOrO HAIIOHAJBLHOTO YHIBEPCUTETY iM.
B.H. Kapagina. Cepis “Maremarnka, npukjaana Matremaruka i mexanika”. 2016. T. 83,
c. 47-56 [3]).

Tak cucrema

dw(,t)

_ 3 —at n
5 _P(zﬁx) w(z,t) + e u(x), te€[0,T], x€R", (1)

€ TIOBHICTIO KepoBaHoio B ripoctopi IlIBapra, skio icaye o > 0 Take, 1mo

det (/Texp(t(P(s) + aFE)) dt) #0, scRY.
0

Ila ymoBa exkBiBasieHTHA HACTYIHIN yMOBi: icnye o > 0 Take, 1Mo

exp (= T(\j(s)+a)) #1, saxmo (\;(s)+a) #0, seR" j=1,m,

ne \;j(s), j = 1,m, e Bracuumu 3nadenusvu Marpuni P(s), s € R™.

Takox mocmigxeHo oxkpemmii Bumanok cucremu (1), mas axol Re);(s), s € R,
j = 1,m, € obmexkeHuMu 3Bepxy abo 3uuzy. Hanpukia, cucremu (1), ki € KOpeKTHUMI
3a [leTpoBchbKuM, € MOBHICTIO KEPOBAHIMU.

OzepkaHO TAKOXK YMOBHU iCHyBaHHs cucTeMu Buriismy (1), sika He € MOBHICTIO Kepo-
Banow. Haseneno mpukian takol cucremu. [Ipore, sIKmo KepyBaHHS 33/IaHOTO BULJISLY
He ICHy€, TO MOXKE€ iCHyBaTH KEepyBaHHS iHIIIOrO BUTVISIYy. IIpukimam, 1Mo igocTpye meit
edeKT, TaKOXK HABEIEHO B POOOTI.

KirrodoBi csioBa: moBHa KepoBaHICTh; 3ama4da Kori; mepersopenns Oyp’e.

Controllability of systems of
linear partial differential equations
A. A. Makarov
V. N. Karazin Kharkiv National University,
4 Svobody sqr., Kharkiv, 61022, Ukraine
In a number of papers, the controllability theory was recently studied. But quite a few
of them were devoted to control systems described by ordinary differential equations. In
the case of systems described by partial differential equations, they were studied mostly
for classical equations of mathematical physics. For example, in papers by G. Sklyar and
L. Fardigola, controllability problems were studied for the wave equation on a half-axis.
In the present paper, the complete controllability problem is studied for systems
of linear partial differential equations with constant coefficients in the Schwartz space of
rapidly decreasing functions. Necessary and sufficient conditions for complete controllabi-
lity are obtained for these systems with distributed control of the special form:
u(z,t) = e *tu(x).
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To prove these conditions, other necessary and sufficient conditions obtained earlier
by the author are applied (see “Controllability of evolution partial differential equati-
on”. Visnyk of V. N. Karasin Kharkiv National University. Ser. “Mathematics, Applied
Mathematics and Mechanics”. 2016. Vol. 83, p. 47-56 [3]).

Thus, the system

ow(z,t)

B 5, —at n
(‘3tp<i8x>w(x’t)+e u(z), te€l0,T], z€R", (1)

is completely controllable in the Schwartz space if there exists a > 0 such that

det (/OTexp (—t(P(s) + aFE)) dt) #£0, scRY.

This condition is equivalent to the following one: there exists a > 0 such that

exp(*T(AJ(8)+a))7ﬁl if ()\](S)+0[)7£0, SGR”, ]Zlama

where \;(s), j = 1,m, are eigenvalues of the matrix P(s), s € R".

The particular case of system (1) where Re);(s), s € R, j = 1,m, are bounded
above or below is studied. These systems are completely controllable. For instance,
if the Petrovsky well-posedness condition holds for system (1), then it is completely
controllable.

Conditions for the existence of a system of the form (1) which is not completely
controllable are also obtained. An example of a such kind system is given. However, if
a control of the considered form does not exists, then a control of other form solving
complete controllability problem may exist. An example illustrating this effect is also
given in the paper.

Keywords: complete controllability; Cauchy problem; Fourier transform.
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