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It is proposed the generalized numerical based approaches to optimal control
the heat conduction processes based on solving the especially built ordinary di-
fferential equations. The example of using the proposed approaches is discussed
and it is shown that using these approaches can allow to decrease almost twice
the transient time required for heating-up structures.
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1. Introduction

The optimal control of the heat conduction processes is the in current interest
scientific problem due to its relations with the global challenges of rational usi-
ng the different kinds of power equipments by means the integrating control and
design [1], by means introducing the new types of fuels like the biomass [1, 2], as
well as by means optimizing the thermal states during the industries processes [3]
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and others ways. The current state of the optimal control of power equipments
can be characterized as using the particular approaches for the particular tasks
[1, 2, 3] and as having no the all-accepted engineering approaches like using the
different kinds of governors for automation [4] for example. Considering these ci-
rcumstances, the optimal control of heat conduction processes are having a lot
attentions now [5, 6, 7, 8, 9, 10]. The most of existing research including the cited
above are about different mathematical approaches and results corresponding with
the optimal control. Really, the main difficulties of the optimal control problems
are in general due to necessity of consideration the transients between the di-
fferent states of researched systems which are defined by means the differential
equations usually. As the result of that, considering the optimal control requires
the complicated and often specific mathematical approaches in some cases like
in [11] for example. Thus, the mathematical complications significantly limit the
opportunities of engineering implementing the fundamental results existing in the
fields of of the optimal control. Besides, the most of known approaches are suitable
for the particular problems only and can not be used for engineering applications
usually.

It is clearly understood, the approaches based on the to be suitably
programmed numerical methods allowing to solve the problems using the
computers are the most useful for engineering applications of the optimal control.
Considering this circumstance, the purpose of this research is to develop the
generalized numerical based approaches to optimal control the heat conduction
processes useful for engineering applications. To realize this purpose, we will solve
the follows tasks:
• it will be proposed the generalized mathematical formulation of the problem

about the optimal control for the heat conduction processes represented by the
partial differential equation;
• to solve the problem about the optimal control for the heat conduction

processes it will be developed the numerical approaches based on reducing to the
especially built ordinary differential equations;
• the particular example of using the developed approaches will be considered

to illustrate their application technique.
All these will allow to give the clear representation of the proposed approaches

and the technique of their using to solve the engineering problems about the
optimal control of the heat conduction processes in different industrial systems.

2. The generalized mathematical formulation of the problem

To give the generalized approaches to solve the problem about the optimal
control of the heat conduction processes it is necessary to represent the generali-
zed but not particular mathematical formulation of the considered problem. Let
consider the heat conduction processes in the domain which is imagined as consi-
sting of the points of Euclidean space E3, and let denote as Υ and υ the sets of
the internal and boundary points P ∈ E3 of that domain (pic. 1a). We will choose
the arbitrary point O ∈ E3, and we will define each other point P ∈ E3 by the
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radius vector r =
→
OP (pic. 1a). The point P ∈ E3 defined by the radius vector r

will be noted as P (r) (pic. 1a). The temperature T can be different in each point
of the considered domain Υ

⋃
υ and it can be changing during the time t ≥ 0.

Thus, the temperature T depends both the r position vector both the scalar time
t so it can be represented as T = T (r, t).

Let the considered domain is having some given temperature field T = Tcur (r)
in some given current moment of the time t = tcur, but it is necessary to change
this temperature field of the considered domain so the temperature will be havi-
ng the required given field T = Treq (r) at the some undefined moment of the
time ttr defining the final of the transients, and it is necessary to find the opti-
mal control providing the required quality of the transients under the existing
restrictions on the temperature field during the transients. Such presented above
formulation represents the most general verbal description of the problem about
the optimal control of changing the temperature field of structures, but further
we will represent the formal mathematical formulation of this problem as it is
possible in general.

We will consider the most general case of the linear heat conduction processes
defining by the different typical kinds of thermal interacting on the considered
domain’s boundary (pic. 1b):

υ = υT
⋃
υq
⋃
υα, (1)

where υT is the part of the boundary υ having the given temperature as the result
of interacting with the surrounding environment; υq is the part of the boundary υ
obtaining the given heat flow from the surrounding environment; υα is the part of
the boundary υ having the given heat transfer with the surrounding environment.

Рiс. 1. The considered domain (a) and the constituents (b) of its boundary

It will be supposed, that it is exist the time dependent vector u = u (t)
consisted of some parameters and it is named as the control vector or just the
control which can have influencing on the temperature state of the considered
domain according with the well-known heat conduction principles:

c∂T∂t = λ∇2T +Q (r,u) ∀ P (r) ∈ Υ, t > tcur, (2)

T (r, tcur) = Tcur (r) ∀ P (r) ∈ Υ, (3)
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T (r, t) = Tυ (r,u) ∀ P (r) ∈ υT , t ≥ tcur, (4)

−λ~∇T (r, t) · n = qυ (r,u) ∀ P (r) ∈ υq, t ≥ tcur, (5)

−λ~∇T (r, t) · n = α (T (r, t)− Tα (r,u)) ∀ P (r) ∈ υα, t ≥ tcur, (6)

where c and λ are the heat capacity and the thermal conductivity of the material
of the considered domain; ∇2 is the Laplace operator; Q is the intensity of the
internal heat sources inside the material of the considered domain; Tυ is the given
temperature on the part υT of the boundary υ; ~∇ is the gradient of the scalar
field; n is the unit external normal vector to the boundary υ (see pic. 1b); qυ is
the given heat flow thru the part υq of the boundary υ; α is the heat transfer
coefficient thru the part υα of the boundary υ and Tα is the temperature of the
environment surround the part υα of the boundary υ.

It is necessary to note, the mathematical model (1)-(6) foresees the
temperature state can be changed by means the control vector only, so that
the depending of the temperature on the time is due to only the u = u(t).

Further, it will be required to find the control vector u so that in the some
undefined time moment t = ttr the temperature field in the considered domain
will become to given:

T (r, ttr) = Treq (r) ∀ P (r) ∈ Υ, t ≥ ttr. (7)

During the times tcur ≤ t ≤ ttr corresponding to the transients between the
current and required temperature states it is necessary satisfying some limitations.
The nature of such limitations can be different. These limitations can be due to
the strength restrictions considering with the thermal stresses or they can be
due to the finite power of the heating sources providing the control. It is really
impossible to foresee all possible kinds of limitations on the temperature state
and the control, but it is possible to imagine that such limitations are could be
reduces to some condition on the temperature and the control vector which must
be satisfied:

Θ (T (r, t) ,u (t)) = 0 ∀ P (r) ∈ Υ
⋃
υ, t ≥ tcur, (8)

where Θ is some function defining the limitations on the temperature state and
the control vector.

The limitations on the temperature state and on the control vector are
especially represented as (8) in this research to simplify the follows expositions
to represent the essence of the proposed numerical approaches for solving the
problem about the optimal control of the heat conduction processes. Really, in
general case it is possible to have such limitations represented by not the equality,
but by the inequality, it is possible to have several limitations like (8) and other
difficulties. At the same time, the most simple view (8) of these limitations is
fully sufficient to represent the general idea of the numerical approaches will be
proposed further, and different difficulties like due to inequalities for example or
others can be reduced separately.
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It is obviously that the required temperature field (7) can be achieved by a
lot of different controls u satisfying the limitation (8), but it is necessary to find
the optimal control providing the required qualities of the transients from the
current state (3) to the required state (7). It is impossible to foresee all kinds of
requirements to the transients and to formulate the most general form of their
mathematical representing. The most used requirement is the minimum time of
the transients, but to have understood about the power of the generality of the
proposed approaches it is necessary to give some general ways to formulate these
requirements to the transients. First of all, to formulate the requirements to the
transients it is necessary to consider some set υΨ of the points ∈ E3 defining some
part of the considered domain Υ

⋃
υ; to have the definiteness we will consider

further υΨ ∈ υ. Next, it is necessary to consider some function of the time:

ψT (t) =
∫
υΨ

Ψ (T ) dυΨ ∀ t ≥ tcur, (9)

where Ψ is some given function is needed to define the requirements to the transi-
ents.

The sense of the function (9) is predefined by the choosing the Ψ function. For
example, the function (9)will represent the power of heat flow thru the surface
υΨ in the case of Ψ (T ) = −λ~∇T . Finally, that relation (9) will help to formulate
the requirement to the transient as follows:

ϕ→ min : ϕ =
ttr∫
tcur

Φ (ψT ,u) dt, (10)

where Φ is some given function is also needed to define the requirements to the
transients.

Using the relations (9), (10) to define the requirements to the qualities of the
transients will allow to consider the different kinds of such requirements includi-
ng the minimal time of the transients, the minimal supplied power to realize
the necessary given transients and others. It will not be discussed in this research
because we will try to propose the generalized numerical approaches for solving the
problem about the optimal control of the heat conduction processes independently
to the kind of the particular formulations. Thus, we can give the generalized
formulation of the problem about the optimal control of the heat conduction
processes: the problem about the optimal control of the heat conduction processes
is in finding the control vector u allowing to transform the current temperature
state (3) to the required temperature state (7) so that it control vector provide the
qualities (9), (10) of the transients under the limitations (8) on the temperature
state (1)-(6). It is clearly understood, the initial and boundary conditions (3)-(6)
must satisfy some requirements providing the existence of the unique solution of
the initial-boundary-value problem (1)-(6). The required temperature field (7) also
cannot be arbitrary because this temperature field must be permissible for realizi-
ng. At the same time, all these restrictions are not discussed above. Nevertheless,
the presented above formulation (1)-(6) includes all necessaryitems to represent



30 I. Sh. Nevliudov, Yu. V. Romashov

the principal idea of the numerical approaches will be considered next. Some of
the restrictions necessary to provide numerical solving of the problem will be
specified next if necessary.

3. The generalized approach for numerical solving the problem

The engineering applications of the optimal control the heat conduction
processes require the numerical approaches because the analytical approaches are
possible in limited numbers of the particular cases and are not applicable for all
possible cases. Next, we will consider the principal ideas of some approach which
will allow in principle to solve numerically the problem about the optimal control
for the heat conduction processes. It is understood that each particular realization
of these principal ideas can include some specific difficulties will be different for
each considered particular problem and these difficulties cannot be foresaw under
considering the general formulation of the problem. Thus further, we will consi-
der actually the principal ideas of the numerical approach taking into account the
difficulties of solving the problem about the optimal control principally inherent
from the considered heat conduction processes, but we will not take into account
the possible particular features.

To propose the numerical approach it is necessary to understand that the most
principal difficulties of the optimal control of heat conduction processes are due
to the partial differential equation representing the model of these processes by
means the initial-boundary-value problem (1)-(6). Considering this circumstance,
first principal idea of the proposed approach to numerical solving is to reduce
the partial differential equation (2) to the ordinary differential equations. To do
this, it is possible to use the different known approaches, but we will use the well-
known method of grids. Following this method, we will introduce the grid as the
set of predefined n nodal points of the considered domain defined by the following
radius vectors:

rk ∈ Υ
⋃
υ, k = 1, 2, ..., n, (11)

where rk is the radius vector defining the nodal point with the number k.
To having the grid (11), we can introduce the vector of the nodal values of

the temperature:
xn (t) = (T1 (t) T2 (t) ... Tn (t))T , (12)

where Tk (t) = T (rk, t) , k = 1, 2, ..., n and T is the transpose symbol.
Using the vector (12), and the well-known finite differences technique we can

reduce the partial differential equation (2) with the boundary conditions (4)-(6)
to the ordinary differential equations with the initial conditions occurring from
the initial condition (3) as follows:

dxn
dt = Anxn + Bnu, xn (tcur) = xn(cur), (13)

where An and Bn is the matrices built by using the finite differences for the
initial-boundary-value problem (1)-(6) and the grid (11) and the nodal values
(12); xn(cur) = (Tcur (r1) Tcur (r2) ... Tcur (rn))T .
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The discrete representation (13) of the temperature state (1)-(6) is due to the
significant assumption about linearly of the initial-boundary-value problem (1)-
(6). Thus, we have the ordinary differential equations with the initial conditions
(13) representing the discretisation of the initial-boundary-value problem (1)-(6).
Due to this circumstance, we can solve numerically the Cauchy problem (13) by
using any known numerical method, like the Runge-Kutta methods, for all given
control vectors u. At the same time, the problem about the optimal control is in
finding the optimal control which will allow transforming the current state (3) to
the required state (7) under the limitation (8) and providing the optimal transient
(9), (10). Thus, the grid (11) and the nodal values (12) will allow to reduce the
condition (7), the limitation (8) and the requirement (9), (10) to the transients
to the following views respectively

xn (ttr) = xn(req), (14)

Θn (xn (t) ,u (t)) = 0 ∀t ≥ tcur, (15)

ϕn → min : ϕn =
∫ ttr
tcur

Φn (xn,u) dt, (16)

where xn(req) = (Treq (r1) Treq (r2) ... Treq (rn))T ; Θn and Φn are the discrete
representations of the relation (8) and (9), (10) respectively.

The problem about the optimal control of the heat conduction processes is
reduced to the finding the optimal control u which will allow transforming the
current state defined by the initial condition (13) to the required state (14) under
the limitation (15) and providing the optimal transient (16) for the temperature
state defined by the Cauchy problem (13). We must finding the control vector
u as the function of the time t, but the most general approach to find some
unknown function is to formulate the ordinary differential equation and the initial
conditions so that this unknown function will be the solution of the corresponding
Cauchy problem because it is possible to use the well-known numerical methods
for to solve that problem. Thus, second principal idea of the proposed numerical
approach to solving the problem about the optimal control of the heat conduction
processes is in defining the unknown control vector as the solution of the follows
Cauchy problem:

du
dt = p (t,u) , u (tcur) = ucur, (17)

where p is some function defining the permissible velocity of the control vector
and ucur is the permissible control vector at the time moment t = tcur.

It is naturally, finding the control vector by solving the Cauchy problem (17)
requires having the permissible velocity p and the permissible initial ucur of the
control vector u. To find the initial permissible control vector ucur we will use the
condition (15) which will be reduced using the initial conditions from the Cauchy
problems (13) and (17) as follows:

Θn

(
xn(cur),ucur

)
= 0. (18)
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The relation (18) will allow building the equations necessary to find the initial
permissible control vector ucur, but view of these equations and technique of their
building is significantly defined by the view of the relation (18) predefined by the
constraint (15). It is seems, to find the initial permissible control vector ucur the
relation (18) in general can be resolved approximately only and the least squares
method can be used for it because it will allow to have the necessary number
of the equations. In some particular cases the relation (18) will give directly the
necessary equations necessary to find exactly the control vector ucur as will be
shown further on the considered example. To find the permissible velocity p of
the control vector we will use the the condition (15), but it had been especially
transformed as follows:

∂Θn
∂xn

dxn
dt + ∂Θn

∂u
du
dt = 0 ∀ t ≥ tcur. (19)

Taking into account the relation (19), we can suppose that

∂Θn
∂xn

= vTn (xn,u) , ∂Θn
∂u = wT

n (xn,u) , (20)

where vn and wn are some vector functions.
The introduced vector functions (20) allow having the suitable representing

the relation (19) and it will help formulating the condition to find the permissible
velocity of the control vector:

vTn (xn,u) dxndt + wT
n (xn,u)p = 0 ∀ t ≥ tcur. (21)

The reduced relation (21) allows to build all necessary equations to approximately
find the permissible velocity p of the control vector by using the least squares
method in a general case. Really, the least squares method will lead to the linear
algebraical equations:(

vn · vTn
)
· dxndt +

(
wn ·wT

n

)
· p = 0 ∀ t ≥ tcur. (22)

Solution of the linear algebraical equations (22) can be represented by using the
inverse matrix as follows:

p = −
(
wn ·wT

n

)−1 ·
(
vn · vTn

)
· dxndt ∀ t ≥ tcur. (23)

It is clearly understood that the permissible velocity p of the control vector from
the differential equation (17) is defined by the relation (23) considering with the
Cauchy problem (13), which will allow defining the vectors xn and dxn

dt for the
given time t and the given control vector u.

The control vector defined by the Cauchy problem (17) will allow infinite
changing the temperature state not violating the limitation (15), if the velocity of
this control vector will be defined by the relations (23) with the Cauchy problem
(13) and the initial control vector will be defined by the relation (18). At the
same time, it is not required to change the temperature state infinitely, but it is



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том92 (2020) 33

required to change the temperature state finitely to the given state defined by the
relation (14). Thus, in some time moment t = tswit is necessary to change the
velocity of the control vector and this changing can be imagined as switching. To
find the switching time tsw, it is necessary first of all to define the required control
vector and to do this we will use the mathematical model (13) of the temperature
state as well as the required temperature state defined by the condition (14). As
the result of all this, we can write the condition for defining the required control
vector providing the required temperature state (14) as follows:

Anxn(req) + Bnureq = 0, (24)

where ureq is the required control vector providing the required temperature state
(14).

The permissible kind of the required temperature field Treq used in the condi-
tion (7) was not defined above in the general formulation (1)-(10) of the problem
about the optimal control of the heat conduction processes. At the same time,
it is obviously, that the required temperature field cannot be arbitrary and must
providing the unique solution of the considered problem including. Let assume,
that the required temperature field is such so it is existed the unique control vector
ureq will be satisfied the relation (24). This assumption can be imagined as the
principal possibility of providing the required temperature field (7) represented
thru its discretisation (14) by means the control vector u. Let define the time
moment t = tsw so to satisfy the follows condition:

vTn (xn,u) dxndt + wT
n (xn,u) (ureq − u) δ(t− tsw) = 0, (25)

where xn, u, dxn
dt are all defined at the time moment t = tsw4 δ is the Dirac

function.
Using the relations (24), (25) we can formulate the third principal idea of the

proposed approach to solve the problem about the optimal control of the heat
conduction processes. This third principal idea is to satisfy the limitation (15)
and the condition (14) defining the required temperature state by formulating
the Cauchy problem to find the control vector as follows (pic. 2):

du
dt =

{
p (t,u) , tcur ≤ t ≤ tsw
(ureq − u) δ(t− tsw), t > tsw

, u (tcur) = ucur. (26)

The switching time tsw involved to the differential equation (26) is defined
thru the relation (25) of course, and it is naturally to suppose that this relation
(25) will allow finding the set of the time moments tsw which are the set of the
discrete or continuous values in some interval:

tmin
sw ≤ tsw ≤ tmax

sw , (27)

where tmin
sw and tmax

sw are some minimum and maximum values of the switching
times tsw satisfying the relation (25).
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Рiс. 2. Defining the velocity of the control vector

Solving numerically the Cauchy problem (26), we can choose the switching
time tsw arbitrary from the interval (27) and we will can estimating the transient
time ttr corresponded this choice. Thus, by numerical solving the Cauchy problem
(26) for the different chosen switching times tsw, we can build the function:

ttr = ttr (tsw) . (28)

This function (28) with the requirement (16) to the transients will allow to have
the follows function:

ϕn = ϕn (tsw) . (29)

Fourth principal idea of the proposed numerical approach to solve the problem
about the optimal control the heat conduction processes is to minimize the
approximately built function (29) inside the interval (27).

4. Example about the optimal control of the heat conduction

The discussed above generalized numerical approach to solve the problem
about the optimal control the heat conduction processes is included only the pri-
ncipals ideas, but somethings are not fully presented, because it can be specified
only considering to the each particular problem. Really, the approaches for defin-
ing of the permissible velocity using the relation (21), the required control vector
using the relation (24) as well as the switching time from the relation (26) is not
clear from the presented above principle ideas. Such approaches can have the di-
fferences for each particular case, but the proposed general scheme based on the
discussed above the principal ideas is same for the different kinds of the problems
about the optimal control the heat conduction processes. The follows example
will show the possible application of the discussed above principal ideas as well
as influencing the particulars on the solving process.

As example, we will consider the problem about the optimal control of heating-
up the planar wall (pic. 3a) representing the typical structures of the thermal and
nuclear power plants. We will assume that the heat flow is existed only along the
direction of the plane wall thickness, the initial temperature field of the planar
wall is uniform, the temperature state of the planar wall is controlled by the
temperature of one edge of this wall, but second edge has the thermal isolation
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(pic. 3a). Corresponding these assumptions, the temperature field T = T (z, t) is
depended on the z coordinate along the thickness of the plane wall (pic. 3a) and
on the time t ≥ 0, and the generalized mathematical formulation of the problem
(1)-(6) will be reduced to the follows [12]:

Υ : 0 < z < l, υT : z = 0, υq : z = l, υα = �, (30)

∂T
∂t = a∂

2T
∂z2 , ∀0 < z < l, t > 0, (31)

T (z, 0) = Tcur, ∀0 < z < l, (32)

T (z, t) = u (t) , z = 0, ∀ t ≥ 0, (33)

∂T
∂z (z, t) = 0, z = l, ∀ t ≥ 0, (34)

where l is the thickness of the planar wall (pic. 3a); a is the temperature conducti-
on coefficient of the structural material of the planar wall; Tcur = const is the given
current temperature at the time moment t = 0; u is the control.

Рiс. 3. The planar wall (a) and discretisation of their temperature state (b)

Further, we will find the control u so that in the some undefined time moment
t = ttr the temperature field of the considered planar wall will become to given:

T (z, ttr) = Treq ∀ 0 ≤ z ≤ l, t ≥ ttr, (35)

where Treq = const is the given required temperature so that Treq > Tcur.
During the times 0 ≤ t ≤ ttr corresponding to the transients between the

current and required temperature states it is necessary satisfying the strength
restriction which can be represented for the planar wall as follows:

|u (t)− T (l, t)| ≤ 2[σ]
Eβ ∀ t ≥ 0, (36)

where [σ], E and β are the the given permissible stress, the Young’s modulus
and the temperature expansion coefficient of the structural material of the planar
wall.
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The nature of the strength restriction (36) is not for discussing in this research,
but it is necessary to note that this restriction (36) represents limiting of the
temperature stresses on the planar wall with the fixed edges z = 0 and z = l
under the temperature field with the linear distribution along the thickness.

The requirement (9), (10) on the transients will be reduced in this example to
one of interesting particular cases corresponding to the high speed performance
problem:

ttr → min. (37)

Thus, we have the enough correspondence between the generalized formulation
(1)-(10) and the considered particular example (30)-(37).

Following the proposed approach, we will introduce the grid with n nodes
inside the interval 0 < z < l as show on pic. 3b; this grid will have the n+2 nodes
with the coordinates which will allow introducing the temperature nodes values:

zk = k ·∆z, Tk (t) = T (zk, t) , k = 0, 1, 2, ..., n, n+ 1, (38)

where zk is the coordinate of the grid node and Tk is the nodal value of the
temperature all corresponded with the grid node number k; ∆z = l

n+1 is the step
of the grid.

We will use the follows well-known formulas for approximate differentiating:

∂2Tk
∂z2 =

Tk−1−2Tk+Tk+1

∆z2 , ∂Tk∂z =
3Tk−4Tk−1+Tk−2

2∆z . (39)

The boundary condition (33) and second formula (39) with the boundary condi-
tion (34) allows to write:

T0 = u, Tn+1 = 4
3Tn −

1
3Tn−1. (40)

First formula (39) can be used for the "internal"nodes k = 1, 2, ..., n only, but
and formula (17) is used to exclude the temperature Tn+1 in the equation for the
k = n node. As the result, we will obtain the discrete approximation of the heat
conduction problem (30)-(34) in the form (13) in which we will have [12]

xn (t) = (T1 (t) T2 (t) ... Tn (t))T ,u = (u), (41)

An = a
∆z2



−2 1 0 0 0 . . . 0 0 0 0
1 −2 1 0 0 . . . 0 0 0 0
0 1 −2 1 0 . . . 0 0 0 0
0 0 1 −2 1 . . . 0 0 0 0
...

...
...

...
...

. . .
...

...
...

...
0 0 0 0 0 . . . 1 −2 1 0
0 0 0 0 0 . . . 0 1 −2 1
0 0 0 0 0 . . . 0 0 2/3 −2/3


, (42)

Bn = a
∆z2

(
1 0 0 0 0 . . . 0 0 0 0

)T
, (43)
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xn(cur) =
(
Tcur Tcur . . . Tcur

)T
. (44)

Thus, we have the discrete approximation (38)-(44) of the considered heat
conduction process (30)-(34) and this discrete approximation (38)-(44) is the
similar to the general representation was discussed previously in the proposed
approach. Using the discrete approximation (38)-(44) of the considered heat
conduction process, we can reduce the conditions (35), (36) regarding the general
approach as follows:

xn(req) =
(
Treq Treq . . . Treq

)T
, (45)

∣∣u (t)−
(

4
3Tn(t)− 1

3Tn−1(t)
)∣∣ ≤ 2[σ]

Eβ ∀ t ≥ 0. (46)

It seems, the condition (46) is not same kinds than the considered above relati-
on (18), but we show that the condition (46) will be reduced to the view
(18). Really, from the physical sense of the considered particular problem we
have u (t) ≥

(
4
3Tn(t)− 1

3Tn−1(t)
)
. Besides, corresponding to the high speed

performance problem (37), we can to reduce the inequality in the relation (46) to
the equality. As the results of all these, we can reducing the relation (46) to the
follows view:

u (t)−
(

4
3Tn(t)− 1

3Tn−1(t)
)

= 2[σ]
Eβ ∀ t ≥ 0. (47)

The condition (47) is the same kind that the condition (18). Defining the required
control ureq is significantly simpler in this considering example comparing the
general case (24):

ureq = Treq. (48)

Using the condition (47) with the relation (48), and we can beginning to build the
resolving Cauchy problem generally represented above as (26). In this consideri-
ng example, the resolving Cauchy problem generally represented as (26) will be
reduced to one ordinary first order differential equation with the initial condition:

du
dt =

{
wT
n
dxn
dt , 0 ≤ t ≤ tsw

−γ (u(tsw)− ureq) eγ(tsw−t), t > tsw
, u (0) = 2[σ]

Eβ + Tcur, (49)

where wT
n = (0 0 . . . 0 − 1/3 4/3); γ = 10 is some numerical parameter used

for the exponential approximating of the Dirac function.
The Cauchy problem (49) in this considered example is principally similar to

the Cauchy problem (26) in the general case. At the same time, it is necessary to
define the switching time t = tsw in the Cauchy problem (49). To do this, we will
use the analogue of the relation (25) which in this particular example can having
the follows view:

T (zm, tsw) = Treq, (50)

where m is the integer number can be chosen as m = 0, 1, 2, ..., n, n+ 1.
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The correspondence between the particular relation (50) ant its general
representation (25) is really not clear at once, but it is can be understood that the
relation (50) will satisfy the general formulated relation like (50) form the physi-
cal meaning of the considered problem and it will be shown on the computational
results. In any case, we can use the any of the relation (50) corresponding to any
value m = 0, 1, 2, ..., n, n + 1 and to have the numerical solution of the Cauchy
problem defined thru the relations (13), (41)-(44), (49), (50). As result of havi-
ng such numerical solutions, we can find the transient time ttr for any values
m = 0, 1, 2, ..., n, n+ 1:

ttr = ttr (m) , m = 0, 1, 2, ...n, n+ 1. (51)

Thus, to solve the problem about the optimal control in this particular case of the
high speed performance problem (37) it is necessary to minimize the numerically
built function (51).

Further, we will consider some results of computer simulations for the follows
input data:

a = 15 · 10−6 m/s, l = 0, 02 m, Tcur = 290 K, Treq = 790 K,
β = 10−5 1/K, E = 195 GPa, [σ] = 160 MPa. (52)

To make the computer simulations we will use the well-known and widely
used 4 order Runge-Kutta method. All further shown and discussed results are
corresponded to the count n internal grid nodes (see pic. 3b) and to the fixed time
integrating step ∆t which are defined as follows:

n = 31, ∆t = 0, 01s. (53)

Some results of computer simulations using the proposed numerical approach are
presented on the pic. 4. The fastest heating up of the planar wall is provided for
the optimal control u corresponding to the value m = 18 as shown on the pic.
4a. We can see (pic. 4a) that the minimal value ttr corresponding to the optimal
control u with the value m = 18 is approximately twice smaller than the worse
results, corresponded to the controls with the values m = 0 and m = 32, and this
circumstance illustrates the possible effect of optimization the control for industri-
es applications. The differences between the optimal control u corresponded to the
value m = 18 and the worse controls u with the values m = 0 and m = 32 can
be imagined from the pic. 4b. We can see that the control u corresponding to the
value m = 0 is worse due to premature stopping of increasing the temperature
on the edge z = 0, but the control u corresponding to the value m = 32 is worse
due to latecomer stopping of increasing the temperature on the edge z = 0; the
optimality of the control u corresponded to the value m = 18 is due to choosing
the optimal moment of stopping of increasing the temperature on the edge z = 0.
It is obviously, the optimization result is significantly depended on the value n of
the grid’s nodes, but the values (53) are seemed as sufficient in this research to
show the technique of using the proposed generalized approaches.



ВiсникХНУ, Сер. «Математика, прикладна математика i механiка», том92 (2020) 39

Рiс. 4. The optimizing process (a) and some of possible controls (b)

5. Conclusions

This research allow to represent and to generalize the results obtained during
last three years, including the previous published results [12].
• It was proposed the generalized mathematical formulation of the problem

about the optimal control for the heat conduction processes represented by the
partial differential equation. At the same time, the proposed formulation not
includes the necessary clarifications about the conditions which must be satisfied
by the current and the required temperature fields, because it was difficult to
imagine the possible origin of such conditions. Nevertheless, during the further
generalized solving the formulated problem, it was established that the current
and required temperature fields must be agreed with the mathematical model of
the heat conduction processes so that to have possibilities to provide uniquely
these temperature fields by means the control vector. It is necessary to carefully
research this further.
• To solve the problem about the optimal control for the heat conduction

processes it was developed the numerical approaches based on reducing to the
especially built ordinary differential equations and minimization problem. This
reducing is based on discretisation the heat conduction problem and on defin-
ing the unknown control vector as the numerical solution of the especially built
Cauchy problem. To satisfy all limitations it is proposed to build the permissi-
ble velocity of the unknown control vector considering with the requirements of
necessary switching in some moments of the time. The proposed approach includes
some particulars which cannot be discussed for the generalized formulations and
must be resolved for each particular case. Considering these circumstances, it is
necessary to clarify further the proposed numerical approach to provide the most
universal satisfying the current and required temperature fields as well as the
restrictions on the transients.
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• The particular example of using the developed approaches will be consi-
dered to illustrate the application technique. It was shown that the proposed
generalized mathematical formulation is fully corresponded with the considered
particular example. It seems that uniform temperature fields used to define the
current and required states allow having the possibilities in providing uniquely
these temperature fields by means the control vector in most particular cases.
It is shown that the resolving Cauchy problem can be built and the switching
time can be found in the depending on the grid node choosing in this consi-
dered example. The minimization of the optimum defining parameter was reduce
to finding the minimum element of the array built by numerical integrating the
resolving Cauchy problems corresponded to the different possible switching times
of the control. It was shown that the transient time can be decrease almost twice
due to optimizing the control in the particular example at least.

All these results will allow to give the clear representation of the proposed
approaches and the technique of their using to solve the engineering problems
about the optimal control of the heat conduction processes in different industrial
systems.
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Обчислювальний пiдхiд щодо оптимального управлiння
процесами лiнiйної теплопровiдностi

Невлюдов I.Ш.1, РомашовЮ.В.1,2
1Харкiвський Нацiональний Унiверситет Радiоелектронiки
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2Харкiвський нацiональний унiверситет iм. В. Н. Каразiна

пл. Свободи, 4, Харкiв, Україна, 61022
Запропоновано узагальнене математичне формулювання задачi про оптимальне

управлiння процесами теплопровiдностi, що визначаються диференцiальним рiвня-
нням у частинних похiдних. Запропоноване формулювання не включає необхiдних
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роз’яснень щодо умов, яким повиннi вiдповiдати поточнi та необхiднi температур-
нi поля. Але, в процесi узагальненого розв’язування сформульованої задачi, вста-
новлено, що поточне та необхiдне температурнi поля повиннi бути узгодженими iз
математичною моделлю теплопровiдностi таким чином, щоб мати можливостi одно-
значно забезпечити цi температурнi поля за допомогою належного вибору вектору
управлiння. Для розв’язування сформульованої задачi про оптимальне управлiн-
ня процесами теплопровiдностi розроблено обчислювальнi пiдходи, що заснованi на
зведеннi до спецiально побудованих звичайних диференцiальних рiвнянь та задачi
мiнiмiзацiї. Це зведення засноване на дискретизацiї проблеми теплопровiдностi iз
застосуванням методу сiток та на визначеннi невiдомого вектора управлiння шля-
хом обчислювального розв’язування спецiально побудованої для цього задачi Ко-
шi. Для задоволення всiх потрiбних обмежень пропонується побудувати допустиму
швидкiсть невiдомого вектора управлiння з урахуванням необхiдностi перемикання
управлiння в деякi моменти часу. Приклад використання запропонованих узагальне-
них пiдходiв розглянуто для iлюстрацiї технiки їхнього застосування. Показано, що
запропонована узагальнена математична постановка повнiстю вiдповiдає розгляну-
тому прикладу. У цьому розглянутому прикладi можна побудувати розв’язувальну
задачу Кошi, а час перемикання можна знайти у залежностi вiд вибору вузла сiтки.
Показано, що в розглянутому прикладi перехiдний час може зменшуватися май-
же вдвiчi за рахунок оптимiзацiї управлiння. Усi цi результати дозволяють чiтко
уявити запропонованi пiдходи та технiку їхнього використання для розв’язування
iнженерних задач щодо оптимального управлiння процесами теплопровiдностi в рi-
зних промислових системах.
Ключовi слова: управлiння; моделювання; оптимiзацiя; методи; теплопровiднiсть.

One numerical approach to optimal control
the linear heat conduction processes
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It is proposed the generalized mathematical formulation of the problem about the optimal
control for the heat conduction processes representing by the partial differential equation.
The proposed formulation not includes the necessary clarifications about the conditions
which must be satisfied by the current and required temperature fields. But, during the
generalized solving of the formulated problem, it is established that the current and
required temperature fields must be agreed with the mathematical model of the heat
conduction so that to have possibilities to provide uniquely these temperature fields by
means the control vector. To solve the problem about the optimal control for the heat
conduction processes it is developed the numerical approaches based on reducing to the
especially built ordinary differential equations and minimization problem. This reducing
is based on discretisation the heat conduction by using the grid method and on defining
the unknown control vector as the numerical solution of the especially built Cauchy
problem. To satisfy the all limitations it is proposed to build the permissible velocity of
the unknown control vector considering with the requirements of necessary switching in
some moments of the time. The particular example of using the proposed generalized
approaches is considered to illustrate their application technique. It is shown that the
proposed generalized mathematical formulation is fully corresponded with the considered
particular example. In this considered particular example, the resolving Cauchy problem
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can be built and the switching time can be found in the depending on the grid node
choosing. It is shown that the transient time can be decrease almost twice due to optimi-
zing the control in the particular example at least. All these results will allow giving the
clear representation of the proposed approaches and the technique of their using to solve
the engineering problems about the optimal control of the heat conduction processes in
different industrial systems.
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