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1. Ëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ

äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì

Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ z(t) ∈ C1[a, b] ëiíiéíî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i [1, 2, 3]

A(t)z′(t) = B(t)z(t) + f(t), `z(·) = α, α ∈ Rk; (1)
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òóò
A(t), B(t) ∈ Cm×n[a, b] := C[a, b]⊗ Rm×n

� íåïåðåðâíi ìàòðèöi, f(t) ∈ C[a, b] � íåïåðåðâíèé âåêòîð-ñòîâïåöü; `z(·) �
ëiíiéíèé îáìåæåíèé ìàòðè÷íèé ôóíêöiîíàë: `z(·) : C[a, b] → Rk. Ìàòðèöþ
A(t) ïðèïóñêà¹ìî, âçàãàëi êàæó÷è, ïðÿìîêóòíîþ: m 6= n, àáî êâàäðàòíîþ,
àëå âèðîäæåíîþ. Çà óìîâè [3]

PA∗(t) = 0, A+(t)B(t) ∈ Cn×n[a; b], A+(t)f(t) ∈ C[a; b] (2)

ñèñòåìà (1) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

z′ = A+(t)B(t)z + F0(t, ν0(t)), rank A(t) := σ0 = m ≤ n; (3)

òóò
F0(t, ν0(t)) := A+(t)f(t) + PAρ0 (t)ν0(t),

A+(t) � ïñåâäîîáåðíåíà (çà Ìóðîì�Ïåíðîóçîì) ìàòðèöÿ, PA∗(t) � ìàòðèöÿ-
îðòîïðîåêòîð: PA∗(t) : Rm → N(A∗(t)), PAρ0 (t) � (n×ρ0)− ìàòðèöÿ, ñêëàäåíà
ç ρ0 ëiíiéíî íåçàëåæíèõ ñòîâïöiâ (n× n)− ìàòðèöi-îðòîïðîåêòîðà

PA(t) : Rn → N(A(t)).

Òàêèì ÷èíîì, çà óìîâè ρ0 6= 0, ñèñòåìà (3), ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨, çà-
ëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t). Ïîçíà÷èìî X0(t) íîð-
ìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ

X ′0(t) = A+(t)B(t)X0(t), X0(a) = In

îòðèìàíî¨ òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (3). Âiä-
ìiòèìî, ùî íîðìàëüíà ôóíäàìåíòàëüíà ìàòðèöÿ X0(t) íåâèðîäæåíà. Çà óìî-
âè (2) ñèñòåìà (3), à îòæå i ñèñòåìà (1), ìà¹ ðîçâ'ÿçêè âèãëÿäó

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ Rn,

äå

K

[
f(s), ν0(s)

]
(t) := X0(t)

∫ t

a
X−10 (s)F0(s, ν0(s)) ds

� óçàãàëüíåíèé îïåðàòîð Ãðiíà çàäà÷i Êîøi z(a) = 0 äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ ñèñòåìè (1). Îñêiëüêè çà óìîâè (2) ñèñòåìà (1) ðîçâ'ÿçíà äëÿ
äîâiëüíî¨ íåîäíîðiäíîñòi f(t), òî âèïàäîê (2) áóäåìî íàçèâàòè íåâèðîäæå-
íèì [3, 4, 5]. Ïiäñòàâëÿþ÷è çàãàëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi z(a) = c äëÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (1) â êðàéîâó óìîâó (1), ïðèõîäèìî
äî ëiíiéíîãî àëãåáðà¨÷íîãî ðiâíÿííÿ, ðîçâ'ÿçíîãî òîäi i òiëüêè òîäi, êîëè [4, 5]

PQ∗d

{
α− `K

[
f(s), ν0(s)

]
(·)
}

= 0. (4)
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Òóò PQ∗ � îðòîïðîåêòîð: Rk → N(Q∗); ìàòðèöÿ PQ∗d ñêëàäåíà ç d ëiíiéíî

íåçàëåæíèõ ðÿäêiâ îðòîïðîåêòîðà PQ∗ , êðiì òîãî Q := `X0(·) ∈ Rk×n. Îòæå,
òiëüêè çà óìîâè (4) çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðài÷íî¨ êðàéî-
âî¨ çàäà÷i (1)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà äèôåðåíöiàëüíî-àëãåáðài÷íî¨ êðàéîâî¨
çàäà÷i (1)

G

[
f(s); ν0(s);α

]
(t) := X0(t)Q

+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+K

[
f(s), ν0(s)

]
(t).

Òóò PQ � ìàòðèöÿ-îðòîïðîåêòîð: Rn → N(Q); ìàòðèöÿ PQr ∈ Rn×r ñêëàäåíà
ç r ëiíiéíî íåçàëåæíèõ ñòîâïöiâ îðòîïðîåêòîðà PQ. Çà óìîâè PQ∗ = 0, êðàéî-
âà çàäà÷à (1) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé f(t) i α. Çà àíàëîãi¹þ
ç òåîði¹þ íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü [2] çà óìîâè PQ∗ 6= 0 áóäåìî êàçàòè, ùî äèôåðåíöiàëüíî-àëãåáðà-
¨÷íà êðàéîâà çàäà÷à (1) ïðåäñòàâëÿ¹ êðèòè÷íèé âèïàäîê, i íàâïàêè: çà óìîâè
PQ∗ = 0 áóäåìî êàçàòè, ùî äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (1)
ïðåäñòàâëÿ¹ íåêðèòè÷íèé âèïàäîê.

2. Ïðî ïðèâåäåííÿ ëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨

êðàéîâî¨ çàäà÷i äî íåêðèòè÷íîãî âèïàäêó

Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ∈ Cρ0 [a, b] ðîçâ'ÿçíiñòü
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1) iñòîòíî çàëåæèòü âiä âèáîðó
öi¹¨ ôóíêöi¨. Ïîêëàäåìî ν0(t) := Ψ(t)γ, Ψ(t) ∈ Cρ0×w[a, b], γ ∈ Rw; òóò Ψ(t)
� äîâiëüíà íåïåðåðâíà ìàòðèöÿ ïîâíîãî ðàíãó. Óçàãàëüíåíèé îïåðàòîð Ãðiíà
çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (1) ïðåäñòàâèìî ó âèäi

K

[
f(s), ν0(s)

]
(t) = K

[
A+(s)f(s)

]
(t) +K

[
PAρ0 (s)ν0(s)

]
(t).

Ïîçíà÷èìî ìàòðèöþ

D :=

[
Q ; `K

[
PAρ0 (s)Ψ(s)

]
(·)
]
∈ Rk×(ρ0+w).

Ïiäñòàâëÿþ÷è çàãàëüíèé ðîçâ'ÿçîê

z(t, cρ0) = X0(t)cρp +K

[
A+(s)f(s)

]
(t) +K

[
PAρ0 (s)Ψ(s)γ

]
(t), cρ0 ∈ Rρ0

çàäà÷i Êîøi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (1) â êðàéîâó óìîâó
(1), ïðèõîäèìî äî ëiíiéíîãî àëãåáðà¨÷íîãî ðiâíÿííÿ

D č = α− `K
[
A+(s)f(s)

]
(·), č := col (cρ0 , γ) ∈ Rρ0+w. (5)
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Ðiâíÿííÿ (5) ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè

PD∗d

{
α− `K

[
A+(s)f(s)

]
(·)
}

= 0. (6)

Òóò PD∗ � îðòîïðîåêòîð: Rk → N(D∗); ìàòðèöÿ PD∗d ñêëàäåíà ç d ëiíiéíî

íåçàëåæíèõ ðÿäêiâ îðòîïðîåêòîðà PD∗ , êðiì òîãî Q := `X0(·) ∈ Rk×ρ0 . Îòæå,
çà óìîâè (6) çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (5)

č = D+

{
α− `K

[
A+(s)f(s)

]
(·)
}

+ PD δ, δ ∈ Rρ0+w

âèçíà÷à¹ çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ çàäà÷i (1)

z(t, δ) = K

[
A+(s)f(s)

]
(t) +

{
X0(t);K

[
PAρ0Ψ(s)

]
(t)

}
D+

{
α−

−`K
[
A+(s)f(s)

]
(·)
}

+

{
X0(t);K

[
PAρ0 (s)Ψ(s)

]
(t)

}
PD δ, δ ∈ Rρ0+w.

Òóò PD � ìàòðèöÿ-îðòîïðîåêòîð: Rρp+w → N(D). Òàêèì ÷èíîì, äîâåäåíà
íàñòóïíà ëåìà.

Ëåìà. Çà óìîâè (2) i (6) çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨

êðàéîâî¨ çàäà÷i (1)

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ Rr

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨

çàäà÷i (1)

G

[
f(s);ψ(s);α

]
(t) := K

[
A+(s)f(s)

]
(t)+

+

{
X0(t);K

[
PAρ0Ψ(s)

]
(t)

}
D+

{
α− `K

[
A+(s)f(s)

]
(·)
}
.

Ìàòðèöÿ Xr(t) ñêëàäåíà ç r ëiíiéíî íåçàëåæíèõ ñòîëïöiâ ìàòðèöi{
X0(t);K

[
PAρ0 (s)Ψ(s)

]
(t)

}
PD.

Ïðèêëàä 1. Âèìîãàì ëåìè çàäîâîëüíÿ¹ äâîòî÷êîâà äèôåðåíöiàëüíî-

àëãåáðà¨÷íà êðàéîâà çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t), f(t) :=
(

0 et
)∗
, `z(·) = α, (7)

äå

A(t) :=

(
cos t sin t cos t

− sin t cos t − sin t

)
, B(t) :=

(
− sin t cos t − sin t

− cos t − sin t − cos t

)
,
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êðiì òîãî

`z(·) := z(0)− z(2π), α :=
1

5

 6− e2π

1− e2π

−4− e2π

 .

Çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ çàäà÷i (7) âèçíà÷à¹ âèðîäæåíà ìàòðèöÿ
Q = 0. Ïîêëàäåìî Ψ(t) :=

(
1 sin t

)
, ïðè öüîìó

D = −2π

 0 0 0 1 0
0 0 0 0 0
0 0 0 1 0

 , PD∗ =
1

2

 1 0 1
0 2 0
1 0 1

 .

Îñêiëüêè PD∗ 6= 0, òî çàäà÷à (7) ïðåäñòàâëÿ¹ êðèòè÷íèé âèïàäîê, ïðè öüî-
ìó âèêîíàíî óìîâó (6) ¨¨ ðîçâ'ÿçíîñòi. Òàêèì ÷èíîì, çíàõîäèìî çàãàëüíèé
ðîçâ'ÿçîê íåîäíîðiäíî¨ çàäà÷i (7):

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ R3;

òóò Xr(t) = X0(t), à òàêîæ

G

[
f(s);ψ(s);α

]
(t) =

1

10π

 −5 t− 2π cos t+ 2etπ cos t− π sin t− etπ sin t

2π
(
− cos t+ et cos t+ 2 sin t+ 2 et sin t

)
5 t− 2π cos t+ 2 etπ cos t− π sin t− etπ sin t


� óçàãàëüíåíèé îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (7).

Çà óìîâè PQ∗ 6= 0, PD∗ = 0 áóäåìî êàçàòè, ùî äèôåðåíöiàëüíî-àëãåáðà-
¨÷íà êðàéîâà çàäà÷à (1) ïðèâåäåíà äî íåêðèòè÷íîãî âèïàäêó. Îñòàíí¹ îçíà-
÷åííÿ ¹ óçàãàëüíåííÿì êðèòè÷íîãî âèïàäêó (PQ∗ 6= 0) äëÿ íåòåðîâî¨ êðà-
éîâî¨ çàäà÷i äëÿ äèôåðåíöiàëüíî¨ ñèñòåìè, îòðèìàíî¨ ç ñèñòåìè (1) ïðè
A(t) ≡ In, íà âèïàäîê çàëåæíîñòi óçàãàëüíåíîãî îïåðàòîðà Ãðiíà çàäà÷i Êî-
øi äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (1) âiä äîâiëüíî¨ íåïåðåðâíî¨
âåêòîð-ôóíêöi¨ ν0(t) ∈ C[a, b].

Íàñëiäîê. Ïðèïóñòèìî, ùî äèôåðåíöiàëüíî-àëãåáðà¨÷íå ðiâíÿííÿ (1)

çàäîâîëüíÿ¹ óìîâàì ëåìè. Çà óìîâè PD∗ = 0, äèôåðåíöiàëüíî-àëãåáðà¨÷íà
êðàéîâà çàäà÷à (1) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåîäíîðiäíîñòåé f(t) i α, à òà-

êîæ ïî÷àòêîâî¨ ôóíêöi¨ ϕ(t). Çàãàëüíèé ðîçâ'ÿçîê äèôåðåíöiàëüíî àëãåáðà-

¨÷íî¨ êðàéîâî¨ çàäà÷i (1)

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ Rr
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âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà

G

[
f(s);ψ(s);α

]
(t) := K

[
A+(s)f(s)

]
(t)+

+

{
X0(t);K

[
PAρ0Ψ(s)

]
(t)

}
D+

{
α− `K

[
A+(s)f(s)

]
(·)
}

äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1).

Ïðèêëàä 2. Âèìîãàì íàñëiäêó çàäîâîëüíÿ¹ äâîòî÷êîâà äèôåðåíöiàëüíî-

àëãåáðà¨÷íà êðàéîâà çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t), `z(·) :=
(

1 0 0
)

(z(0)− z(2π)) = 0, (8)

äå ìàòðèöi A(t) i B(t), à òàêîæ ôóíêöiÿ f(t) íàâåäåíà â ïðèêëàäi 1.

Ó âèïàäêó îäíîðiäíî¨ çàäà÷i (8) ìàòðèöÿ Q = 0, îòæå, âiäïîâiäíî äî òðà-
äèöiéíî¨ êëàñèôiêàöi¨ íåòåðîâèõ êðàéîâèõ çàäà÷, äëÿ çàäà÷i (8) ìà¹ ìiñöå
êðèòè÷íèé âèïàäîê. Ïîêëàäåìî Ψ(t) :=

(
1 sin t

)
, ïðè öüîìó

D = −2π
(

0 0 0 1 0
)
, PD∗ = 0.

Îñêiëüêè PD∗ = 0, òî çàäà÷à (8) ïðåäñòàâëÿ¹ íåêðèòè÷íèé âèïàäîê, i, âiäïî-
âiäíî, äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâàÿ çàäà÷à (8) ðîçâ'ÿçíà äëÿ äîâiëü-
íèõ íåîäíîðiäíîñòåé f(t) i α. Òàêèì ÷èíîì, çíàõîäèìî çàãàëüíèé ðîçâ'ÿçîê
íåîäíîðiäíî¨ çàäà÷i (8):

z(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ R3;

òóò Xr(t) = X0(t), à òàêîæ

G

[
f(s);ψ(s)

]
(t) =

1

10π

 t− e2πt− 2π cos t+ 2etπ cos t− π sin t− etπ sin t

2π
(
− cos t+ et cos t+ 2 sin t+ 2 et sin t

)
e2πt− t− 2π cos t+ 2 etπ cos t− π sin t− etπ sin t


� óçàãàëüíåíèé îïåðàòîð Ãðiíà êðàéîâî¨ çàäà÷i (8).

3. Íåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ

äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì

Äîñëiäèìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C[0, ε0]

íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i

A(t)z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, t, ε), `z(·, ε) = α. (9)
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Ðîçâ'ÿçêè íåòåðîâî¨ (n 6= k) êðàéîâî¨ çàäà÷i (9) øóêà¹ìî â ìàëîìó îêîëi
ðîçâ'ÿçêó z0(t) ∈ C1[a, b] ïîðîäæóþ÷î¨ çàäà÷i

A(t)z′0(t) = B(t)z0(t) + f(t), `z0(·) = α. (10)

Òóò A(t), B(t) ∈ Cm×n[a, b] � íåïåðåðâíi ìàòðèöi, f(t) ∈ C[a, b] � íåïåðåðâ-
íèé âåêòîð; Z(z, t, ε) � íåëiíiéíà ôóíêöiÿ, íåïåðåðâíî äèôåðåíöiéîâíà ïî
íåçàëåæíié z(t) ó ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i, íåïåðåðâíà
ïî t ∈ [a, b] i íåïåðåðâíà ïî ìàëîìó ïàðàìåòðó ε ∈ [0, ε0], `z(·, ε) � ëiíié-
íèé âåêòîðíèé ôóíêöiîíàë: `z(·, ε) : C[a, b] → Rk. Íåëiíiéíà äèôåðåíöiàëü-
íî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (9) óçàãàëüíþ¹ áàãàòî÷èñëåííi ïîñòàíîâêè íå-
ëiíiéíèõ íåòåðîâèõ êðàéîâèõ çàäà÷ [2]. Ó êðèòè÷íîìó âèïàäêó (PQ∗ 6= 0)
íåâèðîäæåíà ïîðîäæóþ÷à çàäà÷à (10) ðîçâ'ÿçíà òîäi i òiëüêè òîäi, êîëè âè-
êîíàíî óìîâó (4) i äëÿ ôiêñîâàíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ∈ C[a, b]
ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr.

Ó êðèòè÷íîìó âèïàäêó â ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i êðàéîâà
çàäà÷à (9) ðîçâ'ÿçíà òîäi i òiëüêè òîäi, êîëè [4]

PQ∗d `K

[
Z(z(s, ε), s, ε), ν0(s)

]
(·) = 0. (11)

Äëÿ äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ðîçâ'ÿçíiñòü íåëiíiéíî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) iñòîòíî çàëåæèòü âiä âè-
áîðó öi¹¨ ôóíêöi¨. Ïîêëàäåìî ν0(t) := Ψ(t)γ, Ψ(t) ∈ Cρ0×w[a, b], γ ∈ Rw;
òóò Ψ(t) � äîâiëüíà íåïåðåðâíà ìàòðèöÿ ïîâíîãî ðàíãó. Ïðèïóñòèìî, ùî
äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (1) ïðèâåäåíà äî íåêðèòè÷íîãî
âèïàäêó: PQ∗ 6= 0, PD∗ = 0.

Ó ñòàòòi [4] çíàéäåíî óìîâè iñíóâàííÿ, à òàêîæ iòåðàöiéíà ñõåìà äëÿ çíàõî-
äæåííÿ ðîçâ'ÿçêiâ íåâèðîäæåíî¨ ñëàáêîíåëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) â êðèòè÷íîìó âèïàäêó, à ñàìå: çà óìî-
âè PQ∗ 6= 0. Óìîâè iñíóâàííÿ, à òàêîæ iòåðàöiéíà ñõåìà äëÿ çíàõîäæå-
ííÿ ðîçâ'ÿçêiâ íåâèðîäæåíî¨ ñëàáêîíåëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) â íåêðèòè÷íîìó âèïàäêó, à ñàìå: çà óìîâè
PQ∗ = 0, çíàéäåíi â ñòàòòi [5]. Ìåòîþ äàíî¨ ñòàòòi ¹ çíàõîäæåííÿ óìîâ çâiäíî-
ñòi íåëiíiéíî¨ íåâèðîäæåíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨
çàäà÷i (9) â êðèòè÷íîìó âèïàäêó äî íåêðèòè÷íîãî âèïàäêó àíàëîãi÷íî [5, 6].
Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (9) íåâèðîäæåíà; â öüîìó âèïàäêó ñèñòåìà
(9) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨. Ðîçâ'ÿçêè íåâèðîäæåíî¨ êðàéîâî¨ çàäà÷i (9)
â òàêîìó ðàçi âèçíà÷à¹ ñèñòåìà

z′ = A+(t)B(t)z + F0(t, ν0(t)) + εA+(t)Z(z, t, ε), `z(·, ε) = α. (12)
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Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (12) øóêà¹ìî â ìàëîìó îêîëi ðîçâ'ÿçêó ïîðîäæó-
þ÷î¨ çàäà÷i: z(t, ε) = z0(t, cr) + x(t, ε). Ôiêñóþ÷è îäíó ç êîíñòàíò cr ∈ Rr, äëÿ
çíàõîäæåííÿ âåêòîðà

x(t, ε) : x(·, ε) ∈ C1[a, b], x(t, ·) ∈ C1[0, ε0], x(t, 0) ≡ 0

àíàëîãi÷íî [2], ïðèõîäèìî äî çàäà÷i

x′ = A+(t)B(t)x+ εA+(t)Z(z0 + x, t, ε), `x(·, ε) = 0. (13)

Ó âèïàäêó PD∗ = 0 çàäà÷à (13) ðîçâ'ÿçíà äëÿ äîâiëüíî¨ íåëiíiéíîñòi. Çàãàëü-
íèé ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (13) äëÿ ôiêñî-
âàíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ν0(t) ∈ C[a, b] ìà¹ âèãëÿä

x(t, ε) = Xr(t)c(ε) + εG

[
A+(s)Z(z0 + x, s, ε);ψ(s); 0

]
(t).

Ðîçâ'ÿçêè êðàéîâî¨ çàäà÷i (9) ïðè öüîìó âèçíà÷à¹ îïåðàòîðíà ñèñòåìà [2]

z(t, ε) = z0(t, cr) + x(t, ε), x(t, ε) = Xr(t)c(ε) + x(1)(t, ε),

x(1)(t, ε) = εG

[
A+(s)Z(z0 + x, s, ε);ψ(s); 0

]
(t).

Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ öi¹¨ îïåðàòîðíî¨ ñèñòåìè âèêîðèñòîâó¹ìî [2, 7] ìåòîä
ïðîñòèõ iòåðàöié; òàêèì ÷èíîì îòðèìó¹ìî iòåðàöiéíó ñõåìó

zk+1(t, ε) = z0(t, cr) + xk+1(t, ε), k = 0, 1, 2, ... ,

xk+1(t, ε) = Xr(t)c(ε) + x
(1)
k+1(t, ε), (14)

x
(1)
k+1(t, ε) = εG

[
A+(s)Z(z0 + xk, s, ε);ψ(s); 0

]
(t).

Îòæå, äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà. Ïðèïóñòèìî, ùî äèôåðåíöiàëüíî-àëãåáðà¨÷íå ðiâíÿííÿ (10)

íåâèðîäæåíå. Ó âèïàäêó PD∗ = 0 ïîðîäæóþ÷à çàäà÷à (10) ðîçâ'ÿçíà ïðè

äîâiëüíèõ íåîäíîðiäíîñòÿõ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè i êðàéîâî¨

óìîâè (10) i ìà¹ r ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ

z0(t, cr) = Xr(t)cr +G

[
f(s);ψ(s);α

]
(t), cr ∈ Rr.

Ïðè äîäàòêîâié óìîâi

A+(·)Z(z, ·, ε) ∈ C[a; b], A+(t)Z(·, t, ε) ∈ C[||z − z0|| < q] (15)

äëÿ ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çà-

äà÷i (9) âèêîðèñòîâó¹ìî çáiæíó ïðè ε ∈ [0, ε∗] iòåðàöiéíó ñõåìó (14).
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Äëÿ âèçíà÷åííÿ âåëè÷èíè ε∗ ìîæå áóòè âèêîðèñòàíî ìåòîä ìàæîðóþ÷èõ
ðiâíÿíü Ëÿïóíîâà [2, 8, 9]; êðiì òîãî, êîíñòðóêòèâíà îöiíêà âåëè÷èíè ε∗ çíà-
éäåíà ó ñòàòòi [7].

Ïðèêëàä 3. Âèìîãàì òåîðåìè çàäîâîëüíÿ¹ íåëiíiéíà äèôåðåíöiàëüíî-

àëãåáðà¨÷íà êðàéîâà çàäà÷à

A(t) z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, ε), `z(·, ε) = 0, (16)

äå

A(t) :=

(
cos t sin t cos t

− sin t cos t − sin t

)
, B(t) :=

(
− sin t cos t − sin t

− cos t − sin t − cos t

)
,

êðiì òîãî

z(t, ε) :=

 za(t, ε)

zb(t, ε)

zc(t, ε)

 , f(t) :=

(
0

sin t

)
, Υ :=

(
1 0 0

)
,

Z(z, ε) :=

(
0

z2b (t, ε)

)
, `z(·, ε) := Υ (z(0, ε)− z(2π, ε)).

Äëÿ îäíîðiäíî¨ ÷àñòèíè ïîðîäæóþ÷î¨ çàäà÷i ìàòðèöÿ Q = 0, îòæå, âiä-
ïîâiäíî äî òðàäèöiéíî¨ êëàñèôiêàöi¨ íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåí-
öiàëüíèõ ñèñòåì äëÿ çàäà÷i (16) ìà¹ ìiñöå êðèòè÷íèé âèïàäîê. Ó âèïàäêó
ðiâíÿííÿ (16) ïîðîäæóþ÷èé ðîçâ'ÿçîê çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨
ôóíêöi¨. Ïîêëàäåìî

Ψ(t) :=
(

1 sin t
)
,

ïðè öüîìó
D = −2π

(
1 0

)
, PD∗ = 0.

Îñêiëüêè PD∗ = 0, òî ó âèïàäêó ðiâíÿííÿ (16) ïîðîäæóþ÷à çàäà÷à ïðåäñòàâ-
ëÿ¹ óìîâíî íåêðèòè÷íèé âèïàäîê, i, âiäïîâiäíî, ïîðîäæóþ÷à äèôåðåíöiàëüíî-
àëãåáðà¨÷íà êðàéîâà çàäà÷à äëÿ ðiâíÿííÿ (16) ðîçâ'ÿçíà äëÿ äîâiëüíèõ íåî-
äíîðiäíîñòåé f(t) i α. Ôiêñóþ÷è êîíñòàíòó

cr :=
1

10

 0
1
0

 ,

çíàõîäèìî

z0(t, cr) =
1

60

 5 sin 2t− 7 sin t

−2 (7 cos t+ 5 cos 2t− 15)

5 sin 2t− 7 sin t

 .
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Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨
çàäà÷i (16) âèêîðèñòîâó¹ìî iòåðàöiéíó ñõåìó (14), ïðè öüîìó, ïîêëàäàþ÷è
c(ε) := 0, ìà¹ìî:

x1(t, ε) =

 x1a(t, ε)

x1b(t, ε)

x1c(t, ε)

 , x1c(t, ε) = x1a(t, ε),

äå

x1a(t, ε) = − ε

86 400

(
− 4 200 + 7 125 cos t− 2 240 cos 2t−

−903 cos 3t+ 168 cos 4t+ 50 cos 5t− 3 012 t sin t

)
,

x1b(t, ε) = − ε

43 200

(
− 3 012 t cos t+ 5 451 sin t−

−560 sin 2t− 603 sin 3t+ 168 sin 4t+ 50 sin 5t

)
.

Äëÿ îöiíêè òî÷íîñòi çíàéäåíèõ íàáëèæåíü äî ðîçâ'ÿçêó íåëiíiéíî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (16) âèçíà÷èìî íåâ'ÿçêè ∆k(ε) íóëüîâîãî
i ïåðøîãî íàáëèæåíü äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (16). Ïîêëàâøè ε := 0, 1
òà k = 0, 1, ìà¹ìî

∆0(0, 1) ≈ 0, 0500 556, ∆1(0, 1) ≈ 0, 00 281 729.

Âiäìiòèìî òàêîæ, ùî ïåðøå íàáëèæåííÿ äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (16) â
òî÷íîñòi çàäîâîëüíÿ¹ êðàéîâié óìîâi.

Çàïðîïîíîâàíà â ñòàòòi ñõåìà äîñëiäæåííÿ íåëiíiéíèõ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ àíàëîãi÷íî [2, 10] ìîæå áóòè ïåðåíåñåíà íà
íåëiíiéíi ìàòðè÷íi äèôåðåíöiàëüíî-àëãåáðà¨÷íi êðàéîâi çàäà÷i. Ç iíøî¨ ñòî-
ðîíè, çàïðîïîíîâàíà â ñòàòòi ñõåìà äîñëiäæåííÿ ñëàáêîíåëiíiéíî¨ íåòåðîâî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (9) â êðèòè÷íîìó âèïàäêó ìî-
æå áóòè ïåðåíåñåíà íà àâòîíîìíi ñëàáêîíåëiíiéíi äèôåðåíöiàëüíî-àëãåáðà¨÷íi
êðàéîâi çàäà÷i [2, 11, 12].

Ïîäÿêà. Äîñëiäæåííÿ âèêîíàíî çà ôiíàíñîâî¨ ïiäòðèìêè Ìiíiñòåðñòâà
îñâiòè i íàóêè Óêðà¨íè, ð.í. 0118U003390.
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×óéêî Ñ.Ì., Í¹ñì¹ëîâà Î.Â.Ïðî ïåðåòâîðåííÿ íåëiíiéíî¨ íåòåðîâî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i äî íåêðèòè÷íîãî âèïàäêó. Äîñëiäæåí-
íÿ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâi çàäà÷i çàñíîâàíi â ðîáîòàõ Ê. Âåé¹ðøòðàññà,
Ì.Ì. Ëóçií i Ô.Ð. Ãàíòìàõåð. Ñèñòåìàòè÷íå âèâ÷åííÿ äèôåðåíöiéíî-àëãåáðà¨÷íèé
êðàéîâi çàäà÷i ïðèñâÿ÷åíi ðîáîòè Ñ.Êåìïáåëë, Þ.�. Áîÿðèíöåâ, Â.Ô. ×èñòÿêîâà,
À.Ì. Ñàìîéëåíêî, Í.À. Ïåðåñòþê, Â.Ï. ßêîâöÿ, À.À. Áîé÷óêà, À. Ië÷ìàííà i Ò.
ðåéñó. Ó òîé æå ÷àñ äîñëiäæåííÿ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ òiñíî
ïîâ'ÿçàíå ç äîñëiäæåííÿì íåëiíiéíèõ êðàùi çàäà÷i äëÿ çâè÷àéíî ðiçíèõ äèôåðåíöi-
àëüíèõ çàâäàíü, ïî÷àòêîâèõ â ðîáîòi À. Ïóà íêàðå, À.Ì. Ëÿïóíîâà, Í.Ì. Êðèëîâà,
Í.Í.Áîãîëþáîâà, I.Ã. Ìàëêèíà, À.Ä. Ìûøêèñà, �.À. Ãðåáåíèêîâ, Þ.Þ Ìiòðîïîëü-
ñüêîãî, I.Ò. Êiãóðàäçå, À.Ì. Ñàìîéëåíêî, Í.À. Ïåðåñòþêà i À.À.Áîé÷óêà.

Âèâ÷åííÿ íåëiíiéíî¨ äèôåðåíöiéíî-àëãåáðà¨÷íà êðàéîâà çàâäàííÿ ïîâ'ÿçàíå ç ÷è-
ñëåííèìè äîäàòêàìè âiäïîâiäíà ìàòåìàòè÷íèìè ìîäåëåé â òåîði¨ íåëiíiéíèõ êîëè-
âàíü, ìåõàíiêà, áiîëîãiÿ, ðàäiîòåõíiêà, òåîðiÿ ñòiéêîñòi ðóõ. Òàêîìó ÷èíîì, àêòóàëüíà
ïðîáëåìà ¹ ïåðåíåñåííÿ ðåçóëüòàòè, îòðèìàíi â ñòàòòÿõ i ìîíîãðàôi¨ Ñ. Êåìïáåëëà,
À.É . Ñàìîéëåíêî i À.À. Áîé÷óêà íà íåëiíiéíi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü, çîêðåìà, çíàõîäæåííÿ íåîáõiäíèõ i äîñòàòíiõ óìîâ iñíóâàííÿ
ïîçîâîì õ ðiøåíü íåëiíiéíèõ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷.

Ó ñòàòòi çíàéäåíi óìîâè iñíóâàííÿ i ïîáóäîâàíî èòåðàöèîííóþ ñõåìó äëÿ
çíàõîäæåííÿ ðiøåíü ñëàáîíåëiíåéíîé íåòåðîâèõ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðà-
éîâî¨ çàäà÷i. Çàïðîïîíîâàíà â ñòàòòi ñõåìà äîñëiäæåííÿ íåëiíiéíèõ äiôôåðåí-
öiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ìîæå áóòè ïåðåíåñåíà íà íåëiíiéíi ìàòðè÷íi
äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâi çàäà÷i. Ç iíøîãî áîêó, çàïðîïîíîâàíà â ñòàò-
òi ñõåìà äîñëiäæåííÿ íåëiíiéíèõ íåòåðîâèõ äèôåðåíöiéíî-àëãåáðà¨÷íèõ êðàéîâèõ
çàäà÷ ó êðèòè÷íîìó âèïàäêó ìîæå áóòè ïåðåíåñåíà íà àâò îíîìíi ñëàáîíåëiíåéíi
äèôôåðåíöiàëüíî-àëãåáðà¨÷íi êðà¹âi çàäà÷i.
Êëþ÷îâi ñëîâà: êðàéîâi çàäà÷i; äèôåðåíöiàëüíî-àëãåáðà¨÷íà ñèñòåìà; íåêðèòè÷íèé
âèïàäîê; ïñåâäîîáåðíåíà ìàòðèöÿ.

S.M. Chuiko, O.V. Nesmelova. About the reduction of the nonlinear Noetheri-

an di�erential-algebraic boundary value problem to the noncritical case. The
study of the di�erential-algebraic boundary value problems was established in the papers
of K. Weierstrass, M.M. Lusin and F.R. Gantmacher. Works of S. Campbell, Yu.E.
Boyarintsev, V.F. Chistyakov, A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A.
Boichuk, A. Ilchmann and T. Reis are devoted to the systematic study of di�erential-
algebraic boundary value problems. At the same time, the study of di�erential-algebraic
boundary-value problems is closely related to the study of nonlinear boundary-value
problems for ordinary di�erential equations, initiated in the works of A. Poincare, A.M.
Lyapunov, M.M. Krylov, N.N. Bogolyubov, I.G. Malkin, A.D. Myshkis, E.A. Grebenikov,
Yu.A. Ryabov, Yu.A. Mitropolsky, I.T. Kiguradze, A.M. Samoilenko, M.O. Perestyuk and
O.A. Boichuk.

The study of the nonlinear di�erential-algebraic boundary value problems is
connected with numerous applications of corresponding mathematical models in the
theory of nonlinear oscillations, mechanics, biology, radio engineering, the theory of the
motion stability. Thus, the actual problem is the transfer of the results obtained in the
articles and monographs of S. Campbell, A.M. Samoilenko and O.A. Boichuk on the
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nonlinear boundary value problems for the di�erential algebraic equations, in particular,
�nding the necessary and su�cient conditions of the existence of the desired solutions of
the nonlinear di�erential algebraic boundary value problems.

In this article we found the conditions of the existence and constructed the iterati-
ve scheme for �nding the solutions of the weakly nonlinear Noetherian di�erential-
algebraic boundary value problem. The proposed scheme of the research of the nonli-
near di�erential-algebraic boundary value problems in the article can be transferred to
the nonlinear matrix di�erential-algebraic boundary value problems. On the other hand,
the proposed scheme of the research of the nonlinear Noetherian di�erential-algebraic
boundary value problems in the critical case in this article can be transferred to the
autonomous seminonlinear di�erential-algebraic boundary value problems.
Keywords: the nonlinear di�erential-algebraic equations; the nonlinear boundary value
problems; the generalized Green's operator; Moore-Penrose pseudo-inverse matrix.
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