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Mathematical modeling of particle aggregation and
sedimentation in the inclined tubes
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Sedimentation of the aggregating particles of dierent technical suspensions,
blood and nanouids in the gravity is investigated. The dependence of the sedimentation rate on the angle of inclination is considered. The two phase model
of the aggregating particles is generalized to the inclined tubes. In the suggestion of small angles of inclination the equations are averaged over the transverse
coordinate and the obtained hyperbolic system of equations is solved by the
method of characteristics. Based on the results, a novel method of estimation
of the suspension stability is proposed.
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Ìàòåìàòè÷íå ìîäåëþâàííÿ àãðåãàöi¨
òà îñiäàííÿ ÷àñòèíîê â ïîõèëèõ òðóáêàõ. Äîñëiäæó¹òüñÿ îñiäàííÿ
Áàðàíåöü Â. Î., Êiçiëîâà Í. Ì.

àãðåãóþ÷èõ ÷àñòèíîê ðiçíèõ òåõíi÷íèõ ñóñïåíçié, êðîâi i íàíîðiäèí â óìîâàõ ñèëè òÿæiííÿ. Ðîçãëÿäà¹òüñÿ çàëåæíiñòü øâèäêîñòi îñiäàííÿ âiä êóòà
íàõèëó. Äâîôàçíà ìîäåëü àãðåãóþ÷èõ ÷àñòèíîê óçàãàëüíåíà äëÿ âèïàäêó
ïîõèëèõ òðóáîê. Ó ïðèïóùåííi ìàëèõ êóòiâ íàõèëó ðiâíÿííÿ óñåðåäíþþòüñÿ ïî ïîïåðå÷íié êîîðäèíàòi, à îòðèìàíà ãiïåðáîëi÷íà ñèñòåìà ðiâíÿíü
ðîçâ'ÿçó¹òüñÿ ìåòîäîì õàðàêòåðèñòèê. Íà îñíîâi îòðèìàíèõ ðåçóëüòàòiâ çàïðîïîíîâàíî íîâèé ìåòîä îöiíêè ñòiéêîñòi ñóñïåíçi¨.
Êëþ÷îâi ñëîâà: åôåêò Áîéêîòòà; ñóñïåíçiÿ; àãðåãàöiÿ; ñåäèìåíòàöiÿ; ìåäè÷íà äiàãíîñòèêà.

Áàðàíåö Â. À., Êèçèëîâà Í. Í. Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå àãðåãàöèè è îñåäàíèÿ ÷àñòèö â íàêëîííûõ òðóáêàõ. Èññëåäóåòñÿ îñåäà-

íèå àãðåãèðóþùèõ ÷àñòèö ðàçëè÷íûõ òåõíè÷åñêèõ ñóñïåíçèé, êðîâè è íàíîæèäêîñòåé â óñëîâèÿõ ñèëû òÿæåñòè. Ðàññìàòðèâàåòñÿ çàâèñèìîñòü ñêîðîñòè îñåäàíèÿ îò óãëà íàêëîíà. Äâóõôàçíàÿ ìîäåëü àãðåãèðóþùèõ ÷àñòèö
îáîáùåíà äëÿ ñëó÷àÿ íàêëîííûõ òðóáîê. Ïðè ïðåäëîæåíèè ìàëûõ óãëîâ
íàêëîíà óðàâíåíèÿ óñðåäíÿþòñÿ ïî ïîïåðå÷íîé êîîðäèíàòå, à ïîëó÷åííàÿ
ãèïåðáîëè÷åñêàÿ ñèñòåìà óðàâíåíèé ðåøàåòñÿ ìåòîäîì õàðàêòåðèñòèê. Íà
îñíîâàíèè ïîëó÷åííûõ ðåçóëüòàòîâ ïðåäëîæåí íîâûé ìåòîä îöåíêè óñòîé÷èâîñòè ñóñïåíçèè.
Êëþ÷åâûå ñëîâà: ýôôåêò Áîéêîòòà; ñóñïåíçèÿ; àãðåãàöèÿ; ñåäèìåíòàöèÿ;
ìåäèöèíñêàÿ äèàãíîñòèêà.
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1. Introduction
Inuence of inclination of the vessel in which a suspension of particles sediments in the gravity eld was rst discovered by Arthur Boycotte in 1920 on the
red blood cell (RBC) sedimentation in thin long vertical tubes [1], and now it
is known as the Boycotte eect. On that time the RBC sedimentation test was
recognized as the most powerful medical diagnostic means on general pathology,
and many researchers were seeking for more benet test conditions, including the
usage of the inclined tubes. This sedimentation technique is also widely used for
the waste water cleaning, drinking water purication, treatment of mixtures in
industry and manufacture, and the high reservoirs or deep wells are needed for
the successful processing. The settling of particles in the high containers is limited
by its width, and tilting of the reservoir or well increases the ecient area of sedimentation, decreases the distance that each particle must travel before impacting
a wall, and, therefore, enhances the sedimentation rate in orders of magnitude [2].
The Boycotte eect is used in the oil industry because at certain inclination

o of the tube the clearest separation of the suspension for oil-well

angles (40-50)

cementation is observed [3]. The eect is also used for mixing of the granular
matters [4]. It may be responsible for specic sediment distribution along inclined ocean bottom at the water stratication conditions [5], and for the pattern
formation at the inclined surfaces of the sand-dunes [2]. All suspensions settle
faster in the inclined vessels and exhibit clear separation of the layers of dierent
optical density, but the problem on determination of the optimal angels remains
still unsolved.

2. Review of theoretical and experimental data
Experimental studies of the Boycott eect on suspensions containing light and
heavy particles with concentrations Cl , Ch in inclined channels revealed a signicant inuence of the inclination angle on the particle separation along the inclined
wall and the lateral ngering phenomena [6]. For each set of the concentrations
{Cl , Ch } there was an optimal inclination angle ö* when the separation was the
clearest and at the bigger angles öiö* it was blocked. The dependence ö*( Cl , Ch )
was found quite complex.
A complex dependence of the RBC sedimentation rate h on the tilt angle è has
been demonstrated in numerous experimental studies. The value h is measured
as the height of clear serum in the top part of the sedimentation tube (Fig.1a,b).

C = (10 − 50)%
u = (0 − 80)o revealed the approximation of the sedimentation
curves in the form h (t) = a (1 − exp (−bt)), where a (θ) is an increasing function,
b (θ) = k sin (θ), k ≈ const [7].
The experiments on the RBC suspensions with concentrations

and the tilt angles

Based on the continuum mechanics approach, it was shown [8] that the sedimentation rate in the rectangle tank is determined by the Reynolds number Re
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and the parameter

Λ

which is the ratio of the sedimentation Grashof number to

Re:

Re =
where

ρs

viscosity,

u0

and

C0

ρf

ρf Hu0
,
µf

Λ=

(ρs − ρf ) H 2 gC0
,
u0 µf

(1)

are densities of the solid and uid materials,

is the concentration of the particles,

g

µf

is the uid

is the acceleration of gravity,

is the characteristic sedimentation rate of a single particle with diameter

a

in

the uid, that can be estimated by the Stokes formula [9]

u0 =

2 (ρs − ρf ) a2 g
.
9µf

(2)

Using (2), (1) can be rewritten as

2ρf (ρs − ρf ) Ha2 g
,
Re =
9µ2f
At low Re numbers the values

Λ

9C0
Λ=
2



H
a

2
.

are high, and in the limit

(3)

Λ→∞

the rate

Q of the clear solvent production (layer I in Fig.1a,b) can be described by the
kinematic Ponder-Nakamura-Kuroda (PNK) formula [10, 11]

Q = u0 f (C) B (cos (θ) + tan (θ) H/B),
where the function

f (C)

(4)

depends on the particle size, shape, material, surface

charge and other properties.

a

b

Fig.1. A sketch of the particle sedimentation in the inclined tube
for the non-aggregating (a) and aggregating (b) particles.
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As one can see from (3), the approach (4) is acceptable when

r
2
Ha
,
9C0

(5)

a = 5 · 10−6 m, C0 = (35 − 48)% the unrealistic esti6
10 m. Besides, the good correspondence of the PNK

that gives for the RBC with
mations

H ∼ (3.5 − 4) ·

formula (4) to the experiments has been proven at low concentrations

C0 ≤ 0.1

only [2].
The continuum mechanics approach based on the two phase theory was applied to the sedimentation in the inclined vessels in the case of the inviscid [12]
and viscous uid [13] [15]. Based on these studies, the division into three sedimentation zones (clear uid (I), suspension (II), and sediment (III), Fig.1a) has
been proposed. The boundary layer approach has been used to determine the
velocity proles in the zonez I-III [8]. In the case of the non-aggregating hard
spheres the mixture theory gave the following formulae [8]:


δ=
where

U

2a2 U tan (θy)
3C0 u0

1/3
,

9δ 2 C0 u0 cos (θ)
V =
2a2




x
x2
− 2 ,
δ
2δ

(6)

is the sedimentation rate of the same suspension in the vertical tube.

The experimental studies on the non-aggregating RBC revealed that the layer
I begins to be formed after t=8 and 1.8 min at the tilt angles
accordingly [16]. The width

δA

and the velocity

VA

θ = 10◦

and

θ = 40◦

measured at the level of the

point A (Fig.1a) demonstrated a good agreement with those computed on (6).
Recently the inclined channel technology has been used in the microuidic
applications for blood separation using the centrifugal and Coriolis forces with
Zweifach-Fung eect [17, 18]. In this design the RBC are pushed to the bottom
of the curved channel due to the eect of centrifugal and Coriolis forces and then
are collected through the bottom channel due to ZP eect, and the blood plasma
is collected from the top of the channel.
Therefore, the RBC sedimentation in the inclines vessels is a promising technology for biology, medicine, microuidic and nanotechnologies, while
theoretical description of the system dynamics is conned by non-aggregating
suspensions with low concentrations

C0 < 0.1,

low Reynolds numbers Reh1 and

unrealistic high vessels. The dynamics of the ensembles of aggregating particles
has been recently studied by Lattice Boltzmann simulations [19]. The results of
the study conrmed the existence of global convection motion of the particles and
their aggregates that tend to enhance the sedimentation process. It was found,
that smaller intermittent vortices, formed from the wakes of groups of settling
particles, play an important role in the sedimentation process and the resulting
distribution of the particles.
In this paper the continual mechanics approach is used for the sedimentation
of the concentrated suspensions of the aggregating particles. It will be shown, the
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settling dynamics in the incline tubes is more complex and the additional sublayers
of the sedimenting single particles (IIa), their aggregates (IIb) and the porous
viscoelastic layer (IIc) (Fig.1b) will appear during the sedimentation similar to
the vertical tube case [20].

3. Problem formulation.
The steady sedimentation of particles in the narrow channel of the width
and the length

L (R/L  1),

inclined at the angle

θ

R

is considered. The channel

corresponds to the gap between the walls of the rotation viscosimeter of the conecone type or a rectangle vessel with the depth

D  R. The two phase approach to

the suspension of the aggregating particles is used [20, 21]. Neglecting the inertia
forces as compared with the viscous forces, the equations of the quasi-steady
motion can be written in the form

∂N
∂
∂
+
N u1x +
N u1y = ϕ,
∂t
∂x
∂y

(7)

∂H
∂
∂
+
Hu1x +
Hu1y = 0,
∂t
∂x
∂y

(8)



∂  1
∂  1
Hux + (1 − H) u2x +
Huy + (1 − H) u2y = 0,
∂x
∂y

(9)

H


∂p
= −F u1y − u2y + Hρs G cos(θ),
∂y

(1 − H)


∂p
= F u1y − u2y + (1 − H) ρf G cos(θ),
∂y

H


∂p
= −F u1x − u2x Hρs G sin(θ),
∂x

(10)

(11)

(12)


∂p
(13)
= F u1x − u2x + (1 − H)ρf G sin(θ),
∂x
1
1
2
2
where (ux , uy ) and (ux , uy ) are components of the velocity vectors for the particles (phase 1) and uid (phase 2), (0xy) is the Cartesian coordinate system
connected with the ρs , ρf are densities of the solid and uid materials, p is the
hydrostatic pressure, H and N are the mass and numerical concentrations of the
particles, F is the phenomenological coecient for the viscous drag forces acting
on the particle from the viscous uid, ϕ the aggregation rate, G is the mass force
that can be chosen as G = ng , n is the magnication factor when the sedimentati(1 − H)

on is carried out in a centrifuge [21].
The equation (7) describes the kinetics of the particle aggregation due to
the collisions, decompositions or exchange interactions [20]. The mass continuity
conditions for the phases (8), (9) and the projections of the momentum equations
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for the phases on the axis coordinate (10)-(13) give the system of PDE for the
velocities, pressures and numerical concentration of the aggregates. The same
model in one-dimensional formulation has been used for the RBC sedimentation
modeling in the vertical tubes, in thin gaps between the walls of the rotational
viscosimeter of the cylinder-cylinder type [22] and in the centrifugal force eld [23].
In the two-dimensional formulation it has been applied to the RBC sedimentation
in the circular tubes in the external magnetic eld [24]. The system (7)-(13) can
be solved by numerical methods, but in order to derive more convenient halfanalytical estimations, in this paper a simplied one-dimensional model will be
obtained by averaging of the equations (7)-(13) over the transverse coordinate

x.

4. One-dimensional approximation for small inclination angles.
F and ϕ

have been found

ϕ = −kH 2 w−2 ,

(14)

Based on the dimension theory, the expressions for
in the form [20], [22]  [24]:

F = µf H (1 − H)−2,5 w−2/3 ,
where

w = H/N

is the average volume of the aggregates,

k

is the empirical

constant that determines the aggregate formation.
By excluding pressure in (10)-(13) and using the impermeability condition at
the bottom of the tube

x = L,

one can obtain

u1x = −Θ(H) sin(θ),
u2x

u1y = Θ(H) cos(θ),

HΘ(H)ngδρ sin(θ)
HΘ(H)ngδρ cos(θ)
=
, u2y = −
,
(1 − H)F
(1 − H)F

(15)

Θ(H) = H(1 − H)2 δρG/F (H), δρ = ρs − ρf .
When θ = 0 (15) coincide with the corresponding expressions for the nonuniform centrifugal force eld ng(x) = ax + b acting on the blood cells in vertical
tubes [23]. When θ = 0 and n = 1 (15) coincides with the expressions for the
where

gravitational blood sedimentation computed in [21, 22].
Let us assume, the aggregation at the expense of the lateral motion of the

T of the particle sedimentation along the
L their radial displacement δ will be of the order of magnitude of R.
δ ≈ u1x T, T ≈ L/ u1y , this condition accounting for (15) can be written

particles is essential if during the time
distance
Since
as

L u1x
δ
L
= tan (θ) .
≈
1
R
R
R uy
Let us consider

δ/R

(16)

as a non-dimensional parameter characterizing the

aggregation due to the lateral motion towards the inclined lower wall of the vessel.
Since it will result in the faster approaching and aggregation of the particles, this
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parameter must be accounted for in the expression for the aggregation rate (14)
in the form [24]

ϕ = −kN 2 w−2 (1 + O (δ/R)).

(17)

For instance, in [23] the following estimation has been used:

kN 2
ϕ=− 2
w



δ
δ2
1−2 + 2
R R

−1
.

(18)

As it is follows from (16), the second order term in (18) can be neglected for
suciently small inclination angles. For instance, in for the laboratory viscosi-

L/R ∼ (1.7 − 2.5) so at the angles θ < 10◦
δ/R  1 is valid and ϕ = −kN 2 (1 + 2δ)/w−2 can be

meters for blood testing the values
the simplifying approach
accepted.

For the averaging purposes let us introduce the following designations:

x ∈ [0; xs ],

where

xs

is the coordinate of the interface between the layers I and

IIa (Fig.1b)



N (t, y) ,
 0,
H(t, y),
H(t, x, y) =
0,

N (t, x, y) =

x ≤ xs
,
xs < x ≤ s
x ≤ xs
xs < x ≤ s

(19)

s is the width or the area occupied by the particles and aggregates (Fig.1b).
According to (15) the interface x = xs between the zones I and IIa moves with

where

the speed

Ux = u1x

x=xs

= H (1 − H)2 gδρ sin α F −1 .

(20)

The averaged values will be introduced in the form

1
hf i =
xs

Zxs
f dx.

(21)

0
Then the system (7)-(13) can be written as

∂
∂
1 ∂xs
hN i +
hN i u1y + k hN i2 ∆ (xs , y) =
(N (t, xs , y) − hN i) +
∂t
∂y
xs ∂t



1 ∂xs
1
1
+
N (t, xs , y) uy (t, xs , y) − hN i uy
−
xs ∂y
−

1
N (t, xs , y) u1x (t, xs , y) ,
xs

(22)
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∂
∂
hHi +
hHi u1y =
∂t
∂y



1 ∂xs
1
1
−
=
H (t, xs , y) uy (t, xs , y) − hHi uy
xs ∂y
−

(23)

1 ∂xs
1
H (t, xs , y) u1x (t, xs , y) −
(hHi − H (t, xs , y)) ,
xs
xs ∂t


∂ 
hHi u1y + (1 − hHi) u2y =
∂t



1 ∂xs
1
1
+
=
H (t, xs , y) uy (t, xs , y) − hHi uy
xs ∂y

(24)

+ (1 − H (t, xs , y)) u2y − (1 − hHi) u2y −
−


1 
H (t, xs , y) u1x (t, xs , y) + (1 − H (t, xs , y)) u2x (t, xs , y) ,
xs

∂
hpi + F (hHi , hN i) u1y − u2v + ρs g cos (θ) hHi =
∂y


1 ∂xs
(H (t, xs , y) p (t, xs , y) − hHi hpi) ,
=
xs ∂y

hHi

(1 − hHi)

∂
hpi − F (hHi , hN i)
∂y

u1y − u2y



(25)

+ ρf g cos (θ) (1 − hHi) =
(26)


=

where


1 ∂xs
((1 − hHi) hpi − (1 − H (t, xs , y)) p (t, xs , y)) ,
xs ∂y

1
∆ (xs , y) =
xs

 
Zxs 
δ
1+O
xdx.
R
0

The system could be signicantly simplied when
general case

∂xs /∂y = 0.

Since in the

∂xs /∂y 6= 0, let us estimate the terms in the right hand sides of (22)-

(26). In the zones I and II we have the following expressions:

∂p
= [H (t, xs , y) ρS + (1 − H (t, xs , y) ρf )] g sin (θ)
∂x

(0 ≤ x ≤ xs )
(27)

∂p
= ρf g sin (θ)
∂x

(xs < x ≤ R) .
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|hpi − p (t, xs , y)| = (H (t, xs , y) ρs + (1 − H (t, xs , y)) ρf ) g sin α x.
Then at the conditions

R/L  1, H0 < 1

(28)

we can obtain from (15), (26), (27)

the following estimations:

u1y − u1y (t, xs , y)
 1.
u1y

|hpi − p (t, xs , y)|
 1;
ρs g |cos α| hHi

(29)

In this case the terms in the curly brackets in (22)-(26) can be neglected
and

the

governing

H (t, xs , y) = hHi

equations

for

the

averaged

variables

N (t, xs , y) = hN i,

can be written in the form (the averaging signs are omitted):

∂N
∂
N H (1 − H)2 δρ ng sin (θ)
,
+
N u1y = −kN 2 ∆ −
∂t
∂y
F xs
∂H
∂
H 2 (1 − H)2 δρ ng sin (θ)
+
Hu1y = −
,
∂t
∂y
F xs

∂  1
Huy + (1 − H) u2y = 0,
∂y
H


∂p
+ F u1y − u2y + ρs ng H cos (θ) = 0,
∂y

(1 − H)
When

(30)

θ=0


∂p
− F u1y − u2y + ρf ng (1 − H) cos (θ) = 0.
∂y

the system (30) coincides with the corresponding systems in [20,

21]. The second term in the right hand side of the rst equation in (30) is responsible for additional aggregation of the particles due to the transversal displacements.
In [24] the additional term responsible for the additional aggregation induced by

2M δχN H (1 − H)2 F −1 xs , where δχ
susceptibilities of the particles and uid, M is

the applied magnetic eld was computed as
is the dierence of the magnetic

the non-dimensional intensity of the ponderomotive force.
With the non-dimensional variables

Y =
where

2/3
u1y
y
t
L
ngδρw0
w
kL
, T = ∗, T∗ =
, u0 =
,W =
, Uy1 =
, K=
L
T
u0
µf
w0
u0
u0 w0

T∗

is the characteristic time,

w0

is the volume of a single particle, the

equations for the concentration and volume of the aggregates are the following
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∂W
∂W
+ Uy1
= KH∆,
∂T
∂Y
∂H
∂
H (1 − H)4,5 W 2/3 sin (θ)
,
+
HUy1 = −
∂T
∂Y
Lxs

(31)

Uy1 (H, W, Y ) = − (1 − H)4,5 W 2/3 cos (θ) .
The boundary conditions for the variables are

C (0, Y ) = C0 , W (0, Y ) = 1, U 1 (T, L) = 0.

(32)

The system (31) is hyperbolic [20, 21] and can be written in the matrix form

Uy1

1
+  ∂Uy
H
∂W


∂
= ∂T



W
H



Uy1


0


!
W
 ∂
H ∂Uy1 
=
H
1+ 1
∂Y
Uy ∂H




KH∆
∂Uy1 H (1 − H)4,5 W 2/3 sin (θ)  ,
=
−H
−
∂Y
Lxs
where

=

is the unit matrix

Its characteristic values are

λ1 = Uy1 ,

!
H ∂Uy1
.
1+ 1
Uy ∂H

λ2 = Uy1

The characteristic equations are

(I)

dY
= − (1 − H)4,5 W 2/3 cos (θ),
dT

(II)
where

dY
= A (1 − 5.5H) cos (θ).
dT

(33)

(34)

A = (1 − H)3,5 W 2/3 .

The conditions at the characteristics are

(I)
dW
(II)
=−
dT



dW
= −KH∆,
dT

1
1
+
2 2 (2H − 1) A cos α



dH
H (1 − H) A sin (θ)
+
− 1.
dT
Lxs

(35)

(36)

The characteristics of the family (I) have a positive slope, while the family (II)
in the physiological range have negative slope. Solution of the one-dimensional
problem (31)-(32) can be obtained on (33)-(36) by the method of characteristics.
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5. Two-dimensional formulation for arbitrary inclination angles.
In the case of arbitrary nite inclination angle the hyperbolic system of twodimensional equations for and can be obtained from (7)-(8). Supposing the continuity of

∂p/∂x

and

∂p/∂y ,

the system can be written in the form

∂w
∂w
∂w
+ u1x
+ u1y
= kH,
∂t
∂x
∂y

(37)

 ∂H
∂H
∂H
+ u1x
+ u1y + 2HΘ0 sin(θ)
= 0.
∂t
∂x
∂y

(38)

This hyperbolic system can be solved by the two-dimensional analogy of the
method of characteristics. All the expressions for the bicharacteristics and conditions on them can be obtained on the formulae in [24] by substitution of
and

cos(θ) instead of the magnetic eld components ψr

and

sin(θ)

ψx . Then the pressure

can be determined from the expressions obtained from (10)-(13)

∂p
= (Hρs + (1 − H)ρf )G sin(θ),
∂x

(39)

with the boundary conditions

∂p
= (Hρs + (1 − H)ρf )G cos(θ).
∂y
where

(40)

patm is the atmospheric pressure. Solution of the two-dimensional aggregati-

ng particle sedimentation problem (7)-(13) can also be found by the particle
dynamics method [25].

6. Numerical results and discussion.
Like in the case of the vertical tube [20, 21], the families of characteristics (I)
and (II) have positive and negative slopes accordingly. The family (I) corresponds
to the interface between the zones II and III, while the family (II) describes the
movement of the interface between the zones I and II moving with the corresponding velocity (20). Numerical computations on (33)-(36) have been carried out using
the typical parameters for human blood [20, 21]

H0 = 0.35 ÷ 0.5µf = (1.1 ÷ 1.7) · 10−3 P a · s, G = g, ρf = 1030 ÷ 1080 kg/m3 ,
ρs = 1050 ÷ 1150 kg/m3 , L = 5 cm, R = 2 mm, k = 10−5 ÷ 10−2 m3 s−1.
The numerical procedure is described in details in [20, 21]. The example of the
interface of the software is given in Fig.2. The region conned by the characteristics of dierent families started at the ends of the tube

Y = 0

and

Y = 1

corresponds to the zone II (Fig.1a). Note the longitudinal coordinate axis in Fig.2
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Fig.2. An example of the interface of the software and the zone distribution
in the inclined tube: I is the clear uid zone, II is the zone of sedimenting
.

aggregates, III is the compact zone.

is located in the inverse direction comparatively to the axis in Fig.1. The results
of numerical computations are presented in Fig.3-4.
When the applied force increases (n=1,2,3,. . . ), the particles settles faster
(Fig.3a). Similar dependence is observed for the suspensions with increasing initial
concentration (Fig.3b), aggregation rate (Fig.3c) and small increase in the inclination angle (Fig.3d). The increased external force uniformly accelerates particle
sedimentation along the tube and the locations of the interfaces between I and
II, II and III changes in a similar way (Fig.3a). When the initial concentration
increases, the changes are more noticeable for the I-II interface (Fig.3b). It may
be caused by lower viscosities of the suspension at the upper part of the tube that
produces lower Stokes forces acting on the surface of the more freely sedimenting
aggregates. In the lower part of the zone II the aggregates of the same volume are
surrounded my more concentrated suspension with higher viscosity that produced
higher Stokes forces hampering the settling of the aggregates towards the m zone
of the sediment III. When particle aggregation rate increases, the changes are
more noticeable at the II-III interface (Fig.3c) because in the region with higher
concentration the compact zone formation will be very fast. Small increase in the
inclination angle signicantly accelerates the zone I formation (Fig.3d) because of
the decrease of the length the particles move before reaching the lower wall of the
inclined tube. When the inclination angle becomes bigger than some critical angle

θ∗ ,

the sedimentation decelerates. In the case of material parameters used in the

computation results presented in Fig.3d

θ∗ ∼ 8◦ .

The behavior of the particles

in the case is similar to those for the granular materials on the inclined surfaces.
The inclination shorten the distance each particle must move the reach the lower
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inclined wall that accelerates the sedimentation. When a particle approach the
interface II-III and can not longer sediment, it can slide over the interface due to
the force

∼ ng cos(θ)

that decreases with increasing the angle. The ability of the

settled particle to slide is also conned by the interaction between the neighboring
particles that can lead to their aggregation and by higher shear drag for sliding in
the concentrated suspension that those in the clear uid. The increase in the uid
viscosity decelerates the sedimentation but the properties of the particle dynamics
remain similar to those presented in Fig.3a-d that conrms physical relevance of
the computed results. When

n = 1, θ = 0◦

the computed curves correspond to

those obtained in [21].

a

b

c

d

Fig.3. Locations of the characteristics at dierent external force (a),
initial concentrations of the particles (b), aggregation rate (c), and inclination
angle (d).

Tmax

where

γ(H) =

1
=
KH0

"

5KH0 )
+1
3[1 − γ(H0 )](1 − H0 )3.5 )

1 − 3H
2.5H
+
.
1 + 2H
1−H

0.6

#
−1 ,

(41)
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Since the drag coecient

F (H, W )

and aggregation rate

K(H, W, 4)

in the

inclined tube could be more complex functions than in the expression (14) which
was validated for the vertical tubes [22], (41) can be rewritten in the form

Tmax
where

f (H0 )

1
=
KH0

"

5KH0 f (H0 )
+1
3[1 − γ(H0 )](1 − H0 )3.5 )

0.6

#
−1 ,

(42)

is the unknown correcting function that is specic for the studied

suspension.
When

θ = 0◦

(42) must coincide with (41). Based on (42), a novel method for

testing the suspension stability of any technical suspension, blood or nanouid can
be proposed. The measurements must be carried out at dierent inclination angles

θ = 0◦ −10◦ . In the case of θ = 0◦ (42) allows computation of the basic aggregation
rate k by the measured value Tmax . Then a series of experiments with gradually
◦ ◦ ◦ ◦
◦
increasing slop, to say, θ = 2 ; 4 ; 6 ; 8 ; 10 will give the dependence f (H0 ) that
can be used for corrections of the expressions in (14) for the inclined tube case.
Before decision making upon the nanouid ageing or blood aggregatability the
test must be conducted for the same nanouid in its basic state before being used
for a long time or for the healthy native blood samples. The proposed approach
will be tested experimentally in future works.

7. Conclusions.
The Boycotte eect which is used in testing of some industrial suspensions
is very attractive for usage in the medical diagnostics instead of conventional
blood sedimentation test, for investigation of ageing of micro and nanouids. The
developed theory allows easy determination of the sedimentation curves as the
moving interfaces I-II and II-III by the method of characteristics. When the inclination angle

θ = 0◦

the obtained numerical results and analytical expressions are

transformed to the corresponding expressions obtained before for the gravitational sedimentation in the vertical tubes with and without external magnetic eld
and in the non-uniform centrifugal force eld. It was shown, the sedimentation
rate increased with increasing the particle concentration, their aggregation rate
and external force, but with distinct regularities for the I-II and II-III interfaces.
The corresponding dependence on the angle is more complex. Sedimentation is
accelerated by small angles but at the angles exceeded some critical value the
settling is decelerated and hampered. That can be explained by the initial faster
settling followed by deceleration of sliding of the particles along the inclined wall
by the shear drag. Based on the obtained results, a novel method of determination
not only the aggregation ability of the particles but also the particle-specic and
angle-dependent shear stress factor is proposed. The experimental validation of
the proposed approach will be tested in our future experimental studies on blood
and dierent types of nanouids used in the microuidic ow systems.

56

V. Baranets, N. Kizilova

ORCID ID
V. Baranets
N. Kizilova

https://orcid.org/0000-0001-6386-3207
https://orcid.org/0000-0001-9981-7616

REFERENCES
1. A. E. Boycott. Sedimentation of blood corpuscles, Nature,  1920.  V.

104,

532 p.
2. S. A. P. Moys. Sedimentation of polydisperse particles at low Reynolds numbers
in inclined geometries, PhD Thesis. Santiago de Chile, 2016.  78 p.
3. P. Hanson, T. Trigg, G. Rachal, M. Zamora. Investigation of Barite Sag in
Weighted Drilling Fluids in Higlu Deviated Wells, SPE paper 20423 presented
at the SPE Annual Conference and Exhibition, New Orlean, 1990.  Sept. 
P. 23-26.
4. J. Duran, T. Mazozi. Granular boycott eect: how to mix granulates, Phys
Rev E Stat Phys Plasmas Fluids Relat Interdiscip Topics, 1999.  Nov. - 60
(5 Pt B):6199 - 201 p.
5. T. Peacock, F. Blanchette, J. W. M. Bush. The stratied Boycott eect, J. Fluid
Mech, 2005.  529.  P. 33-49.
6. R. S. MacTaggart, D. H-S. Law, J. H. Masliyah, K. Nandakumar. Gravity
separation of concentrated bidisperse suspensions in inclined plate settlers,
Intern. J. Multiphase Flow, 1988.  14(4):519.  532 p.
7. E. Fukada, T. Azuma. Erythrocyte sedimentation rate II. Eects of tilt angle
in saline solution, Biorheology, 1988.  1-2. V.

25.  P. 157-164.

8. A. Acrivos, E. Herbolzheimer. Enhanced sedimentation in settling tanks with
inclined walls, J. Fluid Mech., 1979. - 3. V.

92.  P. 435457.

9. H. Lamb. Hydrodynamics, 1932. Cambridge University Press.
10. Eric Ponder. On Sedimentation and rouleaux formation, Experimental Physiology, 1926.  2. V.

16.  P. 173194.

11. N. Nakamura, K. Kuroda. La cause de l'acceleration de la vitesse de sedimentation des suspensions dans les recipients inclines, Keijo J. Med., 1937. 
V.

8.  P. 256296.

12. W. D. Hill, R. R. Rothfus, K. Li. Boundary-enhanced sedimentation due to
settling convection, Int. J. Multiphase Flow, 1977.  V.

3.  P. 561583.

13. R. F. Probstein, R. E. Hicks. Lamella settlers: a new operating mode for high
performance, Ind. Water Eng., 1978.  V.

15.  P. 68.

Âiñíèê ÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì 90 (2019) 57
14. I. Rubinstein. A steady laminar ow of a suspension in a channel, International Journal of Multiphase Flow, 1980.  5. V.

6.  P. 473490.

15. W. F. Leung, R. F. Probstein. Lamella and tube settlers. 1. Model and operation, Industrial & Engineering Chemistry Process Design and Development,
1983.  1. V.

22.  P. 5867.

16. Y. Toyama, T. Dobashi, A. Sakanishi, S. Oka. Enhanced erythrocyte sedimentation rate and upow layer in inclined rectangular vessel, Jap. J. Appl.
Phys., 1990.  2. V.

29.  P. 453-454.

17. J. Zhang, Q. Guo, M. Liu, J. Yang. A lab-on-CD prototype for high-speed
blood separation, J. Micromech. Microeng., 2008.  12. V.

18:125025.

18. S. Chakraborty. Microuidics and Microscale Transport Processes, 2012. CRC
Press.,  366 p.
19. Z.-J. Xu, E.E. Michaelides. A Numerical Simulation of the Boycott Eect,
Chemical Engineering Communic., 2005.  4. V.

192.  P. 532-549.

20. N. Kizilova, L. Batyuk, V. Cherevko. Human Red Blood Cell Properties and
Sedimentation Rate: a Biomechanical Study, Biomechanics in Medicine and
Biology: Proceedings of the International Conference of the Polish Society of
Biomechanics, Zielona Gora, 2018.  September 5-7.  Poland. K. Arkusz,
R. Bedzinski, T. Klekiel, S. Piszczatowski, eds. Springer Series Advances in
Intelligent Systems and Computing.  V.

831,  2019.  P. 3-22.

21. N. N. Kizilova, V. A. Cherevko. Gravitational sedimentation of erythrocytes:
experiments and theoretical model, Visnyk of V.N. Karazin Kharkiv National
University. Ser. Mathematics, Applied Mathematics and Mechanics, 2009. 
V.

875.  P. 80-94.

22. Y. S. Losev. Some problems of hydromechanics of suspensions with varying
densities: application to the blood. PhD Thesis, 1984.  Moscow University.
 135 p.
23. O. M. Datsok, Ye. N. Zholonsky, N. N. Kizilova. Two-phase model of the
erythrocytes sedimentation in a non-uniform force eld, Visnyk Kharkov
Polytechnic University, 2002.  V.

135.  P. 61-66.

24. N. N. Kizilova. Eect of radial motion of erythrocytes on their sedimentation
in a tube in an external magnetic eld, Fluid Dynamics, 1991.  5. V.

26. 

P. 737-744.
25. V. A. Baranets, N. N. Kizilova. Discrete modeling of aggregation and sedimentation of nanoparticles in suspensions, Visnyk of V.N. Karazin Kharkov
National University. Ser. Mathematical modeling. Information technologies.
Automated control systems, 2018.  V.

38.

58

V. Baranets, N. Kizilova

Mathematical modeling of particle aggregation and
sedimentation in the inclined tubes. Sedimentation of the aggregating particles in

V. Baranets, N. Kizilova.

the gravity eld is widely used as an easy and cheap test of the suspension stability of dierent technical suspensions, blood and nanouids. It was established the tube inclination
makes the test much faster that is known as the Boycott eect. It is especially important
for the very slow aggregating and sedimenting blood samples in medical diagnostics or
checking the ageing of the nanouids. The dependence of the sedimentation rate on the
angle of inclination is complex and poorly understood yet. In this paper the two phase
model of the aggregating particles is generalized to the inclined tubes. The problem is
formulated in the two-dimensional case that corresponds to the narrow rectangle vessels
or gaps of the viscosimeters of the cone-cone type. In the suggestion of small angles of
inclination the equations are averaged over the transverse coordinate and the obtained
hyperbolic system of equations for is solved by the method of characteristics. During
the sedimentation the upper region (I) of the uid free of particles, the bottom region
(III) of the compactly located aggregates without uid, and the intermediate region of
the sedimenting aggregates (II) appear. The interface between I and II can be registered
by any optic sensor and its trajectory is the sedimentation curve. Numerical computations revealed the increase in the initial concentration of the particles, their aggregation
rate, external uniform force and inclination angle accelerate the sedimentation while
any increase in the uid viscosity decelerates it that is physically relevant. Anyway, the
behaviors of the acceleration are dierent. For the elevated force the interfaces I-II and IIIII shifts uniformly, while for the elevated concentration or aggregation rate the interface
I-II or II-III moves faster. Small increase of the inclination angle accelerates the sedimentation while at some critical angles is starts to decelerate due to higher shear drag in
the very viscous mass of the compactly located aggregates. Based on the results, a novel
method of estimation of the suspension stability is proposed.
Keywords: Boycott eect; suspension; aggregation; sedimentation; medical diagnostics.
Áàðàíåöü Â. Î., Êiçiëîâà Í. Ì. Ìàòåìàòè÷íå ìîäåëþâàííÿ àãðåãàöi¨ òà îñiäàííÿ ÷àñòèíîê â ïîõèëèõ òðóáêàõ. Îñiäàííÿ àãðåãóþ÷èõ ÷àñòèíîê ó ãðàâiòàöiéíîìó ïîëi øèðîêî âèêîðèñòîâó¹òüñÿ ÿê ïðîñòèé i äåøåâèé òåñò íà ñòàáiëüíiñòü ñóñïåíçi¨
ðiçíèõ òåõíi÷íèõ ñóìiøåé, êðîâi òà íàíîðiäèí. Âñòàíîâëåíî, ùî íàõèë òðóáêè ðîáèòü òåñò íàáàãàòî øâèäøèì, ùî âiäîìî ÿê åôåêò Áîéêîòòà. Öå îñîáëèâî âàæëèâî
äëÿ äóæå ïîâiëüíîãî àãðåãóþ÷èõ òà îñiäàþ÷èõ çðàçêiâ êðîâi â ìåäè÷íié äiàãíîñòèöi
àáî ïåðåâiðêè ñòàðiííÿ íàíîðiäèí. Çàëåæíiñòü øâèäêîñòi îñiäàííÿ âiä êóòà íàõèëó
¹ ñêëàäíîþ i ìàëî âèâ÷åíîþ çàäà÷åþ. Ó öié ðîáîòi óçàãàëüíåíî äâîôàçíó ìîäåëü
àãðåãóþ÷èõ ÷àñòèíîê ó ïîõèëèõ òðóáêàõ. Çàäà÷à ñôîðìóëüîâàíà â äâîâèìiðíîìó
âèïàäêó, ùî âiäïîâiäà¹ âóçüêèì ïðÿìîêóòíèì ¹ìíîñòÿì àáî çàçîðàì âiñêîçèìåòðiâ
êîíóñîïîäiáíîãî òèïó. Ó ïðèïóùåííi ìàëèõ êóòiâ íàõèëó ðiâíÿííÿ óñåðåäíþþòüñÿ
ïî ïîïåðå÷íié êîîðäèíàòi, à îòðèìàíà ãiïåðáîëi÷íà ñèñòåìà ðiâíÿíü ðîçâ'ÿçó¹òüñÿ
ìåòîäîì õàðàêòåðèñòèê. Ïiä ÷àñ îñiäàííÿ ç'ÿâëÿ¹òüñÿ âåðõíÿ îáëàñòü ðiäèíè, âiëüíî¨
âiä ÷àñòèíîê (I), íèæíÿ îáëàñòü êîìïàêòíî ðîçòàøîâàíèõ àãðåãàòiâ áåç ðiäèíè(III)
i ïðîìiæíà îáëàñòü îñiäàþ÷èõ àãðåãàòiâ (II). Ãðàíèöÿ ïîäiëó ìiæ I òà II îáëàñòÿìè ìîæå áóòè çàðå¹ñòðîâàíà áóäü-ÿêèì îïòè÷íèì äàò÷èêîì, à éîãî òðà¹êòîðiÿ ¹
êðèâîþ îñiäàííÿ. ×èñåëüíi ðîçðàõóíêè âèÿâèëè, ùî çáiëüøåííÿ ïî÷àòêîâî¨ êîíöåíòðàöi¨ ÷àñòèíîê, ¨õ øâèäêîñòi àãðåãàöi¨, çîâíiøíüî¨ ðiâíîìiðíî¨ ñèëè i êóòà íàõèëó
ïðèñêîðþþòü îñiäàííÿ, à áóäü-ÿêå çðîñòàííÿ â'ÿçêîñòi ðiäèíè ñïîâiëüíþ¹ éîãî, ùî ¹
ôiçè÷íî äîðå÷íèì. Òàê ÷è iíàêøå, ïîâåäiíêà ïðèñêîðåííÿ ðiçíà. Ïðè çðîñòàííi ñèëè
ãðàíèöi ïîäiëó ìiæ çîíàìè I-II i II-III ïåðåñóâàþòüñÿ ðiâíîìiðíî, òîäi ÿê ïðè çáiëüøåííi êîíöåíòðàöi¨ àáî øâèäêîñòi àãðåãàöi¨  ðóõàþòüñÿ øâèäøå. Ïðè íåâåëèêîìó
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çáiëüøåííi êóòà íàõèëó îñiäàííÿ ïðèñêîðþ¹òüñÿ, à ïðè äåÿêèõ êðèòè÷íèõ êóòàõ ïî÷èíà¹ ñïîâiëüíþâàòèñÿ âíàñëiäîê áiëüø âèñîêîãî çñóâíîãî îïîðó â äóæå â'ÿçêié ìàñi
êîìïàêòíî ðîçòàøîâàíèõ àãðåãàòiâ. Íà îñíîâi îòðèìàíèõ ðåçóëüòàòiâ çàïðîïîíîâàíî
íîâèé ìåòîä îöiíêè ñòiéêîñòi ñóñïåíçi¨.
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