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The conditions of existence and the construction of solutions of Cauchy problem
for di�erence-algebraic system are determined. The conditions of existence
and the construction of solutions of a linear Noetherian di�erence-algebraic
boundary-value problem are determined. An original classi�cation and a single
scheme of construction of the solutions of di�erence-algebraic equations are
proposed.
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×óéêîÑ.Ì., Êàëiíi÷åíêîß.Â., ÏîïîâM.Â. Êðàéîâi çàäà÷i äëÿ ñèñòåì

íåâèðîäæåíèõ ðiçíèöåâî-àëãåáðà¨÷íèõ ðiâíÿíü. Çíàéäåíî óìîâè
ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà çàäà-
÷i Êîøi äëÿ ðiçíèöåâî-àëãåáðà¨÷íî¨ ñèñòåìè. Çíàéäåíî óìîâè ðîçâ'ÿçíîñòi,
à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà äëÿ ëiíiéíî¨ íåòå-
ðîâî¨ ðiçíèöåâî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i. Çàïðîïîíîâàíî îðèãiíàëüíó
êëàñèôiêàöiþ êðèòè÷íèõ i íåêðèòè÷íèõ âèïàäêiâ äëÿ ëiíiéíèõ ðiçíèöåâî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷.
Êëþ÷îâi ñëîâà: êðàéîâi çàäà÷i, ðiçíèöåâî-àëãåáðà¨÷íi ðiâíÿííÿ, ïñåâäîîáåð-
íåíà ìàòðèöÿ.

×óéêîÑ.Ì., Êàëèíè÷åíêîß.Â., ÏîïîâÍ.Â.Êðàåâûå çàäà÷è äëÿ ñèñòåì
íåâûðîæäåííûõ ðàçíîñòíî-àëãåáðàè÷åñêèõ óðàâíåíèé. Íàéäåíû
óñëîâèÿ ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà Ãðè-
íà çàäà÷è Êîøè äëÿ ðàçíîñòíî-àëãåáðàè÷åñêîé ñèñòåìû. Íàéäåíû óñëîâèÿ
ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà Ãðèíà äëÿ ëè-
íåéíîé íåòåðîâîé ðàçíîñòíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è. Ïðåäëîæåíà
îðèãèíàëüíàÿ êëàññèôèêàöèÿ êðèòè÷åñêèõ è íåêðèòè÷åñêèõ ñëó÷àåâ äëÿ
ëèíåéíûõ ðàçíîñòíî-àëãåáðàè÷åñêèõ êðàåâûõ çàäà÷.
Êëþ÷åâûå ñëîâà: êðàåâûå çàäà÷è, ðàçíîñòíî-àëãåáðàè÷åñêèå óðàâíåíèÿ,
ïñåâäîîáðàòíûå ìàòðèöû.

2010 Mathematics Subject Classi�cation: 15A24, 34Â15, 34C25.

Introduction

The relevance of the study of solvability conditions, as well as �nding solutions
of linear Noetherian di�erence-algebraic boundary-value problems is associated
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with the widespread use of di�erence-algebraic boundary-value problems obtained
by linearization of nonlinear Noetherian boundary-value problems for systems of
ordinary di�erential and di�erence equations. The relevance of studying Noetheri-
an boundary value problems in critical cases, in turn, is associated with numerous
applications in electronics, mechanics, the theory of motion stability, biology and
radio engineering, and the theory of nonlinear oscillations.

In part 1 the conditions of existence and the construction of solutions of
Cauchy problem for linear nondegenerate di�erence-algebraic system are determi-
ned. In part 2 the conditions of existence and the construction of solutions of a
linear Noetherian di�erence-algebraic boundary-value problem are determined. In
part 3 the conditions of reduction of a di�erence-algebraic boundary value problem
to a non-critical case are determined. The proposed conditions of solvability, as
well as the scheme of �nding solutions of linear Noetherian di�erence-algebraic
boundary value problems are illustrated in detail in the examples.

1. Nondegenerate systems of linear di�erence-algebraic equations

Consider the problem of �nding bounded solutions [1, 1]

z(k) ∈ Rn, k ∈ Ω := {0, 1, 2, ... , ω}

of the system of linear algebraic di�erence equations

A(k)z(k + 1) = B(k)z(k) + f(k); (1)

here A(k), B(k) ∈ Rm×n are assumed, generally speaking, rectangular: m 6= n
matrices and f(k) is real column vector. The matrix A(k) is assumed rectangular
or square but singular.

The problem of �nding bounded solutions z(k) of boundary value problem for
a linear nondegenerate system of �rst-order di�erence equations

z(k + 1) = A(k)z(k) + f(k), `z(·) = α ∈ Rυ

was solved by A.A.Boichuk. Thus, the problem of �nding bounded solutions z(k)
of a di�erence-algebraic system (1) is a generalization of the problem solved by
A.A.Boichuk [1]. Denote PA∗(k) the matrix-orthoprojector [2]:

PA∗(k) : Rm → N(A∗(k)).

Provided [3] that the matrices A+(k)B(k), A+(k)f(k) are bounded, and also

PA∗(k) = 0 (2)

the system (1) can be reduced to the traditional system of linear di�erence equati-
ons

z(k + 1) = A+(k)B(k)z(k) + F0(k, ν0(k)); (3)

here
rank A(k) := σ0 = m < n.
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Besides,

F0(k, ν0(k)) := A+(k)f(k) + PAρ0 (k)ν0(k),

A+(k) � is pseudoinverse (by Moore - Penrose), PAρ0 (k) � (n× ρ0)− is a matrix
composed of ρ0 linearly independent columns of (n×n)− orthoprojection matrix

PA(k) : Rn → N(A(k)),

ν0(k) ∈ Rρ0 is an arbitrary real vector function. General solution of the Cauchy
problem

z(0) = c ∈ Rn

for the homogeneous part of the system of di�erence equations (3)

z(k) = X0(k) c, c ∈ Rn;

is de�ned by the normal fundamental matrix:

X0(k + 1) = A+(k)B(k)X0(k), X0(0) = In.

The normal fundamental matrix can be represented as:

X0(k) =
k−1∏
j=1

A+(j)B(j).

Under condition (2) the normal fundamental matrix X0(k) of the homogeneous
part of the system of di�erence equations (3) is, generally speaking, singular:

detX0(k) = 0,

therefore, to construct a general solution of the Cauchy problem z(0) = c ∈ Rn
for the inhomogeneous degenerate system of di�erence equations (3) the scheme
[1, 5] is not applicable. However, the Green operator of the Cauchy problem for
the degenerate system of di�erence equations (3) can be found as follows:

K[F0(j, ν0(j))](0) := 0, K[F0(j, ν0(j))](1) := F0(1, ν0(1)), ... ,

K[F0(j, ν0(j))](k + 1) := A+(k)B(k)K[F0(j, ν0(j))](k)+

+F0(k, ν0(k)), ... .

Thus, the following lemma is proved.

Lemma 1. The problem of �nding bounded solutions of a system of linear

di�erence-algebraic equations (1) under the condition (2) has a solution

z(k) = X0(k) c+K[f(j)](k), c ∈ Rn;
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here X0(k) � is a normal fundamental matrix,

K[f(j)](k) := K[F0(j, ν0(j))](k)

� is the Green operator of the Cauchy problem for the system (1).

By analogy with the classi�cation of di�erential-algebraic equations [3, 6], as
well as with the classi�cation of impulse boundary problems for ordinary di�erenti-
al equations [2, 7, 8] under condition (2)), in the case of boundedness of matrices
A+(k)B(k), A+(k)f(k), we will say that the system of linear di�erence-algebraic
equations (1) is degenerated. Note that, in contrast to the traditional system
of linear di�erence equations [1], the solution of the system of linear di�erence-
algebraic equations (1) under condition (2) depends on an arbitrary bounded
vector function ν0(k) ∈ Rρ0 .

Example 1. Let's �nd a solution to the system of �rst-order di�erence-

algebraic equations

Az(k + 1) = B z(k) + f(k), k = 0, 1, 2, 3, (4)

where

A :=

 0 1 0 0
−1 0 0 1
0 0 −1 0

 , B :=

 0 1 0 0
1 0 0 1
0 0 1 0

 , f(k) =

 1
2
3

 .

Since condition (2) is ful�lled and the system (4) has a solution of the form

z(k) = X0(k) c+K[f(j)](k), c ∈ R4;

here X0(k) � is the normal fundamental matrix:

X0(0) = I4, X0(1) =
1

2


−1 0 0 −1
0 2 0 0
0 0 −2 0
1 0 0 1

 ,

X0(2) =


0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 0

 , X0(3) =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 .

Besides:

K[f(j)](0) := 0, K[f(j)](1) =


−1
1
−3
1

 ,
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K[f(j)](2) =


−1
2
0
1

 , K[f(j)](3) =


−1
3
−3
1

 .

In this case, the matrix A(k) � is rectangular, while ρ0 = 1 6= 0, therefore the
solution found depends on an arbitrary continuous vector-function; in this case
ν0(k) := 0.

2. Boundary value problems for systems

of linear di�erence-algebraic equations

We investigate the problem of �nding bounded solutions [1, 1]

z(k) ∈ Rn, k ∈ Ω

linear Noetherian (n 6= υ) for the linear Noetherian boundary value problem for
a system of linear di�erence-algebraic equations [1, 1]

A(k)z(k + 1) = B(k)z(k) + f(k), `z(·) = α, α ∈ Rυ; (5)

here A(k), B(k) ∈ Rm×n � are real matrices and f(k) are real column vectors,

`z(·) : Rn → Rυ

is a linear bounded vector functional de�ned on a space of bounded functions.
The problem of �nding bounded solutions z(k) of a boundary value problem for
a linear non-degenerate system of �rst-order di�erence equations

z(k + 1) = A(k)z(k) + f(k), `z(·) = α ∈ Rυ

was solved by A.A.Boichuk [1]. Thus, the task (5) is a generalization of the
problem solved by A.A.Boichuk [1]. According to Lemma 1, the problem of �-
nding bounded solutions of a non-degenerate system of linear algebraic di�erence
equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn; (6)

here X0(k) � is a normal fundamental matrix,

K[f(j), ν0(j)](k) := K[F0(j, ν0(j))](k)

is the Green operator of the Cauchy problem for the system of di�erence-
algebraic equations (5). Note that, unlike the traditional system of linear di�erence
equations [1], the solution of the system of linear di�erence-algebraic equations
(5) subject to condition (2) depends on an arbitrary bounded vector function
ν0(k) ∈ Rρ0 ; and we set this function to be �xed at the beginning.
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Denote the matrix Q0 := `X0(·) ∈ Rυ×n, and also

PQ0 : Rn → N(Q0), PQ∗0 : Rυ → N(Q∗0)

are orthoprojection matrices [1]. Substituting the general solution (6) of the
Cauchy problem z(0) = c ∈ Rn of the inhomogeneous linear di�erence-algebraic
equation (5) into the boundary condition (5), we get the equation

Q0 c = α− `K[f(j), ν0(j)](·),

solvable if and only if

PQ∗0

{
α− `K[f(j), ν0(j)](·)

}
= 0; (7)

in this case, the solution z(k) of the linear Noetherian boundary value problem
(5) is determined by the vector

c = Q+
0

{
α− `K[f(j), ν0(j)](·)

}
+ PQrcr, cr ∈ Rr.

Here Q+
0 ∈ Rn×υ � is the Moore � Penrose pseudo-inverse matrix [1]; matrix

PQr ∈ Rn×r is composed of r linearly independent columns of the orthoprojection
matrix PQ0 ∈ Rn×n. Thus, the following lemma is proved.

Lemma 2. The problem of �nding bounded solutions of the system of linear

di�erence-algebraic equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn;

here X0(k) � is a normal fundamental matrix,

K[f(j)](k) := K[F0(j, ν0(j), ν0(j))](k)

� is the Green operator of the Cauchy problem for the system of di�erence-

algebraic equations (5). The problem of �nding bounded solutions of a linear

Noetherian (n 6= υ) boundary value problem for the system of linear di�erence-

algebraic equations (5) under conditions (2) and (7) has a solution

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ Rr;

here

Xr(k) := X0(k)PQr , k ∈ Ω := {0, 1, 2, ... , ω}

is a fundamental matrix of solutions of the homogeneous part of the problem (5)

and

G[f(j), ν0(j), α](k) := K[F0(j, ν0(j))](k) +X0(k)Q+
0

{
α− `K[f(j), ν0(j)](·)

}
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is the generalized Green operator of a linear Noetherian boundary value problem

for the system of linear di�erence-algebraic equations (5).

Example 2. Let's �nd the solution of the linear boundary problem for the

system of �rst order di�erence-algebraic equations

Az(k + 1) = B z(k) + f(k), z(0)− z(3) = α, k = 0, 1, 2, 3, (8)

where

A :=

 0 1 0 0
−1 0 0 1
0 0 −1 0

 , B :=

 0 1 0 0
1 0 0 1
0 0 1 0

 , f(k) =

 1
2
3

 ,

α :=
(

1 −3 3 −1
)∗
.

Since condition (2) is satis�ed, the system (8) has a solution of the form

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ R4;

here X0(k) � is the normal fundamental matrix given in Example 1. In this case,
the matrix A(k) � is rectangular, and ρ0 = 1 6= 0, therefore, the solution found
depends on an arbitrary bounded function; we set ν0(k) := 0. Since the matrix

Q0 = X0(0)−X0(3) =


1 0 0 0
0 0 0 0
0 0 2 0
0 0 0 1


is degenerate, for the boundary value problem (8) the critical case is true: PQ∗0 6= 0,
and the solvability condition (7) is ful�lled; here

PQ∗0 = PQ0 =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , PQr =


0
1
0
0

 .

The solution of the boundary value problem (8)

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ R1

determines the generalized Green operator of the boundary value problem (8)

G[f(j), ν0(j), α](k) = K[f(j), ν0(j)](k),

and also
Xr(k) := X0(k)PQr = PQr , k ∈ Ω := {0, 1, 2, 3}
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is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem. (8).

Following the traditional classi�cation of linear Noetherian boundary value
problems [1, 7], the case of PQ∗0 6= 0 is called critical; in this case, the existence
conditions and the form of the general solution of the problem of �nding bounded
solutions of the system of linear di�erence-algebraic equations (5) are determined
by the proved Lemma 2. The case PQ∗0 = 0 is said to be noncritical; in this case,
the existence conditions and the form of the general solution of the problem of
�nding bounded solutions of the system of linear di�erence-algebraic equations
(5) is determined by the following statement.

Corollary 1. The problem of �nding bounded solutions of the system of linear

di�erence-algebraic equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn;

here X0(k) � is a normal fundamental matrix,

K[f(j)](k) := K[F0(j, ν0(j), ν0(j))](k)

is the Green operator of the Cauchy problem for the system of di�erence-algebraic

equations (5). The problem of �nding bounded solutions of a linear Noetherian

(n 6= υ) boundary value problem for a system of linear di�erence-algebraic equati-

ons (5) in the non-critical PQ∗0 = 0 case, under condition (2) has a solution

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ Rr;

here

Xr(k) := X0(k)PQr , k ∈ Ω

is the fundamental matrix of solutions of the homogeneous part of the boundary

value problem (5) and

G[f(j), ν0(j), α](k) := K[F0(j, ν0(j))](k) +X0(k)Q+

{
α− `K[f(j), ν0(j)](·)

}
is the generalized Green operator of a linear Noetherian boundary value problem

for a system of linear di�erence-algebraic equations (5).

Example 3. Let's �nd the solution of a linear two-point problem for a system

of �rst-order di�erence-algebraic equations

Az(k + 1) = B z(k) + f(k), `z(·) = 0, k = 0, 1, 2, 3, (9)

where the matrixes A,B and the function f(k) are de�ned above in example 2.

Besides

`z(·) := M (z(0) + z(3)), M :=

 1 0 0 0
0 1 1 0
0 0 0 1

 .
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In this case, the matrix A(k) � is rectangular, with ρ0 = 1 6= 0, therefore the
solution found above in example 2 of the system of di�erence-algebraic equations
(9) depends on an arbitrary continuous function; we set ν0(k) := k. Since the
matrix

Q0 = M (X0(0) +X0(3)) =

 1 0 0 0
0 2 0 0
0 0 0 1


is of full rank, the noncritical case holds for the boundary value problem (9):
PQ∗0 6= 0. The Green operator of the Cauchy problem for a system of di�erence-
algebraic equations (9) has the form

K[f(j)](0) := 0, K[f(j)](1) =


−1
1
−3
2

 ,

K[f(j)](2) =


0
2
0
4

 , K[f(j)](3) =


0
3
−3
6

 .

Since for the boundary value problem (9) there is a noncritical case, then, accor-
ding to the corollary, the boundary value problem (9) is solvable. The decision of
a boundary value problem (9)

z(k) = Xr(k) cr +G[f(j), ν0(j), α](k), cr ∈ R1

is de�ned by the Green operator for the boundary value problem (9)

G[f(j), ν0(j), α](0) =


1
1
0
−3

 , G[f(j), ν0(j), α](1) =


1
2
−3
1

 ,

G[f(j), ν0(j), α](2) =


0
3
0
4

 , G[f(j), ν0(j), α](3) =


0
4
−3
6

 ,

And also

Xr(0) = −Xr(1) = Xr(2) = −Xr(3) =


0
0
1
0


is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (9).
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3. Reduction of a di�erence-algebraic boundary value problem

to a non-critical case

In the general case, namely, for an arbitrary real vector function

ν0(k) ∈ Rρ0

the solvability of the linear Noetherian boundary value problem for the system of
linear di�erence-algebraic equations (5) essentially depends on the choice of this
function. Set

ν0(k) := Ψ0(k)γ, γ ∈ Rθ;

here

Ψ0(k) ∈ Rρ0×θ

is an arbitrary real full rank matrix. The generalized Green operator of the Cauchy
problem for a system of linear di�erence-algebraic equations (5) can be represented
as

K

[
f(j), νp(j)

]
(k) = K

[
A+(j)f(j)

]
(k) +K

[
Ψ0(j)

]
(k) γ;

here

K

[
Ψ0(j)

]
(0) := 0, K

[
Ψ0(j)

]
(1) := PAρ0 (0)Ψ0(0),

K

[
Ψ0(j)

]
(2) := A+(1)B(1)K

[
Ψ0(j)

]
(1) + PAρ0 (1)Ψ0(1), ... ,

K

[
Ψ0(j)

]
(k + 1) := A+(k)B(k)K

[
Ψ0(j)

]
(k) + PAρ0 (k)Ψ0(k).

Denote the matrix

D0 :=

{
Q0 ; `K

[
Ψ0(j)

]
(·)
}
∈ Rυ×(ρ0+θ).

Substituting the general solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn

of the system of linear algebraic di�erence equations (5) into the boundary condi-
tion (5), we arrive at a linear algebraic equation

D0 č = α− `K
[
A+(j)f(j)

]
(·), č := col (cρ0 , γ) ∈ Rρ0+θ. (10)

Equation (10) is solvable if and only if

PD∗0

{
α− `K

[
A+(j)f(j)

]
(·)
}

= 0. (11)
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Here PD∗0 is the ortoprojector: R
υ → N(D∗). Under condition (11) and only with

it, the general solution of equation (10)

č = D+

{
α− `K

[
A+(j)f(j)

]
(·)
}

+ PD δ, δ ∈ Rρ0+θ

determines the general solution of the boundary value problem (5)

z(k, δ) =

{
X0(k);K

[
Ψ0(j)

]
(k)

}
D+

0

{
α− `K

[
A+(j)f(j)

]
(·)
}

+

+K

[
A+(j)f(j)

]
(k) +

{
X0(k);K

[
Ψ0(j)

]
(k)

}
PD0 δ, δ ∈ Rρ0+θ.

Here PD0 is the orthoprojection matrix: Rρ0+θ → N(D0). So the following theorem
has been proved.

Theorem. The problem of �nding bounded solutions of the system of linear

di�erence-algebraic equations (5) subject to (2) has a solution

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ Rn.

Under condition (11) and only with it, the general solution of the di�erence-

algebraic boundary value problem (5)

z(k, cr) = Xr(k)cr +G

[
f(j); Ψ0(j);α

]
(k), cr ∈ Rr

de�nes a generalized Green operator for a di�erence-algebraic boundary value

problem (5)

G

[
f(j); Ψ0(j);α

]
(k) := K

[
A+(j)f(j)

]
(k)+

+

{
X0(k);K

[
Ψ0(j)

]
(k)

}
D+

0

{
α− `K

[
A+(j)f(j)

]
(·)
}
.

The matrix Xr(k) is composed of r linearly independent columns of the matrix{
X0(k);K

[
Ψ0(j)

]
(k)

}
PD0 .

Under condition PD∗0 6= 0 we say that the di�erence-algebraic boundary value
problem (5) is a critical case, and vice versa: under condition PQ∗0 6= 0, PD∗0 = 0
we say that the di�erence-algebraic boundary value problem (5) is reduced to
the non-critical case. The latter de�nition is a generalization of the critical case
(PQ∗ = 0) for the Noetherian di�erence problem for the system obtained from
system (5) with A(k) ≡ In, for the case in which the generalized Green operator
of the Cauchy problem for di�erence-algebraic system (5) is dependent on an
arbitrary vector function ν0(k) ∈ Rρ0 .
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Corollary 2. Under condition (2) the general solution of the di�erence-

algebraic boundary value problem (5) is the folowing

z(k, cr) = Xr(k)cr +G

[
f(j); Ψ0(j);α

]
(k), cr ∈ Rr.

Example 3. Let's �nd the solution of the periodic boundary value problem

for the system of �rst order di�erence-algebraic equations

Az(k + 1) = B z(k) + f(k), z(0)− z(4) = 0, k = 0, 1, ... , 4, (12)

where

A :=

 1 0 0 0
0 1 0 0
0 0 1 0

 , B :=

 1 −1 1 0
0 −2 5 1
−2 −1 4 0

 , f(k) :=

 0

sin πk
2

0

 .

Since condition (2) is ful�lled, the system (12) has a solution of the form

z(k) = X0(k) c+K[f(j), ν0(j)](k), c ∈ R4;

here

X0(k) =



cos πk2 + sin πk
2

− sin πk
2

sin πk
2

0

cos πk
2

+ 3 sin πk
2
− 3k cos πk

2
− 2 sin πk

2
2 sin πk

2
− cos πk

2
+ 3k 0

cos πk
2

+ sin πk
2
− 3k − sin πk

2
sin πk

2
0

0 0 0 0


is a fundamental matrix. Since the matrix

Q0 = X0(0)−X0(4) =


0 0 0 0
80 0 −80 0
80 0 −80 0
0 0 0 0


is degenerate, for the boundary value problem (12) the critical case is true:

PQ∗0 =
1

2


2 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 2

 6= 0.
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In this case the matrix A(k) � is rectangular and

PA =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 , PAρ0 =


0
0
0
1

 6= 0,

therefore, the desired solution depends on an arbitrary bounded function. We
assume that

Ψ(t) :=
(

1 sin πk
2

cos πk
2

)
,

and also

D0 =


0 0 0 0 1 1 0
80 0 −80 0 2 2 2
80 0 −80 0 1 1 0
0 0 0 0 −1 0 −1

 .

Since condition

PQ∗0 6= 0, PD∗0 = 0,

is satis�ed, the algebraic boundary value problem (12) is reduced to the non-
critical case, therefore, according to corollary 2, the boundary value problem (12)
is solvable. The solution of the boundary value problem

z(k, cr) = Xr(k)cr +G

[
f(j); Ψ0(j);α

]
(k), cr ∈ R2

is determined by

Xr(k) =



cos πk
2

+ 2 sin πk
2

−2 sin πk
2

5 sin πk
2

2 cos πk
2
− 2 sin πk

2

cos πk
2

+ 2 sin πk
2

−2 sin πk
2

0 0


the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (12), as well as

G[f(j),Ψ0(j), α](0) = G[f(j),Ψ0(j), α](1) = G[f(j),Ψ0(j), α](4) = 0,

G[f(j),Ψ0(j), α](2) =


0
1
0
0

 , G[f(j),Ψ0(j), α](3) =


−1
−2
−1
2


the Green operator of a boundary value problem (12).
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The results obtained, similarly [1, 2, 9, 10, 11, 12] can be used in the theory of
nonlinear Noetherian boundary value problems for systems of di�erence-algebraic
equations. In the case of insolvability, the di�erence-algebraic boundary value
problems can be regularized analogically to [13, 14, 15]. In addition, the results
obtained similarly to [16] can be used in the theory of stability for systems of
di�erence equations.
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S.M.Chuiko, Ya.V.Kalinichenko, N.V.Popov. Boundary-value problem for a

system of nonsingular di�erence-algebraic equations. The study of di�erential-
algebraic boundary value problems was initiated in the works of K. Weierstrass, N.N.
Luzin and F.R. Gantmacher. Systematic study of di�erential-algebraic boundary value
problems is devoted to the work of S. Campbell, Yu.E. Boyarintsev, V.F. Chistyakov,
A.M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A. Boichuk, A. Ilchmann and T.
Reis. The study of the di�erential-algebraic boundary value problems is associated wi-
th numerous applications of such problems in the theory of nonlinear oscillations, in
mechanics, biology, radio engineering, theory of control, theory of motion stability. At
the same time, the study of di�erential algebraic boundary value problems is closely
related to the study of boundary value problems for di�erence equations, initiated in A.A.
Markov, S.N. Bernstein, Ya.S. Besikovich, A.O. Gelfond, S.L. Sobolev, V.S. Ryaben'kii,
V.B. Demidovich, A. Halanay, G.I. Marchuk, A.A. Samarskii, Yu.A. Mitropolsky, D.I.
Martynyuk, G.M. Vayniko, A.M. Samoilenko, O.A. Boichuk and O.M. Stanzhitsky. Study
of nonlinear singularly perturbed boundary value problems for di�erence equations in
partial di�erences is devoted to the work of V.P. Anosov, L.S. Frank, P.E. Sobolevskii,
A.L. Skubachevskii and A. Asheraliev. Consequently, the actual problem is the transfer
of the results obtained in the articles by S. Campbell, A.M. Samoilenko and O.A. Boi-
chuk on linear boundary value problems for di�erence-algebraic equations, in particular
�nding the necessary and su�cient conditions for the existence of the desired soluti-
ons, and also the construction of the Green's operator of the Cauchy problem and the
generalized Green operator of a linear boundary value problem for a di�erence-algebraic
equation. The solvability conditions are found in the paper, as well as the construction of
a generalized Green operator for the Cauchy problem for a di�erence-algebraic system.
The solvability conditions are found, as well as the construction of a generalized Green
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operator for a linear Noetherian di�erence-algebraic boundary value problem. An origi-
nal classi�cation of critical and noncritical cases for linear di�erence-algebraic boundary
value problems is proposed.
Keywords: boundary-value problems; di�erence-algebraic equations; pseudoinverse matri-
ces.

×óéêîC.Ì., Êàëiíi÷åíêîß.Â., ÏîïîâÌ.Â. Êðàéîâi çàäà÷i äëÿ ñèñòåì íå-

âèðîäæåíèõ ðiçíèöåâî-àëãåáðà¨÷íèõ ðiâíÿíü. Äîñëiäæåííÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ çàïî÷àòêîâàíå ó ðîáîòàõ Ê. Âåé¹ðøòðàññà, Ì.Ì. Ëó-
çiíà òà Ô.Ð. Ãàíòìàõåðà. Ñèñòåìàòè÷íîìó âèâ÷åííþ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ ïðèñâÿ÷åíi ðîáîòè Ñ. Êåìïáåëëà, Þ.�. Áîÿðèíöåâà, Â.Ô. ×èñòÿ-
êîâà, À.Ì. Ñàìîéëåíêà, Ì.Î. Ïåðåñòþêà, Â.Ï. ßêîâöÿ, Î.À. Áîé÷óêà, À. Ië÷ìàííà
òà Ò. Ðåéñà. Âèâ÷åííÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ ïîâ'ÿçàíå ç ÷è-
ñëåííèìè çàñòîñóâàííÿìè òàêèõ çàäà÷ ó òåîði¨ íåëiíiéíèõ êîëèâàíü, ó ìåõàíiöi, áiî-
ëîãi¨, ðàäiîòåõíiöi, òåîði¨ êåðóâàííÿ, òåîði¨ ñòiéêîñòi ðóõó. Â òîé æå ÷àñ äîñëiäæåííÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ òiñíî ïîâ'ÿçàíå ç äîñëiäæåííÿì êðà-
éîâèõ çàäà÷ äëÿ ðiçíèöåâèõ ðiâíÿíü, çàïî÷àòêîâàíèì ó ðîáîòàõ À.À. Ìàðêîâà, Ñ.Í.
Áåðíøòåéíà, ß.Ñ. Áåçèêîâè÷à, Î.Î. Ãîëüôîíäà, Ñ.Ë. Ñîáîë¹âà, Â.Ñ. Ðÿáåíüêîãî,
Â.Á. Äåìiäîâè÷à, À. Õàëàíàÿ, Ã.I. Ìàð÷óêà, Î.À. Ñàìàðñüêîãî, Þ.Î. Ìèòðîïîëü-
ñüêîãî, Ä.I. Ìàðòèíþêà, Ã.Ì. Âàéíiêî, À.Ì. Ñàìîéëåíêà, Î.À. Áîé÷óêà òà Î.Ì.
Ñòàíæèöüêîãî. Äîñëiäæåííþ íåëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ êðàéîâèõ çàäà÷ äëÿ
ðiçíèöåâèõ ðiâíÿíü ó ÷àñòèííèõ ðiçíèöÿõ ïðèñâÿ÷åíi ðîáîòè Â.Ï. Àíîñîâà, Ë.Ñ.
Ôðàíêà, Ï.�. Ñîáîë¹âñüêîãî, Î.Ë. Ñêóáà÷åâñüêîãî òà À. Àøåðàëi¹âà. Îòæå, àêòóàëü-
íîþ ïðîáëåìîþ ¹ ïåðåíåñåííÿ ðåçóëüòàòiâ, îòðèìàíèõ ó ñòàòòÿõ Ñ. Êåìïáåëëà, À.Ì.
Ñàìîéëåíêà òà Î.À. Áîé÷óêà íà ëiíiéíi êðàéîâi çàäà÷i äëÿ ðiçíèöåâî-àëãåáðà¨÷íèõ
ðiâíÿíü, çîêðåìà, çíàõîäæåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ iñíóâàííÿ øóêàíèõ
ðîçâ'ÿçêiâ, à òàêîæ, êîíñòðóêöi¨ îïåðàòîðà Ãðiíà çàäà÷i Êîøi òà óçàãàëüíåíîãî îïå-
ðàòîðà Ãðiíà ëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ðiçíèöåâî-àëãåáðà¨÷íîãî ðiâíÿííÿ. Ó ñòàò-
òi çíàéäåíî óìîâè ðîçâ'ÿçíîñòi, à òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãði-
íà çàäà÷i Êîøi äëÿ ðiçíèöåâî-àëãåáðà¨÷íî¨ ñèñòåìè. Çíàéäåíî óìîâè ðîçâ'ÿçíîñòi, à
òàêîæ êîíñòðóêöiþ óçàãàëüíåíîãî îïåðàòîðà Ãðiíà äëÿ ëiíiéíî¨ íåòåðîâî¨ ðiçíèöåâî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i. Çàïðîïîíîâàíî îðèãiíàëüíó êëàñèôiêàöiþ êðèòè÷íèõ
i íåêðèòè÷íèõ âèïàäêiâ äëÿ ëiíiéíèõ ðiçíèöåâî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷.
Êëþ÷îâi ñëîâà: êðàéîâi çàäà÷i; ðiçíèöåâî-àëãåáðà¨÷íi ðiâíÿííÿ; ïñåâäîîáåðíåíà ìà-
òðèöÿ.
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