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The conditions of existence and the construction of solutions of Cauchy problem
for difference-algebraic system are determined. The conditions of existence
and the construction of solutions of a linear Noetherian difference-algebraic
boundary-value problem are determined. An original classification and a single
scheme of construction of the solutions of difference-algebraic equations are
proposed.
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Introduction

The relevance of the study of solvability conditions, as well as finding solutions
of linear Noetherian difference-algebraic boundary-value problems is associated
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with the widespread use of difference-algebraic boundary-value problems obtained
by linearization of nonlinear Noetherian boundary-value problems for systems of
ordinary differential and difference equations. The relevance of studying Noetheri-
an boundary value problems in critical cases, in turn, is associated with numerous
applications in electronics, mechanics, the theory of motion stability, biology and
radio engineering, and the theory of nonlinear oscillations.

In part 1 the conditions of existence and the construction of solutions of
Cauchy problem for linear nondegenerate difference-algebraic system are determi-
ned. In part 2 the conditions of existence and the construction of solutions of a
linear Noetherian difference-algebraic boundary-value problem are determined. In
part 3 the conditions of reduction of a difference-algebraic boundary value problem
to a non-critical case are determined. The proposed conditions of solvability, as
well as the scheme of finding solutions of linear Noetherian difference-algebraic
boundary value problems are illustrated in detail in the examples.

1. Nondegenerate systems of linear difference-algebraic equations

Consider the problem of finding bounded solutions [1, 1]
z(k)eR", keQ:={0,1, 2, ..., w}
of the system of linear algebraic difference equations
A(k)z(k +1) = B(k)z(k) + f(k); (1)

here A(k), B(k) € R™*™ are assumed, generally speaking, rectangular: m # n
matrices and f(k) is real column vector. The matrix A(k) is assumed rectangular
or square but singular.

The problem of finding bounded solutions z(k) of boundary value problem for
a linear nondegenerate system of first-order difference equations

z2(k+1)=Ak)z(k) + f(k), Llz()=a€eR"

was solved by A.A.Boichuk. Thus, the problem of finding bounded solutions z(k)
of a difference-algebraic system (1) is a generalization of the problem solved by
A.A.Boichuk [1]. Denote Pa«(k) the matrix-orthoprojector [2]:

P« (k) : R™ — N(A*(k)).
Provided [3] that the matrices A*(k)B(k), A*(k)f(k) are bounded, and also

the system (1) can be reduced to the traditional system of linear difference equati-
ons

2(k+1) = AT(k)B(k)z(k) + So(k, o (k)); 3)

here
rank A(k) := 09 =m < n.
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Besides,
So(k,vo(k)) := AT (k) f(k) + Pa,, (k)ro(k),

AT (k) — is pseudoinverse (by Moore - Penrose), Pa, (k) — (n X po)— is a matrix
composed of pp linearly independent columns of (n x n)— orthoprojection matrix

Py(k) : R™ — N(A(k)),

vo(k) € R is an arbitrary real vector function. General solution of the Cauchy
problem
z2(0) =ceR"

for the homogeneous part of the system of difference equations (3)
z(k) = Xo(k)e, ceR™
is defined by the normal fundamental matrix:
Xo(k+1) = AT (kE)B(k)Xo(k), Xo(0) = 1I,.

The normal fundamental matrix can be represented as:
k—1
Xo(k) = [T AT()BG).
j=1

Under condition (2) the normal fundamental matrix Xo(k) of the homogeneous
part of the system of difference equations (3) is, generally speaking, singular:

det Xo(k) = 0,

therefore, to construct a general solution of the Cauchy problem z(0) = ¢ € R"
for the inhomogeneous degenerate system of difference equations (3) the scheme
[1, 5] is not applicable. However, the Green operator of the Cauchy problem for
the degenerate system of difference equations (3) can be found as follows:

K[So(7,10(i))](0) := 0, K[So(j, v0(5))](1) := Fo(L, vo(1)), -,

K300, o)k + 1) := AT (k) B(k) K [$o (4, v0(5))] (k) +
‘H?O(k,vo(k)), e

Thus, the following lemma is proved.

Lemma 1. The problem of finding bounded solutions of a system of linear
difference-algebraic equations (1) under the condition (2) has a solution

z2(k) = Xo(k) c+ K[f(§)](k), ceRY
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here Xo(k) — is a normal fundamental matriz,

K[f()I(k) = K[To(j, v0(4))](k)
— 148 the Green operator of the Cauchy problem for the system (1).

By analogy with the classification of differential-algebraic equations |3, 6], as
well as with the classification of impulse boundary problems for ordinary differenti-
al equations [2, 7, 8] under condition (2)), in the case of boundedness of matrices
AT (k)B(k), AT (k)f(k), we will say that the system of linear difference-algebraic
equations (1) is degenerated. Note that, in contrast to the traditional system
of linear difference equations [1], the solution of the system of linear difference-
algebraic equations (1) under condition (2) depends on an arbitrary bounded
vector function vy(k) € R0,

Example 1. Let’s find a solution to the system of first-order difference-
algebraic equations

Az(k+1)=Bz(k)+ f(k), k=0,1, 2, 3, (4)
where
0O 1 0 0 01 00 1
A= -1 0 0 1|, B:= 1 00 1], flky= 2
0 0 -1 0 0O 01 0 3

Since condition (2) is fulfilled and the system (4) has a solution of the form
2(k) = Xo(k) e+ K[f(7)](k), ceRY

here Xo(k) — is the normal fundamental matrix:

10 0 -1
1{ o 2 0o o
X0 =L XMW=35| ¢ o 2 o |
1 0 0 1
000 0 00 0 0
0100 01 0 0
Xo@=| 0010 XO=[g0 10
0000 00 0 O
Besides:
—1
1
K[f())0):=0, K[f(DIMW) =] _5 |.
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In this case, the matrix A(k) — is rectangular, while pg = 1 # 0, therefore the
solution found depends on an arbitrary continuous vector-function; in this case

1/0(]{,‘) = 0.

2. Boundary value problems for systems
of linear difference-algebraic equations

We investigate the problem of finding bounded solutions |1, 1]

z(k) eR", ke

linear Noetherian (n # v) for the linear Noetherian boundary value problem for
a system of linear difference-algebraic equations [1, 1]

A(k)z(k+1) = B(k)z(k) + f(k), (2()=a, a€R% (5)
here A(k), B(k) € R™*™ — are real matrices and f(k) are real column vectors,
lz(-) : R" - RY

is a linear bounded vector functional defined on a space of bounded functions.
The problem of finding bounded solutions z(k) of a boundary value problem for
a linear non-degenerate system of first-order difference equations

z(k+1) = A(k)z(k) + f(k), (lz()=a€RY

was solved by A.A.Boichuk [1]. Thus, the task (5) is a generalization of the
problem solved by A.A.Boichuk [1]. According to Lemma 1, the problem of fi-
nding bounded solutions of a non-degenerate system of linear algebraic difference
equations (5) subject to (2) has a solution

z(k) = Xo(k) ¢+ K[f(5), ()](k), ceRY (6)
here Xo(k) — is a normal fundamental matrix,

K[f(5), vo()I(k) == K[So(4, v0(3))](k)

is the Green operator of the Cauchy problem for the system of difference-
algebraic equations (5). Note that, unlike the traditional system of linear difference
equations [1], the solution of the system of linear difference-algebraic equations
(5) subject to condition (2) depends on an arbitrary bounded vector function
vo(k) € RPo; and we set this function to be fixed at the beginning.
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Denote the matrix Qo := ¢Xo(-) € RV*", and also
PQO :R™ — N(Qo), PQ(»; :RY — N(QS)

are orthoprojection matrices [1]. Substituting the general solution (6) of the
Cauchy problem z(0) = ¢ € R™ of the inhomogeneous linear difference-algebraic
equation (5) into the boundary condition (5), we get the equation

Qoc=a _gK[f(J)’VO(j)]()v

solvable if and only if

PQs{a—fK[f(j),l/o(j)K')} =0; (7)

in this case, the solution z(k) of the linear Noetherian boundary value problem
(5) is determined by the vector

c= QBL{Oz — LK[f(5), Vo(j)](')} + Pg.¢r, o €R

Here Qf € R™ — is the Moore — Penrose pseudo-inverse matrix [1]; matrix
Py, € R™7 is composed of r linearly independent columns of the orthoprojection
matrix Pg, € R"*". Thus, the following lemma is proved.

Lemma 2. The problem of finding bounded solutions of the system of linear
difference-algebraic equations (5) subject to (2) has a solution

2(k) = Xo(k) ¢+ K[f(4), vo()I(K), ceRY
here Xo(k) — is a normal fundamental matriz,

K[f()I(k) = K[To(j, vo(4), vo(5))] (k)

— is the Green operator of the Cauchy problem for the system of difference-
algebraic equations (5). The problem of finding bounded solutions of a linear
Noetherian (n # v) boundary value problem for the system of linear difference-
algebraic equations (5) under conditions (2) and (7) has a solution

2(k) = Xp(k) ¢ + G[f (), v0(5), A (K), ¢ € RT;

here
X, (k) = Xo(k)Pg,, keQ:={0,1,2, .., w}

is a fundamental matriz of solutions of the homogeneous part of the problem (5)
and

G[f(4),w0(5), al(k) := K[So(j,n0(5))1(k) + Xo(k‘)QSr{Oé — (K[f(5), Vo(j)](-)}
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1s the generalized Green operator of a linear Noetherian boundary value problem
for the system of linear difference-algebraic equations (5).

Example 2. Let’s find the solution of the linear boundary problem for the
system of first order difference-algebraic equations

Az(k+1)=Bzk)+ f(k), 2(0)—2(3) =a, k=0, 1, 2, 3, (8)
where
0 1 0 O 0100 1
A= -10 0 1|, B=[1001], f0)=| 2|,
0 0 -1 0 0010 3

a=(1 -3 3 —1)".

Since condition (2) is satisfied, the system (8) has a solution of the form
2(k) = Xo(k) e+ K[f(7), mo(7)](k), ceRY

here X((k) — is the normal fundamental matrix given in Example 1. In this case,
the matrix A(k) — is rectangular, and py = 1 # 0, therefore, the solution found
depends on an arbitrary bounded function; we set vy(k) := 0. Since the matrix

Qo = Xo(0) — Xo(3) =

o O O O
o N O O
_ o O O

o O o

is degenerate, for the boundary value problem (8) the critical case is true: Pgs # 0,
and the solvability condition (7) is fulfilled; here

Poy = Pg, =

cocoo
coro
cocoo
cocoo
e
o
I
coro

The solution of the boundary value problem (8)
2(k) = Xo(k) e + GIf (7). w0(7), al(k), e € R
determines the generalized Green operator of the boundary value problem (8)

Gf(4)v0(4), al(k) = K[f(5), no()](F),

and also
X, (k) = Xo(k)Pg, = Pg,, keQ:={0,1, 2, 3}
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is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem. (8).

Following the traditional classification of linear Noetherian boundary value
problems |1, 7|, the case of Pq: # 0 is called critical; in this case, the existence
conditions and the form of the general solution of the problem of finding bounded
solutions of the system of linear difference-algebraic equations (5) are determined
by the proved Lemma 2. The case Pg: = 0 is said to be noncritical; in this case,
the existence conditions and the form of the general solution of the problem of
finding bounded solutions of the system of linear difference-algebraic equations
(5) is determined by the following statement.

Corollary 1. The problem of finding bounded solutions of the system of linear
difference-algebraic equations (5) subject to (2) has a solution

z(k) = Xo(k) c+ K[f (), vo()](k), ceR™;
here Xo(k) — is a normal fundamental matriz,
K[f()](k) := K[Fo(4, v0(5), v0(5))] (k)

1s the Green operator of the Cauchy problem for the system of difference-algebraic
equations (5). The problem of finding bounded solutions of a linear Noetherian
(n # v) boundary value problem for a system of linear difference-algebraic equati-
ons (5) in the non-critical Pz = 0 case, under condition (2) has a solution

2(k) = Xp(k) ¢ + GIf (), v0(5), A (K), ¢ € RT;

here
X, (k) = Xo(k)Pg,, ke

1s the fundamental matriz of solutions of the homogeneous part of the boundary
value problem (5) and

GLf(4);v0(4), al(k) := K[So(4, 0(4))I(F) + Xo(’f)@*{@ — (K[f(5), Vo(j)](')}

is the generalized Green operator of a linear Noetherian boundary value problem
for a system of linear difference-algebraic equations (5).

Example 3. Let’s find the solution of a linear two-point problem for a system
of first-order difference-algebraic equations

Az(k+1) = B2(k) + f(k), () =0, k=0, 1, 2, 3, 9)

where the matrizes A, B and the function f(k) are defined above in example 2.
Besides

1 0 00
Lz(0) =M (2(0)+23)), M:=(01 10
0 0 01
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In this case, the matrix A(k) — is rectangular, with pg = 1 # 0, therefore the
solution found above in example 2 of the system of difference-algebraic equations

(9) depends on an arbitrary continuous function; we set vo(k) := k. Since the
matbrix
1 000
Qo =M (Xo(0)+Xo(3))=1 0 2 0 0
0 0 01

is of full rank, the noncritical case holds for the boundary value problem (9):
Pg: # 0. The Green operator of the Cauchy problem for a system of difference-
algebraic equations (9) has the form

—1
KGO =0, KF@Im=| ' |,
2
0 0
. 2 . 3
K@= o | Kroe =| >,
4 6

Since for the boundary value problem (9) there is a noncritical case, then, accor-
ding to the corollary, the boundary value problem (9) is solvable. The decision of
a boundary value problem (9)

2(k) = Xy (k) e + G[f(§), 0 (4), 2l (k), e €R

is defined by the Green operator for the boundary value problem (9)

1 1
GG @) = | o |, Glrewbam=| % |,
-3 1
0 0
GG ad@ = o | GG mina®) =] % |
4 6
And also
0
X0)= X0 =X =-X@=|

[an)

is the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (9).
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3. Reduction of a difference-algebraic boundary value problem
to a non-critical case

In the general case, namely, for an arbitrary real vector function
Vo(k‘) € Rro

the solvability of the linear Noetherian boundary value problem for the system of
linear difference-algebraic equations (5) essentially depends on the choice of this
function. Set

vo(k) := Wo(k)y, v €R;

here
Wy(k) € RPox?

is an arbitrary real full rank matrix. The generalized Green operator of the Cauchy
problem for a system of linear difference-algebraic equations (5) can be represented

K| 1010 09 = K| 41| 06+ 1w )
- k[ wi)| 0 =0, & [0n] )= P, 0000)

K [\Ifom] (2) = AT B)K [%u)} (1) + Pa, (DT(1), .,

Kol (-4 1) 1= AT B | Wali) | 06+ P (090
Denote the matrix
Dy := { Qo ; (K [\Ilo(j)] () } € RVX(po+0)
Substituting the general solution
(k) = Xo(k) e+ KI7(),w0())(k), ce R

of the system of linear algebraic difference equations (5) into the boundary condi-
tion (5), we arrive at a linear algebraic equation

Doc—a— (K[ AT()G] () ¢mcollemen) R (10
Equation (10) is solvable if and only if

PDS{Q—M[N(j)f(J’)]C)} = 0. (11)
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Here Pp; is the ortoprojector: R” — N(D*). Under condition (11) and only with
it, the general solution of equation (10)

¢ = D+{a — (K [Aﬂj)f(j)} (-)} + Ppé, 6ecRrotl
determines the general solution of the boundary value problem (5)

<(0.0) = { Xalb: 1 [ 0() | (0 2 {0 = e 4 (1) | 0 f+

#1401 G)| 0+ {1 o) | ) b oy 5 e R,

Here Pp, is the orthoprojection matrix: R?+¢ — N(Djg). So the following theorem
has been proved.

Theorem. The problem of finding bounded solutions of the system of linear
difference-algebraic equations (5) subject to (2) has a solution

z(k) = Xo(k) ¢ + K[f (), 0(D)I(k), ceR™

Under condition (11) and only with it, the general solution of the difference-
algebraic boundary value problem (5)

2(kicr) = X, (K)er + G [fm; Wo()): a} k), o ek

defines a generalized Green operator for a difference-algebraic boundary wvalue

problem (5)
6|1 oty a| ) = K| 47() )] 0+

Xt w0 2 o - x| a1 0}

The matriz X, (k) is composed of r linearly independent columns of the matriz
{xa0: 00| 0} s,

Under condition Ppr 7# 0 we say that the difference-algebraic boundary value
problem (5) is a critical case, and vice versa: under condition Pgs # 0, Pps = 0
we say that the difference-algebraic boundary value problem (5) is reduced to
the non-critical case. The latter definition is a generalization of the critical case
(Pg+ = 0) for the Noetherian difference problem for the system obtained from
system (5) with A(k) = I,,, for the case in which the generalized Green operator
of the Cauchy problem for difference-algebraic system (5) is dependent on an
arbitrary vector function vy(k) € RPo.
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Corollary 2.  Under condition (2) the general solution of the difference-
algebraic boundary value problem (5) is the folowing

z(k,cr) = Xp(K)er + G[f(j); \Ilo(j);a} (k), ¢ €R".

Example 3. Let’s find the solution of the periodic boundary value problem
for the system of first order difference-algebraic equations

Az(k+1)= Bz(k) + f(k),2(0) — 2(4) =0, k=0, 1, .., 4, (12
where

1 000 1 -1 10 0
A=10100], B:=| 0 -2 5 1], flk):= sin%k

0010 -2 -1 4 0 0

Since condition (2) is fulfilled, the system (12) has a solution of the form

2(k) = Xo(k) e + K[f(j), vo()](K), ceRY

here
Tk in Tk _ ain Tk in Tk
cos %5* + sin 5 sin %5 sin %5 0
cos%k+381n%k—3k cos%k—Qsin’T—Qk 2sin%k—cos%k+3k 0
Xo(k) =
k in Tk _ ok _ ain Tk win Tk
cos % + sin 5 3 sin %5 sin %5 0
0 0 0 0

is a fundamental matrix. Since the matrix

00 0 0
80 0 —80 0
@o=Xo(0) = Xo) = | ¢ o _g0 o
00 0 0

is degenerate, for the boundary value problem (12) the critical case is true:

1

O O O N
| =
—_
p_nl

—_

N O OO
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In this case the matrix A(k) — is rectangular and

Py = , Pa, =

PO

#0,

o O O O
o O o O
o O o o
o O O
o O O

therefore, the desired solution depends on an arbitrary bounded function. We
assume that

U(t) := ( 1 sin%k COS%k ),

and also
O 0 0 o 1 1 0
Dy — 8 0 -8 0 2 2 2
8 0 -8 0 1 1 0
O 0 0 0 -1 0 -1

Since condition
Pgy #0, Pp; =0,

is satisfied, the algebraic boundary value problem (12) is reduced to the non-
critical case, therefore, according to corollary 2, the boundary value problem (12)
is solvable. The solution of the boundary value problem

z(kyer) = Xp(K)er + G[f(j); Uo(4); a] (k), ¢ € R?

is determined by

Tk i Tk 9w Tk
cos + 2sin 5 2sin 5
5 sin Z& 2cos & _ 92sin Tk
2 2 2
X, (k) = . . .
s Pa T 9N T
cos % + 2sin 5 2 sin 5
0 0

the fundamental matrix of solutions of the homogeneous part of the boundary
value problem (12), as well as

G[f(5), Wo(4), a)(0) = GLf(5), Yo(4), (1) = G[f (), Yo(4), a](4) = O,

0 -1
GGl ol = | ¢ | el wiale = |
0 2

the Green operator of a boundary value problem (12).
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The results obtained, similarly [1, 2, 9, 10, 11, 12| can be used in the theory of
nonlinear Noetherian boundary value problems for systems of difference-algebraic
equations. In the case of insolvability, the difference-algebraic boundary value
problems can be regularized analogically to [13, 14, 15]. In addition, the results
obtained similarly to [16] can be used in the theory of stability for systems of
difference equations.
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S.M. Chuiko, Ya.V.Kalinichenko, N.V.Popov. Boundary-value problem for a
system of nonsingular difference-algebraic equations. The study of differential-
algebraic boundary value problems was initiated in the works of K. Weierstrass, N.N.
Luzin and F.R. Gantmacher. Systematic study of differential-algebraic boundary value
problems is devoted to the work of S. Campbell, Yu.E. Boyarintsev, V.F. Chistyakov,
A .M. Samoilenko, M.O. Perestyuk, V.P. Yakovets, O.A. Boichuk, A. Ilchmann and T.
Reis. The study of the differential-algebraic boundary value problems is associated wi-
th numerous applications of such problems in the theory of nonlinear oscillations, in
mechanics, biology, radio engineering, theory of control, theory of motion stability. At
the same time, the study of differential algebraic boundary value problems is closely
related to the study of boundary value problems for difference equations, initiated in A.A.
Markov, S.N. Bernstein, Ya.S. Besikovich, A.O. Gelfond, S.L. Sobolev, V.S. Ryaben’kii,
V.B. Demidovich, A. Halanay, G.I. Marchuk, A.A. Samarskii, Yu.A. Mitropolsky, D.I.
Martynyuk, G.M. Vayniko, A.M. Samoilenko, O.A. Boichuk and O.M. Stanzhitsky. Study
of nonlinear singularly perturbed boundary value problems for difference equations in
partial differences is devoted to the work of V.P. Anosov, L.S. Frank, P.E. Sobolevskii,
A.L. Skubachevskii and A. Asheraliev. Consequently, the actual problem is the transfer
of the results obtained in the articles by S. Campbell, A.M. Samoilenko and O.A. Boi-
chuk on linear boundary value problems for difference-algebraic equations, in particular
finding the necessary and sufficient conditions for the existence of the desired soluti-
ons, and also the construction of the Green’s operator of the Cauchy problem and the
generalized Green operator of a linear boundary value problem for a difference-algebraic
equation. The solvability conditions are found in the paper, as well as the construction of
a generalized Green operator for the Cauchy problem for a difference-algebraic system.
The solvability conditions are found, as well as the construction of a generalized Green



Bicuuk XHY, Cep. «Maremaruka, NIpukjaiHa MareMaTuka i Mexarikay, Tom 90 (2019) 41

operator for a linear Noetherian difference-algebraic boundary value problem. An origi-
nal classification of critical and noncritical cases for linear difference-algebraic boundary
value problems is proposed.

Keywords: boundary-value problems; difference-algebraic equations; pseudoinverse matri-
ces.

Yyitko C. M., Kauminivenko 4. B., Tlonos M. B. KpaiioBi 3ama4di gjsa cucrem He-
BUPO/KEHUX PI3HUIEBO-ajaredpaidaaux piBHaHb. Jlocimkenus nudepeHiiabHo-
asrebpalyHux KpaiioBux 3aa4 3anodarkoBane y poborax K. Beiteprrpacca, M.M. Jly-
zina ta @.P. l'anTmaxepa. CucreMarnyHOMY BHUBYEHHIO audepeHIfiaaibHO-aaredpaianmnx
kpaiioBux 3ama4 npucssdeni podboru C. Kemnbenna, FO.€. Bospunnesa, B.®. Yucrs-
koBa, A.M. Cawmoitnenka, M.O. Ilepecrioka, B.II. fkosusi, O.A. Boituyka, A. Imamanna
ta T. Peiica. Buuennsa qudepeHIiaanrHo-aaredpaiaHnX KpaifoBux 3a0a9 MOB’ I3aHe 3 Un-
CJIEHHUMH 3aCTOCYBAHHSIMHU TAKWUX 337184 y Teopil HeTiHIHNX KOJUBaHb, Y MeXaHiryi, 6io-
JIoril, paJioTexHiri, Teopii KepyBaHHsd, Teopii cTifikocTi pyXy. B Toit ke yac mociKeHHas
JudepeHIianbHO-aIredpalIHIX KPAHOBUX 33/1a49 TiCHO MOB’si3aHe 3 JOC/IIKeHHIM Kpa-
HOBHX 3a/1a4 JIJisl PI3HUIEBUX PiBHsIHB, 3amodaTkoBanuM y poborax A.A. Mapkosa, C.H.
Bepureitna, 4.C. Besukosuua, O.0. Tonbdonga, C.JI. Cobosnesa, B.C. Psabenbkoro,
B.B. Jemimoruua, A. Xananas, I.I. Mapuyka, O.A. Camapcekoro, FO.O. Murpormosns-
cekoro, JI.I. Maprunioka, I."M. Baitaiko, A.M. Cawmoiisenka, O.A. Boituyka ta O.M.
Cramxunbkoro. JIocmizKeHHI0 HETHIMHUX CHHTYISPHO 30ypEeHUX KPAMoOBUX 3a/1ad i
pi3HUIEBUX PiBHAHB y YACTHHHUX Pi3Huiigx npucssdeni poboru B.II. Anocosa, JI.C.
®panka, [1.€. Cobosnescbkoro, O.J1. CkybadeBcbkoro ta A. AmepasnieBa. Orxe, akTyasib-
HOIO TIPOOJIEMOIO € TIepEeHEeCeHHs pe3yabTaris, orpuManux y crartax C. Kemnbesa, A.M.
Cawmoitnenka ta O.A. Boituyka Ha JiHiitHi Kpaiiosi 3amadi IjIs PI3HUIEBO-AATeOpaATIHUX
PIBHSIHB, 30KpeMa, 3HAXOKEHHS HEOOXiJHMX Ta [TOCTATHIX YMOB iCHYBAHHS IIyKAHWUX
PO3B’s3KiB, a TaKOXK, KOHCTPYKIii omeparopa I'pina 3amadi Korri ta y3araabHeHOro ore-
paropa I'pina aiuiitnol kpaitoBol 3a1ad4i /1t Pi3HUIEBO-AITreOpalIHOro PIBHAHHS. Y CTAT-
Ti 3HAHIEHO YMOBU PO3B’SI3HOCTI, 8 TAKOK KOHCTPYKINIO y3araJbHEHOro oneparopa I'pi-
ua 3aga4di Ko 1j1st pisanneBo-aaredbpaiaHol cucremMu. 3HAWIEHO YMOBHU PO3B’S3HOCTI, &
TaKOK KOHCTPYKIILIO y3araJbHEHOTO oneparopa ['pina a4 JiHiiiHOl HeTepoBOi Pi3HUIIEBO-
anrebpaigHol KpailoBol 3a1a4i. 3anmponoHOBAHO OPUTIHAIBHY KIACH(DIKAIII0 KPUTHIHUX
i HEKPUTUYHUX BHUMAIKIB [/ JIHITHAX Pi3HUIEBO-AITeOpaiIHuX KPAMOBUX 3a,7a4.
Kamowosi crosa: Kpaiiosi 3amadi; pizuuneBo-aiarebpaitdni piBHAHHSA; ICEBI00OOEPHEHA Ma-
TPUIIS.
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