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It is considered the discrete mathematical models which describe the interacti-
on process of the E-polarized wave and periodic system of impedance tapes.
It is shown that the discrete model for various values of the discretization
parameter is equivalent to the system of singular integral equations. Calculati-
ons were performed for the proposed model and for the model based on the
hypersingular equations. The obtaining results showed the closeness of the �eld
characteristics.
Keywords: mathematical model; impedance structures; numerical experiment.

Äóøêií Â.Ä, Æó÷åíêî Ñ.Â., Êîñòåíêî Î.Â. Äèñêðåòíà ìàòåìàòè÷íà

ìîäåëü ïðîöåñó ðîçñiþâàííÿ õâèëü ïåðiîäè÷íîþ iìïåäàíñíîþ

 ðàòêîþ. Ó ðîáîòi ðîçãëÿíóòî äèñêðåòíi ìàòåìàòè÷íi ìîäåëi, ÿêi îïèñó-
þòü ïðîöåñ âçà¹ìîäi¨ Å-ïîëÿðèçîâàíî¨ õâèëi ç ïåðiîäè÷íîþ ñèñòåìîþ iìïå-
äàíñíèõ ñòði÷îê. Äèñêðåòíà ìîäåëü ïðè ðiçíèõ çíà÷åííÿõ ïàðàìåòðà äèñ-
êðåòèçàöi¨ åêâiâàëåíòíà âiäïîâiäíié ñèñòåìi ñèíãóëÿðíèõ iíòåãðàëüíèõ ðiâ-
íÿíü. Îá÷èñëåííÿ ïðîâîäèëèñÿ íà áàçi çàïðîïîíîâàíî¨ ìîäåëi òà íà îñíîâi
ìîäåëi, ùî ñïèðà¹òüñÿ íà ãiïåðñiíãóëÿðíi ðiâíÿííÿ.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; iìïåäàíñíi ñòðóêòóðè; ÷èñåëüíèé åêñ-
ïåðèìåíò.

Äóøêèí Â.Ä., Æó÷åíêî Ñ.Â., Êîñòåíêî À.Â. Äèñêðåòíàÿ ìàòåìàòè-

÷åñêàÿ ìîäåëü ïðîöåññà ðàññåÿíèÿ âîëí ïåðèîäè÷åñêîé èìïåäàí-

ñíîé ðåø¼òêîé. Â ðàáîòå ðàññìîòðåíû äèñêðåòíûå ìàòåìàòè÷åñêèå ìîäå-
ëè, îïèñûâàþùèå ïðîöåññ âçàèìîäåéñòâèÿ Å-ïîëÿðèçîâàííîé âîëíû ñ ïåðè-
îäè÷åñêîé ñèñòåìîé èìïåäàíñíûõ ëåíò. Ïîêàçàíî, ÷òî äèñêðåòíàÿ ìîäåëü
ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïàðàìåòðà äèñêðåòèçàöèè ýêâèâàëåíòíà ñîîòâåò-
ñòâóþùèì ñèñòåìàì ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Âû÷èñëåíèÿ
ïðîâîäèëèñü íà îñíîâå ïðåäëàãàåìîé ìîäåëè è ìîäåëè, îñíîâàííîé íà ãè-
ïåðñèíãóëÿðíûõ óðàâíåíèÿõ. Ïîëó÷åííûå ðåçóëüòàòû îêàçàëèñü áëèçêè.
Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü; èìïåäàíñíûå ñòðóêòóðû; ÷èñëåí-
íûé ýêñïåðèìåíò.
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1. Origins of research.

Shchukin-Leontovich impedance boundary conditions are widely used to
describe the interaction processes of electromagnetic waves and di�erent kind of
non-PEC structures [1]− [8]. In this case, the 3D-problem for Maxwell's equations
reduces to two 2D-problems. They are boundary value problems for the Helmholtz
equation with third boundary conditions. In order to �nd an approximate soluti-
on to these problems, we use the two-stage algorithm of professor Yu. V. Gandel.
At the �rst step, we �nd systems of integral equations that are equivalent to
the original boundary value problem. We are using the method of parametric
representations of integral operators [9] − [11] on this step. At the second step,
a discrete mathematical model of the mentioned problem is built. The discrete
singularities method [12], [13] was used to obtain it. This approach has shown
its e�ectiveness in solving various problems[14] − [36]. In [13], [36], the method
of reducing the initial boundary-value problem to a system consisting of singular
equations of the �rst kind and Fredholm integral equations of the second kind
is considered. We propose a discrete mathematical model of the problem under
study based on the system of integral equations mentioned above. It is shown
that a one-to-one correspondence exists between discrete models for various values
of the discretization parameter and systems of approximating integral equations
of the problem. By solving this system, the approximate values of the main �-
eld characteristics are determined. The method of parametric representations of
integral operators makes it possible to obtain systems of integral equations of other
types [29], [30]. In particular, the original boundary-value problem was reduced to
a system consisting of hypersingular integral equations of the second kind and the
Fredholm integral equation of the second kind [32], [37]. Therefore, it is a good
base of interest for a comparative computer experiment.

2. Formulation of the problem

Let T =
∞⋃

n=−∞

M⋃
q=1

Tn,q be a system of non-ÐÅÑ tapes

Tn,q =
{

(x′, y′, z′) ∈ R3|x′ ∈ R, y′ = (α′q + 2nl′, β′q + 2nl′), z′ = 0
}
. (1)

E-polarized wave

~E(initial) = (E0, 0, 0) , ~H(initial) =

(
0,

1

iωµµ0
· ∂E0

∂z′
,− 1

iωµµ0
· ∂E0

∂y′

)
, (2)

E0

(
y′, z′

)
= exp

(
ik
(
y′ · sinϕ− z′ · cosϕ

))
· exp (−iωt) (3)

is scattered by this tape system. We consider the problem as formulated in [13]
and [36]. This problem amounts to �nding a function E (y′, z′) that corresponds
to the x-component of the total �eld , resulting from waves scattering by tapes.
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Fig.1 Impedance structure.

It is the solution of the Helmholtz equation:

4 E + k2 · E = 0, k =
ω

c
, (4)

in the whole plane without tapes. The total �eld satis�es

1) Shchukin - Leontovich boundary conditions on tapes:

∂E

∂n′
− h′ · E = 0, (y′, z′) ∈ T, (5)

2) Floquet conditions,

3) Boundedness energy condition in any region of the plane.

Also the di�erence between total and incident �eld E − E0 satis�es the
Sommerfeld radiation conditions.

2. Systems of integral equations.

Put

E(y′, z′)− E0(y
′, z′) =

{
E+(y′, z′), z′ > 0;

E−(y′, z′), z′ < 0;
(6)

where

E+(y′, z′) =
∞∑

n=−∞
a+n · exp(−γ′nz′) · exp(ip′ny

′), (7)

E−(y′, z′) =
∞∑

n=−∞
a−n · exp(γ′nz

′) · exp(ip′ny
′), (8)

and

p′n = k · sinϕ+
πn

l′
, γ′n =

√
(p′n)2 − k2, n ∈ Z; (9)

Re
(
γ′n
)
≥ 0, Im

(
γ′n
)
≤ 0, n ∈ Z. (10)
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Hereinafter we use the notation:

κ =
l′ · k
π

, y =
π

l′
· y′, z =

π

l′
· z′, h =

l′ · h′

π
;

pn =
l′ · p′n
π

= κ · sinϕ+ n, γn =
l′ · γ′n
π

, n ∈ N ; (11)

αq =
π

l′
· α′q, βq =

π

l′
· β′n, q = 1, ...,M ; (12)

L =
M⋃
q=1

Lq, Lq = (αq, βq). (13)

From �eld continuity condition

E+(y, 0) = E−(y, 0), y ∈ CL = [0, 2π]\L; (14)

∂E+

∂z
(y, 0) =

∂E−

∂z
(y, 0), y ∈ CL (15)

and the boundary conditions (5) we get:

∞∑
n=−∞

γn ·
(
a+n + a−n

)
· exp(ipny) = 0, y ∈ CL; (16)

∞∑
n=−∞

(γn + h) ·
(
a+n + a−n

)
· exp(ipny) = −2h · exp(iκy sinϕ), y ∈ L; (17)

∞∑
n=−∞

(
a+n − a−n

)
· exp(ipny) = 0, y ∈ CL; (18)

∞∑
n=−∞

(γn + h) ·
(
a+n − a−n

)
· exp(ipny) = −2iκ cosϕ · exp(iκy sinϕ), y ∈ L. (19)

Acting as in the monograph [13] , we de�ne two functions:

W+(y) =
∂u−

∂z
(y, 0)− ∂u+

∂z
(y, 0) =

∞∑
n=−∞

γn
(
a+n + a−n

)
exp(ipny),

y ∈ [0, 2π].

(20)

W−(y) =
∂u+

∂y
(y, 0)− ∂u−

∂y
(y, 0) =

∞∑
n=−∞

ipn
(
a+n − a−n

)
exp(ipny),

y ∈ [0, 2π].

(21)

It implies from (14), (15), that:
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W+(y) = 0, W−(y) = 0, y ∈ CL; (22)∫
Lq

W−(t)dt = 0, (q = 1, ...,M); (23)

E+(y, 0)− E−(y, 0) =

∞∑
n=−∞

(
a+n − a−n

)
exp(ipny) =

y∫
αq

W−(t)dt. (24)

Using the inverse Fourier transform and taking into account (22) − (23) we
obtain:

a+n =
1

4πγn

∫
L

W+(t) · exp(−ipnt)dt+

+
1

4πipn

∫
L

W−(t) · exp(−ipnt)dt, n ∈ Z;

(25)

a−n =
1

4πγn

∫
L

W+(t) · exp(−ipnt)dt−

− 1

4πipn

∫
L

W−(t) · exp(−ipnt)dt, n ∈ Z.
(26)

As proposed in [13] , we accomplished the conversions to (17) and get the
second-kind Fredholm integral equation:

W+(y)− h

π

∫
L

ln

∣∣∣∣2 · sin y − t2

∣∣∣∣W+(t)dt+

+
h

π

∫
L

Q(y, t)W+(t)dt = −2h · exp(iκy sinϕ), y ∈ L;

(27)

where

Q(y, t) = exp(iκ sinϕ(y − t)) ·

 1

2γ0
+

∞∑
n=−∞
n6=0

4+
n

2
exp(in(y − t))

−
−(exp(iκ sinϕ(y − t))− 1) · ln

∣∣∣∣2 · sin y − t2

∣∣∣∣ ;
(28)

4+
n =

1

γn
− 1

|n|
= O

(
1

n2

)
, n→∞. (29)
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This equation contains a logarithmic singularity in the kernel. Having applied
the method of parametric representations of integral transformations, we obtain
a singular integral equation:

− 1

2π

∫
L

ctg

(
t− y

2

)
W−(t)dt+

1

π

∫
L

R(y, t)W−(t)dt+

+h ·
y∫

α1

W−(t)dt = −2iκ cosϕ · exp(iκy sinϕ), y ∈ L,
(30)

with additional conditions:

βq∫
αq

W−(t)dt = 0, (q = 1, . . . ,M), (31)

where

R(y, t) =

∞∑
n=−∞
n6=0

4−n
2ipn

exp(ipn(y − t))+

+
κ cosϕ

2
·
∞∑

n=−∞
n 6=0

(
1

pn
− 1

n

)
exp(−ipnt)−

−iκ cosϕ · π − t
2
· exp(−iκ sinϕ · t)−

−exp(iκ sinϕ(y − t))− 1

2
· ctg

(
t− y

2

)
;

(32)

4−n = γn− | n | −κ sinϕ · | n |
n

= O

(
1

n

)
, n→∞. (33)

Making the substitution of y by 0 in (18) and taking into account (25) - (26),
we obtain

a+0 − a
−
0 = −

∞∑
n=−∞
n 6=0

(
a+n − a−n

)
=

= − 1

π

∫
L

exp(−iκ sinϕ · t) ·
∞∑

n=−∞
n6=0

1

2i

(
1

pn
− 1

n

)
exp(−int) ·W−(t)dt+

+
1

π

∫
L

π − t
2
· e−iκ sinϕ·t ·W−(t)dt.

(34)
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De�ne the functions:

V +
q (y) = W+(y)

√
(y − αq)(βq − y), y ∈ Lq, (1. . . . ,M); (35)

V −q (y) = W−(y)
√

(y − αq)(βq − y), y ∈ Lq, (1. . . . ,M); (36)

It implies from the boundedness energy condition that V +
q (y) ∈ C[αq, βq] and

V −q (y) ∈ C[αq, βq], (q = 1, . . . ,M).
De�ne mappings:

gq : [−1, 1]→ [αq, βq], gq(t) = φq · t+
βq + αq

2
,

φq =
βq − αq

2
, (q = 1, . . . ,M),

(37)

and notation:

K+
q,p(ξ, τ) = φq · h

{
Q(gq(ξ), gp(τ))− ln

∣∣∣∣2 · sin gp(τ)− gq(ξ)
2

∣∣∣∣
+ δqp · ln | τ − ξ |

}
, (q = 1, . . . ,M), (p = 1, . . . ,M);

(38)

K−q,p(ξ, τ) = φq ·
{

1

2
ctg

(
gp(τ)− gq(ξ)

2

)
−R(gq(ξ), gp(τ))

}
− δqp
τ − ξ

,

(q = 1, . . . ,M), (p = 1, . . . ,M).

(39)

f1,q(ξ) = −2φq · h ·
√

1− ξ2 · exp(iκgq(ξ) sinϕ), (q = 1, . . . ,M), (40)

f2,q(ξ) = 2iκφq · cosϕ · exp(iκgq(ξ) sinϕ), (q = 1, . . . ,M). (41)

In (38)-(39) symbol δqp is the Kronecker delta. Taking into account (35), (38) from
equation (27) we obtain:

V +
q (ξ)− hφq

π
·
√

1− ξ2
1∫
−1

ln | τ − ξ |
V +
q (τ)dτ
√

1− τ2
+

+
1

π

M∑
p=1

1∫
−1

K+
q,p(ξ, τ)

V +
p (τ)dτ
√

1− τ2
= f1,q(ξ),

| ξ |< 1, (q = 1, . . . ,M).

(42)
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The system of singular integral equations:

1

π

1∫
−1

1

τ − ξ
V −q (τ)dτ
√

1− τ2
+

1

π

M∑
p=1

1∫
−1

K−q,p(ξ, τ)
V −p (τ)dτ
√

1− τ2
−

−hφq ·
ξ∫
−1

V −p (τ)dτ
√

1− τ2
= f2,q(ξ),

| ξ |< 1, (q = 1, . . . ,M)

(43)

with additional conditions:

1∫
−1

V −q (τ)dτ
√

1− τ2
= 0, (q = 1, . . . ,M) (44)

is a consequence of the equations (30), (31) and notations (36), (39).

4. The mathematical model of the problem

We denote by
{
t1,n,k

}n
k=1

the Chebyshev nodes, which are zeros of Chebychev

polynomials Tn(τ) of degree n. Also we consider the collocation points
{
t2,n,m

}n−1
m=1

,

which are the zeros of Chebychev polynomials of the second kind Un−1(τ).

As in [38]− [40] we took into consideration the basis (fundamental) polynomi-
als:

l1,n−1,k (τ) =
Pn (τ)

P ′n (t1,n,k) (τ − t1,n,k)
, k = 1, . . . , n;

l2,n−2,m(ξ) =
Un−1 (ξ)

U
′
n−1 (t2,n,m) (ξ − t2,n,m)

, m = 1, . . . , n− 1.

We introduce the Lagrange interpolation polynomials of functions and

K+
q,p,n (ξ, τ) =

n∑
m=1

n∑
k=1

K+
q,p (t1,n,m, t1,n,k) · l1,n,m (ξ) · l1,n,k (τ) ,

q = 1, · · · ,M ; p = 1, · · · ,M ;

(45)

K−q,p,n (ξ, τ) =
n∑

m=1

n∑
k=1

K−q,p (t2,n,m, t1,n,k) · l2,n,m (ξ) · l1,n,k (τ) ,

q = 1, · · · ,M ; p = 1, · · · ,M ;

(46)
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f1,q,n (ξ) =

n∑
m=1

f1,q (t1,n,m) · l1,n,m (ξ) ,

f2,q,n (ξ) =
n∑

m=1

f2,q (t2,n,m) · l2,n,m (ξ) ,

q = 1, · · · ,M.

(47)

Let us consider the following system of integral equations:

V +
q,n (ξ)− φq · h

π
·
n∑

m=1

√
1− (t2,n,m)2 · l2,n,m (ξ)

1∫
−1

ln |τ − t2,n,m|
V +
q,n (τ) dτ
√

1− τ2

+
1

π

M∑
p=1

1∫
−1

K+
q,p,n (ξ, τ)

V +
p,n (τ) dτ
√

1− τ2
= f1,q,n (ξ) ,

|ξ| < 1, q = 1, · · · ,M ;

(48)

1

π

1∫
−1

1

τ − ξ
·
V −q,n (τ) dτ
√

1− τ2
+

1

π

M∑
p=1

1∫
−1

K−q,p,n (ξ, τ)
V −p,n (τ) dτ
√

1− τ2
−

−φq · h
ξ∫
−1

V −q,n (τ) dτ
√

1− τ2
= f2,q,n (ξ) ,

|ξ| < 1, q = 1, · · · ,M ;

(49)

1∫
−1

V −q,n (τ) dτ
√

1− τ2
= 0, q = 1, · · · ,M. (50)

Designate as L2
ρ, −1 the Hilbert spaces of measurable on segment [−1, 1] functi-

ons with the inner product

(U, V ) =

1∫
−1

U (τ) · V̄ (τ) · dτ√
1− τ2

(51)

and norm ‖V ‖ =
√

(V, V ).

From the results of the work [38]− [40] we obtain
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Proposition 1 Let N - su�cient integer number. If n > N the following

statement holds true.

1) The systems of equations (48) and (49)-(50) have a unique solution.

2) The functions V −q,n(τ) and V +
q,n(τ) are the polynomials of degree n-1.

3) The sequence {V −q,n}∞n=N+1 of solutions of IE system (48) converged to the

exact solution of the problem (42) in the norm of space L2
ρ, −1 .

4) The sequence of solutions of singular equation system (49)-(50) converged

to the exact solution of the problem (43)-(44) in the norm of space L2
ρ, −1.

It follows from Proposition 1 that, as a result of substituting the functions
V +
q,n(τ) into the left-hand side of equations (48) we obtain a polynomial of degree

n-1. Also, the result of substituting the polynomial V −q,n(τ) into the left-hand side
of equation (49) is a polynomial of degree n-2. On the right side of equations (48)
and (49) are polynomials of the same degrees. From the uniqueness of determining
a polynomial of degree n from its values at n+1 point, there follows a one-to-one
correspondence of problems (48) and (49)-(50) to the system of equations:

V +
q,n (ξ1,n,r)−

φq · h
π
·
n∑

m=1

√
1− (t2,n,m)2·l2,n,m (ξ1,n,r)·

1∫
−1

ln |τ − t2,n,m|·
V +
q,n (τ) dτ
√

1− τ2

+
1

π

M∑
p=1

1∫
−1

K+
q,p,n (ξ1,n,r, τ)

V +
p,n (τ) dτ
√

1− τ2
= f1,q,n (ξ1,n,r) , (52)

r = 1, · · · , n, q = 1, · · · ,M ;

1

π

1∫
−1

1

τ − ξ2,n,s
·
V −q,n (τ) dτ
√

1− τ2
+

1

π

M∑
p=1

1∫
−1

K−q,p,n (ξ2,n,s, τ)
V −p,n (τ) dτ
√

1− τ2
−

− φq · h
ξ2,n,s∫
−1

V −q,n (τ) dτ
√

1− τ2
= f2,q,n (ξ2,n,s) , (53)

s = 1, · · · , n− 1, q = 1, · · · ,M ;

1∫
−1

V −q,n (τ) dτ
√

1− τ2
= 0, q = 1, · · · ,M ; (54)

To discretize equations (52) - (54), Hermite's formulas and quadrature
formulas of interpolation type [13] are used:

1

π

1∫
−1

1

τ − t2,n,p
·
V −p,n (τ) dτ
√

1− τ2
=

1

n

n∑
k=1

V −p,n (t1,n,k)

t1,n,k − t2,n,p
, p = 1, · · · , n− 1; (55)
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1∫
−1

ln |ξ − τ | ·
V +
q,n (τ) dτ
√

1− τ2
=

=
1

n

n∑
k=1

V +
q,n (t1,n,k) ·

[
ln 2 + 2

n−1∑
m=1

Tm (ξ)
Tm (t1,n,k)

m

]
, |ξ| < 1;

(56)

ξ∫
−1

V −q,n (τ) dτ
√

1− τ2
=

1

n

n∑
k=1

V −q,n (t1,n,k) ·

·

[
arccos ξ − π +

√
1− ξ2 ·

n−1∑
m=1

Um−1 (ξ) ·
Tm (t1,n,k)

m

]
, |ξ| < 1;

(57)

Note that all formulas (55) - (57) are exact for polynomials of degree n-1.

Also, as a result of discretization of the integral equations (52), (53) and (54),
we obtain a system of linear algebraic equations with q · n unknowns

ϑ−q,n,m = V −q,n (t1,n,m) , q = 1, · · · ,M, m = 1, · · · , n. (58)

ϑ+q,n,m = V +
q,n (t1,n,m) , q = 1, · · · ,M, m = 1, · · · , n. (59)

The existence and uniqueness of the solution of linear systems is a consequence
of the existence and uniqueness of the solution of problems (52) - (54) and their
one-to-one correspondence with the systems of integral equations (48)-(50).

By solving these linear systems, we obtain approximate solutions to the
systems of integral equations (42) and (43)-(44) by the formulas:

V −q,n (τ) =
n∑

m=1

ϑ−q,n,m · l1,n,m (τ) , (60)

V +
q,n (τ) =

n∑
m=1

ϑ+q,n,m · l1,n,m (τ), q = 1, · · · ,M. (61)

5. Numerical results.

We studied the interaction of the E-polarized wave and the grating. The case
of normal wave incidence was considered. The calculations were carried out by
two discrete mathematical models. The �rst model is described in paragraph 4
of this paper. The second model is based on the discretization of hypersingular
integral equations of the second kind. In paper [37] the justi�cation algorithm for
�nding a numerical solution of these equations is given.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì90 (2019) 15

Table 1. Absolute values of the Fourier coe�cients.

In calculations we take h′ equals:

h′ = −1− i
2K

·
√
k, (62)

where K = 0.0001.
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Fig.2 Map of the absolute value of the scattered �eld in the domain
above the two-elements periodic grating.

α1 = π
3 , β1 = 7π

9 , α2 =
11π

9
, β2 =

5π

3
.

On �gure 2 there are the maps of the absolute value of the scattered �eld |E+|
in the domain above a two-element periodic structure. The table 1 shows some
parameter values in this case obtained using singular and hypersingular equations.
The number of interpolation nodes in this case is twenty on tape.

We considered next structure. In the middle of the tape, lying in half the
period, a slot 2π wide was made. The graths on �gure 3 show the change in the
�eld characteristics depending on the slot width. In the �gures you can see the
absolute values of the Fourier coe�cients and values:

‖a−‖N =

√√√√ N∑
n=−N

|a−n |2. (63)

We also studied the similarities and di�erences in the �elds created by periodic
lattices and lattices consisting of a large �nite number of repeating elements. For
example, at the top of �gure 4 you see a colored map of the �eld in the domain
above periodic structure. In this case one tape lies on half the period. Below there
is a map of the scattered �eld above the central part of the non-periodic structure.
This structure consists of �fteen equal tapes. The distance between the tapes and
their width are the same and equal to π .



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì90 (2019) 17

Fig.3 Tape with slot 2πθ wide on the period.
a)
∥∥a+∥∥

10
, | b)

∣∣a+0 ∣∣ , c) ∣∣a+1 ∣∣ , d) ∣∣a+2 ∣∣ , f) ∣∣a+3 ∣∣ , g) ∣∣a+4 ∣∣ , h) ∣∣a+5 ∣∣ .
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Fig.4 Map of the absolute value of the scattered �eld
in periodic and non-periodic case, κ = 1.1

On �g. 5-6 we consider a �ve-element periodic structure. On the period, four
tapes have the same length, and the �fth tape has a defect on the right. You can
see the �eld characteristics for some values of theta. Graphs on �gure 4 show the
�eld characteristics for some values of theta. On �g. 5 there are colored maps of
the scattered �eld in the domain above this structure.

6. Conclusions and directions for further research.

The results of the performed numerical experiments showed are in a good
agreement of the obtained numerical results with the results obtained using
hypersingular integral equations. The performed experiment is a basis for the
numerical investigation of more complex impedance structures. These studies are
related to the work carried out at the Department of Applied Mathematics of
the School of Mathematics and Informatics of V. N. Karazin Kharkiv National
University for topic (017U004831) "Modeling the dynamics of complex systems in
order to identify problem situations". Publication contains some results based on
a research provided by grant support of the State Fund for Fundamental Research
(project F-83).
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Fig. 5 Amplitude transmission characteristics of �ve elements gratings
a)
∣∣a−0 ∣∣ , b) ∥∥a−∥∥25, c) ∣∣a−5 ∣∣ , d) ∣∣a−10∣∣ , e) ∣∣a−15∣∣ , f) ∣∣a−20∣∣, g) ∣∣a−25∣∣ ,

h)
∣∣a−1 ∣∣ , i) ∣∣a−2 ∣∣ , j) ∣∣a−3 ∣∣ , k) ∣∣a−4 ∣∣ , m) ∣∣a−6 ∣∣ .

Fig. 6 Map of the absolute value of the scattered �eld in the domain
above the �ve-elements periodic grating.
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Äóøêií Â.Ä, Æó÷åíêî Ñ.Â., Êîñòåíêî Î.Â. Äèñêðåòíà ìàòåìàòè÷íà ìîäåëü

ïðîöåñó ðîçñiþâàííÿ õâèëü ïåðiîäè÷íîþ iìïåäàíñíîþ  ðàòêîþ. Ó ñòàòòi
ðîçãëÿäà¹òüñÿ ñïîñiá ÷èñåëüíîãî ìîäåëþâàííÿ ïðîöåñó ðîçñiþâàííÿ õâèëü ïåðiîäè-
÷íîþ iìïåäàíñíîþ ãðàòêîþ. Ó ðàçi ãàðìîíiéíî¨ çàëåæíîñòi ïîëÿ âiä ÷àñó i îäíî-
ðiäíîñòi ñòðóêòóðè óçäîâæ äåÿêî¨ îñi òðèâèìiðíà çàäà÷à çâîäèòüñÿ äî ðîçãëÿäó
äâîõ äâîâèìiðíèõ çàäà÷ äëÿ êîìïîíåíò Å-ïîëÿðèçîâàíî¨ i Í-ïîëÿðèçîâàíî¨ õâèëi.
Øóêàíà ¹äèíà íåíóëüîâà êîìïîíåíòà åëåêòðè÷íîãî ïîëÿ, ñòâîðåíîãî ïàäàþ÷îþ Å-
ïîëÿðèçîâàíî¨ õâèëåþ, ¹ ðiøåííÿì êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ Ãåëüìãîëüöà ç ãðà-
íè÷íèìè óìîâàìè Ðîáåíà. Ç ôiçè÷íî¨ ïîñòàíîâêè çàäà÷i âèïëèâà¹, ùî ¨¨ ðiøåííÿ
ïîâèííi çàäîâîëüíÿòè óìîâi êâàçiïåðiîäè÷íîñòi Ôëîêå, óìîâîþ ñêií÷åíîñòi åíåðãi¨
â áóäü-ÿêèé îáìåæåíié îáëàñòi ïëîùèíi. Òàêîæ ðiçíèöÿ ïîâíîãî i ïàäàþ÷îãî ïîëÿ
ïîâèííà çàäîâîëüíÿòè óìîâi âèïðîìiíþâàííÿ Çîììåðôåëüäà. Ñëiäóþ÷è iäåÿì ðîáiò
Þ.Â. Ãàíäåëÿ, çà äîïîìîãîþ ìåòîäó ïàðàìåòðè÷íèõ óÿâëåíü iíòåãðàëüíèõ îïåðàòî-
ðiâ êðàéîâà çàäà÷à çâîäèòüñÿ äî äâîõ ñèñòåì iíòåãðàëüíèõ ðiâíÿíü. Ïåðøà ñèñòå-
ìà ñêëàäà¹òüñÿ ç ñèíãóëÿðíèõ ðiâíÿíü ïåðøîãî ðîäó ç äîäàòêîâèìè iíòåãðàëüíèìè
óìîâàìè. Äðóãà ñèñòåìà ñêëàäà¹òüñÿ ç ãðàíè÷íèõ iíòåãðàëüíèõ ðiâíÿíü Ôðåäãîëüìà
äðóãîãî ðîäó ç ëîãàðèôìi÷íîþ îñîáëèâiñòþ â ïiäiíòåãðàëüíié ôóíêöi¨. Áóâ ïðîâå-
äåíèé ÷èñåëüíèé åêñïåðèìåíò äëÿ âèïàäêiâ ðiçíîãî ðîçòàøóâàííÿ ñòði÷îê. Îá÷è-
ñëåííÿ ïðîâîäèëèñÿ äëÿ ìîäåëi íà îñíîâi ñèíãóëÿðíèõ ðiâíÿíü i ìîäåëi íà îñíîâi
ãiïåðñiíãóëÿðíèõ ðiâíÿíü. Âîíè ïîêàçàëè áëèçüêiñòü îòðèìàíèõ ðåçóëüòàòiâ ó äià-
ïàçîíi äîñëiäæóâàíèõ ïàðàìåòðiâ.
Êëþ÷îâi ñëîâà: ìàòåìàòè÷íà ìîäåëü; iìïåäàíñíi ñòðóêòóðè; ÷èñåëüíèé åêñïåðèìåíò.

V.D. Dushkin, S.V. Zhuchenko, O.V. Kostenko. Discrete mathematical model of

the scattering process of E-polarized wave on a periodic impedance grating.

The method of numerical modeling of wave scattering by periodic impedance grating is
considered. In the case of a harmonic dependence of the �eld on time and the uniformity of
the structure along a certain axis, the three-dimensional problem reduces to considering of
two 2D problems for the components of the E-polarized and H-polarized waves. The signle
nonzero component of the electric �eld created by the incident E-polarized wave is the
solution of the boundary value problem for the Helmholtz equation with Robin boundary
conditions. It follows from the physical formulation of the problem that its solutions
satisfy the Floquet quasiperiodicity condition, the condition of �niteness of energy in
any bounded region of the plane. Also, the di�erence between the total and incident
�elds satis�es the Sommerfeld radiation condition. Following the ideas of the works of
Yu.V. Gandel, using the method of parametric representations of integral operators, the
boundary-value problem reduces to two systems of integral equations. The �rst one is
the system of singular equations of the �rst kind with additional integral conditions. The
second system consists of the Fredholm boundary integral equations of the second kind
with a logarithmic singularity in the integrand. A discrete model for various values of the
discretization parameter is equivalent to systems of singular integral equations. By solving
these equations, approximate values of the main �eld characteristics are determined. The
method of parametric representations of integral operators makes it possible to obtain
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systems of integral equations of other types. In particular, the initial boundary-value
problem reduces to a system consisting of hypersingular integral equations of the second
kind and the Fredholm integral equation of the second kind. A numerical experiment
was conducted for cases of di�erent location of tapes. Calculations were performed for
the proposed model and the model based on hypersingular equations. They showed the
closeness of the obtained results in a wide range of parameters studied.
Keywords: mathematical model; impedance structures; numerical experiment.
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