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Ââåäåíèå
Ïîñòðîåíèå òðåóãîëüíîé ìîäåëè äëÿ íåñàìîñîïðÿæåííîãî îãðàíè÷åííîãî

îïåðàòîðà îñíîâàíî íà ìóëüòèïëèêàòèâíîì ïðåäñòàâëåíèè åãî õàðàêòåðèñòè-
÷åñêîé ôóíêöèè, êîòîðàÿ ñîäåðæèò êàê ñïåêòðàëüíóþ ìåðó a(x), òàê è
ñïåêòðàëüíóþ ôóíêöèþ α(x) [1].

Äëÿ êîììóòàòèâíûõ ñèñòåì ëèíåéíûõ íåñàìîñîïðÿæåííûõ îïåðàòîðîâ
õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ îáëàäàåò äîïîëíèòåëüíûì ñâîéñòâîì, à èìåííî,
ñâîéñòâîì ñïëåòàåìîñòè [2]. Êàê ïîêàçàíî â [2], ïîñòðîåíèå òðåóãîëüíûõ
ìîäåëåé äëÿ êîììóòàòèâíûõ ñèñòåì îïåðàòîðîâ îñíîâàíî íà ïðîäîëæåíèè
ýòîãî ñâîéñòâà ñïëåòàåìîñòè âäîëü îáùåé öåïî÷êè èíâàðèàíòíûõ ïîäïðî-
ñòðàíñòâ. Îòñþäà âûòåêàåò, ÷òî ïàðàìåòðû êîììóòàòèâíîé ñèñòåìû îïåðà-
òîðîâ, ñïåêòðàëüíàÿ ìåðà a(x) è ñïåêòðàëüíàÿ ôóíêöèÿ α(x) óäîâëåòâîðÿþò
íåëèíåéíîé ñèñòåìå óðàâíåíèé.
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Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ýòîé ñèñòåìû íåëèíåéíûõ óðàâíåíèé
â ñëó÷àå äâóìåðíîñòè ìíèìûõ êîìïîíåíò êîììóòàòèâíîé ñèñòåìû ëèíåéíûõ
íåñàìîñîïðÿæåííûõ îïåðàòîðîâ {A1, A2}. Â ðàáîòå ïîëíîñòüþ èññëåäîâàíà
äàííàÿ ñèñòåìà â ýòîì ñëó÷àå è ïðåäúÿâëåíû åå ðåøåíèÿ.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ

I. Ïóñòü çàäàíà {A1, A2} � êîììóòàòèâíàÿ ñèñòåìà ëèíåéíûõ îãðàíè÷åí-
íûõ îïåðàòîðîâ, äåéñòâóþùèõ â ãèëüáåðòîâîì ïðîñòðàíñòâå H, à òàêæå
ëèíåéíûé îãðàíè÷åííûé îïåðàòîð ϕ: H → E.

Ñîâîêóïíîñòü

∆ =
({A1, A2} ; H; ϕ; E; {σ1, σ2} ;

{
γ−

}
;
{
γ+

})
, (1)

ãäå {σk}2
1, {γ±} � ñàìîñîïðÿæåííûå îïåðàòîðû â E, íàçûâàåòñÿ êîììóòàòèâíûì

óçëîì [3], åñëè:

1. [A1, A2] = 0;
2. Ak −A∗k = iϕ∗σkϕ; σk = σ∗k; k = 1, 2;
3. σ1ϕA∗2 − σ2ϕA∗1 = γ−ϕ;
4. γ+ = γ− + (σ1ϕϕ∗σ2 − σ2ϕϕ∗σ1) .

(2)

Íåòðóäíî ïîêàçàòü [3], ÷òî ëþáàÿ êîììóòàòèâíàÿ ñèñòåìà îãðàíè÷åííûõ
ëèíåéíûõ îïåðàòîðîâ {Ak}2

1 ìîæåò áûòü âêëþ÷åíà â óçåë.
Îòêðûòàÿ ñèñòåìà [3], àññîöèèðîâàííàÿ ñ êîììóòàòèâíûì óçëîì ∆ (1),

èìååò âèä

R :
{

i∂kh(t) + Akh(t) = ϕ∗σku(t);
1 ≤ k ≤ 2; h(0) = h0;

(3)

S : v(t) = u(t) + iϕh(t); (4)

ãäå äèôôåðåíöèàëüíûå îïåðàòîðû {∂k}2
1 èìåþò âèä ∂k =

∂

∂tk
, 0 = (0, 0), à

h(t) è u(t), v(t) � âåêòîð-ôóíêöèè èç H è E ñîîòâåòñòâåííî, t = (t1, t2).
Ñîâìåñòíîñòü ñèñòåìû óðàâíåíèé (3) ïðèâîäèò ê óðàâíåíèþ [2]:

{
σ1i∂2 − σ2i∂1 + γ−

}
u(x) = 0. (5)

Ëåãêî ïîêàçàòü, ÷òî åñëè èìååò ìåñòî (5), à h(t) ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû
(3), òî v(t) (4) óäîâëåòâîðÿåò óðàâíåíèþ:

{
σ1i∂2 − σ2i∂1 + γ+

}
v(x) = 0. (6)

Ðàññìîòðèì êîììóòàòèâíûé óçåë (1) êîãäà dimE = r < ∞, ïðè÷åì σ1

îáðàòèì.
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Õàðàêòåðèñòè÷åñêàÿ ìàòðèöà-ôóíêöèÿ S (λ1) [2] îïåðàòîðà A1 â îðòîíîð-
ìèðîâàííîì áàçèñå {eα}, α = 1, r èç E â ñëó÷àå âåùåñòâåííîãî ñïåêòðà
îïåðàòîðà A1 è σ1 = J (J = J∗ = J−1) èìååò âèä:

S (λ1) = Sl (λ1) ; Sx(λ) =

x
x∫

0

exp
{

iJatdt

λ− αt

}
, (7)

ãäå αt - âåùåñòâåííàÿ, îãðàíè÷åííàÿ, íåóáûâàþùàÿ ôóíêöèÿ íà [0, l]
(0 < l < ∞), à ìàòðèöà at ≥ 0 ðàçìåðà [r × r] òàêàÿ, ÷òî tr at ≡ 1.

Èç êîììóòàòèâíîñòè [A1, A2] = 0 ñëåäóåò, ÷òî õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ S (λ1) óäîâëåòâîðÿåò óñëîâèþ ñïëåòàåìîñòè [2]:

(
σ2λ + γ−

)
JS (λ1) = S (λ1)

(
σ2λ + γ+

)
J. (8)

Çàäà÷à ïðîäîëæåíèÿ óñëîâèÿ ñïëåòàåìîñòè (8) âäîëü öåïî÷êè èíâàðè-
àíòíûõ ïîäïðîñòðàíñòâ îïåðàòîðà A1, êîòîðîé îòâå÷àåò ìóëüòèïëèêàòèâíîå
ïðåäñòàâëåíèå Sx(λ) (7), ïðèâîäèò ê ñîîòíîøåíèþ:

(
σ2λ + γ−(x)

)
JSx(λ) = Sx(λ)

(
σ2λ + γ+

)
J (∀x ∈ [0, l]). (9)

Â ðàáîòå [2] ïîêàçàíî, ÷òî äëÿ òîãî, ÷òîáû âûïîëíÿëîñü óñëîâèå
ñïëåòàåìîñòè (9), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû èìåëè ìåñòî ñîîòíîøåíèÿ:

1.
d

dx
γ(x)J = i [Ja(x), σkJ ] ; γ(0) = γ+;

2. [Ja(x), (σkαx + γ(x))J ] = 0.
(10)

Ðåøåíèå ýòîé ñèñòåìû γ(x) èñïîëüçóåòñÿ ïðè ïîñòðîåíèè òðåóãîëüíûõ
ìîäåëåé êîììóòàòèâíûõ ñèñòåì îïåðàòîðîâ [3]. Öåëüþ äàííîé ðàáîòû
ÿâëÿåòñÿ èññëåäîâàíèå è îïèñàíèå ðåøåíèé ñèñòåìû óðàâíåíèé (10).

�1. Ðåøåíèå ñèñòåìû óðàâíåíèé (10), êîãäà r = 2, J = I

II.Èçó÷èì âîïðîñ î ðàçðåøèìîñòè ñèñòåìû óðàâíåíèé (10) â ñëó÷àå, êîãäà

dimE = 2, à J =
(

1 0
0 1

)
.

Ïóñòü αx = 0, ïðè÷åì σ2, a(x) ≥ 0, γ(x) è γ+ èìåþò âèä

σ2 =
(

ξ 0
0 η

)
, a(x) =

(
b(x) c(x)
c(x) 1− b(x)

)
,

γ(x) =
(

γ11(x) γ12(x)
γ12(x) γ22(x)

)
, γ+ =

(
γ+
11 γ+

12

γ+
12 γ+

22

)
,

(11)
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ãäå ξ, η ∈ R; b(x) ∈ R (0 ≤ b(x) ≤ 1), c(x) ∈ C, γ11(x), γ22(x) ∈ R, γ12(x) ∈ C
äëÿ âñåõ x ∈ [0, l]; òîãäà ñèñòåìà óðàâíåíèé (10) áóäåò èìåòü âèä:

{
γ′(x) = i [a(x), σ2] ;

[a(x), γ(x)] = 0, γ(x) = γ+.
(12)

Òåîðåìà 1. Ïóñòü σ2, a(x) ≥ 0, γ(x) è γ+ èìåþò âèä (11). Òîãäà ïðè

b(x) 6= 1
2
, äëÿ ∀x ∈ [0, l] è

∣∣∣∣
γ+

12

γ+
22 − γ+

11

∣∣∣∣
2

≤ b(x)(1− b(x))
(1− 2b(x))2

âñåãäà ñóùåñòâóåò

åäèíñòâåííîå ðåøåíèå ñèñòåìû (12), ïðè÷åì

γ11(x) = γ+
11, γ22(x) = γ+

22, γ12(x) = γ+
12e

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
,

à

c(x) = (1− 2b(x))
γ+
12

γ+
22 − γ+

11

e

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
;

åñëè b(x) =
1
2
∀x ∈ [0, l], òî c(x) = 0, γ(x) = γ+.

Äîêàçàòåëüñòâî.
Èç ïåðâîãî ñîîòíîøåíèÿ ñèñòåìû (12) ïîëó÷èì

(
γ′11(x) γ′12(x)
γ′12(x) γ′22(x)

)
= i

(
0 (η − ξ)c(x)

(ξ − η)c(x) 0

)
.

Òàêèì îáðàçîì, ïðèõîäèì ê òîìó, ÷òî

1. γ′11(x) = γ′22(x) = 0, çíà÷èò, γ11, γ22 � êîíñòàíòû,
à èìåííî, γ11(x) = γ+

11, γ22(x) = γ+
22;

2. γ′12(x) = i(η − ξ)c(x) (γ′21(x) = i(ξ − η)c(x)).
(13)

Àíàëîãè÷íî, èç âòîðîãî óðàâíåíèÿ ñèñòåìû (12) âûòåêàåò:



c(x)γ12(x)− γ12(x)c(x) c(x)
(
γ+

22 − γ+
11

)
+ 2γ12(x)b(x)−

−γ12(x)
c(x)

(
γ+

11 − γ+
22

)− 2b(x)γ12(x)+ c(x)γ12(x)− γ12(x)c(x)
+γ12(x)


 = 0.

Òî åñòü:
1. c(x)γ12(x)− γ12c(x) = 0;
2. c(x)

(
γ+
22 − γ+

11

)
+ (2b(x)− 1)γ12(x) = 0.

(14)

Ïåðâîå óñëîâèå â (14) îçíà÷àåò, ÷òî c(x)γ12(x) � âåùåñòâåííàÿ ôóíêöèÿ äëÿ
∀x ∈ [0, l]. Èòàê, ïðèõîäèì ê ñèñòåìå óðàâíåíèé:

{
γ′12 = i(η − ξ)c(x);

c(x)
(
γ+
22 − γ+

11

)
+ (2b(x)− 1)γ12(x) = 0.

(15)
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Ïðåäïîëîæèì, ÷òî bx 6= 1
2
. Åñëè γ+

22 = γ+
11, òî γ12(x) = 0. Èñêëþ÷àÿ ýòîò

òðèâèàëüíûé ñëó÷àé, âûðàçèì γ12(x) èç âòîðîãî ñîîòíîøåíèÿ (15)

γ12(x) =
c(x)

(
γ+

22 − γ+
11

)

1− 2b(x)
(16)

è, ïîäñòàâèâ â ïåðâîå, ïîëó÷èì:
(

c(x)
(
γ+
22 − γ+

11

)

1− 2b(x)

)′
= i(η − ξ)c(x).

Ââåäåì îáîçíà÷åíèå:
y(x) =

c(x)
1− 2b(x)

,

òîãäà, èñïîëüçóÿ ïåðâîå óñëîâèå (13), áóäåì èìåòü

y′(x)
(
γ+

22 − γ+
11

)
= i(η − ξ)y(x)(1− 2b(x)).

Ðåøåíèå èìååò âèä:

y(x) = Ae

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
, (17)

ãäå A - const. Òàê êàê (16), òî

γ12(x) =
(
γ+
22 − γ+

11

)
y(x),

ó÷èòûâàÿ íà÷àëüíîå óñëîâèå γ(0) = γ+, íàõîäèì, ÷òî

A =
γ+

12

γ+
22 − γ+

11

.

Ñëåäîâàòåëüíî,

y(x) =
γ+
12

γ+
22 − γ+

11

e

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
;

γ12(x) = γ+
12 · e

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
;

c(x)
1− 2b(x)

=
γ+

12

γ+
22 − γ+

11

e

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
;

c(x) = (1− 2b(x))
γ+

12

γ+
22 − γ+

11

e

i(η−ξ)

γ+
22−γ+

11

xR
0

(1−2b(t))dt
.

Ïåðâîå óñëîâèå â (14) âûïîëíÿåòñÿ àâòîìàòè÷åñêè. Èç íåîòðèöàòåëüíîñòè
ìàòðèöû a(x) (a(x) ≥ 0) ñëåäóåò, ÷òî

b(x)(1− b(x))− |c(x)|2 ≥ 0. (18)
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Òîãäà

b(x)(1− b(x))−
∣∣∣∣

γ+
12

γ+
22 − γ+

11

∣∣∣∣
2

(1− 2b(x))2 ≥ 0,

çíà÷èò, ∣∣∣∣
γ+

12

γ+
22 − γ+

11

∣∣∣∣
2

≤ b(x)(1− b(x))
(1− 2b(x))2

. (19)

Òàêèì îáðàçîì, óñëîâèå íåîòðèöàòåëüíîñòè (18) ìàòðèöû a(x) èìååò âèä (19).
Ðàññìîòðèì ñëó÷àé b(x) =

1
2
. Ïîëó÷èì, ÷òî c(x) = 0, γ12 � const, è

ïîýòîìó γ(x) = γ+(11).
Çàìå÷àíèå 1. Âûáîð σ2(11) â äèàãîíàëüíîé ôîðìå íå îãðàíè÷èâàåò

îáùíîñòè, òàê êàê J = I.

III. Ïóñòü αx 6= 0, αx � âåùåñòâåííàÿ íåóáûâàþùàÿ îãðàíè÷åííàÿ
ôóíêöèÿ íà [0, l], 0 < l < ∞, J = I, ïðè÷åì σ2, a(x) ≥ 0, γ(x), γ+ çàäàíû
ôîðìóëàìè (11). Â ýòîì ñëó÷àå ñèñòåìà (10) èìååò âèä:

{
γ′(x) = i [a(x), σ2] ;

[a(x), (σ2αx + γ(x))] = 0, γ(x) = γ+.
(20)

Òåîðåìà 2. Ïóñòü σ2, a(x) ≥ 0, γ(x) è γ+ èìåþò âèä (11), òîãäà ïðè

b(x) 6= 1
2
, äëÿ ∀x ∈ [0, l] è

∣∣∣∣∣
γ+
12(

αx(η − ξ) + γ+
22 − γ+

11

)
∣∣∣∣∣
2

≤ b(x)(1− b(x))
(1− 2b(x))2

âñåãäà

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû (20), ïðè÷åì

γ11(x) = γ+
11, γ22(x) = γ+

22, γ12(x) = γ+
12e

i(η−ξ)
xR
0

(1−2b(t))

(αt(η−ξ)+γ+
22−γ+

11)
dt

,

à

c(x) = (1− 2b(x))
γ+

12(
αx(η − ξ) + γ+

22 − γ+
11

)e
i(η−ξ)

xR
0

(1−2b(t))

(αt(η−ξ)+γ+
22−γ+

11)
dt

;

åñëè b(x) =
1
2
∀x ∈ [0, l], òî c(x) = 0, γ(x) = γ+.

Äîêàçàòåëüñòâî.
Ñîîòíîøåíèÿ (13), ïîëó÷åííûå èç ïåðâîãî óñëîâèÿ ñèñòåìû (20), íå

èçìåíÿòñÿ, à èìåííî, γ11(x) = γ+
11, γ22(x) = γ+

22 è γ′12(x) = i(η − ξ)c(x).
Ïåðåéäåì êî âòîðîìó ñîîòíîøåíèþ (20), êîòîðîå ïðèìåò âèä:




c(x)γ12(x)− γ12(x)c(x) (2b(x)− 1)γ12(x) + (η − ξ)×
×αxc(x) + c(x)

(
γ+

22 − γ+
11

)
(1− 2b(x))γ12(x) + (ξ − η)αxc(x)+ c(x)γ12(x)− γ12(x)c(x)

+c(x)
(
γ+

11 − γ+
22

)


 = 0.
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Òî åñòü:
1. c(x)γ12(x)− γ12(x)c(x) = 0;
2. (2b(x)− 1)γ12(x) + (η − ξ)αxc(x) + c(x)

(
γ+

22 − γ+
11

)
= 0.

(21)

Èç ïåðâîãî óðàâíåíèÿ â (21) ñëåäóåò, ÷òî c(x)γ12 � âåùåñòâåííàÿ ôóíêöèÿ
∀x ∈ [0, l]. Ïðåäïîëîæèì, ÷òî bx 6= 1

2
. Åñëè γ+

22 = γ+
11, òî γ12(x) = 0.

Èñêëþ÷àÿ ýòîò òðèâèàëüíûé ñëó÷àé, âûðàçèì γ12(x) èç âòîðîãî óðàâíåíèÿ
(21)

(2b(x)− 1)γ12(x) + (η − ξ)αxc(x) + c(x)
(
γ+

22 − γ+
11

)
= 0,

òîãäà
γ12(x) =

c(x)
(
αx(η − ξ) + γ+

22 − γ+
11

)

(1− 2b(x))
, (22)

c(x) =
γ12(x)(1− 2b(x))(

αx(η − ξ) + γ+
22 − γ+

11

) . (23)

Ïóñòü
y(x) =

(1− 2b(x))(
αx(η − ξ) + γ+

22 − γ+
11

)(η − ξ). (24)

Òîãäà âòîðîå óðàâíåíèå â (13) ïðèìåò âèä:

γ′12(x) = iy(x)γ12(x),

çíà÷èò

γ12(x) = Ae
i

xR
0

y(t)dt
,

ãäå A � const, òî åñòü

γ12(x) = Ae
i(η−ξ)

xR
0

(1−2b(t))

(αt(η−ξ)+γ+
22−γ+

11)
dt

, (25)

ãäå A � const. Ó÷èòûâàÿ íà÷àëüíûå óñëîâèÿ γ(0) = γ+, íàõîäèì, ÷òî

A = γ+
12;

γ12(x) = γ+
12e

i(η−ξ)
xR
0

(1−2b(t))

(αt(η−ξ)+γ+
22−γ+

11)
dt

. (26)

Ôóíêöèÿ c(x) â (23) ïðèìåò âèä:

c(x) = (1− 2b(x))
γ+
12(

αx(η − ξ) + γ+
22 − γ+

11

)e
i(η−ξ)

xR
0

(1−2b(t))

(αt(η−ξ)+γ+
22−γ+

11)
dt

.

Ïåðâîå óñëîâèå â (21) âûïîëíÿåòñÿ àâòîìàòè÷åñêè. Èç íåîòðèöàòåëüíîñòè
ìàòðèöû a(x) (a(x) ≥ 0) ñëåäóåò (18), òîãäà

∣∣∣∣∣
γ+

12(
αx(η − ξ) + γ+

22 − γ+
11

)
∣∣∣∣∣
2

≤ b(x)(1− b(x))
(1− 2b(x))2

, (27)
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÷òî è óòâåðæäàåòñÿ â òåîðåìå.
Â ñëó÷àå b(x) =

1
2
ïîëó÷èì, ÷òî c(x) = 0, γ12 � const è ïîýòîìó γ(x) = γ+(11).

�2. Ðåøåíèå ñèñòåìû óðàâíåíèé (10), êîãäà r = 2, J 6= I

IV. Èññëåäóåì ñèñòåìó óðàâíåíèé (10) â ñëó÷àå, êîãäà

dimE = 2, J =
(

1 0
0 −1

)
. (28)

Ïóñòü αx = 0, ïðè÷åì σ2, a(x) ≥ 0, γ(x), γ+ èìåþò âèä

σ2 =
(

ξ ζ

ζ η

)
, a(x) =

(
b(x) c(x)
c(x) 1− b(x)

)
,

γ(x) =
(

γ11(x) γ12(x)
γ12(x) γ22(x)

)
, γ+ =

(
γ+

11 γ+
12

γ+
12 γ+

22

)
,

(29)

ãäå ξ, η ∈ R; b(x) ∈ R (0 ≤ b(x) ≤ 1), c(x) ∈ C, γ11(x), γ22(x) ∈ R, γ12(x) ∈ C
äëÿ âñåõ x ∈ [0, l], òîãäà ñèñòåìà (10) áóäåò èìåòü âèä:

{
γ′(x)J = i [Ja(x), σ2J ] ;

[Ja(x), γ(x)J ] = 0, γ(0) = γ+.
(30)

Òåîðåìà 3. Ïóñòü σ2, a(x) ≥ 0, γ(x) è γ+ èìåþò âèä (29), à J ,
ñîîòâåòñòâåííî, � (28). Åñëè äëÿ ∀x ∈ [0, l] èìååò ìåñòî

|w(x)|2 + |v(x)|2
|ζ|2 ≤ bx (1− bx) ,

ãäå v(x) � ïðîèçâîëüíàÿ âåùåñòâåííàÿ ôóíêöèÿ, à

w(x) =

−ζγ+
12 − γ+

12ζ − 2i(ξ + η)

x∫

0

v(t)dt

8i

x∫

0

v(t)dt + 2
(
γ+

22 + γ+
11

)
,

òî âñåãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû (30),

γ11(x) = 2i

x∫

0

v(t)dt + γ+
11, γ22(x) = 2i

x∫

0

v(t)dt + γ+
22,

γ12(x) = −c(x)


4i

x∫

0

v(t)dt + γ+
11 + γ+

22


 ,
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ïðè ýòîì c(x) =
w(x) + iv(x)

ζ
.

Äîêàçàòåëüñòâî.
Èç ïåðâîãî ñîîòíîøåíèÿ ñèñòåìû (30):

γ′(x)J =
(

γ′11(x) −γ′12(x)
γ′12(x) −γ′22(x)

)
= i

(
c(x)ζ − ζc(x) −c(x)(η + ξ)− ζ

−c(x)(ξ + η)− ζ c(x)ζ − ζc(x)

)
.

Òàêèì îáðàçîì, ìû ïðèõîäèì ê óðàâíåíèÿì:

γ′11(x) = γ′22(x) = i
(
c(x)ζ − ζc(x)

)
; (31)

γ′12(x) = i(c(x)(η + ξ) + ζ). (32)

Èç óñëîâèÿ (31) ñëåäóåò, ÷òî γ11(x) è γ22(x) îòëè÷àþòñÿ íà êîíñòàíòó,
êîòîðóþ ìîæíî îïðåäåëèòü èç íà÷àëüíûõ óñëîâèé, à èìåííî:

γ22(x) = γ11(x) + γ+
22 − γ+

11.

Âòîðîå óñëîâèå â (30) äàåò:

[Ja(x), γ(x)J ] =

=
(

c(x)γ12(x)− γ12(x)c(x) −c(x) (γ11(x) + γ22(x))− γ12(x)
−c(x) (γ11(x) + γ22(x))− γ12(x) γ12(x)c(x)− c(x)γ12(x)

)
= 0.

Ïîëó÷èì ñîîòíîøåíèÿ:

c(x)γ12(x)− γ12(x)c(x) = 0, òî åñòü c(x)γ12 � âåùåñòâåííàÿ ôóíêöèÿ. (33)

γ12(x) = −c(x)
(
2γ11(x) + γ+

22 − γ+
11

)
. (34)

Ñîîòíîøåíèå (33) âûïîëíÿåòñÿ àâòîìàòè÷åñêè. Äåéñòâèòåëüíî, åñëè γ12(x) =
= −c(x) (γ11(x) + γ22(x)), òî γ12(x) = −c(x) (γ11(x) + γ22(x)), ïîäñòàâèì â
(33) è ïîëó÷èì:

c(x)γ12(x)− γ12(x)c(x) = −c(x)c(x) (γ11(x) + γ22(x))−

− (c(x) (γ11(x) + γ22(x))) c(x) = (γ11(x) + γ22(x)) (−c(x)c(x) + c(x)c(x)) = 0.

Ðàññìîòðèì (32)
γ′12(x) = i(c(x)(ξ + η) + ζ),

çàïèøåì ñîïðÿæåííîå åìó óðàâíåíèå

γ′12(x) = −i
(
c(x)(ξ + η) + ζ

)
. (35)

Óìíîæèì (32) íà ζ, à (35) íà ζ è ñëîæèì ïîëó÷åííûå óðàâíåíèÿ,

ζγ′12(x) + γ′12(x)ζ = i(ξ + η)
(
c(x)ζ − c(x)ζ

)
.
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Â ñîîòâåòñòâèè ñ (31), ïîëó÷èì, ÷òî

ζγ′12(x) + γ′12(x)ζ = (ξ + η)γ′11(x).

Ïðîèíòåãðèðîâàâ ýòî ðàâåíñòâî, ïðèõîäèì ê ñîòíîøåíèþ

ζγ12(x) + γ12(x)ζ = (ξ + η)γ11(x) + A1, (36)

ãäå A1 � ïîñòîÿííàÿ, ïðè÷åì

A1 = ζγ+
12 + γ+

12ζ − (ξ + η)γ+
11.

Âîñïîëüçóåìñÿ (34), ïîëó÷èì

−ζc(x)
(
2γ11(x) + γ+

22 − γ+
11

)− c(x)
(
2γ11(x) + γ+

22 − γ+
11

)
ζ =

= (ξ + η)γ11(x) + +ζγ+
12 + γ+

12ζ − (ξ + η)γ+
11;

γ11(x)
[
(ξ + η) + 2

(
c(x)ζ + c(x)ζ

)]
+

(
γ+

22 − γ+
11

) (
c(x)ζ + c(x)ζ

)
+

+ζγ+
12 + γ+

12ζ − (ξ + η)γ+
11 = 0.

(37)

Çàìåòèì, ÷òî 2Re
(
c(x)ζ

)
= c(x)ζ + c(x)ζ , à 2 Im

(
c(x)ζ

)
= c(x)ζ − c(x)ζ,

òîãäà
{

γ′11(x) = 2i Im
(
c(x)ζ

)
;

γ11(x)
[
(ξ + η) + 4 Re

(
c(x)ζ

)]
+ 2

(
γ+

22 − γ+
11

)
Re

(
c(x)ζ

)
+ A1 = 0.

Ââåäåì îáîçíà÷åíèå
c(x)ζ = w(x) + iv(x), (38)

ïîëó÷åííàÿ ñèñòåìà ïðèìåò âèä:
{

γ′11(x) = 2iv(x);
γ11(x)[ξ + η + 4w(x)] + 2

(
γ+
22 − γ+

11

)
w(x) + A1 = 0.

(39)

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (39) íàõîäèì

γ11(x) = 2i

x∫

0

v(t)dt + A2,

ãäå A2 � ïîñòîÿííàÿ, ïðè÷åì A2 = γ+
11, òî åñòü

γ11(x) = 2i

x∫

0

v(t)dt + γ+
11. (40)

Èç âòîðîãî óðàâíåíèÿ ñèñòåìû (39) îïðåäåëèì

w(x) =
−A1 − γ11(x)(ξ + η)

2
(
2γ11(x) + γ+

22 − γ+
11

) ,
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ïîäñòàâèì (40), ïîëó÷èì

w(x) =

−ζγ+
12 − γ+

12ζ − 2i(ξ + η)

x∫

0

v(t)dt

8i

x∫

0

v(t)dt + 2
(
γ+

22 + γ+
11

)
. (41)

Ñîãëàñíî (38), èìååì

c(x) =
w(x) + iv(x)

ζ
.

Èç íåîòðèöàòåëüíîñòè ìàòðèöû a(x) (a(x) ≥ 0) ñëåäóåò (18), òîãäà
∣∣∣∣
w(x) + iv(x)

ζ

∣∣∣∣
2

≤ bx (1− bx) ,

|w(x)|2 + |v(x)|2
|ζ|2 ≤ bx (1− bx) . (42)

Òàêèì îáðàçîì, óñëîâèå íåîòðèöàòåëüíîñòè (18) ìàòðèöû a(x) èìååò âèä (42).

V. Ïóñòü αx 6= 0, αx � âåùåñòâåííàÿ íåóáûâàþùàÿ îãðàíè÷åííàÿ
ôóíêöèÿ íà [0, l], 0 < l < ∞, ïðè÷åì σ2, a(x) ≥ 0, γ(x) èìåþò âèä (29), à
J � (28).

Â ýòîì ñëó÷àå ñèñòåìà (30) èìååò âèä:
{

γ′(x)J = i [Ja(x), σ2J ] ;
[Ja(x), (σ2αx + γ(x))J ] = 0, γ(0) = γ+.

(43)

Òåîðåìà 4. Ïóñòü σ2, a(x) ≥ 0, γ(x) è γ+ èìåþò âèä (29), à J ,
ñîîòâåòñòâåííî, � (28). Åñëè äëÿ ∀x ∈ [0, l] èìååò ìåñòî

|w(x)|2 + |v(x)|2
|ζ|2 ≤ bx (1− bx) ,

ãäå v(x) � ïðîèçâîëüíàÿ âåùåñòâåííàÿ ôóíêöèÿ, à

w(x) =

−ζγ+
12 − γ+

12ζ − 2i(ξ + η)

x∫

0

v(t)dt− 2|ζ|2αx

8i

x∫

0

v(t)dt + 2
(
αx(ξ + η) + γ+

22 + γ+
11

)
,
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òî âñåãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå ñèñòåìû (43)

γ11(x) = 2i

x∫

0

v(t)dt + γ+
11, γ22(x) = 2i

x∫

0

v(t)dt + γ+
22,

γ12(x) = −c(x)


αx(ξ + η) + 4i

x∫

0

v(t)dt + γ+
11 + γ+

22


− ζαx,

ïðè ýòîì c(x) =
w(x) + iv(x)

ζ
.

Äîêàçàòåëüñòâî.
Ñîîòíîøåíèÿ (31), (32), ïîëó÷åííûå èç ïåðâîãî óñëîâèÿ (30), íå èçìåíÿòñÿ.

Èç âòîðîãî óñëîâèÿ ñèñòåìû (43) èìååì:

[Ja(x), (σ2αx + γ(x))J ] =

=




c(x)ζαx + c(x)γ12(x)−
−γ12(x)c(x)− c(x)ζαx

−c(x) (αx(ξ + η) + γ11(x)+
+γ22(x))− ζαx − γ12(x)

−c(x) (αx(ξ + η) + γ11(x)+
+γ22(x))− ζαx − γ12(x)

−c(x)ζαx − c(x)γ12(x)+
+γ12(x)c(x) + c(x)ζαx


 = 0.

Ïîëó÷èì ñîîòíîøåíèÿ:

c(x)
(
ζαx + γ12(x)

)
= c(x) (γ12(x) + ζαx) , (44)

òî åñòü c(x)
(
ζαx + γ12(x)

)
� âåùåñòâåííàÿ ôóíêöèÿ, ÷òî ëåãêî ïðîâåðèòü;

γ12(x) = −c(x)
(
αx(ξ + η) + 2γ11(x) + γ+

22 − γ+
11

)− ζαx. (45)

Âîñïîëüçóåìñÿ ðàâåíñòâàìè (36) è (45):

ζγ12(x) + γ12(x)ζ = (ξ + η)γ11(x) + A1,

ãäå A1 � ïîñòîÿííàÿ, ïðè÷åì

A1 = ζγ+
12 + γ+

12ζ − (ξ + η)γ+
11,

ïîëó÷èì

−ζ
(
c(x)

(
αx(ξ + η) + 2γ11(x) + γ+

22 − γ+
11

)− ζαx

)
+

+
(−c(x)

(
αx(ξ + η) + 2γ11(x) + γ+

22 − γ+
11

)− ζαx(x)
)
ζ = (ξ + η)γ11(x) + A1;

A1 + αx(ξ + η)
(
c(x)ζ + c(x)ζ

)
+ γ11(x)

(
2

(
c(x)ζ + c(x)ζ

)
+ ξ + η

)
+

+
(
γ+
22 − γ+

11

) (
c(x)ζ + c(x)ζ

)
+ 2|ζ|2αx = 0.
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Çàìåòèì, ÷òî 2Re
(
c(x)ζ

)
= c(x)ζ +c(x)ζ, à 2 Im

(
c(x)ζ

)
= c(x)ζ−c(x)ζ, òîãäà





γ′11(x) = 2i Im
(
c(x)ζ

)
;

2αx(ξ + η)Re
(
c(x)ζ

)
+ γ11(x)

(
4Re

(
c(x)ζ

)
+ ξ + η

)
+

+2
(
γ+

22 − γ+
11

)
Re

(
c(x)ζ

)
+ 2|ζ|2αx + A1 = 0.

Èñïîëüçóÿ îáîçíà÷åíèÿ (38), ïîëó÷èì




γ′11(x) = 2iv(x);
2αx(ξ + η)w(x) + γ11(x)(4w(x) + ξ + η) + 2

(
γ+
22 − γ+

11

)
w(x)+

+2|ζ|2αx + A1 = 0.
(46)

Èç ïåðâîãî óñëîâèÿ â (46) íàõîäèì

γ11(x) = 2i

x∫

0

v(t)dt + A2,

ãäå A2 � ïîñòîÿííàÿ, ïðè÷åì A2 = γ+
11, òî åñòü

γ11(x) = 2i

x∫

0

v(t)dt + γ+
11. (47)

Èç âòîðîãî óñëîâèÿ â (46) îïðåäåëèì

w(x) =
−A1 − γ11(x)(ξ + η)− 2|ζ|2αx

2
(
2γ11(x) + αx(ξ + η) + γ+

22 − γ+
11

) ,

ïîäñòàâèì (47), ïîëó÷èì

w(x) =

−ζγ+
12 − γ+

12ζ − 2i(ξ + η)

x∫

0

v(t)dt− 2|ζ|2αx

8i

x∫

0

v(t)dt + 2
(
αx(ξ + η) + γ+

22 + γ+
11

)
. (48)

Ñîãëàñíî (38), èìååì
c(x) =

w(x) + iv(x)
ζ

.

Èç íåîòðèöàòåëüíîñòè ìàòðèöû a(x) (a(x) ≥ 0) ñëåäóåò (18), òîãäà
∣∣∣∣
w(x) + iv(x)

ζ

∣∣∣∣
2

≤ bx (1− bx) ,

|w(x)|2 + |v(x)|2
|ζ|2 ≤ bx (1− bx) . (49)



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1018 (2012) 75

Òàêèì îáðàçîì, óñëîâèå íåîòðèöàòåëüíîñòè (18) ìàòðèöû a(x) èìååò âèä (42).

Èòàê, â ñëó÷àå dimE = 2 îïèñàíû âñå ðåøåíèÿ ñèñòåìû óðàâíåíèé
{

γ′(x)J = i [Ja(x), σ2J ] ;
[Ja(x), (σ2αx + γ(x))J ] = 0;

γ(0) = γ+

è ïðåäúÿâëåí èõ âèä.
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