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Â ðàáîòå èçó÷àåòñÿ çàäà÷à èäåíòèôèêàöèè ëèíåéíîãî íåñòàöèîíàðíîãî
ìíîãîìåðíîãî óðàâíåíèÿ Áîëüöìàíà ñ íåâûðîæäåííûì ãåíåðàòîðîì
íåéòðîíîâ ïî çàäàííûì íà÷àëüíûì è íàáëþäàåìûì ôèíàëüíûì
ïîòîêàì íåéòðîíîâ. Óñòàíîâëåíû âçàèìíî-îäíîçíà÷íûå ñâÿçè ìåæäó
ïëîòíîñòüþ ãåíåðàòîðà íåéòðîíîâ è íàáëþäåíèåì, ñîïîñòàâëÿþùåì
íà÷àëüíîìó ïîòîêó íåéòðîíîâ ôèíàëüíîå ïðèðàùåíèå ïîòîêà
íåéòðîíîâ.
Êëþ÷åâûå ñëîâà: Èäåíòèôèêàöèÿ, óðàâíåíèå ïåðåíîñà.
Ñîõií A. C., Iäåíòèôiêàöiÿ ñèñòåìè ç ðîçïîäiëåíèìè
ïàðàìåòðàìè, îïèñóâàíî¨ ðiâíÿííÿì ïåðåíîñó íåéòðîíiâ
ç íåiçîòðîïíèì íåñòàöiîíàðíèì iíòåãðàëîì çiòêíåíü. Â
ðîáîòi âèâ÷à¹òüñÿ çàäà÷à iäåíòèôiêàöi¨ ëiíiéíîãî íåñòàöiîíàðíîãî
áàãàòîâèìiðíîãî ðiâíÿííÿ Áîëüöìàíà ç íåâèðîäæåíèì ãåíåðàòîðîì
íåéòðîíiâ ïî çàäàíèì ïî÷àòêîâèì i ñïîñòåðåæóâàíèì êiíöåâèì ïîòîêàì
íåéòðîíiâ. Âñòàíîâëåíi âçà¹ìíî-îäíîçíà÷íi çâ'ÿçêè ìiæ ùiëüíiñòþ
ãåíåðåòîðà íåéòðîíiâ i ñïîñòåðåæåííÿì, ùî âiäíîñèòü ïî÷àòêîâîìó
ïîòîêó íåéòðîíiâ êiíöåâèé ïðèðiñò ïîòîêó íåéòðîíiâ.
Êëþ÷îâi ñëîâà: Iäåíòèôiêàöiÿ, ðiâíÿííÿ ïåðåíîñó.
A. S. Sokhin, Identi�cation of distributed parameter systems, de-
scribed by the equation of neutron transport with anisotropic
time-dependent collision integral. In the paper we study the prob-
lem of identi�cation of a nonstationary many-dimensional linear Boltzmann
equation with a nonsingular generator of neutrons. We identify an equation
by the given initial �ows of neutrons and the observed �nal �ows of neu-
trons. We ascertain the one-to-one correspondence between density of the
generator of neutrons and the observation which associates inicial increment
of neutrons to the �nal �ow of neutrons.
Keywords: Identi�cation, equation of transport.
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1. Ïîñòàíîâêà çàäà÷è

Ïóñòü èìååì:
� X � âåùåñòâåííîå åâêëèäîâîå ïðîñòðàíñòâî n = 1, 2, 3 èçìåðåíèé ñ íîðìîé

|x| =

√
n∑

i=1
x2

i , A = {a : a ∈ X, |a| ≤ c}, ãäå c � ìàêñèìàëüíàÿ ñêîðîñòü

íåéòðîíîâ;
� L11 = L1(X, A) � ïðîñòðàíñòâî èçìåðèìûõ, àáñîëþòíî ñóììèðóåìûõ
ôóíêöèé íà X ×A ñ íîðìîé ‖f‖11 =

∫
X

∫
A

|f(x, a)|dx da;

� L1 = L1(A) � ïðîñòðàíñòâî èçìåðèìûõ, àáñîëþòíî ñóììèðóåìûõ íà A
ôóíêöèé ñ íîðìîé ‖f‖1 =

∫
A

|f(a)|da ;

� L+
11 è L+

1 � íåîòðèöàòåëüíûå ôóíêöèè, ñîîòâåòñòâåííî, â L11 è L1.
Ðàññìîòðèì îïèñûâàþùåå ïåðåíîñ íåéòðîíîâ ëèíåéíîå ìíîãîñêîðîñòíîå

óðàâíåíèå Áîëüöìàíà ñ íåñòàöèîíàðíûì íåèçîòðîïíûì ïîòåíöèàëîì
u(t, x, a, a′), èìåþùåå â x ∈ X , a ∈ A âèä

∂y

∂t
+ a · ∇x y =

∫

A

u(t, x, a, a′) y(t, x, a′)da′, t > τ ∈ T
4
= (0,∞) (1)

ïðè íà÷àëüíîì óñëîâèè

y(t, x, a) = f0(x, a) ∈ L+
1 , t = τ + 0. (2)

Çäåñü y(t, x, a) � ïëîòíîñòü ïîòîêà íåéòðîíîâ â ìîìåíò âðåìåíè t â òî÷êå x
ïðîñòðàíñòâà X ñî ñêîðîñòüþ a ∈ A.

Ïðàâàÿ ÷àñòü óðàâíåíèÿ (2) íàçûâàåòñÿ èíòåãðàëîì ñòîëêíîâåíèé.
Ïîòåíöèàë u(t, x, a, a′) ïîä÷èíèì óñëîâèÿì:
(a) u(t, x, a, a′) � îãðàíè÷åííàÿ èçìåðèìàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà
T ×X ×A×A;
(b) u(t, x, ·, a′) ∈ L1(A) ïðè ∀t, x, a′ ; u(t, x, a, ·) ∈ L1(A) ïðè ∀t, x, a ;
(c) u1(t) = max

x,a′

∫
A

u(t, x, a, a′)da ∈ L1(T );

u∞(t) = max
x,a

∫
A

u(t, x, a, a′)da′ ∈ L1(T ).

Óñëîâèÿ (a)-(b) óêàçûâàþò íà ðåæèì ãåíåðàöèè, óñëîâèå (c) óêàçûâàåò
íà ïîäêðèòè÷íîñòü ðåæèìà [1].
Ñëåäóÿ [2], íàçîâåì ìíîæåñòâî ôóíêöèé èç L+

11 ïðîñòðàíñòâîì ñîñòîÿíèé.
Ðåøåíèå çàäà÷è (1)-(2) ÿâëÿåòñÿ òðàåêòîðèåé â ïðîñòðàíñòâå ñîñòîÿíèé íà
èíòåðâàëå âðåìåíè T , L+

∞ 11 = L∞(T ; L+
11) � ïðîñòðàíñòâî òðàåêòîðèé.

Çàäà÷å (1)-(2) ïîñòàâèì â ñîîòâåòñòâèå ýêâèâàëåíòíóþ ïðè äîñòàòî÷íî
ãëàäêèõ f(·), u(·) çàäà÷ó ðåøåíèÿ èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà

y(t, x, a) = f0(x− a(t− τ), a) στ (t)+

+
t∫
0

∫
A

u(t′ , x− a(t− t′), a, a′) y(t′ , x− a(t− t′), a′)dt da′ , (3)
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ãäå:
στ (t) =

{
1, t ≥ τ
0, t < τ

, f(t, x, a, τ) = Et−τf0(x, a)στ (t), Etf0 = f0(x− at, a).

Ýêâèâàëåíòíîñòü çàäà÷ ñëåäóåò èç ñîâïàäåíèÿ çàäà÷è (1)-(2) ñ ðåçóëüòàòîì
ïðèìåíåíèÿ îïåðàòîðà ∂

∂t + a · ∇x ê îáåèì ÷àñòÿì óðàâíåíèÿ (3).
Óðàâíåíèå (3) ìîæíî ðàññìàòðèâàòü êàê èíòåãðàëüíîå óðàâíåíèå

Âîëüòåððà îòíîñèòåëüíî ôóíêöèè y(t, x) ñî çíà÷åíèÿìè â ïðîñòðàíñòâå
ñêîðîñòåé L+

1 :

y(t, x) = f(t, x; τ) +

t∫

0

Et−t′
[
U(t′, x) y(t′, x)

]
dt′ , (4)

ãäå:
� f(t, x; τ) = Et−τf0(x) στ (t),
� îïåðàòîð Utx = U(t, x) : L+

1 → L+
1 âèäà U(t, x)ϕ =

∫
A

u(t, x, a, a′) ϕ(a′)da′

ïðè ∀t, x.
Óðàâíåíèå (3) ìîæíî ðàññìàòðèâàòü êàê èíòåãðàëüíîå óðàâíåíèå

Âîëüòåððà îòíîñèòåëüíî ôóíêöèè y(t) ñî çíà÷åíèÿìè â ïðîñòðàíñòâå ñîñòîÿ-
íèé L+

11 :

y(t) = f(t; τ) +

t∫

0

Et−t′
[
U(t′) y(t′)

]
dt′ , (5)

ãäå:
� f(t; τ) = Et−τ f0 στ (t),
� Ut = U(t) : L+

11 → L+
11 âèäà U(t)ϕ = U(t, x)ϕ(x) =

∫
A

u(t, x, a, a′) ϕ(x, a′)da′

ïðè ∀t, òî åñòü ÿâëÿåòñÿ îïåðàòîðîì èíòåãðèðîâàíèÿ ïî a′ è îïåðàòîðîì
óìíîæåíèÿ íà ôóíêöèþ ïî x.

Óðàâíåíèå (3) ìîæíî ðàññìàòðèâàòü òàêæå êàê óðàâíåíèå â ïðîñòðàíñòâå
òðàåêòîðèé L+

∞ 11:
y = f(τ) + Ûy. (6)

Îáîçíà÷èì

g0(τ)
4
= g0(x; τ) = lim

t→∞E−t+τ y(t) = f0 +

∞∫

0

Eτ−t′ [U(t′)y(t′)]dt′, (7)

ãäå g0(t) � ôèíàëüíîå ñîñòîÿíèå ñèñòåìû (1)-(2).
Ïðè ðåøåíèè çàäà÷è èäåíòèôèêàöèè ïðåäïîëàãàåòñÿ íàëè÷èå ñèñòåìû

èçâåñòíîé ñòðóêòóðû ñ íåèçâåñòíûìè ïàðàìåòðàìè, ñåìåéñòâà âîçìóùåíèé
(âõîäîâ èëè çîíäèðóþùèõ ñèãíàëîâ) è ñîîòâåòñòâóþùåãî ñåìåéñòâà íàáëþäå-
íèé (âûõîäîâ èëè ðåàêòèâíûõ ñèãíàëîâ). Â íàøåì ñëó÷àå:
� ñèñòåìà - ýòî ýâîëþöèîííîå óðàâíåíèå ïåðåíîñà (1),
� íåèçâåñòíûå ïàðàìåòðû � ÿäðî èíòåãðàëà ñòîëêíîâåíèé,
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� âîçìóùåíèÿ � ôóíêöèè f0(x− a(t− τ), a)στ (t),
� íàáëþäåíèÿ � ôèíàëüíûå ñîñòîÿíèÿ g0(x, a; τ).

Îáîçíà÷èì ÷åðåç f̄0 è ḡ0(τ) èíòåãðàëû ïî ïðîñòðàíñòâó X äëÿ íà÷àëü-
íîãî è ôèíàëüíîãî ñîñòîÿíèé ñîîòâåòñòâåííî. Èíòåãðèðóÿ ðàâåíñòâî (7) ïî
âñåìó ïðîñòðàíñòâó X, ïîëó÷èì

Uy(τ) =

∞∫

0

∫

X

U(t, x) y(t, x; τ)dtdx =

∞∫

0

U(t) y(t; τ)dt = ḡ0(τ)− f̄0.

Îïåðàòîð U : L+
∞ 11 → L+

1 íàçîâåì îïåðàòîðîì ñòîëêíîâåíèé.
Îïåðàòîðîì íàáëþäåíèÿ íàçîâåì îòîáðàæåíèå N : f(τ) → ḡ0(τ) − f̄0,
òî åñòü

N f(τ) =

∞∫

0

∫

X

N(t, x)f(t, x; τ)dtdx =

∞∫

0

N(t)f(t; τ)dt = ḡ0(τ)− f̄0.

Îïåðàòîð B, ïðåîáðàçóþùèé íåîòðèöàòåëüíûå ôóíêöèè â íåîòðèöàòåëüíûå
ôóíêöèè, íàçûâàåì ïîëîæèòåëüíûì è îáîçíà÷àåì B ≥ 0.
Çàäà÷åé íàáëþäåíèÿ íàçîâåì çàäà÷ó îòûñêàíèÿ ñâîéñòâ îïåðàòîðà íàáëþäåíèé
ïðè èçâåñòíîì îïåðàòîðå ñòîëêíîâåíèé.
Çàäà÷åé èäåíòèôèêàöèè (îáðàòíîé çàäà÷åé) íàçîâåì çàäà÷ó îòûñêàíèÿ
îïåðàòîðà ñòîëêíîâåíèé ïî èçâåñòíîìó îïåðàòîðó íàáëþäåíèé, êîòîðûé
íàõîäèòñÿ ïî ðåçóëüòàòàì íàáëþäåíèé. Çàäà÷à èäåíòèôèêàöèè îòíîñèòñÿ
ê îáðàòíûì çàäà÷àì äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå ïîäâåðãàëèñü
èçó÷åíèþ â ðàçëè÷íûõ ïîñòàíîâêàõ ìíîãèìè àâòîðàìè. Ââèäó èõ çíà÷èìîñòè
äëÿ ïðàêòèêè îíè îòíîñÿòñÿ ê âàæíåéøèì çàäà÷àì ïðèêëàäíîé ìàòåìàòèêè.

Â äèôôåðåíöèàëüíûõ óðàâíåíèÿõ, èìåþùèõ ôèçè÷åñêèé ñìûñë, êîýôôè-
öèåíòû îïèñûâàþò ôèçè÷åñêèå ñâîéñòâà ñðåäû, íåäîñòóïíûå äëÿ èçìåðåíèÿ.
Ðåøåíèå çàäà÷è èäåíòèôèêàöèè ïîçâîëÿåò ýòè ñâîéñòâà îïðåäåëèòü ïî
íåêîòîðûì êîñâåííûì äîñòóïíûì äëÿ èçìåðåíèÿ ñâîéñòâàì ðåøåíèÿ.

Â äàííîé ðàáîòå íàõîäèòñÿ ÿäðî îïåðàòîðà ñòîëêíîâåíèé êàê âîçìóùåíèå
ïðîñòåéøåãî óðàâíåíèÿ ïåðåíîñà ïðè ìàêñèìàëüíî îáùèõ ïðåäïîëîæåíèÿõ
íà ýòî âîçìóùåíèå (íåñòàöèîíàðíîå, íåèçîòîðîïíîå, ïðîñòðàíñòâåííî-ìíîãî-
ñêîðîñòíîå) ïî ìèíèìàëüíî íåîáõîäèìûì íàáëþäåíèÿì, èìåþùèì ðàçìåð-
íîñòü èñêîìîãî ÿäðà. Ðàáîòà ìîæåò íàéòè ïðèìåíåíèå â ðàçëè÷íûõ âèäàõ
äèàãíîñòèêè â ñëó÷àå ëèíåéíûõ ìîäåëåé.

Ïóñòü Ĩ � òîæäåñòâåííûé îïåðàòîð â L+
∞ 11.

Èç îïðåäåëåíèÿ îïåðàòîðîâ íàáëþäåíèÿ è ñòîëêíîâåíèÿ ñëåäóåò ðàâåíñòâî íà
òðàåêòîðèÿõ Nf(τ) = Uy(τ). Èç äàííîãî ðàâåíñòâà è ðàâåíñòâà (6) ïîëó÷àåì
îïåðàòîðíîå ðàâåíñòâî

U = N(Ĩ − Û), (8)
êîòîðîå íàçîâåì óðàâíåíèåì íàáëþäåíèé. Èç íåãî, ïðè èçâåñòíîì îïåðàòîðå
ñòîëêíîâåíèé, ìîæíî íàéòè îïåðàòîð íàáëþäåíèé è èçó÷èòü åãî ñâîéñòâà.
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Ýòî æå óðàâíåíèå ïîñëå íåêîòîðîãî ïðåîáðàçîâàíèÿ ïîçâîëÿåò íàéòè îïåðàòîð
ñòîëêíîâåíèé ïî îïåðàòîðó íàáëþäåíèé.

Óêàæåì íåêîòîðûå ðàáîòû, ãäå ðàññìàòðèâàþòñÿ ïîõîæèå çàäà÷è. Ñòà-
öèîíàðíàÿ çàäà÷à ñ âûðîæäåííûì èíòåãðàëîì ñòîëêíîâåíèé èçó÷åíà â [3],
ñòàöèîíàðíûå ìíîãîìåðíûå çàäà÷è èçó÷àþòñÿ â [4, 5].

2. Ðåøåíèå óðàâíåíèÿ ïåðåíîñà
Òåîðåìà 1. Äëÿ f0 ∈ L+

11 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y(t) =
= y(t; τ) ∈ L+

11 ïðè ∀t ∈ T óðàâíåíèÿ (5) è ýòî ðåøåíèå óäîâëåòâîðÿåò
íåðàâåíñòâàì

‖y(t; τ)‖11 ≤ ‖f0‖11 exp(û1(t; τ))στ (t) ,

‖y(t; τ)− f(t; τ)‖11 ≤ ‖f0‖11 [exp(û1(t; τ))− 1]στ (t) ,

ãäå û1(t; τ) =
t∫

τ
u1(s)ds.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðåïèøåì óðàâíåíèå (5) â âèäå

y(t; τ) = f(t; τ) +

t∫

0

U+(t, t′) y(t′; τ)dt′ , (9)

ãäå îïåðàòîð U+(t, t′) : L+
11 → L+

11 è îïðåäåëÿåòñÿ ðàâåíñòâîì

U+(t, t′) z(t′) =
∫

A

u(t′, x− a(t− t′), a, a′) z(t′, x− a(t− t′), a′)da′

äëÿ z(t) ∈ L+
11 ïðè ∀t. Íåòðóäíî ïîëó÷èòü îöåíêó ‖U+(t, t′)‖ ≤ u1(t′).

Îáîçíà÷èì Û y(t; τ) =
t∫
0

U+(t, t′) y(t′; τ)dt′.

Òîãäà ‖Û y(t; τ)‖11 ≤ û1(t; τ) ‖y(τ)‖t , ãäå ‖y(τ)‖t = max
s∈[0, t]

‖y(s; τ)‖11.

Áóäåì ðåøàòü óðàâíåíèå (9) ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé.
Ðàññìîòðèì ðÿä

y(t; τ) = f(t; τ) + Û1 f(t; τ) + Û2 f(t; τ) + . . . + Ûk f(t; τ) + . . . , (10)

ïîëó÷åííûé ôîðìàëüíî ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé èç óðàâíå-
íèÿ (9). Çäåñü Ûk f(t; τ) =

t∫
0

U+(t, s)Ûk−1 f(s; τ)ds, Û1 = Û .

Îöåíèì ïî íîðìå ÷ëåíû ðÿäà (10). Òàê êàê f(s; τ) = 0 ïðè s < τ, òî

‖f(τ)‖t ≤ ‖f0‖11 στ (t) ,

‖Û f(t; τ)‖11 ≤ û1(t; τ) στ (t)‖f0‖11.



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1018 (2012) 35

Èìååì äàëåå

‖Û2 f(t; τ)‖11 ≤
t∫
0

‖U+(t, s)‖ · ‖Û f(s; τ))‖11ds ≤

≤
t∫
0

u1(s) û1(s; τ) στ (s)‖f0‖11ds =
û2

1(t; τ)
2!

στ (t)‖f0‖11 ,

à â îáùåì ñëó÷àå

‖Ûk f(t; τ)‖11 ≤
t∫
0

‖U+(t, s)‖ · ‖Ûk−1 f(s; τ))‖11ds ≤

≤
t∫
0

u1(s)
ûk−1

1 (s; τ)
(k − 1)!

στ (s)‖f0‖11ds =
ûk

1(t; τ)
k!

στ (t)‖f0‖11 ,

ïðè k = 2, 3, . . ..
Ñëåäîâàòåëüíî, ðÿä (10) ñõîäèòñÿ, åãî ñóììà ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (9)
è èìååò óêàçàííóþ îöåíêó.
Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 1. Äîêàçàòåëüñòâî òåîðåìû 1 îçíà÷àåò, ÷òî îïåðàòîð (Ĩ − Û)
â óðàâíåíèè (8) èìååò îáðàòíûé (Ĩ − Û)−1 = Ĩ + Û + Û2 + . . . è ñïðàâåäëèâà
îöåíêà ‖(Ĩ − Û)−1‖ ≤ exp

(∞∫
0

u1(s)ds

)
.

3. Ðåøåíèå çàäà÷è íàáëþäåíèÿ

Óñòàíîâèì íåêîòîðûå ñâîéñòâà îïåðàòîðà íàáëþäåíèé.
Ïóñòü n(t, x, a, a′) � ÿäðî îïåðàòîðà íàáëþäåíèé N . Ïîäñòàâëÿÿ âìåñòî
ôóíêöèè f(τ) åå âûðàæåíèå, ïîñëå íåêîòîðîãî ïðåîáðàçîâàíèÿ ïîëó÷èì
ðàâåíñòâî

g0(a; τ)− f̄0(a) =
∫

T

∫

X

N(t, x) Et−τ f0(x) στ (t)dtdx =
∫

X

Ň(τ, x) f0(x)dx ,

â êîòîðîì ÿäðî ň(t, x, a, a′) îïåðàòîðà Ňτ x = Ň(τ, x) : L+
1 → L+

1 îïðåäåëÿ-
åòñÿ ðàâåíñòâîì

ň(τ, x, a, a′) =

∞∫

τ

n(t′, x− a′(t− t′), a, a′)dt′ .

Ïîñêîëüêó f0(τ) � ïðîèçâîëüíûå ïîëîæèòåëüíûå çàäàííûå ôóíêöèè èç
L+

1 , à ôóíêöèè ḡ0(a; τ) − f̄0(a) ñ÷èòàþòñÿ èçâåñòíûìè íàáëþäàåìûìè
ïîëîæèòåëüíûìè ôóíêöèÿìè, òî îïåðàòîð Ň(τ, x), îïðåäåëÿåìûé ñâîèìè
çíà÷åíèÿìè, ÿâëÿåòñÿ ïîëîæèòåëüíûì âû÷èñëÿåìûì è, çíà÷èò, èçâåñòíûì.

Îïåðàòîð N(τ, x) , êàê íåòðóäíî âèäåòü, íàõîäèòñÿ èç ðàâåíñòâà

∂Ňτx

∂τ
+

∂Ňτx

∂x
Ā = −Nτx , τ > 0 ;
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òî åñòü ÿäðî n(τ, x, a, a′) âû÷èñëÿåòñÿ äèôôåðåíöèðîâàíèåì

−n(τ, x, a, a′) =
∂ň

∂τ
+

∂ň

∂x
· a′ .

Ëåììà 1. Íîðìà U : L+
∞ 11 → L+

1 óäîâëåòâîðÿåò íåðàâåíñòâó

‖U‖ ≤ ‖U‖1
4
=

∞∫

0

u1(t)dt
4
= û1(∞) .

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ϕ(t) ∈ L+
11 ïðè ∀t è max

t
‖ϕ(t)‖11 = ‖ϕ(t)‖∞ ,

òîãäà
‖U ϕ‖1 = ‖

∞∫
0

U(t)ϕ(t)dt‖ ≤
∞∫
0

‖U(t)‖ · ‖ϕ(t)‖dt ≤

≤
∞∫
0

u1(t)‖ϕ(t)‖dt ≤
∞∫
0

u1(t)dt ‖ϕ‖∞ .

Ëåììà äîêàçàíà.
Èç óðàâíåíèÿ íàáëþäåíèé (8) ïîëó÷àåì ðàâåíñòâî

N = U(Ĩ − Û )−1, (11)

êîòîðîå â ñèëó U ≥ 0 è Û ≥ 0 íåïîñðåäñòâåííî óêàçûâàåò, ÷òî N ≥ 0.
Ëåììà 2. Íîðìà N : L+

∞ 11 → L+
1 óäîâëåòâîðÿåò íåðàâåíñòâó

‖N‖ ≤ exp(‖U‖1)− 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 1 è ñëåäñòâèÿ 1 âûòåêàåò, ÷òî ðÿä

N = U +
∞∑

m=1

U Ûm (12)

ñõîäèòñÿ ðàâíîìåðíî. Îöåíèì íîðìû ÷ëåíîâ ðÿäà. Ïóñòü ϕ(t) ∈ L∞11 ïðè ∀t,
òîãäà èìååì

‖U Ûm ϕ‖ =
∥∥∥∥
∞∫
0

U(t) Ûm ϕ(t)dt

∥∥∥∥ ≤
∞∫
0

‖U(t)‖ · ‖Ûm ϕ(t)‖dt ≤

≤
∞∫

0

u1(t)
ûm

1 (t)
m!

‖ϕ(t)‖dt ≤ ûm+1
1 (t)

(m + 1)!
‖ϕ(t)‖∞ .

Èòàê, ïîëó÷åíî íåðàâåíñòâî

‖N‖ ≤ û1(∞) +
∞∑

m=1

ûm
1 (∞)
m!

= exp(‖U‖1)− 1. (13)

Ëåììà äîêàçàíà.
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Çàìå÷àíèå 2. Åñëè ‖U‖1 ≤ ln(2− ε) ïðè 0 < ε < 1, òî íîðìà îïåðàòîðà
N : L+

∞ 11 → L+
1 óäîâëåòâîðÿåò íåðàâåíñòâó ‖N‖ ≤ 1− ε.

Çàïèøåì óðàâíåíèå (8) â ðàçâåðíóòîì âèäå N −N Û = U.
Íåïîñðåäñòâåííî ïðîâåðÿåì, ÷òî äëÿ ϕ ∈ L+

∞ 11 ñïðàâåäëèâî ðàâåíñòâî

N Û ϕ =
∫

T

∫

X

Ňtx Utx ϕ(t, x)dtdx , (14)

êîòîðîå îçíà÷àåò, ÷òî N Û : L+
∞ 11 → L+

1 ðàâíîñèëüíî Ňtx Utx : L+
1 → L+

1 .

Óðàâíåíèå íàáëþäåíèé çàïèøåì â âèäå

(I + Ňt x) Ut x = Nt x (15)

è íàçîâåì óðàâíåíèåì èäåíòèôèêàöèè.
Ïóñòü n1(t) = max

x, a′

∫
A

n(t, x, a, a′)da , ‖N‖1
4
=

∞∫
0

n1(t)dt
4
= ň1(0) ,

‖U‖α
4
=

∞∫
0

uα(t)dt
4
= ǔα(0) ïðè α = 1, ∞.

Ëåììà 3. Íîðìà Ňtx : L+
1 → L+

1 óäîâëåòâîðÿåò íåðàâåíñòâó

‖Ňtx‖1 ≤ ‖N‖1 .

Ä î ê à ç à ò å ë ü ñ ò â î âûòåêàåò èç î÷åâèäíûõ íåðàâåíñòâ

max
x
‖Ňtx‖1 ≤

∞∫

t

n1(t′)dt′ 4= ň1(t)
4
= ň1(0).

Ëåììà äîêàçàíà.
Ëåììà 4. Íîðìà Ňtx : L+

α → L+
α ïðè α = 1, ∞ óäîâëåòâîðÿåò

íåðàâåíñòâó
‖Ňtx‖α ≤ exp(‖N‖α)− 1 äëÿ ∀t, x.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ðàçëîæåíèÿ îïåðàòîðà Ntx â ðÿä (12) ñëåäóþò
ïðè ó÷åòå ðàâåíñòâà (14) òàêèå ðÿäû

Ntx = Utx + ǓtxUtx + (ǓtxUtx)∨Utx + . . .

Ňtx = Ǔtx + (ǓtxUtx)∨ +
(
(ǓtxUtx)∨Utx

)∨ + . . .
(16)

Íåòðóäíî ïîëó÷èòü îöåíêè íîðì ÷ëåíîâ ðÿäîâ (16):

‖Ntx‖α ≤ uα(t) + ǔα(t) uα(t) +
ǔ2

α(t)
2!

uα(t) + . . . = uα(t) exp(ǔα(t))

‖Ňtx‖α ≤ ǔα(t) +
ǔ2

α(t)
2!

+
ǔ3

α(t)
3!

+ . . . = exp(ǔα(t))− 1
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è, ñëåäîâàòåëüíî, èñêîìûå îöåíêè íîðì â ëåììå.
Ëåììà äîêàçàíà.

Ïîäåéñòâîâàâ íà óðàâíåíèå èäåíòèôèêàöèè ñëåâà îïåðàòîðîì I − Ňtx ,
ïîëó÷èì òîæäåñòâî

Ntx − Ňtx Ntx = Utx −N (Ǔtx) Utx , (17)

ãäå N (Ǔtx)
4
= Ň2

tx =
[
Ǔtx) + (ǓtxUtx)∨ +

(
(ǓtxUtx)∨Utx

)∨ + . . .
]2

.

4. Ðåøåíèå çàäà÷è èäåíòèôèêàöèè

Ïðè ðåøåíèè çàäà÷è íàáëþäåíèÿ ïðè óñëîâèÿõ Utx ≥ 0, ‖U‖1 ≤ ln(2− ε)
äëÿ 0 < ε < 1, Utx − N (Ǔtx)Utx ≥ 0 íà îïåðàòîð ñòîëêíîâåíèé ïîëó÷åíû
èç (11), (13), (17) ñëåäóþùèå ñâîéñòâà îïåðàòîðà íàáëþäåíèé:

Ntx ≥ 0, ‖Ňtx‖1 ≤ 1− ε , Ntx − Ňtx Ntx ≥ 0 ïðè ∀t, x.

Ïîêàæåì, ÷òî àíàëîãè÷íûå ñâîéñòâà äîñòàòî÷íû äëÿ ðåøåíèÿ çàäà÷è
èäåíòèôèêàöèè.

Òåîðåìà 2. Åñëè Ntx ≥ 0, ‖N‖1 ≤ 1 − ε0 ïðè 1/2 < ε0 < 1,
Ntx − Ňtx Ntx ≥ 0 äëÿ ∀t, x, òî Utx ≥ 0, ‖Ǔtx‖1 ≤ ln(2 − ε) ïðè
0 < ε = 2− 1

ε0
< 1, Utx −N (Ǔtx)Utx ≥ 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê ïðè ∀t, x íîðìà ‖Ňtx‖1 ≤ ‖N‖1, òî
‖Ňtx‖1 ≤ 1−ε0 ïðè ∀t, x. Èç óðàâíåíèÿ èäåíòèôèêàöèè (15) íàõîäèì îïåðàòîð
ñòîëêíîâåíèé

Utx = (I − Ňtx)−1 Ntx. (18)
Èç ðàâåíñòâà (18) íåïîñðåäñòâåííî ñëåäóåò òàêîå ðàâåíñòâî è íåðàâåíñòâî

Ntx − Ňtx Ntx ≤ Utx = (I − Ň2
tx)−1 (Ntx − Ňtx Ntx). (19)

Òàê êàê ïðàâàÿ ÷àñòü íåðàâåíñòâà (19) åñòü ïðîèçâåäåíèå ïîëîæèòåëüíûõ
îïåðàòîðîâ, òî Utx ≥ 0 ïðè ∀t, x. Èç ïîëîæèòåëüíîñòè îïåðàòîðà Ntx −
Ňtx Ntx è òîæäåñòâà (17) ñëåäóåò ïîëîæèòåëüíîñòü îïåðàòîðà Utx−N (Ǔtx)Utx.
Èç ðàâåíñòâà (18) íàõîäèì
Ǔtx = Ntx− (Ňtx Ntx)∨+(Ň2

tx Ntx)∨− . . . ‖Ǔtx‖ ≤ ň1(t)+
ň2

1(t)
2

+
ň3

1(t)
3

+ . . . =

= − ln(1 − ň1(t)) ≤ − ln(1 − ň1(0)) = − ln(1 − ‖N1‖). Ïîëàãàÿ ε0 =
1

2− ε
,

ïîëó÷àåì ‖Ǔtx‖1 ≤ ln(2− ε) ïðè 0 < ε < 1.
Òåîðåìà äîêàçàíà.

Óêàæåì òåïåðü â ïðÿìîé çàäà÷å áîëåå ïðîñòîå äîñòàòî÷íîå óñëîâèå, ïðè
êîòîðîì âûïîëíÿåòñÿ íåðàâåíñòâî Ntx − Ňtx Ntx ≥ 0 ïðè ∀t, x. Îáîçíà÷èì

u−(t, x) = min
a, a′

u(t, x, a, a′), u+(t, x) = max
a, a′

u(t, x, a, a′) ,
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n−(t, x) = min
a, a′

n(t, x, a, a′), n+(t, x) = max
a, a′

n(t, x, a, a′) .

Òåîðåìà 3. Åñëè Utx ≥ 0, ‖U‖∞ ≤ ln(2− ε) ïðè 0 < ε < 1 è

u−(t, x)− (1− ε)2 u+(t, x) > 0, (20)

òî íàéäåòñÿ ε̄ ∈ (0, ε) òàêîå, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà

n−(t, x)− (1− ε)n+(t, x) > 0 , (21)

(1− ε)(2− ε) < (ε− ε̄)(2− ε− ε̄). (22)
Ä î ê à ç à ò å ë ü ñ ò â î. Áóäåì ðàññìàòðèâàòü Utx : L+

1 → L+∞
è Ntx : L+

1 → L+∞ . Òîãäà èç ëåììû 4, òîæäåñòâà (17) è óðàâíåíèÿ
èäåíòèôèêàöèè (15) ïîëó÷èì íåðàâåíñòâî â ÿäðàõ

Utx(a, a′)− ∫
A

Ň2
tx(a, ā) Utx(ā, a′)dā ≤

≤ Ntx(a, a′) = Utx(a, a′) +
∫
A

Ňtx(a, ā) Utx(ā, a′)dā,

èç êîòîðîãî, â ñèëó îöåíêè äëÿ Ňtx , ñëåäóåò íåðàâåíñòâî

u−(t, x)−(1−ε)2u+(t, x) ≤ Ntx(a, a′) ≤ u+(t, x)+(1−ε)u+(t, x) = (2−ε)u+(t, x)

ïðè ∀a, a′ è, çíà÷èò, òàêèå íåðàâåíñòâà

u−(t, x)− (1− ε)2u+(t, x) ≤ n−(t, x) , n+(t, x) ≤ (2− ε)u+(t, x).

Î÷åâèäíî, íàéäåòñÿ ε̄ ∈ (0, ε) òàêîå, ÷òî u−(t, x) − (1 − ε̄)2u+(t, x) ≥ 0 ïðè
∀t, x. Ñëåäîâàòåëüíî, [(1 − ε̄)2 − (1 − ε)2]u+(t, x) ≤ n−(t, x). Íà ÷èñëà ε
è ε̄ íàëîæèì óñëîâèÿ òàêèå, ÷òîáû âåðõíÿÿ îöåíêà äëÿ (1 − ε)n+(t, x)
áûëà ìåíüøå íèæíåé îöåíêè äëÿ n−(t, x) , òî åñòü ïîòðåáóåì âûïîëíåíèÿ
íåðàâåíñòâà (22); óáåäèìñÿ, ÷òî ýòî íåðàâåíñòâî èìååò ðåøåíèÿ ïðè ε ∈ (0, 1)
è ε̄ ∈ (0, ε) , à çíà÷èò, âûïîëíåíî íåðàâåíñòâî (21), èç êîòîðîãî ñëåäóåò, ÷òî
Ntx − ŇtxNtx ≥ 0 è, â ñèëó òîæäåñòâà (17), òàêæå Utx −N (Ǔtx)Utx ≥ 0 .
Òåîðåìà äîêàçàíà.

Óêàæåì â îáðàòíîé çàäà÷å áîëåå ïðîñòîå äîñòàòî÷íîå óñëîâèå, ïðè
êîòîðîì ïðàâàÿ ÷àñòü òîæäåñòâà (17) íåîòðèöàòåëüíà.

Òåîðåìà 4. Åñëè Ntx ≥ 0, ‖N‖∞ ≤ 1− ε0 ïðè 0 < ε < 1 è

n−(t, x)− (1− ε0) n+(t, x) > 0 , (23)

òî íàéäåòñÿ ε̄ ∈ (0, ε0) òàêîå, ÷òî âûïîëíÿþòñÿ íåðàâåíñòâà

u−(t, x)− (1− ε0)2 u+(t, x) > 0 , (24)

(1− ε0)2

ε0
< (ε0 − ε̄0) . (25)



40 À. Ñ. Ñîõèí

Ä î ê à ç à ò å ë ü ñ ò â î. Èç íåðàâåíñòâà (23) è ‖Ňtx‖∞ ≤ ‖N‖∞
íåïîñðåäñòâåííî ñëåäóåò íåðàâåíñòâî Ntx − Ňtx Ntx ≥ 0. Ñîãëàñíî (19) è
óñëîâèé òåîðåìû ïîëó÷èì íåðàâåíñòâà â ÿäðàõ

n−(t, x)− (1− ε0) n+(t, x) ≤ Ntx(a, a′)− ∫
A

Ňtx(a, ā) Ntx(ā, a′)dā <

< Utx(a, a′) = (I + Ntx)−1 Ntx(a, a′) ,

èç êîòîðûõ ñëåäóþò íåðàâåíñòâà n−(t, x) − (1 − ε0) n+(t, x) ≤ n−(t, x) ,

u+(t, x) ≤ n+(t, x)
1− ‖Ňtx‖∞

≤ n+(t, x) ε−1
0 . Î÷åâèäíî, íàéäåòñÿ ε̄0 ∈ (0, ε0) òàêîå,

÷òî n+(t, x)−(1− ε̄0) n+(t, x) ≥ 0 ïðè ∀t, x. Ñëåäîâàòåëüíî, èìååì äëÿ u−(t, x)
îöåíêó ñíèçó è äëÿ u+(t, x) îöåíêó ñâåðõó

(ε0 − ε̄0) n+(t, x) ≤ u−(t, x) , u+(t, x) ≤ ε−1
0 n+(t, x) .

Íà ÷èñëà ε0 è ε̄0 íàëîæèì óñëîâèå, ÷òîáû âåðõíÿÿ îöåíêà äëÿ
(1−ε0)2 u+(t, x) áûëà ìåíüøå íèæíåé îöåíêè äëÿ u−(t, x) , òî åñòü ïîòðåáóåì
âûïîëíåíèÿ íåðàâåíñòâà (25). Óáåäèìñÿ, ÷òî ýòî íåðàâåíñòâî èìååò ðåøåíèÿ
ïðè ε0 ∈ (0, 1) è ε̄0 ∈ (0, ε0) . Çíà÷èò, âûïîëíÿåòñÿ íåðàâåíñòâî (24) è,
ñëåäîâàòåëüíî, Utx − N (Ǔtx)Utx ≥ 0 , à â ñèëó òîæäåñòâà (17) � íåðàâåíñòâî
Ntx − ŇtxNtx ≥ 0 .
Òåîðåìà äîêàçàíà.
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