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Ïîñòàíîâêà çàäà÷è
Èññëåäîâàíà çàäà÷à î ïîñòðîåíèè ðåøåíèÿ [1, 2, 3]

y(t, ε) : y(·, ε) ∈ C2[0, T1(ε)], T1(0) = 2π, y(t, ·) ∈ C[0, ε0]

c© ×óéêî Å. Â., Ëþáèìàÿ Î. Å., ×óéêî Àí. Ñ., 2012
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àâòîíîìíîé ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ òèïà Õèëëà [4], [5, c. 315]

d2y

dt2
+ y = ε · Y (y, ε). (1)

Ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (1) èùåì â ìàëîé îêðåñòíîñòè íåòðèâè-
àëüíîãî 2π−ïåðèîäè÷åñêîãî ðåøåíèÿ y0(t) ∈ C2[0, 2π] ïîðîæäàþùåãî óðàâ-
íåíèÿ

d2y0

dt2
+ y0 = 0.

Çäåñü Y (y, ε)− íåëèíåéíàÿ ñêàëÿðíàÿ ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöè-
ðóåìàÿ ïî íåèçâåñòíîé y â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è
è íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî ìàëîìó ïàðàìåòðó ε íà îòðåçêå [0, ε0].
Ñóùåñòâåííûì îòëè÷èåì çàäà÷è î íàõîæäåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ
àâòîíîìíîãî óðàâíåíèÿ (1) îò àíàëîãè÷íîé íåàâòîíîìíîé ïåðèîäè÷åñêîé
çàäà÷è ÿâëÿåòñÿ òîò ôàêò, ÷òî ëþáîå ðåøåíèå z(t, ε) óðàâíåíèÿ (1) ñóùåñòâóåò
íàðÿäó ñ öåëîé ñåðèåé ðåøåíèé z(t + h, ε), îòëè÷àþùèõñÿ îò èñõîäíîãî
ñäâèãîì ïî íåçàâèñèìîé ïåðåìåííîé. Ýòîò ôàêò ïîçâîëÿåò çàôèêñèðîâàòü
íà÷àëî îòñ÷åòà íåçàâèñèìîé ïåðåìåííîé òàêèì îáðàçîì, ÷òîáû ðåøåíèå
ïîðîæäàþùåé çàäà÷è ñòàëî îäíîïàðàìåòðè÷íûì, íàïðèìåð y0(t) = c0 · cos t,
c0 ∈ R1, ïðè ýòîì ïåðèîäè÷åñêèå ðåøåíèÿ çàäà÷è (1), ñîîòâåòñòâóþùèå
ñèíóñàì â ïîðîæäàþùåì ðåøåíèè ìîãóò áûòü ïîëó÷åíû ïðîñòûì ñìåùåíèåì
íà÷àëüíîãî ìîìåíòà âðåìåíè [1, c. 148]. Ñîãëàñíî òðàäèöèîííîé êëàññèôè-
êàöèè ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ ïîñòàâëåííàÿ çàäà÷à äëÿ óðàâíåíèÿ (1)
ÿâëÿåòñÿ êðèòè÷åñêîé [1]. Äëÿ ïðîèçâîëüíîé ïðàâîé ÷àñòè 2π− ïåðèîäè÷åñ-
êàÿ çàäà÷à

d2y0

dt2
+ y0 = f(t), f(t) ∈ C[0, 2π]

ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà
∫ 2π

0

[
cos s
sin s

]
f(s) ds = 0

è ïðè ñîîòâåòñòâóþùåé ôèêñàöèè íà÷àëà îòñ÷åòà íåçàâèñèìîé ïåðåìåííîé
èìååò îáùåå ðåøåíèå âèäà

y0(t, c0) = c0 · cos t + g

[
f(s)

]
(t), g

[
f(s)

]
(t) :=

∫ t

0
sin(t− s)f(s) ds c0 ∈ R1.

Ïðåäñòàâèì ïåðèîä

T(ε) = 2π
(

1 + εβ(ε)
)

, β(ε) ∈ C[0, ε0], β(0) := β0

èñêîìîãî ðåøåíèÿ ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1) ÷åðåç íîâóþ
íåèçâåñòíóþ β(ε).
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Óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ
Ñîâåðøàÿ â T(ε)− ïåðèîäè÷åñêîé çàäà÷å äëÿ óðàâíåíèÿ (1) çàìåíó

íåçàâèñèìîé ïåðåìåííîé [1]

t = τ

(
1 + εβ(ε)

)
,

ïðèõîäèì ê çàäà÷å îá îòûñêàíèè 2π− ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ

d2y(τ, ε)
dτ2

+y(τ, ε) = ε

(
1+εβ(ε)

)2

·Y (y(τ, ε), ε)−εβ(ε)
(

2+εβ(ε)
)
·y(τ, ε). (2)

Óñëîâèå ðàçðåøèìîñòè 2π− ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (2)
∫ 2π

0

[
cos s
sin s

] {(
1 + εβ(ε)

)2

· Y (y(s, ε), ε)− β(ε)
(

2 + εβ(ε)
)
· y(s, ε)

}
ds = 0

ïðèâîäèò ê óðàâíåíèþ äëÿ ïîðîæäàþùèõ àìïëèòóä

F (č0) :=
∫ 2π

0

[
cos s
sin s

]{
Y (y0(s, c0)− 2 · β0 · y0(s, c0)

}
ds = 0. (3)

Ëåììà 1. Åñëè 2π− ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) èìååò
ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå y0(t, c0) = c0 · cos t, òî
âåêòîð

č0 := col
(

c0, β0

)
∈ R2

óäîâëåòâîðÿåò óðàâíåíèþ (3).
Ïðåäïîëîæèì, ÷òî óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä (3) èìååò

äåéñòâèòåëüíûå êîðíè. Ôèêñèðóÿ îäíî èç ðåøåíèé č0 ∈ R2 óðàâíåíèÿ (3),
ïðèõîäèì ê çàäà÷å îá îòûñêàíèè ðåøåíèÿ 2π− ïåðèîäè÷åñêîé çàäà÷è äëÿ
óðàâíåíèÿ (1)

y(τ, ε) = y0(τ, c0) + x(τ, ε)

â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ y0(τ, c0). Â ñëó÷àå ïðîñòûõ

det B0 6= 0, B0 =:
∂F (č)

∂č

∣∣∣∣ č = č0
∈ R2×2

êîðíåé óðàâíåíèÿ äëÿ ïîðîæäàþùèõ àìïëèòóä (3) 2π− ïåðèîäè÷åñêàÿ çàäà÷à
äëÿ óðàâíåíèÿ (1) èìååò åäèíñòâåííîå ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ
â ïîðîæäàþùåå y0(τ, c0). Äàííûé êðèòè÷åñêèé ñëó÷àé íàçâàí êðèòè÷åñêèì
ñëó÷àåì ïåðâîãî ïîðÿäêà [1, 3, 6, 7, 8]. Ìåíåå èçó÷åííûì ÿâëÿåòñÿ ñëó÷àé
êðàòíûõ êîðíåé (detB0 = 0) óðàâíåíèÿ (3); ïðè óñëîâèè [9, 10]

∂Fρ(č)
∂c

∣∣∣∣∣∣∣∣ č = č0,

≡ 0,
∂Fρ(č)

∂β

∣∣∣∣∣∣∣∣ č = č0,

6= 0
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ñîãëàñíî òðàäèöèîííîé êëàññèôèêàöèè ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ ïîñòàâ-
ëåííàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) íå ìîæåò áûòü îòíåñåíà ê êðèòè÷åñêîìó
ñëó÷àþ âòîðîãî èëè áîëåå âûñîêîãî ïîðÿäêà [2], à òàêæå ê îñîáîìó êðèòè-
÷åñêîìó ñëó÷àþ, ïîñêîëüêó óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä íå
îáðàùàåòñÿ â òîæäåñòâî [11], ïðè ýòîì îáùåå ðåøåíèå çàâèñèò îò ôóíêöèè
β(ε), êîòîðàÿ îäíîçíà÷íî îïðåäåëÿåòñÿ â ïðîöåññå ïîñòðîåíèÿ ðåøåíèÿ.
Íàçîâåì ýòîò ñëó÷àé ÷àñòíûì êðèòè÷åñêèì ñëó÷àåì.

Îñòàâëÿÿ òîëüêî îäíó ëèíåéíî-íåçàâèñèìóþ ñòðîêó óðàâíåíèÿ (3),
ïîëó÷àåì ýêâèâàëåíòíîå óñëîâèå ðàçðåøèìîñòè èñõîäíîé çàäà÷è (1) â
÷àñòíîì êðèòè÷åñêîì ñëó÷àå

Fρ(č0) :=
∫ 2π

0
Hρ(s)

{
Y (y0(s, c0)− 2 · β0 · y0(s, c0)

}
ds = 0; (4)

çäåñü Hρ(t) = cos t, ëèáî Hρ(t) = sin t, â çàâèñèìîñòè îò íåëèíåéíîñòè Y (y, ε)
çàäà÷è (1). Â ñòàòüå [9] äëÿ íàõîæäåíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ
(1) â ÷àñòíîì êðèòè÷åñêîì ñëó÷àå áûëè ïðåäëîæåíû èòåðàöèîííûå òåõíèêè,
ïîñòðîåííûå ïî ñõåìå, ýêâèâàëåíòíîé ìåòîäó ïðîñòûõ èòåðàöèé. Öåëüþ
äàííîé ñòàòüè ÿâëÿåòñÿ ïîñòðîåíèå èòåðàöèîííîé òåõíèêè äëÿ íàõîæäåíèÿ
ðåøåíèÿ ýòîé çàäà÷è íà îñíîâå ìåòîäà Íüþòîíà-Êàíòîðîâè÷à ñ èñïîëüçîâà-
íèåì ìåòîäà íàèìåíüøèõ êâàäðàòîâ [14]. Ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ
(1) â ÷àñòíîì êðèòè÷åñêîì ñëó÷àå èìååò âèä

y(τ, ε) = y0(τ, c0) + x(τ, ε), x(τ, ε) = εg

[
y(s, ε), β(ε)

]
(τ),

ãäå

g

[
y(s, ε), β(ε)

]
(τ) := εg

[(
1+εβ(ε)

)2

·Y (y(s, ε), ε)−β(ε)
(

2+εβ(ε)
)
·y(s, ε)

]
(τ).

Óñëîâèå ðàçðåøèìîñòè ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1) â ÷àñòíîì
êðèòè÷åñêîì ñëó÷àå ïðèâîäèò ê óðàâíåíèþ

Φ
(

y(·, ε), β(ε)
)

:= B0

(
y(·, ε)

)
· β(ε)+

+
∫ 2π

0
Hρ(s)

[(
1 + ε2β2(ε)

)
· Y (y(s, ε), ε)− εβ2(ε) · y(s, ε)

]
ds = 0.

Òàêèì îáðàçîì, â ÷àñòíîì êðèòè÷åñêîì ñëó÷àå ïåðèîäè÷åñêàÿ çàäà÷à äëÿ
óðàâíåíèÿ (1) ðàâíîñèëüíà îïåðàòîðíîé ñèñòåìå

y(τ, ε) = y0(τ, c0) + x(τ, ε), x(τ, ε) = εg

[
y(s, ε), β(ε)

]
(τ),

Φ
(

y(·, ε), β(ε)
)

= 0. (5)
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Ïðåäïîëîæèì, ÷òî äëÿ ïðîèçâîëüíîé ôóíêöèè

y(·, ε) ∈ C2[0, 2π], y(τ, ·) ∈ C[0, ε∗], y(τ, 0) ≡ y0(τ, c0), ||x(t, ε)|| ≤ q, ε∗ ≤ ε0

èìåþò ìåñòî íåðàâåíñòâà
∣∣∣∣
∣∣∣∣Φ

(
y(·, ε), β0

)∣∣∣∣
∣∣∣∣
C[0;ε∗]

≤ µ1(ε∗),
∣∣∣∣
∣∣∣∣
[
Φ′β

(
y(·, ε), β0

)]−1∣∣∣∣
∣∣∣∣
C[0;ε∗]

≤ µ2(ε∗),

∣∣∣∣
∣∣∣∣Φ′′β2

(
y(·, ε), β(ε)

)∣∣∣∣
∣∣∣∣
C[0;ε∗]

≤ µ3(ε∗).

Äëÿ íàõîæäåíèÿ ðåøåíèÿ îïåðàòîðíîé ñèñòåìû (5) ïðè óñëîâèè

B0

(
y(·, ε)

)
:=

∫ 2π

0
2Hρ(s)

[
εY (y(s, ε), ε)− y(s, ε)

]
ds 6= 0

ïðèìåíèìà èòåðàöèîííàÿ ñõåìà, ïîñòðîåííàÿ íà îñíîâå ìåòîäà Íüþòîíà-
Êàíòîðîâè÷à

yk+1(τ, ε) = y0(τ, c0) + xk+1(τ, ε), xk+1(τ, ε) = εg

[
yk(s, ε), βk(ε)

]
(τ),

βk+1(ε) = βk(ε)−
[
Φ′β

(
yk(·, ε), βk(ε)

)]−1

· Φ
(

yk(·, ε), βk(ε)
)

,

k = 0, 1, 2, ... . (6)

Ñîãëàñíî òåîðåìå Íüþòîíà-Êàíòîðîâè÷à [13, c. 680, 682] óñëîâèå ñõîäèìîñòè
èòåðàöèîííîé ñõåìû (6) èìååò âèä 2·µ1(ε∗)·µ2(ε∗)·µ3(ε∗) < 1. Òàêèì îáðàçîì,
äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 1. Äëÿ ëþáîãî êîðíÿ č0 ∈ R2 óðàâíåíèÿ äëÿ ïîðîæäàþùèõ
àìïëèòóä (3) ïðè óñëîâèè B0

(
y(·, ε)

)
6= 0 ïåðèîäè÷åñêàÿ çàäà÷à äëÿ

óðàâíåíèÿ (1) èìååò åäèíñòâåííîå ðåøåíèå, ïðè ε = 0 îáðàùàþùååñÿ â
ïîðîæäàþùåå y0(τ, c0). Â ñëó÷àå

2 · µ1(ε∗) · µ2(ε∗) · µ3(ε∗) < 1

ýòî ðåøåíèå ìîæíî îïðåäåëèòü ïðè ïîìîùè èòåðàöèîííîãî ïðîöåññà (6).

Ïðîäåìîíñòðèðóåì ñïîñîá ïîñòðîåíèÿ ìîäèôèöèðîâàííîé èòåðàöèîííîé
òåõíèêè äëÿ íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé ïåðèîäè÷åñêîé çàäà÷è
äëÿ óðàâíåíèÿ (1) ñ èñïîëüçîâàíèåì ìåòîäà íàèìåíüøèõ êâàäðàòîâ [14],
îáåñïå÷èâàþùèõ áîëüøóþ òî÷íîñòü ïðè ìåíüøåì ÷èñëå èòåðàöèé. Ðåøåíèå
ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (1) èùåì â ìàëîé îêðåñòíîñòè ïîðîæ-
äàþùåãî ðåøåíèÿ y0(τ, c0). Èñïîëüçóÿ íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî
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ïåðâîìó àðãóìåíòó ôóíêöèè Y (y, ε) â îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ
y0(τ, c0) è íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî âòîðîìó àðãóìåíòó â ìàëîé
ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ â îêðåñòíîñòè
òî÷åê x = 0 è ε = 0 :

Y (y0(τ, c0) + x(τ, ε), ε) = Y (y0(τ, c0), 0)+

+A1

(
y0(τ, c0)

)
x(τ, ε) + εA2

(
y0(τ, c0)

)
+R(y0(τ, c0) + x(τ, ε), ε),

ãäå

A1

(
y0(τ, c0)

)
=

∂Y (y(τ, ε), ε)
∂y

∣∣∣∣∣∣∣∣
y = y0(τ, c0),
ε = 0,

A2

(
y0(τ, c0)

)
=

∂Y (y(τ, ε), ε)
∂ε

∣∣∣∣∣∣∣∣
y = y0(τ, c0),
ε = 0.

Ïåðâîå ïðèáëèæåíèå

y1(τ, ε) = y0(τ, c0) + x1(τ, ε)

ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (2) èùåì, êàê 2π-
ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ

x′′1(τ, ε) +
(

1 + εβ0

)2

· x1(τ, ε) = (7)

= ε

(
1 + εβ0

)2

·
{

Y (y0(τ, c0), 0) +A1

(
y0(τ, c0)

)
x1(τ, ε) + εA2

(
y0(τ, c0)

)}
.

Ïóñòü ϕ1(τ), ϕ2(τ), ... , ϕµ(τ), ... − ñèñòåìà ëèíåéíî-íåçàâèñèìûõ äâàæäû
íåïðåðûâíî-äèôôåðåíöèðóåìûõ ñêàëÿðíûõ ôóíêöèé. Ïðèáëèæåíèå ê
ïåðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ (7) èùåì â âèäå

x1(τ, ε) ≈ ξ1(τ, ε) = ϕ1(τ)γ1(ε);

çäåñü
ϕ1(τ) :=

[
ϕ

(1)
1 (τ) ϕ

(2)
1 (τ) ... ϕ

(µ1)
1 (τ)

]

� (1× µ1)− ìàòðèöà. Ïîòðåáóåì
∣∣∣∣∣

∣∣∣∣∣
(

1 + εβ0

)2

·
[
εA1

(
y0(τ, c0)

)
− 1

]
ξ1(τ, ε) + ε

(
1 + εβ0

)2

·
[
Y (y0(τ, c0), 0)+
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+εA2

(
y0(τ, c0)

)]
− ξ′′1 (τ, ε)− y′′0(τ, c0)−

(
1 + εβ0

)2

· y0(τ, c0)

∣∣∣∣∣

∣∣∣∣∣
2

L2[0,2π]

→ min

ïðè ôèêñèðîâàííîé ìàòðèöå ϕ1(t). Îáîçíà÷èì (1× µ1)− ìàòðèöó

F1(τ, ε) =
(

1 + εβ0

)2

·
[
εA1

(
y0(τ, c0)

)
− 1

]
ϕ1(τ)− ϕ′′1(τ).

Ïðè óñëîâèè

det

[
Γ
(
F1(·, ε)

)]
6= 0, Γ

(
F1(·, ε)

)
:=

∫ 2π

0
F∗1 (τ, ε)F1(τ, ε) dτ

íàõîäèì âåêòîð

γ1(ε) = −
[
Γ
(
F1(·, ε)

)]−1

·
∫ 2π

0
F∗1 (τ, ε)

{
ε

(
1 + εβ0

)2

·
[
Y (y0(τ, c0), 0)+

+εA2

(
y0(τ, c0)

)]
− y′′0(τ, c0)−

(
1 + εβ0

)2

· y0(τ, c0)

}
dτ.

Â ñëó÷àå γ1(ε) ∈ C[0, ε∗] è B0

(
y1(·, ε)

)
6= 0 ïåðâîå ïðèáëèæåíèå β1(ε) ê

ôóíêöèè β(ε) âû÷èñëÿåì ïî ôîðìóëå Íüþòîíà:

β1(ε) = β0 −




∂Φ
(

β0, y1(τ, ε)
)

∂β




−1

· Φ
(

β0, y1(τ, ε)
)

;

çäåñü
∂Φ

(
β0, y1(τ, ε)

)

∂β
= B0

(
y1(·, ε)

)
+

+
∫ 2π

0
Hρ(s)

[
2ε2β0 · Y (y1(s, ε), ε)− 2εβ0 · y1(s, ε)

]
ds.

Âòîðîå ïðèáëèæåíèå ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (2)
èùåì, êàê îòêëîíåíèå îò ïåðâîãî

y2(τ, ε) = y0(τ, c0)+x2(τ, ε), x2(τ, ε) = ξ1(τ, ε)+ξ2(τ, ε), ξ2(τ, ε) = ϕ2(τ)γ2(ε).

Ïðåäïîëîæèì, ÷òî íàéäåííîå ïåðâîå ïðèáëèæåíèå y1(τ, ε) = y0(τ, c0)+ξ1(τ, ε)
ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ ôóíêöèè Y (y, ε). Èñïîëüçóÿ íåïðåðûâíóþ
äèôôåðåíöèðóåìîñòü ïî y(τ, ε) ôóíêöèè Y (y(τ, ε), ε) â îêðåñòíîñòè ïåðâîãî
ïðèáëèæåíèÿ y1(τ, ε) è íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî âòîðîìó
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àðãóìåíòó â ìàëîé ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ
â îêðåñòíîñòè òî÷åê ξ2(τ, ε) = 0 è ε = 0 :

Y (y1(τ, ε) + ξ2(τ, ε), ε) = Y (y1(τ, ε), 0)+

+A1

(
y1(τ, ε)

)
ξ2(τ, ε) + εA2

(
y1(τ, ε)

)
+R(y1(τ, ε) + ξ2(τ, ε), ε),

ãäå

A1

(
y1(τ, ε)

)
=

∂Y (y(τ, ε), ε)
∂y

∣∣∣∣∣∣∣∣
y = y1(τ, ε),
ε = 0,

A2

(
y1(τ, ε)

)
=

∂Y (y(τ, ε), ε)
∂ε

∣∣∣∣∣∣∣∣
y = y1(τ, ε),
ε = 0.

Âòîðîå ïðèáëèæåíèå ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (2)
èùåì êàê 2π-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ

y′′2(τ, ε) +
(

1 + εβ1(ε)
)2

· y2(τ, ε) = (8)

ε

(
1 + εβ1(ε)

)2

·
{

Y (y1(τ, ε), 0) +A1

(
y1(τ, ε)

)
ξ2(τ, ε) + εA2

(
y1(τ, ε)

)}
.

Îáîçíà÷èì (1× µ)− ìàòðèöó

F2(τ, ε) =
(

1 + εβ1(ε)
)2

·
[
εA1

(
y1(τ, ε)

)
− 1

]
ϕ2(τ)− ϕ′′2(τ);

çäåñü
ϕ2(τ) :=

[
ϕ

(1)
2 (τ) ϕ

(2)
2 (τ) ... ϕ

(µ2)
2 (τ)

]

� (1× µ2)− ìàòðèöà. Ïðè óñëîâèè

det

[
Γ
(
F2(·, ε)

)]
6= 0, Γ

(
F2(·, ε)

)
:=

∫ 2π

0
F∗2 (τ, ε) · F2(τ, ε) dτ

íàõîäèì âåêòîð

γ2(ε) = −
[
Γ
(
F2(·, ε)

)]−1

·
∫ 2π

0
F∗2 (τ, ε) ·

{
ε

(
1 + εβ1(ε)

)2

·
[
Y (y1(τ, ε), 0)+

+εA2

(
y1(τ, ε)

)]
−

(
1 + εβ1(ε)

)2

· y1(τ, ε)− y′′1(τ, ε)

}
dτ.
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Ïðè óñëîâèè γ2(ε) ∈ C[0, ε∗] è B0

(
y2(·, ε)

)
6= 0 âòîðîå ïðèáëèæåíèå β2(ε) ê

ôóíêöèè β(ε) âû÷èñëÿåì ïî ôîðìóëå Íüþòîíà:

β2(ε) = β1(ε)−




∂Φ
(

β1(ε), y1(τ, ε)
)

∂β




−1

· Φ
(

β1(ε), y1(τ, ε)
)

;

çäåñü
∂Φ

(
β1(ε), y1(τ, ε)

)

∂β
= B0

(
y2(·, ε)

)
+

+
∫ 2π

0
Hρ(s)

[
2ε2β1(ε) · Y (y2(s, ε), ε)− 2εβ1(ε) · y2(s, ε)

]
ds.

Ïðîäîëæàÿ ðàññóæäåíèÿ, ïðåäïîëîæèì, ÷òî íàéäåíî íàèëó÷øåå (â ñìûñëå
íàèìåíüøèõ êâàäðàòîâ) ïðèáëèæåíèå

yk(τ, ε) = y0(τ, c0) + xk(τ, ε), xk(τ, ε) = ξ1(τ, ε) + ... + ξk(τ, ε),

ξk(τ, ε) = ϕk(τ)γk(ε), γk(ε) ∈ Rµk , k = 1, 2, ...

ê ðåøåíèþ 2π-ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ (2) è ïðèáëèæåíèå βk(ε)
ê ôóíêöèè β(ε). Ñëåäóþùåå ïðèáëèæåíèå èùåì â âèäå

yk+1(τ, ε) = y0(τ, c0) + xk+1(τ, ε), xk+1(τ, ε) = ξ1(τ, ε) + ... + ξk+1(τ, ε),

ξk+1(τ, ε) = ϕk+1(τ)γk+1(ε), γk+1(ε) ∈ Rµk+1 .

Ïðåäïîëîæèì, ÷òî íàéäåííîå ïðèáëèæåíèå

yk(τ, ε) = y0(τ, c0) + xk(τ, ε)

ïðèíàäëåæèò îáëàñòè îïðåäåëåíèÿ ôóíêöèè Y (y, ε). Èñïîëüçóÿ íåïðåðûâíóþ
äèôôåðåíöèðóåìîñòü ïî y(τ, ε) ôóíêöèè Y (y(τ, ε), ε) â îêðåñòíîñòè ïðèáëè-
æåíèÿ yk(τ, ε) è íåïðåðûâíóþ äèôôåðåíöèðóåìîñòü ïî âòîðîìó àðãóìåíòó
â ìàëîé ïîëîæèòåëüíîé îêðåñòíîñòè íóëÿ, ðàçëàãàåì ýòó ôóíêöèþ â
îêðåñòíîñòè òî÷åê ξk+1(τ, ε) = 0 è ε = 0 :

Y (yk(τ, ε) + ξk+1(τ, ε), ε) = Y (yk(τ, ε), 0)+

+A1

(
yk(τ, ε)

)
ξk+1(τ, ε) + εA2

(
yk(τ, ε)

)
+R(yk(τ, ε) + ξk+1(τ, ε), ε),

ãäå

A1

(
yk(τ, ε)

)
=

∂Y (y(τ, ε), ε)
∂y

∣∣∣∣∣∣∣∣
y = yk(τ, ε),
ε = 0,
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A2

(
yk(τ, ε)

)
=

∂Y (y(τ, ε), ε)
∂ε

∣∣∣∣∣∣∣∣
y = yk(τ, ε),
ε = 0.

Ïðè óñëîâèè

det

[
Γ
(
Fk+1(·, ε)

)]
6= 0, Γ

(
Fk+1(·, ε)

)
=

∫ 2π

0
F∗k+1(τ, ε) · Fk+1(τ, ε) dτ

íàõîäèì âåêòîð

γk+1(ε) = −
[
Γ
(
Fk+1(·, ε)

)]−1

·
∫ 2π

0
F∗k+1(τ, ε)·

{
ε

(
1+εβk(ε)

)2

·
[
Y (yk(τ, ε), 0)+

+εA2

(
yk(τ, ε)

)]
−

(
1 + εβk(ε)

)2

· yk(τ, ε)− y′′k(τ, ε)

}
dτ.

Â ñëó÷àå γk+1(ε) ∈ C[0, ε∗] è B0

(
yk+1(·, ε)

)
6= 0 ñëåäóþùåå ïðèáëèæåíèå

βk+1(ε) ê ôóíêöèè β(ε) âû÷èñëÿåì ïî ôîðìóëå Íüþòîíà:

βk+1(ε) = βk(ε)−




∂Φ
(

βk(ε), yk+1(τ, ε)
)

∂β




−1

· Φ
(

βk(ε), yk+1(τ, ε)
)

;

çäåñü
∂Φ

(
βk(ε), yk+1(τ, ε)

)

∂β
= B0

(
yk+1(·, ε)

)
+

+
∫ 2π

0
Hρ(s)

[
2ε2βk(ε) · Y (yk+1(s, ε), ε)− 2εβk(ε) · yk+1(s, ε)

]
ds.

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå 1. Äëÿ ëþáîãî äåéñòâèòåëüíîãî êîðíÿ č0 ∈ R2 óðàâíåíèÿ äëÿ
ïîðîæäàþùèõ àìïëèòóä (3) ïðè óñëîâèè γk(ε) ∈ C[0, ε∗] è B0

(
y(·, ε)

)
6= 0

ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) èìååò åäèíñòâåííîå ðåøåíèå, ïðè
ε = 0 îáðàùàþùååñÿ â ïîðîæäàþùåå y0(τ, c0). Â ñëó÷àå

2 · µ1(ε∗) · µ2(ε∗) · µ3(ε∗) < 1, ε ∈ [0, ε∗], det

[
Γ
(
Fk(·, ε)

)]
6= 0, k ∈ N

ýòî ðåøåíèå ìîæíî îïðåäåëèòü ïðè ïîìîùè èòåðàöèîííîãî ïðîöåññà

y1(τ, ε) = y0(τ, c0) + x1(τ, ε), x1(τ, ε) = ξ1(τ, ε), ξ1(τ, ε) = ϕ1(τ)γ1(ε),
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γ1(ε) = −
[
Γ
(
F1(·, ε)

)]−1

·
∫ 2π

0
F∗1 (τ, ε)

{
ε

(
1 + εβ0

)2

·
[
Y (y0(τ, c0), 0)+

+εA2

(
y0(τ, c0)

)]
− y′′0(τ, c0)−

(
1 + εβ0

)2

· y0(τ, c0)

}
dτ,

β1(ε) = β0 −




∂Φ
(

β0, y1(τ, ε)
)

∂β




−1

· Φ
(

β0, y1(τ, ε)
)

, ... ;

yk+1(τ, ε) = y0(τ, c0) + xk+1(τ, ε), xk+1(τ, ε) = ξ1(τ, ε) + ... + ξk+1(τ, ε), (9)

ξk+1(τ, ε) = ϕk+1(τ)γk+1(ε), k = 0, 1, 2, ... ,

γk+1(ε) = −
[
Γ
(
Fk+1(·, ε)

)]−1

·
∫ 2π

0
F∗k+1(τ, ε)·

{
ε

(
1+εβk(ε)

)2

·
[
Y (yk(τ, ε), 0)+

+εA2

(
yk(τ, ε)

)]
−

(
1 + εβk(ε)

)2

· yk(τ, ε)− y′′k(τ, ε)

}
dτ,

βk+1(ε) = βk(ε)−




∂Φ
(

βk(ε), yk+1(τ, ε)
)

∂β




−1

· Φ
(

βk(ε), yk+1(τ, ε)
)

, ... .

Ñ ó÷åòîì çàìåíû íåçàâèñèìîé ïåðåìåííîé, èòåðàöèîííàÿ ñõåìà (9) îïðå-
äåëÿåò ïðèáëèæåííîå ðåøåíèå T(ε)−ïåðèîäè÷åñêîé çàäà÷è äëÿ óðàâíåíèÿ
Õèëëà (1).

Ïåðèîäè÷åñêàÿ çàäà÷à äëÿ óðàâíåíèÿ Äþôôèíãà
Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ

Äþôôèíãà [1]
y′′ + y = ε · y3. (10)

Óðàâíåíèå äëÿ ïîðîæäàþùèõ àìïëèòóä â ñëó÷àå çàäà÷è î íàõîæäåíèè
ïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (10) èìååò ñåðèþ êîðíåé

β0 =
3c2

0

8
, c0 6= 0, c0 ∈ R1.

Ïîëîæèì äëÿ îïðåäåëåííîñòè c0 = 1, ε0 = 0, 3, q = 0, 1. Çàìåòèì, ÷òî â
ìàëîé îêðåñòíîñòè 2π−ïåðèîäè÷åñêîãî ïîðîæäàþùåãî ðåøåíèÿ óðàâíåíèÿ
Äþôôèíãà y0(t, c0) = cos t èìååò ìåñòî íåðàâåíñòâî B0(y(·, ε)) 6= 0;
äåéñòâèòåëüíî: B0(y(·, ε)) ≈ −2π 6= 0. Äëÿ ïåðâîãî øàãà èòåðàöèîííîé ñõåìû
(9) ïîëîæèì

ϕ1(τ) =
[

cos τ cos 3τ cos 5τ

]
.
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Ìàòðèöà Ãðàìà, ñîîòâåòñòâóþùàÿ ïîðîæäàþùåìó ðåøåíèþ y0(t, c0) = cos t

det

[
Γ
(
F1(·, ε)

)]
= 82 944 · π3 · ε2 + 184 032 · π3 · ε3 + ... 6= 0

íåâûðîæäåíà, ïðè ýòîì

ξ1(τ, ε) ≈ − 1
64
·
(

17 cos τ+2 cos 3τ

)
·ε+ 1

4096
·
(

873 cos τ+18 cos 3τ+4 cos 5τ

)
·ε2+

+
1

262 144
·
(
− 42 477 cos τ − 618 cos 3τ + 148 cos 5τ

)
· ε3+

+
3

16 777 216
·
(

674 847 cos τ + 22 870 cos 3τ + 276 cos 5τ

)
· ε4+

+
5

1 073 741 824
·
(

19 356 357 cos τ + 643 338 cos 3τ + 27 292 cos 5τ

)
· ε5.

Â ýòîì ñëó÷àå âåëè÷èíà

2 · µ1(ε∗) · µ2(ε∗) · µ3(ε∗) ≈ 0, 0174 664 ¿ 1, ε ∈ [0, ε∗], ε∗ := 0, 3,

ãäå ∣∣∣∣
∣∣∣∣Φ

(
y1(·, ε), β0

)∣∣∣∣
∣∣∣∣ ≤ µ1(ε) ≈ 0, 0386 500,

∣∣∣∣
∣∣∣∣
[
Φ′β

(
y1(·, ε), β0

)]−1∣∣∣∣
∣∣∣∣ ≤ µ2(ε) ≈ 0, 159 155,

∣∣∣∣
∣∣∣∣Φ′′β2

(
y1(·, ε), β0

)∣∣∣∣
∣∣∣∣ ≤ µ3(ε) ≈ 1, 41 972.

Íà ïåðâîì øàãå èòåðàöèîííîé ñõåìû (9)

B0

(
y1(·, ε)

)
≈ −2π +

65 πε

32
− 3 417 πε2

2 048
+

214 317 πε3

131 072
− 12 919 869 πε4

8 388 608
+

+
760 140 585 πε5

536 870 912
+ ... , ε ∈ [0, ε∗], ε∗ = ε0 = 0, 3 .

Ïîñêîëüêó
−6, 26 319 ≤ B0

(
y1(·, ε)

)
≤ −4, 73 242 ¿ 0,

ïîñòîëüêó

β1(ε) ≈ 3
8

+
2 829 ε2

32 768
− 22 515 ε3

1 048 576
+

3 316 047 ε4

134 217 728
−
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−1 361 181 ε5

268 435 456
− 23 162 603ε6

481173858
− 5 336 127 ε7

1 488 292 910
+ ... .

Äëÿ âòîðîãî øàãà èòåðàöèîííîé ñõåìû (9) ïîëîæèì

ϕ2(τ) =
[

cos τ cos 3τ cos 5τ cos 7τ cos 9τ

]
.

Ìàòðèöà Ãðàìà, ñîîòâåòñòâóþùàÿ ïåðâîìó ïðèáëèæåíèþ y1(t, ε) :

det

[
Γ
(
F2(·, ε)

)]
= 1 223 059 046 400 π5ε2 + 749 123 665 920 π5ε3 + ... 6= 0

íåâûðîæäåíà, ïðè ýòîì

ξ2(τ, ε) ≈ 104 370 415
21 458 884 406

· ε3 cos τ − 37 791 292
26 551 890 077

· ε4 cos τ+

+
5 441 420

860 224 397
· ε5 cos τ − 1 275

131 072
· ε3 cos 3τ +

2 260 379
1 292 883 775

· ε4 cos 3τ−

− 11 436 364
4 361 547 835

· ε5 cos 3τ − 9
16 384

· ε3 cos 5τ +
1 087

2 097 152
· ε4 cos 5τ−

− 730 419
54 148 125 667

· ε5 cos 5τ − 1
32 768

· ε3 cos 7τ − 11
2 097 152

· ε4 cos 7τ−

− 1 639
67 108 864

· ε5 cos 7τ +
1

1 048 576
· ε4 cos 9τ +

21
67 108 864

· ε5 cos 9τ + ... .

Â ýòîì ñëó÷àå âåëè÷èíà

2 · µ1(ε∗) · µ2(ε∗) · µ3(ε∗) ≈ 0, 0208 364 ¿ 1.

Ïîñêîëüêó
−6, 26 319 ≤ B0

(
y2(·, ε)

)
≤ −4, 73 309 ¿ 0,

ïîñòîëüêó

β2(τ, ε) ≈ 3
8

+
2 829
32 768

· ε2 − 31 489 782 921
1 466 552 552 026

· ε3+

+
5 945 428 205

240 642 508 616
· ε4 − 11 597 633 572

2 287 143 294 343
· ε5 − 13 539 110

325 261 941
· ε6 + ... .

Äëÿ òðåòüåãî øàãà èòåðàöèîííîé ñõåìû (9) ïîëîæèì ϕ2(τ) = ϕ3(τ). Ìàòðèöà
Ãðàìà, ñîîòâåòñòâóþùàÿ âòîðîìó ïðèáëèæåíèþ y2(t, ε) :

det

[
Γ
(
F3(·, ε)

)]
= 1 223 059 046 400 ·π5 ·ε2 +749 123 665 920 ·π5 ·ε3 + ... 6= 0

íåâûðîæäåíà, ïðè ýòîì

ξ3(τ, ε) ≈ ε3 cos τ

428 514 300 968 836 855
− ε4 cos τ

269 975 427 309 390 936
+
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+
ε5 cos τ

831 438 530 412 169 969
− 5 008 535

3 236 505 422
· ε6 cos τ−

− 17 902 164
11 854 004 941

· ε7 cos τ +
18 071 621
534 357 753

· ε8 cos τ+

+
ε4 cos 3τ

1 320 989 618 499 093 213
+

ε5 cos 3τ

558 452 132 729 249 763
+

+
4 020 697

1 299 083 229
· ε6 cos 3τ +

4 315 609
1 278 506 176

· ε7 cos 3τ+

+
1 958 683

2 380 522 493
· ε8 cos 3τ − ε5 cos 5τ

31 475 676 322 755 045 905
+

+
1 630 908

6 159 413 981
· ε6 cos 5τ − 3 057 167

32 690 318 658
· ε7 cos 5τ−

− 1 692 679
8 753 254 530

· ε8 cos 5τ +
26 423

23 513 088 697
· ε6 cos 7τ−

− 227 108
18 003 102 119

· ε7 cos 7τ +
222 989

121 092 915 010
· ε8 cos 7τ+

+
267

268 435 456
· ε6 cos 9τ +

19 881
151 174 955 083

· ε7 cos 9τ+

+
53 825

90 941 797 451
· ε8 cos 9τ + ... .

Â ýòîì ñëó÷àå âåëè÷èíà

2 · µ1(ε∗) · µ2(ε∗) · µ3(ε∗) ≈ 0, 0208 824 ¿ 1.

Ïîñêîëüêó
−6, 26 319 ≤ B0

(
y2(·, ε)

)
≤ −4, 73 309 ¿ 0,

ïîñòîëüêó

β3(τ, ε) ≈ 3
8

+
2 829
32 768

· ε2 − 31 489 782 921
1 466 552 552 026

· ε3+

+
8 411 581 205

340 460 591 366
· ε4 − 11 597 633 572

2 287 143 294 343
· ε5 − 13 539 110

325 261 941
· ε6 + ... .

Äëÿ îöåíêè òî÷íîñòè íàéäåííûõ ïðèáëèæåíèé ê ïåðèîäè÷åñêîìó ðåøåíèþ
óðàâíåíèÿ Äþôôèíãà îïðåäåëèì íåâÿçêè íóëåâîãî y0(τ, ε) := y0(τ, c0) è
ïåðâûõ òðåõ ïðèáëèæåíèé (i = 0, 1, 2, 3)

∆i(ε) :=
∣∣∣∣
∣∣∣∣y′′i (τ, ε) +

(
1 + εβi(ε)

)2

· yi(τ, ε)− ε ·
(

1 + εβi(ε)
)2

· y3
i (τ, ε)

∣∣∣∣
∣∣∣∣
C[0;2π]

.

Ïîëîæèâ ε = 0, 1 , óáåæäàåìñÿ â óìåíüøåíèè íóëåâîé è ïåðâûõ òðåõ íåâÿçîê
îò èòåðàöèè ê èòåðàöèè

∆0(0, 1) ≈ 0, 0312 344, ∆1(0, 1) ≈ 9, 12 525 · 10−5, ∆2(0, 1) ≈ 3, 41 105 · 10−8 ,
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∆3(0, 1) ≈ 7, 28 797 · 10−11 .

Íàéäåííûå ïðèáëèæåíèÿ ê ïåðèîäè÷åñêîìó ðåøåíèþ óðàâíåíèÿ Äþôôèíãà
íå âûõîäÿò çà ïðåäåëû óêàçàííîé âûøå îêðåñòíîñòè ïîðîæäàþùåãî ðåøåíèÿ

||x1(τ, ε)|| = ||ξ1(τ, ε)|| ≤ 0, 073 036 < q < 0, 1 ,

||x2(τ, ε)|| = ||ξ1(τ, ε) + ξ2(τ, ε)|| ≤ 0, 0731 673 < q < 0, 1 ,

||x3(τ, ε)|| = ||ξ1(τ, ε) + ξ2(τ, ε) + ξ3(τ, ε)|| ≤ 0, 0731 633 < q < 0, 1 .

Çàìåòèì, ÷òî òî÷íîñòü íàéäåííûõ ïðèáëèæåíèé ê ïåðèîäè÷åñêîìó ðåøåíèþ
óðàâíåíèÿ Äþôôèíãà çíà÷èòåëüíî âûøå, ÷åì â ñòàòüå [9].
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