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1. Ââåäåíèå
Äàííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ïðîãðàììíûõ óïðàâëåíèé, ðåøà-

þùèõ çàäà÷ó ïîëíîé óïðàâëÿåìîñòè áåç îãðàíè÷åíèé íà óïðàâëåíèå è
çàäà÷ó ëîêàëüíîé íóëü-óïðàâëÿåìîñòè ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå äëÿ
íåêîòîðîãî êëàññà ëèíåéíûõ íåàâòîíîìíûõ íåîäíîðîäíûõ ñèñòåì

ẋ = A(t)x + B(t)u + g(t), x ∈ Rn, u ∈ Rr, t ∈ [t0, t1], (1)

ãäå A(t) � (n×n)-ìàòðèöà, B(t) � (n×r)-ìàòðèöà, g(t) � n-ìåðíàÿ âåêòîð-
ôóíêöèÿ.

Áóäåì ãîâîðèòü, ÷òî óïðàâëåíèå u(t) ïåðåâîäèò çà âðåìÿ T ∈ (0, t1 − t0]
òî÷êó x0 ∈ Rn â òî÷êó xT ∈ Rn íà îòðåçêå âðåìåíè [t0, t0 + T ] ïî òðàåêòîðèè
ñèñòåìû (1), åñëè òðàåêòîðèÿ x(t) ñèñòåìû

ẋ = A(t)x + B(t)u(t) + g(t), x ∈ Rn, u ∈ Rr, t ∈ [t0, t1],

íà÷èíàþùàÿñÿ â ìîìåíò âðåìåíè t0 â òî÷êå x0, ò.å. x(t0) = x0, îêàí÷èâàåòñÿ
â ìîìåíò âðåìåíè t0 + T â òî÷êå xT , ò.å. x(t0 + T ) = xT .

Ñèñòåìà (1) íàçûâàåòñÿ ïîëíîñòüþ óïðàâëÿåìîé çà ôèêñèðîâàííîå âðåìÿ
T ∈ (0, t1−t0] íà îòðåçêå [t0, t0+T ], åñëè äëÿ ïðîèçâîëüíî çàäàííûõ òî÷åê x0

è xT ïðîñòðàíñòâà Rn ñóùåñòâóåò íà îòðåçêå âðåìåíè [t0, t0 + T ] óïðàâëåíèå
u = u(t) � r-ìåðíàÿ âåêòîð-ôóíêöèÿ, � êîòîðîå ïåðåâîäèò çà âðåìÿ T òî÷êó
x0 â òî÷êó xT íà îòðåçêå âðåìåíè [t0, t0 + T ] ïî òðàåêòîðèè ñèñòåìû (1).

Õîðîøî èçâåñòíî (ñì., íàïðèìåð, [1]), ÷òî äëÿ òîãî, ÷òîáû ñèñòåìà (1) ñ
A(t) ∈ C[t0, t1], B(t) ∈ C[t0, t1], g(t) ∈ C[t0, t1] áûëà ïîëíîñòüþ óïðàâëÿåìîé çà
ôèêñèðîâàííîå âðåìÿ T ∈ (0, t1−t0] íà îòðåçêå âðåìåíè [t0, t0+T ], íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû ìàòðèöà

N(T ) =

t0+T∫

t0

Φ−1(t)B(t)B∗(t)
(
Φ−1(t)

)∗
dt (2)

áûëà ïîëîæèòåëüíî îïðåäåëåííîé. Ïðè ýòîì ìíîæåñòâî ïðîãðàììíûõ
óïðàâëåíèé, êàæäîå èç êîòîðûõ ïåðåâîäèò çà âðåìÿ T ëþáóþ çàäàííóþ òî÷êó
x0 ∈ Rn â ëþáóþ çàäàííóþ òî÷êó xT ∈ Rn íà îòðåçêå âðåìåíè [t0, t0 + T ] ïî
òðàåêòîðèè ñèñòåìû (1), èìååò âèä

uv(t) = B∗(t)
(
Φ−1(t)

)∗
N−1(T )

(
Φ−1(t0 + T )xT−

−Φ−1(t0)x0 −
t0+T∫

t0

Φ−1(t)g(t)dt

)
+ v(t),

(3)

ãäå v(t) � r-ìåðíàÿ âåêòîð-ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ
t0+T∫

t0

Φ−1(t)B(t)v(t)dt = 0.
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Ñèñòåìà (1) ñ ìàòðèöàìè A(t) ∈ C(n−2)[t0, t0 + T ], B(t) ∈ C(n−1)[t0, t0 + T ]
è âåêòîð-ôóíêöèåé g(t) ∈ C[t0, t0 + T ] ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé
çà ôèêñèðîâàííîå âðåìÿ T íà îòðåçêå [t0, t0 + T ], åñëè ñóùåñòâóåò òî÷êà
t′ ∈ [t0, t0 + T ] òàêàÿ, ÷òî

rang Q0(t′) = n, (4)
ãäå Q0(t) � ìàòðèöà âèäà

Q0(t) =
(

Φ−1(t)B(t),
d

dt
Φ−1(t)B(t), . . . ,

dn−1

dtn−1
Φ−1(t)B(t)

)
, t ∈ [t0, t0 + T ].

Îòìåòèì, ÷òî êàê ïðè ïðîâåðêå óñëîâèé (2) êðèòåðèÿ è äîñòàòî÷íûõ
óñëîâèé (4) ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (1) çà ôèêñèðîâàííîå âðåìÿ, òàê è
ïðè ïîñòðîåíèè ïðîãðàììíûõ óïðàâëåíèé âèäà (3), ðåøàþùèõ çàäà÷ó ïîëíîé
óïðàâëÿåìîñòè, òðåáóåòñÿ íàõîæäåíèå ôóíäàìåíòàëüíîé ìàòðèöû Φ(t)
ñèñòåìû ẋ = A(t)x, ÷òî âî ìíîãèõ ñëó÷àÿõ ÿâëÿåòñÿ âåñüìà çàòðóäíèòåëüíûì.
Ïîýòîìó âîçíèêàåò âîïðîñ î ñïîñîáå ïîñòðîåíèÿ óïðàâëåíèé, íå èñïîëüçóþ-
ùèé ìàòðèöó Φ(t).

Äîñòàòî÷íûå óñëîâèÿ ïîëíîé óïðàâëÿåìîñòè çà ôèêñèðîâàííîå âðåìÿ
ñèñòåìû (1) ñ äèôôåðåíöèðóåìûìè ìàòðèöàìè A(t), B(t), êîòîðûå íå
ñîäåðæàò ôóíäàìåíòàëüíóþ ìàòðèöó Φ(t), ñîñòîÿò â ñëåäóþùåì.

Îáîçíà÷èì ÷åðåç ∆ îïåðàòîð âèäà ∆ = A(t)− Ed/dt, ãäå E � åäèíè÷íàÿ
(n×n)-ìàòðèöà, è ðàññìîòðèì ìàòðèöó

Q(t) = (B(t), ∆B(t), . . . ,∆n−1B(t)). (5)

Ñèñòåìà (1) ñ ìàòðèöàìè A(t) ∈ C(n−2)[t0, t0 + T ], B(t) ∈ C(n−1)[t0, t0 + T ]
è âåêòîð-ôóíêöèåé g(t) ∈ C[t0, t0 + T ] ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé çà
ôèêñèðîâàííîå âðåìÿ T ∈ (0, t1 − t0] íà îòðåçêå [t0, t0 + T ], åñëè ñóùåñòâóåò
òî÷êà t′ ∈ [t0, t0 + T ] òàêàÿ, ÷òî rang Q(t′) = n, ãäå Q(t) � ìàòðèöà âèäà (5).

2. Ïîñòðîåíèå ïðîãðàììíûõ óïðàâëåíèé,
ðåøàþùèõ çàäà÷ó ïîëíîé óïðàâëÿåìîñòè

Ïðèâåäåì ñïîñîá ïîñòðîåíèÿ ïðîãðàììíûõ óïðàâëåíèé, â êîòîðîì íå
èñïîëüçóåòñÿ ôóíäàìåíòàëüíàÿ ìàòðèöà Φ(t). Äëÿ ýòîãî ïðèâåäåì íåàâòîíîì-
íóþ íåîäíîðîäíóþ ñèñòåìó ñ ïîìîùüþ çàìåíû ïåðåìåííûõ ê êàíîíè÷åñêîé
ôîðìå.

2.1. Êàíîíè÷åñêàÿ ôîðìà ïîëíîñòüþ óïðàâëÿåìûõ ëèíåéíûõ
íåàâòîíîìíûõ íåîäíîðîäíûõ ñèñòåì ñ äèôôåðåíöèðóåìûìè
ìàòðèöàìè.

Ðàññìîòðèì ñèñòåìó (1) ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1], B(t) ∈
C(2n−1)[t0, t1]. Âñþäó äàëåå, åñëè íå îãîâîðåíî èíîå, ïîäðàçóìåâàåòñÿ, ÷òî
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t ∈ [t0, t1]. Ïðåäïîëîæèì, ÷òî ñòîëáöû b1(t), . . . , br(t) ìàòðèöû B(t)
ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè íà [t0, t1], ò.å. rang B(t) = r äëÿ
ëþáîãî t ∈ [t0, t1]. Åñëè â ìàòðèöå B(t) k (1 ≤ k < r) ñòîëáöîâ
ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè íà [t0, t1], òî ñèñòåìà (1) ñâîäèòñÿ ê ñèñòåìå
ñ k-ìåðíûì óïðàâëåíèåì, ò.å. ñ íîâûì óïðàâëåíèåì, êîìïîíåíòàìè êîòîðîãî
áóäóò êîìïîíåíòû èñõîäíîãî óïðàâëåíèÿ ñ íîìåðàìè ñòîëáöîâ ìàòðèöû B(t),
êîòîðûå ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè íà [t0, t1]. Ïðè ýòîì îñòàëüíûå
êîìïîíåíòû èñõîäíîãî óïðàâëåíèÿ ìîæíî ïîëîæèòü ðàâíûìè íóëþ.

Ïóñòü rang Q(t) = n äëÿ ëþáîãî t ∈ [t0, t1], ïðè÷åì [2, 3]

b1(t), . . . , ∆n1−1b1(t), . . . , br(t), . . . , ∆nr−1br(t),

ãäå n1 + . . . + nr = n, n1 ≥ n2 ≥ . . . ≥ nr, ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè
äëÿ ëþáîãî t ∈ [t0, t1]. Òîãäà ìàòðèöà

K(t) =
(
b1(t), ∆b1(t), ...,∆n1−1b1(t), ..., br(t), ∆br(t), ...,∆nr−1br(t)

)

ÿâëÿåòñÿ íåâûðîæäåííîé è

rang Q(t) = rang K(t) = n, t ∈ [t0, t1]. (6)

Ïîëîæèì s0 = 0, si = n1 + . . . + ni, i = 1, . . . , r. Îïðåäåëèì n-ìåðíûå
âåêòîð-ôóíêöèè c1(t), . . . , cr(t) ðàâåíñòâàìè

ci(t) = (K∗(t))−1 esi ∈ C(n)[t0, t1], i = 1, . . . , r, (7)

ãäå esi � si-é ñòîëáåö åäèíè÷íîé ìàòðèöû. Ðàññìîòðèì íåâûðîæäåííóþ
ìàòðèöó

L(t) =




L1(t)
L2(t)
. . .

Lr(t)


 , Li(t) =




c∗i (t)
(∆∗ci(t))

∗

. . .(
∆ni−1∗ ci(t)

)∗


 , i = 1, . . . , r, (8)

è ìàòðèöó L̂(t) âèäà

L̂(t) =




L̂1(t)
. . .

L̂r(t)


 , L̂i(t) =




c∗i (t)
(∆∗ci(t))

∗

. . .(
∆ni−2∗ ci(t)

)∗


 , i = 1, . . . , r. (9)

Ëåììà 1. Ïóñòü äëÿ ñèñòåìû (1) ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1],
B(t) ∈ C(2n−1)[t0, t1] (rang B(t) = r) è âåêòîð-ôóíêöèåé g(t) ∈ C[t0, t1]
âûïîëíåíî óñëîâèå (6) è èìåþò ìåñòî ðàâåíñòâà

∆nibi(t) =
r∑

j=1

nj−1∑

k=0

αi
jk(t)∆

kbj(t), i = 1, . . . , r, (10)
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ãäå αi
jk(t) ∈ C(n)[t0, t1] : αi

jk(t) = 0 äëÿ j < i, k > min{ni, nj−1}, èëè äëÿ j ≥ i,
k > min{ni−1, nj−1}.

Òîãäà çàìåíîé ïåðåìåííûõ z = L(t)x ñèñòåìà (1) îòîáðàæàåòñÿ íà
ñèñòåìó





żsi−1+j = zsi−1+j+1+
(
∆j−1
∗ ci(t)

)∗
g(t), j = 1, . . . , ni − 1,

i = 1, . . . , r,

żsi =
n∑

j=1

ãij(t)zj+ui+
r∑

j=i+1

mij(t)uj+
(
∆ni−1
∗ ci(t)

)∗
g(t),

(11)

ãäå
ãij(t) =

(
∆ni∗ ci(t)

)∗
l
(−1)
j (t), i = 1, . . . , r, j = 1, . . . , n, (12)

(çäåñü l
(−1)
j (t) � j-é ñòîëáåö ìàòðèöû L−1(t)),

mij(t) =
(
∆ni−1
∗ ci(t)

)∗
bj(t), i = 1, . . . , r, j = i + 1, . . . , r. (13)

Ñèñòåìà (11) â âåêòîðíîé ôîðìå çàïèñè èìååò âèä

ż = Ã(t)z + B0M(t)u + L(t)g(t), (14)

ãäå
Ã(t) =

(
L̇(t) + L(t)A(t)

)
L−1(t), (15)

B0 = (es1 , . . . , esr), (16)
M(t) = B∗

0L(t)B(t) � âåðõíåòðåóãîëüíàÿ (r×r)-ìàòðèöà, äèàãîíàëüíûå
ýëåìåíòû êîòîðîé ðàâíû åäèíèöå.

Äîêàçàòåëüñòâî. Ñäåëàåì â ñèñòåìå (1) çàìåíó ïåðåìåííûõ z = L(t)x,
êîòîðàÿ â êîìïîíåíòíîé ôîðìå çàïèñè èìååò âèä

zsi−1+j =
(
∆j−1
∗ ci(t)

)∗
x, i = 1, . . . , r, j = 1, . . . , ni.

Òîãäà, â ñèëó ðàâåíñòâ [3]

(
∆k
∗ci(t)

)∗
∆lbj(t) =





0, åñëè k+l ≤ nj−1 è i 6= j,
0, åñëè k+l ≤ ni−2 è i = j,
1, åñëè k+l = ni−1 è i = j,

è ðàâåíñòâ (10), äëÿ i = 1, . . . , r èìååì

żsi−1+1 =
d

dt
(c∗i (t)x) =

dc∗i (t)
dt

x+c∗i (t)A(t)x+c∗i (t)B(t)u+

+c∗i (t)g(t) =
(

A∗(t)ci(t) +
dci(t)

dt

)∗
x +

r∑

j=1

c∗i (t)bj(t)uj+
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+c∗i (t)g(t) =
(
∆∗ci(t)

)∗
x + c∗i (t)g(t) = zsi−1+2 + c∗i (t)g(t),

żsi−1+j=
d

dt

(
(∆j−1

∗ ci(t))∗x
)
=

(
d

dt

(
(∆j−1

∗ ci(t)
)∗)

x+
(
∆j−1
∗ ci(t)

)∗×

×
(
A(t)x + B(t)u + g(t)

)
=

((
A∗(t) +

d

dt

)
∆j−1
∗ ci(t)

)∗
x+

+
r∑

k=1

(
∆j−1
∗ ci(t)

)∗
bk(t)uk +

(
∆j−1
∗ ci(t)

)∗
g(t) =

(
∆j
∗ci(t)

)∗
x+

+
(
∆j−1
∗ ci(t)

)∗
g(t)=zsi−1+j+1+

(
∆j−1
∗ ci(t)

)∗
g(t), j = 2, . . . , ni−1,

żsi =
(

d

dt
∆ni−1
∗ ci(t)

)∗
x +

(
∆ni−1
∗ ci(t)

)∗ (
A(t)x+B(t)u+g(t)

)
=

=
((

A∗(t) +
d

dt

)
∆ni−1
∗ ci(t)

)∗
x +

ni−1∑

k=0

Ck
ni−1

dk

dtk

(
c∗i (t)×

×∆ni−1−kB(t)u
)

+
(
∆ni−1
∗ ci(t)

)∗
g(t) =

(
∆ni∗ ci(t)

)∗
L−1(t)z+

+
r∑

j=1

ni−1∑

k=0

Ck
ni−1

dk

dtk

(
c∗i (t)∆

ni−1−kbj(t)uj

)
+

(
∆ni−1
∗ ci(t)

)∗
g(t) =

= (∆ni∗ ci(t))
∗ L−1(t)z +

i−1∑

j=1

ni−1∑

k=0

Ck
ni−1

dk

dtk

(
c∗i (t)∆

ni−1−kbj(t)uj

)
+

+
ni−1∑

k=0

Ck
ni−1

dk

dtk

(
c∗i (t)∆

ni−1−kbi(t)ui

)
+

r∑

j=i+1

ni−1∑

k=0

Ck
ni−1

dk

dtk

(
c∗i (t)×

×∆ni−1−kbj(t)uj

)
+

(
∆ni−1
∗ ci(t)

)∗
g(t) =

n∑

j=1

(
∆ni∗ ci(t)

)∗
l
(−1)
j (t)zj+

+ui +
r∑

j=i+1

(
∆ni−1
∗ ci(t)

)∗
bj(t)uj +

(
∆ni−1
∗ ci(t)

)∗
g(t) =

=
n∑

j=1

ãij(t)zj + ui +
r∑

j=i+1

mij(t)uj +
(
∆ni−1
∗ ci(t)

)∗
g(t),

ãäå l
(−1)
j (t) � j-é ñòîëáåö ìàòðèöû L−1(t), ãij(t), mij(t) èìåþò âèä (12) è (13)

ñîîòâåòñòâåííî.
Òàêèì îáðàçîì, ñèñòåìà (1) çàìåíîé ïåðåìåííûõ îòîáðàæàåòñÿ íà

ñèñòåìó (11).
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Ïîêàæåì, ÷òî â âåêòîðíîé ôîðìå çàïèñè ñèñòåìà (11) èìååò âèä (14).
Äèôôåðåíöèðóÿ ïî t ðàâåíñòâî z = L(t)x è èñïîëüçóÿ ðàâåíñòâî (1),
ïîëó÷àåì

ż = Ã(t)z + L(t)B(t)u + L(t)g(t), (17)
ãäå Ã(t) � ìàòðèöà âèäà (15). Ïîñêîëüêó L(t)B(t) = B0M(t), ãäå
B0 � ïîñòîÿííàÿ (n×r)-ìàòðèöà âèäà (16), òî M(t) = B∗

0L(t)B(t) �
âåðõíåòðåóãîëüíàÿ (r×r)-ìàòðèöà, äèàãîíàëüíûå ýëåìåíòû êîòîðîé ðàâíû
åäèíèöå, íåâûðîæäåíà. Òîãäà ñèñòåìà (17) ïðèíèìàåò âèä (14). 2

Ñëåäñòâèå 1. Ïóñòü äëÿ ñèñòåìû (1) ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1],
B(t) ∈ C(2n−1)[t0, t1] (rang B(t) = r) âûïîëíåíî óñëîâèå (6), èìåþò ìåñòî
ðàâåíñòâà (10) è âåêòîð-ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ

L̂(t)g(t) = 0, (18)

ãäå L̂(t) � ìàòðèöà âèäà (9).
Òîãäà çàìåíîé ïåðåìåííûõ z = L(t)x ñèñòåìà (1) îòîáðàæàåòñÿ íà

ñèñòåìó




żsi−1+j = zsi−1+j+1, j = 1, . . . , ni − 1,

żsi=
n∑

j=1

ãij(t)zj+ui+
r∑

j=i+1

mij(t)uj+
(
∆ni−1
∗ ci(t)

)∗
g(t),

i = 1, . . . , r, (19)

ãäå ãij(t) è mij(t) èìåþò âèä (12) è (13) ñîîòâåòñòâåííî.

2.2. Ïîñòðîåíèå óïðàâëåíèé, ðåøàþùèõ çàäà÷ó ïîëíîé óïðàâ-
ëÿåìîñòè çà íåêîòîðîå ôèêñèðîâàííîå âðåìÿ.

Ðàññìîòðèì (n×n)-ìàòðèöó

A0 = diag(A01, . . . , A0r), (20)

ãäå A0i � (ni×ni)-ìàòðèöà âèäà

A0i =




0 1 0 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 0 1
0 0 0 . . . 0 0


 , i = 1, . . . , r,

è íåâûðîæäåííóþ (n×n)-ìàòðèöó

N0(T ) =

t0+T∫

t0

e−A0tB0B
∗
0e−A∗0tdt, (21)

ãäå B0 � (n×r)-ìàòðèöà âèäà (16).
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Òåîðåìà 1. Ïóñòü äëÿ ñèñòåìû (1) ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1],
B(t) ∈ C(2n−1)[t0, t1], rang B(t) = r, è âåêòîð-ôóíêöèåé g(t) ∈ C[t0, t1]
âûïîëíåíî óñëîâèå (6), èìåþò ìåñòî ðàâåíñòâà (10) è ñóùåñòâóåò
r-ìåðíàÿ âåêòîð-ôóíêöèÿ v(t) òàêàÿ, ÷òî äëÿ íåêîòîðîãî ôèêñèðîâàííîãî
T ∈ (0, t1 − t0] âûïîëíåíî óñëîâèå

t0+T∫

t0

e−A0t
(
B0v(t) + L(t)g(t)

)
dt = 0. (22)

Òîãäà ìíîæåñòâî ïðîãðàììíûõ óïðàâëåíèé uv(t), êàæäîå èç êîòîðûõ
ïåðåâîäèò ïðîèçâîëüíóþ çàäàííóþ òî÷êó x0 ∈ Rn â ïðîèçâîëüíóþ çàäàííóþ
òî÷êó xT ∈ Rn çà âðåìÿ T íà îòðåçêå [t0, t0 + T ] ïî òðàåêòîðèè x(t),
îïðåäåëÿåìîé ðàâåíñòâîì x(t) = L−1(t)z(t), ãäå n-ìåðíàÿ âåêòîð-ôóíêöèÿ

z(t) = eA0t

(
e−A0t0L(t0)x0 +

t∫

t0

e−A0τB0B
∗
0e−A∗0τdτN−1

0 (T )e−A0t0×

× (
e−A0T L(t0+T )xT−L(t0)x0

)
+

t∫

t0

e−A0τ
(
B0v(τ)+L(τ)g(τ)

)
dτ

)
,

èìååò âèä

uv(t) = M−1(t)
(
B∗

0e−A∗0tN−1
0 (T )e−A0t0

(
e−A0T L(t0+T )xT−

−L(t0)x0

)−B∗
0Ã(t)z(t) + v(t)

)
.

(23)

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 1, ñèñòåìà (1) çàìåíîé ïåðåìåííûõ
z = L(t)x, ãäå L(t) � ìàòðèöà âèäà (8), îòîáðàæàåòñÿ íà ñèñòåìó (14),
êîòîðóþ, â ñèëó ðàâåíñòâà Ã(t) = A0 + B0B

∗
0Ã(t), ïåðåïèøåì â âèäå

ż = A0z + B0

(
B∗

0Ã(t)z + M(t)u
)

+ L(t)g(t). (24)

Ïðè ýòîì òî÷êè x0, xT îòîáðàæàþòñÿ, ñîîòâåòñòâåííî, â òî÷êè z0 = L(t0)x0,
zT = L(t0 + T )xT . Ñäåëàâ çàìåíó óïðàâëåíèÿ âèäà

w = B∗
0Ã(t)z + M(t)u, (25)

ñèñòåìà (24) ïðèíèìàåò âèä

ż = A0z + B0w + L(t)g(t). (26)

Áóäåì èñêàòü óïðàâëåíèå wv(t), êîòîðîå ïåðåâîäèëî áû òî÷êó z0 â òî÷êó zT

çà âðåìÿ T ∈ (t0, t1−t0] íà îòðåçêå [t0, t0+T ] ïî òðàåêòîðèè z(t) ñèñòåìû (26),
â âèäå

wv(t) = B∗
0e−A∗0tξ + v(t), (27)
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ãäå ξ � ïîñòîÿííûé n-ìåðíûé âåêòîð, ïîäëåæàùèé îïðåäåëåíèþ, à v(t)
� r-ìåðíàÿ âåêòîð-ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ (22). Ïîñêîëüêó
òðàåêòîðèÿ ñèñòåìû (26) ñ óïðàâëåíèåì wv(t) âèäà (27), íà÷èíàþùàÿñÿ â
ìîìåíò âðåìåíè t0 â òî÷êå z0, èìååò âèä

z(t)=eA0t

(
e−A0t0z0+

t∫

t0

e−A0τB0B
∗
0e−A∗0τdτξ+

t∫

t0

e−A0τ
(
B0v(τ)+L(τ)g(τ)

)
dτ

)
,

òî, èñïîëüçóÿ âèä ìàòðèöû N0(T ) èç (21) è ðàâåíñòâî (22), èìååì

zT = z(t0 + T ) = eA0(t0+T )
(
e−A0t0z0 + N0(T )ξ

)
.

Îòñþäà ïîëó÷àåì

ξ=N−1
0 (T )e−A0t0

(
e−A0T zT−z0

)
=N−1

0 (T )e−A0t0
(
e−A0T L(t0+T )xT−L(t0)x0

)
.

Èç (25) íàõîäèì

uv(t) = M−1(t)
(
B∗

0e−A∗0tξ −B∗
0Ã(t)z(t) + v(t)

)
. (28)

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ ξ â âûðàæåíèå äëÿ z(t) è â (28), ïîëó÷àåì
óïðàâëåíèå uv(t) âèäà (23). Â ñèëó íåâûðîæäåííîñòè ìàòðèöû L(t), èç
ðàâåíñòâà z(t) = L(t)x(t) íàõîäèì òðàåêòîðèþ x(t) = L−1(t)z(t), ïî êîòîðîé
òî÷êà x0 ïåðåâîäèòñÿ óïðàâëåíèåì uv(t) âèäà (23) â òî÷êó xT çà âðåìÿ T íà
îòðåçêå âðåìåíè [t0, t0 + T ]. 2

2.3. Ïîñòðîåíèå óïðàâëåíèé, ðåøàþùèõ çàäà÷ó ïîëíîé óïðàâ-
ëÿåìîñòè çà ëþáîå ôèêñèðîâàííîå âðåìÿ.

Â òåîðåìå 1 ïðèâîäèòñÿ ìíîæåñòâî óïðàâëåíèé uv(t), êàæäîå èç êîòîðûõ
ðåøàåò çàäà÷ó ïîëíîé óïðàâëÿåìîñòè äëÿ ñèñòåìû (1) çà íåêîòîðîå ôèêñèðî-
âàííîå âðåìÿ T, äëÿ êîòîðîãî âûïîëíåíî óñëîâèå (22). Â ñëåäóþùåé òåîðåìå
äàåòñÿ âèä óïðàâëåíèÿ u(t), êîòîðîå ðåøàåò çàäà÷ó ïîëíîé óïðàâëÿåìîñòè
äëÿ ñèñòåìû (1) çà ëþáîå ôèêñèðîâàííîå âðåìÿ T ∈ (0, t1 − t0].

Òåîðåìà 2. Ïóñòü äëÿ ñèñòåìû (1) ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1],
B(t) ∈ C(2n−1)[t0, t1] (rang B(t) = r) âûïîëíåíî óñëîâèå (6), èìåþò
ìåñòî ðàâåíñòâà (10) è âåêòîð-ôóíêöèÿ g(t) ∈ C[t0, t1] óäîâëåòâîðÿåò
óñëîâèþ (18).

Òîãäà ïðîãðàììíîå óïðàâëåíèå, ïåðåâîäÿùåå ïðîèçâîëüíóþ çàäàííóþ
òî÷êó x0 ∈ Rn â ïðîèçâîëüíóþ çàäàííóþ òî÷êó xT ∈ Rn ïî òðàåêòîðèè
x(t) = L−1z(t) çà ëþáîå âðåìÿ T ∈ (0, t1 − t0] íà îòðåçêå âðåìåíè [t0, t0 + T ],
èìååò âèä

u(t) = M−1(t)B∗
0

(
e−A∗0tN−1

0 (T )e−A0t0
(
e−A0T L(t0 + T )xT−

−L(t0)x0

)− Ã(t)z(t)− L(t)g(t)
)
,

(29)
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ãäå

z(t) = eA0t

(
e−A0t0L(t0)x0 +

t∫

t0

e−A0τB0B
∗
0e−A∗0τdτ×

×N−1
0 (T )e−A0t0

(
e−A0T L(t0+T )xT−L(t0)x0

)
)

.

(30)

Äîêàçàòåëüñòâî. Â ñèëó ñëåäñòâèÿ 1, ñèñòåìà (1) çàìåíîé ïåðåìåííûõ
z = L(t)x, ãäå L(t) � ìàòðèöà âèäà (8), îòîáðàæàåòñÿ íà ñèñòåìó (19).
Âûáåðåì r-ìåðíóþ âåêòîð-ôóíêöèþ v(t) â âèäå v(t) = −B∗

0L(t)g(t). Òîãäà, â
ñèëó óñëîâèÿ (18), èìååì B0v(t)+L(t)g(t) ≡ 0, à, ñëåäîâàòåëüíî, óñëîâèå (22)
âûïîëíåíî äëÿ ëþáîãî T ∈ (0, t1 − t0] è z(t) èìååò âèä (30). Ïîäñòàâëÿÿ
âûðàæåíèå äëÿ v(t) â (23), ïîëó÷àåì, ÷òî óïðàâëåíèå, ïåðåâîäÿùåå ïðîèç-
âîëüíóþ çàäàííóþ òî÷êó x0 ∈ Rn â ïðîèçâîëüíóþ çàäàííóþ òî÷êó xT ∈ Rn ïî
òðàåêòîðèè x(t) = L−1(t)z(t) çà ëþáîå âðåìÿ T ∈ (0, t1−t0], èìååò âèä (29), ò.å.
ñèñòåìà (1) ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé çà ëþáîå âðåìÿ T ∈ (0, t1 − t0]
íà îòðåçêå [t0, t0 + T ]. 2

3. Ïîñòðîåíèå ìíîæåñòâà îãðàíè÷åííûõ
ïðîãðàììíûõ óïðàâëåíèé, ðåøàþùèõ çàäà÷ó

ëîêàëüíîé íóëü-óïðàâëÿåìîñòè çà ñâîáîäíîå âðåìÿ

Ðàññìîòðèì çàäà÷ó ëîêàëüíîé íóëü-óïðàâëÿåìîñòè çà ñâîáîäíîå âðåìÿ
ñèñòåìû (1) ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1], B(t) ∈ C(2n−1)[t0, t1] è
âåêòîð-ôóíêöèåé g(t) ∈ C[t0, t1], êîòîðàÿ óäîâëåòâîðÿåò óñëîâèþ (18),
ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå âèäà u ∈ Ω = {u ∈ Rr : ‖u‖ ≤ d}, ãäå
d > 0 � çàäàííîå ÷èñëî.

Ïîä çàäà÷åé ëîêàëüíîé íóëü-óïðàâëÿåìîñòè çà ñâîáîäíîå âðåìÿ
T ∈ (0, t1 − t0] ñèñòåìû (1) ñ çàäàííûìè îãðàíè÷åíèÿìè íà óïðàâëåíèå
u ∈ Ω áóäåì ïîíèìàòü íàõîæäåíèå óïðàâëåíèÿ u = u(t), ïåðåâîäÿùåãî
ïðîèçâîëüíóþ çàäàííóþ òî÷êó x0 íåêîòîðîé îêðåñòíîñòè Q ⊂ Rn íà÷àëà
êîîðäèíàò â íà÷àëî êîîðäèíàò çà íåêîòîðîå âðåìÿ T = T (x0) íà îòðåçêå
[t0, t0 + T ] è óäîâëåòâîðÿþùåå îãðàíè÷åíèÿì u(t) ∈ Ω äëÿ âñåõ t ∈ [t0, t0 + T ].

Ðåøåíèå ýòîé çàäà÷è ïðîâåäåì íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìî-
ñòè [4]. Íå îãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì, ÷òî rang B(t) = r. Ïðåäïîëîæèì,
÷òî âûïîëíåíî óñëîâèå (6) è èìåþò ìåñòî ðàâåíñòâà (10). Îïðåäåëèì âåêòîð-
ôóíêöèè c1(t), . . . , cr(t) ðàâåíñòâàìè (7) è ðàññìîòðèì íåâûðîæäåííóþ
ìàòðèöó L(t) âèäà (8). Òîãäà çàìåíîé ïåðåìåííûõ z = L(t)x ñèñòåìà (1)
îòîáðàæàåòñÿ íà ñèñòåìó (19), êîòîðóþ ïåðåïèøåì â âèäå

ż = A0z + B0

(
B∗

0Ã(t)z + M(t)u + B∗
0L(t)g(t)

)
, (31)
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à òî÷êà x0 îòîáðàæàåòñÿ â òî÷êó z0 = L(t0)x0.

Ïóñòü f1(s), . . . , fr(s) � ïðîèçâîëüíûå íåîòðèöàòåëüíûå íåâîçðàñòàþùèå
íà ïîëóîñè [0,+∞) ôóíêöèè, ñîîòâåòñòâåííî, ñ íå ìåíåå, ÷åì n1, . . . , nr

òî÷êàìè óáûâàíèÿ, êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì
∞∫

0

s2ni−2fi(s)ds < ∞, i = 1, . . . , r. (32)

Îáîçíà÷èì ÷åðåç F ìíîæåñòâî íàáîðîâ f èç òàêèõ ôóíêöèé f1(s), . . . , fr(s).

Äëÿ íàáîðà f ∈ F îïðåäåëèì (n×n)-ìàòðèöó Ff (s) = diag
(
fi(s)Ei

)r

i=1
, ãäå

Ei � åäèíè÷íàÿ (ni×ni)-ìàòðèöà, è ðàññìîòðèì ñåìåéñòâî
{
Nf,α(Θ)

}
α≥1,Θ>0

ïîëîæèòåëüíî îïðåäåëåííûõ ìàòðèö

Nf,α(Θ) =

∞∫

0

Ff

(
t/Θ

1
α

)
e−A0tB0B

∗
0e−A∗0tdt, (33)

ãäå ìàòðèöû A0 è B0 èìåþò âèä (20) è (16) ñîîòâåòñòâåííî.
Ðàññìîòðèì äèàãîíàëüíûå (n×n)-ìàòðèöû

Hα = diag(Hα
1 , . . . , Hα

r ), Dα(Θ) = diag(Dα,1(Θ), . . . , Dα,r(Θ)),

ãäå Hα
i = diag

(
−2ni−2k+1

2α

)ni

k=1
, Dα,i(Θ) = diag

(
Θ

2ni−2k+1

2α

)ni

k=1
� (ni×ni)-

ìàòðèöû, i = 1, . . . , r.

Ïîñêîëüêó

Θ
1
α e−A0Θ

1
α sB0B

∗
0e−A∗0Θ

1
α s = Dα(Θ)e−A0sB0B

∗
0e−A∗0sDα(Θ), (34)

òî èç (33) ïîëó÷àåì ðàâåíñòâî

Nf,α(Θ) = Dα(Θ)NfDα(Θ), (35)

ãäå Nf =
∞∫
0

Ff (s)e−A0sB0B
∗
0e−A∗0sds. Ñëåäîâàòåëüíî, ìàòðèöà N−1

f,α(Θ) èìååò
ïðåäñòàâëåíèå

N−1
f,α(Θ) = D−1

α (Θ)N−1
f D−1

α (Θ). (36)

3.1. Ïîñòðîåíèå ìíîæåñòâà ôóíêöèé óïðàâëÿåìîñòè.
Ïóñòü a0 � ïîëîæèòåëüíîå ÷èñëî, óñëîâèå âûáîðà êîòîðîãî áóäåò

ïðèâåäåíî äàëåå. Äëÿ ôèêñèðîâàííîãî íàáîðà f è êîíå÷íîãî ÷èñëà α ≥ 1
ðàññìîòðèì ôóíêöèþ

Φf,α(Θ, z) = 2a0Θ− (N−1
f,α(Θ)z, z), Θ > 0, z 6= 0. (37)



64 Ñêîðèê Â. À.

Âûáåðåì ëþáîå ÷èñëî Θ̂ > 0. Ïîëîæèì Rf,α = δ
√

2a0Θ̂/‖N−1
f,α(Θ̂)‖, ãäå

δ ∈ (0, 1), è ðàññìîòðèì îáëàñòü Q1
f,α = {z : ‖z‖ ≤ Rf,α}. Òîãäà

Φf,α(Θ̂, z) > 0 äëÿ âñåõ z ∈ Q1
f,α \ {0}. (38)

Ëåììà 2. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
óðàâíåíèå

Φf,α(Θ, z) = 0, z ∈ Q1
f,α \ {0}, (39)

îïðåäåëÿåò åäèíñòâåííóþ ïîëîæèòåëüíóþ, íåïðåðûâíî äèôôåðåíöèðóåìóþ
ôóíêöèþ Θf,α(z), êîòîðàÿ ïðè óñëîâèè

Θf,α(0) = 0 (40)

ÿâëÿåòñÿ íåïðåðûâíîé â íóëå.

Äîêàçàòåëüñòâî. Âû÷èñëèì ïðîèçâîäíóþ ïî Θ ìàòðèöû Nf,α(Θ), èìååì
∂

∂Θ
Nf,α(Θ) =

1
Θ

Ñf,α(Θ), ãäå

Ñf,α(Θ) =

∞∫

0

s

α
Θ1/αe−A0sΘ1/α

B0B
∗
0e−A∗0sΘ1/α

d (−Ff (s)) .

Â ñèëó ðàâåíñòâà (34), ìàòðèöà Ñf,α(Θ) èìååò ïðåäñòàâëåíèå

Ñf,α(Θ) = Dα(Θ)Ñf,αDα(Θ), (41)

ãäå Ñf,α =

∞∫

0

s

α
e−A0sB0B

∗
0e−A∗0sd (−Ff (s)) ÿâëÿåòñÿ, î÷åâèäíî, íåîòðèöà-

òåëüíî îïðåäåëåííîé ìàòðèöåé. Òîãäà èìååì ðàâåíñòâî

∂

∂Θ
Nf,α(Θ) =

1
Θ

Dα(Θ)Ñf,αDα(Θ). (42)

Íà îñíîâå ðàâåíñòâà

∂

∂Θ
N−1

f,α(Θ) = − 1
Θ

N−1
f,α(Θ)Ñf,α(Θ)N−1

f,α(Θ),

ïîëó÷àåì, ÷òî
∂Φf,α(Θ, z)

∂Θ
≥ 2a0 > 0, z ∈ Q1

f,α \ {0}, (43)

ò.å. Φf,α(Θ, z) ÿâëÿåòñÿ âîçðàñòàþùåé ïî Θ ôóíêöèåé. Íà îñíîâå íåðàâåíñòâà
(N−1

f,α(Θ)z, z) ≥ ‖z‖2/‖Nf,α(Θ)‖, â ñèëó (35), ïîëó÷àåì

lim
Θ→+0

Φf,α(Θ, z) = −∞, z ∈ Q1
f,α \ {0}. (44)
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Èç ñîîòíîøåíèé (38), (43), (44) ñëåäóåò, ÷òî óðàâíåíèå (39) èìååò åäèíñòâåí-
íîå ïîëîæèòåëüíîå ðåøåíèå Θ = Θf,α(z), z ∈ Q1

f,α \ {0}. Ïîñêîëüêó ôóíêöèÿ
Φf,α(Θ, z) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé ïî Θ è ïî z, ïðè÷åì
âûïîëíåíî íåðàâåíñòâî (43), òî, â ñèëó òåîðåìû î íåÿâíîé ôóíêöèè, ôóíêöèÿ
Θf,α(z) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé â îáëàñòè Q1

f,α \ {0} è åå
ïðîèçâîäíàÿ (Θf,α(z))z îïðåäåëÿåòñÿ ðàâåíñòâîì

(Θf,α(z))z =
2N−1

f,α(Θf,α)z

2a0+Θ−1
f,α

(
Ñf,α(Θf,α)N−1

f,α(Θf,α)z,N−1
f,α(Θf,α)z

) . (45)

Ïîêàæåì íåïðåðûâíîñòü ôóíêöèè Θf,α(z) ïðè z = 0. Èç ðàâåíñòâà (39),
â ñèëó (36), ñëåäóåò, ÷òî ïðè ìàëûõ çíà÷åíèÿõ ôóíêöèè Θf,α(z) ñïðàâåäëèâî
íåðàâåíñòâî

Θf,α(z) ≤
(
‖N−1

f ‖‖z‖2/(2a0)
)α/(α+2n1−1)

. (46)

Äëÿ ïðîèçâîëüíîãî ÷èñëà ε > 0 âûáåðåì ÷èñëî δ = δ(ε) > 0, óäîâëåòâîðÿþùåå
íåðàâåíñòâó δ <

√
2a0ε(α+2n1−1)/α / ‖N−1

f ‖. Òîãäà èç íåðàâåíñòâà (46),
ó÷èòûâàÿ (40), ïîëó÷àåì, ÷òî Θf,α(z) < ε äëÿ âñåõ z ∈ {z ∈ Rn : ‖z‖ < δ}. 2

3.2. Ïîñòðîåíèå ìíîæåñòâà óïðàâëåíèé.
Ïðîèçâåäåì â ñèñòåìå (31) çàìåíó óïðàâëåíèÿ

w = B∗
0Ã(t)z + M(t)u + B∗

0L(t)g(t). (47)

Òîãäà ñèñòåìà (31) ïðèíèìàåò âèä ż = A0z+B0w. Âûáåðåì óïðàâëåíèå w̃f,α(z)
â âèäå

w̃f,α(z) = −1
2
B∗

0Ff (0)N−1
f,α(Θf,α(z))z, z ∈ Q1

f,α \ {0}. (48)

Ëåììà 3. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
óïðàâëåíèå w̃f,α(z) â êàæäîì ìíîæåñòâå K(ρ1, ρ2) = {z : 0 < ρ1 ≤ ‖z‖ ≤
ρ2 ≤ Rf,α} óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ ïîñòîÿííîé L ew(ε, ρ2) òàêîé,
÷òî L ew(ε, ρ2) → +∞ ïðè ε → +0.

Äîêàçàòåëüñòâî. Ïîëó÷èì îöåíêè ñíèçó è ñâåðõó äëÿ ôóíêöèè óïðàâëÿ-
åìîñòè Θ(z) â îáëàñòè K(ε, ρ2), ãäå ε ∈ (0, ρ2). Ïîñêîëüêó ôóíêöèÿ Θf,α(z)
óäîâëåòâîðÿåò ðàâåíñòâó

2a0Θf,α(z) =
(
D−1

α (Θf,α(z))N−1
f D−1

α (Θf,α(z))z, z
)

, (49)

òî
2a0Θf,α(z) ≤ ‖N−1

f ‖‖D−1
α (Θf,α(z))‖2‖z‖2. (50)

Ïîñêîëüêó
‖D−1

α (Θ)‖ = max
{

Θ− 2n1−1
2α , Θ− 1

2α

}
, (51)
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òî èç íåðàâåíñòâà (50) ïîëó÷àåì

Θf,α(z) ≤ Θmax(ρ2), z ∈ K(ε, ρ2), (52)

ãäå

Θmax(ρ2) = max

{(
1

2a0
‖N−1

f ‖ρ2
2

) α
α+1

,

(
1

2a0
‖N−1

f ‖ρ2
2

) α
α+2n1−1

}
.

Èç ðàâåíñòâà (49) èìååì

2a0Θf,α(z) ≥ ‖z‖2

‖Dα(Θf,α(z))‖2‖Nf‖ . (53)

Ïîñêîëüêó
‖Dα(Θ)‖ = max

{
Θ

1
2α , Θ

2n1−1
2α

}
, (54)

òî èç íåðàâåíñòâà (53) ïîëó÷àåì,

Θf,α(z) ≥ Θmin(ε), z ∈ K(ε, ρ2), (55)

ãäå

Θmin(ε) = min

{(
ε2

2a0‖Nf‖
) α

α+1

,

(
ε2

2a0‖Nf‖
) α

α+2n1−1

}
,

ïðè÷åì
Θmin(ε) → 0 ïðè ε → 0. (56)

Ïîëó÷èì îöåíêó ñâåðõó äëÿ
(
w̃f,α(z)

)
z
â îáëàñòè K(ε, ρ2).

Èç ðàâåíñòâà (45) ïîëó÷àåì

∥∥(Θf,α(z))z

∥∥ ≤ 1
a0
‖D−1

α (Θf,α(z))‖2‖N−1
f ‖‖z‖. (57)

Ïîñêîëüêó

(w̃f,α(z))z =
1

2Θf,α(z)
B∗

0Ff (0)N−1
f,α(Θf,α(z))Ñf,α(Θf,α(z))×

×N−1
f,α(Θf,α(z)) (Θf,α(z))∗z z − 1

2
B∗

0Ff (0)N−1
f,α(Θf,α(z)),

òî, â ñèëó ðàâåíñòâ (36), (41) è íåðàâåíñòâà (57), èìååì

‖ (w̃f,α(z))z ‖ ≤ µ1
1

Θf,α(z)
‖D−1

α (Θf,α(z))‖6‖Dα(Θf,α(z))‖2‖z‖2+

+µ2‖D−1
α (Θf,α(z))‖2,

(58)
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ãäå µ1 = ‖Ff (0)‖ ‖N−1
f ‖3‖Ñf,α‖/(2a0), µ2 = ‖B∗

0Ff (0)‖ ‖N−1
f ‖/2. Íà îñíîâå

ðàâåíñòâ (51), (54), â ñèëó íåðàâåíñòâ (52), (55), ïîëó÷àåì

1
Θf,α(z)

‖D−1
α (Θf,α(z))‖6‖Dα(Θf,α(z))‖2 ≤ Θmax(ε, ρ2), z ∈ K(ε, ρ2),

‖D−1
α (Θf,α(z))‖2 ≤ Θmin(ε), z ∈ K(ε, ρ2),

ãäå
Θmax(ε, ρ2) = max

{
Θ
− 6n1+α−4

α
min (ε), Θ

2n1−α−4
α

min (ε), Θ
2n1−α−4

α
max (ρ2)

}
,

Θmin(ε) = max
{

Θ
− 2n1−1

α
min (ε), Θ

− 1
α

min(ε)
}

.

Òîãäà èç íåðàâåíñòâà (58) ïîëó÷àåì

‖ (w̃f,α(z))z ‖ ≤ L ew(ε, ρ2), z ∈ K(ε, ρ2),

ãäå L ew(ε, ρ2) = µ1Θmax(ε, ρ2)ρ2
2 + µ2Θmin(ε). Ïîñêîëüêó, â ñèëó ñîîòíîøåíèÿ

(56), Θmin(ε) → +∞ ïðè ε → +0, òî L ew(ε, ρ2) → +∞ ïðè ε → 0.
Òàêèì îáðàçîì, äëÿ ëþáûõ z′ ∈ K(ρ1, ρ2), z′′ ∈ K(ρ1, ρ2) èìååì

‖w̃f,α(z′)− w̃f,α(z′′)‖ ≤ ‖ (w̃f,α(z))z ‖‖z′ − z′′‖ ≤ L ew(ε, ρ2)‖z′ − z′′‖,

ãäå L ew(ε, ρ2) → +∞ ïðè ε → 0. 2

3.3. Óñòàíîâëåíèå äèôôåðåíöèàëüíîãî íåðàâåíñòâà äëÿ ôóíêöèé
óïðàâëÿåìîñòè è ïîñòðîåíèå îáëàñòè óïðàâëÿåìîñòè.

Ðàññìîòðèì ìàòðèöû

Pf = −1
2
B∗

0Ff (0)N−1
f , Af = A0 + B0Pf ,

Wf = −(N−1
f Af + A∗fN−1

f ), Nα
f = N−1

f −HαN−1
f −N−1

f Hα. (59)
Ïîêàæåì, ÷òî Wf , Nα

f ÿâëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè ìàòðèöàìè.
Èñïîëüçóÿ âèä ìàòðèöû Ff (s), èìååì

A0Nf + NfA∗0 = −
∞∫

0

Ff (s)d
(
e−A0sB0B

∗
0e−A∗0s

)
= Ff (0)B0B

∗
0 − N̂f ,

ãäå N̂f =

∞∫

0

e−A0sB0B
∗
0e−A∗0sd(−Ff (s)) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé

ìàòðèöåé. Òîãäà

N−1
f A0 + A∗0N

−1
f = N−1

f Ff (0)B0B
∗
0N−1

f −N−1
f N̂fN−1

f ,
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îòêóäà, â ñèëó ðàâåíñòâà Ff (0)B0B
∗
0 = B0B

∗
0Ff (0), ïîëó÷àåì

Wf = N−1
f N̂fN−1

f . (60)

Ñëåäîâàòåëüíî, Wf ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé.
Ïîñêîëüêó èç ðàâåíñòâà (35) èìååì

∂

∂Θ
Nf,α(Θ) =

1
Θ

Dα(Θ) (−HαNf −NfHα) Dα(Θ),

òî îòñþäà è èç ðàâåíñòâà (42) ïîëó÷àåì ðàâåíñòâî

Ñf,α = −NfHα −HαNf . (61)

Óìíîæàÿ îáå ÷àñòè ýòîãî ðàâåíñòâà ñëåâà è ñïðàâà íà ìàòðèöó N−1
f , ïîëó÷àåì

−N−1
f Hα −HαN−1

f = N−1
f Ñ−1

f,αN−1
f .

Ïîñêîëüêó Ñf,α � íåîòðèöàòåëüíî îïðåäåëåííàÿ ìàòðèöà, òî (−N−1
f Hα −

−HαN−1
f ) ÿâëÿåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé ìàòðèöåé. Ïîñêîëüêó

N−1
f � ïîëîæèòåëüíî îïðåäåëåííàÿ ìàòðèöà, òî ìàòðèöà Nα

f ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé.

Ëåììà 4. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
ïðîèçâîäíàÿ ôóíêöèè óïðàâëÿåìîñòè Θf,α(z) â ñèëó ñèñòåìû

ż = A0z + B0w̃f,α(z) (62)

îïðåäåëÿåòñÿ ðàâåíñòâîì

Θ̇f,α(z) = −
(
WfD−1

α (Θf,α(z))z,D−1
α (Θf,α(z))z

)
(
Nα

f D−1
α (Θf,α(z))z, D−1

α (Θf,α(z))z
) Θ

1− 1
α

f,α (z), z ∈ Q1
f,α \ {0},

è óäîâëåòâîðÿåò íåðàâåíñòâàì

−Λf,αΘ
1− 1

α
f,α (z) ≤ Θ̇f,α(z) ≤ −λf,αΘ

1− 1
α

f,α (z), z ∈ Q1
f,α \ {0}, (63)

ãäå Λf,α > 0, λf,α > 0 � íàèáîëüøåå è íàèìåíüøåå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû (Nα

f )−1Wf , ãäå ìàòðèöû Nα
f è Wf îïðåäåëåíû ðàâåíñòâàìè (59).

Äîêàçàòåëüñòâî. Ïîëîæèì y(Θ, z) = D−1
α (Θ)z. Òîãäà, â ñèëó (36),

ðàâåíñòâî (39) ïðè Θ = Θf,α(z) è óïðàâëåíèå (48) ïðèíèìàþò âèä

2a0Θf,α(z)−
(
N−1

f y(Θf,α, z), y(Θf,α, z)
)

= 0, (64)

w̃f,α(z) = Θ
− 1

2α
f,α (z)Pfy. (65)
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Â ñèëó ðàâåíñòâà D−1
α (Θ)

(
A0Dα(Θ) + B0PfΘ− 1

2α

)
= AfΘ− 1

α , èìååì

ẏ =

(
Θ̇f,α(z)
Θf,α(z)

Hα + AfΘ
− 1

α
f,α (z)

)
y. (66)

Èç ðàâåíñòâà (64), â ñèëó ðàâåíñòâà (66), ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ ôóíêöèè
óïðàâëÿåìîñòè Θf,α(z) â ñèëó ñèñòåìû (62) ñ óïðàâëåíèåì (65) èìååò âèä

Θ̇f,α(z) = −(Wfy, y)
(Nα

f y, y)
Θ

1− 1
α

f,α (z). (67)

Ïîëó÷èì òî÷íûå îöåíêè äëÿ Θ̇f,α(z) â îáëàñòè Q1
f,α \ {0}.

Ïîñêîëüêó λf,α ≤ (Wfy, y)/(Fα
f y, y) ≤ Λf,α, ãäå λf,α > 0 Λf,α > 0, ÿâëÿþòñÿ,

ñîîòâåòñòâåííî, íàèìåíüøèì è íàèáîëüøèì ñîáñòâåííûìè çíà÷åíèÿìè
ìàòðèöû

(
Nα

f

)−1
Wf , òî èç ðàâåíñòâà (67) ïîëó÷àåì íåðàâåíñòâà (63). 2

Â ñëåäóþùåé ëåììå ñòðîèòñÿ îáëàñòü ðàçðåøèìîñòè çàäà÷è íóëü-óïðàâ-
ëÿåìîñòè è ïðèâîäÿòñÿ îöåíêè íà âðåìÿ äâèæåíèÿ èç ëþáîé òî÷êè ýòîé
îáëàñòè â íà÷àëî êîîðäèíàò.

Ëåììà 5. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1 ïðè
âûáîðå ÷èñëà cf,α èç óñëîâèÿ

0 < cf,α ≤ min

{
σδ2Θ̂

‖Nf,α(Θ̂)‖‖N−1
f,α(Θ̂)‖

,

(
λf,α(t1−t0)

α

)α
}

, (68)

ãäå σ ∈ (0, 1), ìíîæåñòâî Qf,α = {z : Θf,α(z) ≤ cf,α} ÿâëÿåòñÿ
îãðàíè÷åííûì è Qf,α ⊂ intQ1

f,α. Âðåìÿ äâèæåíèÿ Tf,α(z0) èç ïðîèçâîëüíîé
òî÷êè z0 ∈ Qf,α \ {0} â íà÷àëî êîîðäèíàò óäîâëåòâîðÿåò îöåíêàì

α

Λf,α
Θ

1
α
f,α(z0) ≤ Tf,α(z0) ≤ α

λf,α
Θ

1
α
f,α(z0). (69)

Äîêàçàòåëüñòâî. Â ñèëó íåðàâåíñòâà (38), èìååì
{

z : (N−1
f,α(Θ̂)z, z) < 2a0Θ̂

}
⊃

{
z : ‖z‖2 < 2a0Θ̂/‖N−1

f,α(Θ̂)‖
}

.

Ïîñêîëüêó (N−1
f,α(Θ)z, z) � óáûâàþùàÿ ïî Θ ôóíêöèÿ, òî, â ñèëó íåðàâåíñòâà

(N−1
f,α(Θ)z, z) ≥ ‖z‖2/‖Nf,α(Θ)‖, ïîëó÷àåì

Q1
f,α ⊃

{
z : Θf,α(z) ≤ R2

f,α/(2a0‖Nf,α(Θ̂)‖)
}

.

Èñïîëüçóÿ âûðàæåíèå äëÿ Rf,α, ïîëó÷àåì, ÷òî äëÿ ÷èñëà cf,α, óäîâëåòâîðÿ-
þùåãî óñëîâèþ (68), ñïðàâåäëèâî âêëþ÷åíèå Qf,α ⊂ intQ1

f,α.
Â ñèëó òåîðåìû 1.3 [4], èç íåðàâåíñòâà (63) ïîëó÷àåì, ÷òî âðåìÿ äâèæåíèÿ

Tf,α = Tf,α(z0) èç ïðîèçâîëüíîé òî÷êè z0 ∈ Qf,α \ {0} â íà÷àëî êîîðäèíàò ïî
òðàåêòîðèè z(t) ñèñòåìû (62) óäîâëåòâîðÿåò îöåíêàì (69). 2
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3.4. Îãðàíè÷åííîñòü óïðàâëåíèÿ.
Èç (47), â ñèëó (48) è íåâûðîæäåííîñòè ìàòðèöû M(t), ïîëó÷àåì

ũf,α(t, z) = M−1(t)
(
w̃f,α(z)−B∗

0Ã(t)z −B∗
0L(t)g(t)

)
=

= −M−1(t)B∗
0

(1
2
Ff (0)N−1

f,α(Θf,α(z))z + Ã(t)z + L(t)g(t)
)
.

(70)

Â ñèëó ëåììû 3, óïðàâëåíèå ũf,α(t, z) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà â
êàæäîì ìíîæåñòâå Kt(ρ1, ρ2) = {(t, z) : t ∈ [t0, t1], 0 < ρ1 ≤ ‖z‖ ≤ ρ2 ≤ Rf,α}
ñ Leu(ε, ρ2) = max

t∈[t0,t1]
‖M−1(t)‖

(
L ew(ε, ρ2) + max

t∈[t0,t1]
‖B∗

0Ã(t)‖
)
→ +∞ ïðè ε → 0.

Îáîçíà÷èì θf,α(t) = Θf,α(z(t)), Θ0
f,α � åäèíñòâåííîå ïîëîæèòåëüíîå

ðåøåíèå óðàâíåíèÿ (39) ïðè z = z0. Òîãäà z(t) íà [t0, t0 + Tf,α] ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è Êîøè





ż = A0z − 1
2
B0B

∗
0Ff (0)N−1

f,α(θf,α)z,

θ̇f,α = −
(
WfD−1

α (θf,α)z,D−1
α (θf,α)z

)

(Nα
f D−1

α (θf,α)z,D−1
α (θf,α)z)

θ
1− 1

α
f,α ,

z(t0) = z0,

θf,α(t0) = Θ0
f,α.

(71)

Ðàññìîòðèì óïðàâëåíèå uf,α(t) ïðè t ∈ [t0, t0+Tf,α] âèäà

uf,α(t) = ũf,α(t, z(t)) = M−1(t)
(
wf,α(t)−B∗

0(Ã(t)z(t)+L(t)g(t))
)

=

= −M−1(t)B∗
0

(1
2
Ff (0)N−1

f,α(θf,α(t))z(t) + Ã(t)z(t)+L(t)g(t)
)
. (72)

Ëåììà 6. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
÷èñëî a0 â óðàâíåíèè (39) ìîæåò áûòü âûáðàíî òàêèì, ÷òî óïðàâëåíèå
(72) óäîâëåòâîðÿåò îãðàíè÷åíèÿì âèäà

‖uf,α(t)‖ ≤ d, t ∈ [t0, t0 + Tf,α], (73)

ãäå
d > d0 = max

t∈[t0,t0+bTf,α]
‖M−1(t)B∗

0L(t)g(t)‖, T̂f,α =
α

λf,α
c
1/α
f,α . (74)

Äîêàçàòåëüñòâî. Ïåðåïèøåì óïðàâëåíèå uf,α(t) èç (72) â âèäå

uf,α(t) = M−1(t)
((

θ
− 1

2α
f,α (t)Pf −B∗

0Ã(t)Dα(θf,α(t))
)
y(t)−

−B∗
0L(t)g(t)

)
, t ∈ [t0, t0 + Tf,α],

(75)
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ãäå y(t) = D−1
α (θf,α(t))z(t). Èç (63) ñëåäóåò, ÷òî θf,α(t) ≤ cf,α è z(t) ∈ Qf,α

äëÿ âñåõ t ∈ [t0, t0 + Tf,α]. Èç ðàâåíñòâà (64) èìååì

‖y(t)‖2 ≤ 2a0θf,α(t)‖Nf‖, t ∈ [t0, t0 + Tf,α].

Ïîñêîëüêó ‖Dα(Θ)‖ = max
{

Θ
1
2α , Θ

2n1−1
2α

}
, òî èç (75) ïîëó÷àåì, ÷òî ïðè

t ∈ [t0, t0+Tf,α] ⊂ [t0, t0 + T̂f,α] ⊂ [t0, t1] ñïðàâåäëèâî íåðàâåíñòâî

‖uf,α(t)‖≤
(

M1c
α−1
2α

f,α +M2 max
{

c
α+1
2α

f,α , c
2n1+α−1

2α
f,α

})√
2a0‖Nf‖+d0, (76)

ãäå M1 = max
t∈[t0,t0+bTf,α]

‖M−1(t)Pf‖, M2 = max
t∈[t0,t0+bTf,α]

‖M−1(t)B∗
0Ã(t)‖. Âûáåðåì

÷èñëî a0 â óðàâíåíèè (39) èç óñëîâèÿ

0 < a0 ≤ (d− d0)2

2‖Nf‖
(

M1c
α−1
2α

f,α + M2 max
{

c
α+1
2α

f,α , c
2n1+α−1

2α
f,α

})2 . (77)

Òîãäà èç íåðàâåíñòâà (76) ïîëó÷àåì, ÷òî óïðàâëåíèå uf,α(t) âèäà (72)
óäîâëåòâîðÿåò îãðàíè÷åíèÿì (73). 2

Òåîðåìà 3. Ðàññìîòðèì ñ ìàòðèöàìè A(t) ∈ C(2n−2)[t0, t1], B(t) ∈
C(2n−1)[t0, t1] (rang B(t) = r) è óäîâëåòâîðÿþùåé óñëîâèþ (6) âåêòîð-
ôóíêöèåé g(t) ∈ C[t0, t1] ñèñòåìó (1), äëÿ êîòîðîé âûïîëíåíî óñëîâèå (18) è
èìåþò ìåñòî ðàâåíñòâà (10), ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå âèäà ‖u‖ ≤ d,
ãäå d � çàäàííîå ÷èñëî, óäîâëåòâîðÿþùåå íåðàâåíñòâó (74).

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) f ∈ F � íàáîð íåîòðèöàòåëüíûõ íåâîçðàñòàþùèõ ôóíêöèé f1(s), . . . ,
fr(s) íà ïîëóîñè [0, +∞), ñîîòâåòñòâåííî, ñ íå ìåíåå, ÷åì n1, . . . , nr

÷èñëîì òî÷åê óáûâàíèÿ, êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì (32);
2) äëÿ êîíå÷íîãî ÷èñëà α ≥ 1 ïîñòîÿííàÿ cf,α óäîâëåòâîðÿåò óñëîâèþ

(68) è ÷èñëî a0 óäîâëåòâîðÿåò óñëîâèþ (77);
3) ôóíêöèÿ óïðàâëÿåìîñòè Θf,α(L(t)x) ïðè x 6= 0 îïðåäåëÿåòñÿ èç

óðàâíåíèÿ (39) è Θf,α(0) = 0;
4) Qf,α(t) = {x : Θ

(
L(t)x

) ≤ cf,α}, t ∈ [t0, t1].

Òîãäà äëÿ ñèñòåìû (1) óïðàâëåíèå uf,α(t) âèäà (72) ðåøàåò çàäà÷ó
ëîêàëüíîé íóëü-óïðàâëÿåìîñòè â îáëàñòè Qf,α(t0) çà ñâîáîäíîå âðåìÿ è
óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì, ïðè÷åì âðåìÿ äâèæåíèÿ
Tf,α

(
L(t0)x0

)
èç ïðîèçâîëüíîé òî÷êè x0 ∈ Qf,α(t0) â íà÷àëî êîîðäèíàò ïî

òðàåêòîðèè x(t) = L−1(t)z(t), ãäå z(t) � ðåøåíèå çàäà÷è (71), óäîâëåòâîðÿåò
îöåíêàì (69).
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Äîêàçàòåëüñòâî. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî
÷èñëà α ≥ 1 ïîñòðîåíà íåîòðèöàòåëüíàÿ ôóíêöèÿ óïðàâëÿåìîñòè Θ(L(t)x) =
= Θf,α(z), êîòîðàÿ ïðè óñëîâèè Θf,α(0) = 0 ÿâëÿåòñÿ íåïðåðûâíîé â îáëàñòè
Q1

f,α(t) = {(t, x) : t ∈ [t0, t1], ‖L(t)x‖ ≤ Rf,α} è íåïðåðûâíî äèôôåðåíöèðóåìîé
â ýòîé îáëàñòè ïðè x 6= 0 (ëåììà 2), äëÿ êîòîðîé âûïîëíåíû íåðàâåíñò-
âà (63) (ëåììà 4) è ñïðàâåäëèâî âêëþ÷åíèå Qf,α(t) ⊂ intQ1

f,α(t) (ëåììà 5).
Óïðàâëåíèå ũf,α(t, L(t)x) âèäà (70) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà â
êàæäîé îáëàñòè {(t, x) : t0 ≤ t ≤ t1, 0 < ρ1 ≤ ‖L(t)x‖ ≤ ρ2} ñ ïîñòîÿííîé
Leu(ε, ρ2) → +∞ ïðè ε → 0 è uf,α(t) = ũf,α(t, L(t)x(t)) óäîâëåòâîðÿåò
çàäàííûì îãðàíè÷åíèÿì (73) (ëåììà 6).

Òîãäà íà îñíîâå òåîðåìû 1.1. [4] è òåîðåìû 1.3 [4] ïîëó÷àåì óòâåðæäåíèå
äàííîé òåîðåìû. 2

Ñëåäñòâèå 2. Ïóñòü â óñëîâèÿõ òåîðåìû 3 ôóíêöèè

f1(s) = . . . = fr(s) = fα(s) =





(
1− s

α

)α
ïðè s ∈ [0, α),

0 ïðè s ≥ α.
(78)

Òîãäà äëÿ ñèñòåìû (1) óïðàâëåíèå âèäà (72) ðåøàåò çàäà÷ó ëîêàëüíîé
íóëü-óïðàâëÿåìîñòè â îáëàñòè Qf,α(t0) çà ñâîáîäíîå âðåìÿ è óäîâëåòâîðÿåò
çàäàííûå îãðàíè÷åíèÿ, ïðè÷åì âðåìÿ äâèæåíèÿ Tf,α = Tf,α(L(t0)x0) èç
ïðîèçâîëüíîé òî÷êè x0 ∈ Qf,α(t0) â íà÷àëî êîîðäèíàò ïî òðàåêòîðèè
x(t) = L−1(t)z(t), ãäå z(t) � ðåøåíèå çàäà÷è

{
ż =

(
A0 − 1

2B0B
∗
0Ff,α

((
t0+Tf,α−t

α

)α))
z,

z(t0) = L(t0)x0,
(79)

ðàâíî αΘ
1
α
f,α

(
L(t0)x0

)
.

Äîêàçàòåëüñòâî. Äëÿ òàêîãî íàáîðà f ôóíêöèé f1(s), . . . , fr(s) âèäà (78)
ìàòðèöà Ff (s) = fα(s)E è d(−fα(s)) =

(
1− s

α

)α−1
ds. Ñëåäîâàòåëüíî,

ìàòðèöû Nf , Ñf,α, N̂f ïðèíèìàþò âèä

Nf =

α∫

0

(
1− s

α

)α
e−A0sB0B

∗
0e−A∗0sds,

Ñf,α =

α∫

0

s

α

(
1− s

α

)α−1
e−A0sB0B

∗
0e−A∗0sds,

N̂f =

α∫

0

(
1− s

α

)α−1
e−A0sB0B

∗
0e−A∗0sds.
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Äëÿ ýòèõ ìàòðèö ñïðàâåäëèâî ðàâåíñòâî Nf + Ñf,α = N̂f , è, ñëåäîâàòåëüíî,
N−1

f N̂fN−1
f = N−1

f

(
Nf + Ñf,α

)
N−1

f . Òîãäà, èñïîëüçóÿ ðàâåíñòâà (60), (61),
ïîëó÷àåì ðàâåíñòâî

Wf = N−1
f −HαN−1

f −N−1
f Hα = Nα

f . (80)

Èç ðàâåíñòâà (34), â ñèëó ðàâåíñòâà (80), èìååì

Θ̇f,α(L(t)x) = −Θ
1− 1

α
f,α (L(t)x), (81)

îòêóäà ïîëó÷àåì, ÷òî T = Tf,α(L(t0)x0) � âðåìÿ äâèæåíèÿ èç ïðîèçâîëüíîé
òî÷êè x0 ∈ Qf,α(t0) â íà÷àëî êîîðäèíàò, îïðåäåëÿåòñÿ ðàâåíñòâîì
Tf,α(L(t0)x0) = αΘ

1
α
f,α(L(t0)x0).

Èç (81) ñëåäóåò, ÷òî ôóíêöèÿ θf,α(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè

θ̇f,α = −θ
1− 1

α
f,α , θf,α(t0) = Θ0

f,α

è èìååò âèä

θf,α(t) =
(
t0 + α

(
Θ0

f,α

) 1
α − t

)α

/αα = (t0 + Tf,α − t)α /αα. (82)

Òîãäà èç (71), â ñèëó (82), ïîëó÷àåì, ÷òî òðàåêòîðèÿ z(t), ïî êîòîðîé òî÷êà
z0 ïåðåõîäèò â íà÷àëî êîîðäèíàò çà âðåìÿ Tf,α(z0), ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è Êîøè (79). Ñëåäîâàòåëüíî, â ñèëó ðàâåíñòâà z = L(t)x, èìååì, ÷òî
òðàåêòîðèÿ x(t), ïî êîòîðîé òî÷êà x0 ïåðåõîäèò â íà÷àëî êîîðäèíàò çà âðåìÿ
Tf,α = αΘ

1
α
f,α

(
L(t0)x0

)
, îïðåäåëÿåòñÿ ðàâåíñòâîì x(t) = L−1(t)z(t). 2

3.5. Íàõîæäåíèå òðàåêòîðèè.
Äëÿ íàáîðà f èç ïðîèçâîëüíûõ íåîòðèöàòåëüíûõ íåâîçðàñòàþùèõ ôóíê-

öèé f1(s), . . . , fr(s) íà ïîëóîñè [0,+∞), ñîîòâåòñòâåííî, ñ íå ìåíåå, ÷åì
n1, . . . , nr òî÷êàìè óáûâàíèÿ, êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì (32), è
êîíå÷íîãî ôèêñèðîâàííîãî ÷èñëà α ≥ 1 íàéäåì òðàåêòîðèþ x(t) ñèñòåìû (1),
êîòîðàÿ îòâå÷àåò óïðàâëåíèþ uf,α(t) è íà÷èíàåòñÿ â ïðîèçâîëüíîé òî÷êå x0 ∈
Qf,α(t0) â ìîìåíò âðåìåíè t0 è îêàí÷èâàåòñÿ â íà÷àëå êîîðäèíàò. Äëÿ ýòîãî
âûáåðåì ÷èñëî a0 èç óñëîâèÿ (77) è íàéäåì åäèíñòâåííûé ïîëîæèòåëüíûé
êîðåíü Θ0

f,α óðàâíåíèÿ (39) ïðè z = z0 = L(t0)x0. Òîãäà x(t) = L−1(t)z(t), ãäå
z(t) � ðåøåíèå çàäà÷è Êîøè (71).

Îòäåëüíî ðàññìîòðèì íàõîæäåíèå îòâå÷àþùåé óïðàâëåíèþ uf,α(t) òðàåê-
òîðèè x(t) ñèñòåìû (1), êîòîðàÿ íà÷èíàåòñÿ â ïðîèçâîëüíîé òî÷êå x0 ∈
Qf,α(t0) è îêàí÷èâàåòñÿ â íà÷àëå êîîðäèíàò, â ñëó÷àå íàáîðà f èç ôóíêöèé
f1(s), . . . , fr(s) âèäà (78) è ôèêñèðîâàííîãî ÷èñëà α ≥ 1. Äëÿ ýòîãî âûáåðåì
÷èñëî a0 èç óñëîâèÿ (77) è íàéäåì åäèíñòâåííûé ïîëîæèòåëüíûé êîðåíü Θ0

f,α

óðàâíåíèÿ (39) ïðè z = z0 = L(t0)x0 è îïðåäåëèì âðåìÿ äâèæåíèÿ Tf,α(z0) =
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= α
(
Θ0

f,α

) 1
α

. Ðàññìîòðèì çàäà÷ó Êîøè (79), êîòîðàÿ â êîìïîíåíòíîé ôîðìå
çàïèñè èìååò âèä





żsi−1+j = zsi−1+j+1, j = 1, . . . , ni−1,

żsi = −1
2

ni∑

k=1

αni−k+1n′sisi−1+kzsi−1+k

(t0 + Tf,α − t)ni−k+1
,

zsi−1+j(t0) =
(
∆j−1
∗ ci(t0)

)∗
x0, j = 1, . . . , ni,

i = 1, . . . , r,

ãäå n′ij � ýëåìåíòû ìàòðèöû N−1
f . Îòñþäà äëÿ êàæäîãî i = 1, . . . , r ïîëó÷àåì

çàäà÷ó Êîøè äëÿ ôóíêöèè zsi−1+1(t) âèäà




2(t0+Tf,α−t)niz
(ni)
si−1+1+

ni∑

k=1

αkn′sisi−k+1(t0+Tf,α−t)ni−kz
(ni−k)
si−1+1 = 0,

z
(j)
si−1+1(t0) = zsi−1+j+1(t0), j = 0, . . . , ni−1.

(83)

Ýòè äèôôåðåíöèàëüíûå óðàâíåíèÿ ÿâëÿþòñÿ óðàâíåíèÿìè Ýéëåðà, êîòîðûå
ñâîäÿòñÿ ê äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.
Îáîçíà÷èì ÷åðåç ∆0 � òîæäåñòâåííûé îïåðàòîð,

∆1 = − d

dτ
, ∆k =

(
− d

dτ
+ k − 1

)
. . .

(
− d

dτ

)
, k = 2, . . . , n1.

Çàìåíîé âðåìåíè t = t0+Tf,α−eτ èç (83) ïîëó÷àåì çàäà÷è Êîøè îòíîñèòåëüíî
ôóíêöèé yi(τ) = zsi−1+1(t0 + Tf,α − eτ ), i = 1, . . . , r, âèäà





2∆niyi(τ) +
ni∑

k=1

αkn′sisi−k+1∆ni−kyi(τ) = 0,

yi(τ0) = c∗i (t0)x0,

(∆1yi)(τ0) = Tf,α (∆∗ci(t0))
∗ x0,

. . . . . . .

(∆ni−1yi)(τ0) = Tni−1
f,α (∆ni−1∗ ci(t0))∗x0,

(84)

ãäå τ0 = ln(Tf,α). Ðåøèâ ýòè çàäà÷è Êîøè, íàõîäèì ôóíêöèè y1(τ), . . . , yr(τ).
Òîãäà

zsi−1+1(t) = yi(ln(t0 + Tf,α − t)), i = 1, . . . , r, (85)
à îñòàëüíûå ôóíêöèè zsi−1+2(t), . . . , zsi(t) íàõîäÿòñÿ ïóòåì äèôôåðåíöèðî-
âàíèÿ ïîñëåäíåãî ðàâåíñòâà, ò.å.

zsi−1+j(t) = z
(j−1)
si−1+1(t), j = 2, . . . , ni, (86)

è, òàêèì îáðàçîì, z(t) íàéäåíî. Òîãäà òðàåêòîðèÿ x(t), ïî êîòîðîé
óïðàâëåíèå uf,α(t) ïåðåâîäèò òî÷êó x0 ∈ Qf,α(t0) â íà÷àëî êîîðäèíàò çà
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âðåìÿ Tf,α, îïðåäåëÿåòñÿ ðàâåíñòâîì x(t) = L−1(t)z(t). Êàê ñëåäóåò èç
âûøå èçëîæåííîãî, äëÿ åå íàõîæäåíèÿ òðåáóåòñÿ ëèøü îäèí ðàç ðåøèòü
óðàâíåíèå (39).

Îòìåòèì, ÷òî i-òàÿ êîìïîíåíòà óïðàâëåíèÿ wf,α(t) ìîæåò áûòü íàéäåíà
òàêæå ïóòåì äèôôåðåíöèðîâàíèÿ ôóíêöèè zsi(t), à, ñëåäîâàòåëüíî,

wf,α(t) = w̃f,α(z(t)) =




żs1(t)
żs2(t)
. . .

żsr(t)


 ,

è
uf,α(t) = M−1(t)

(
wf,α(t)−B0Ã(t)z(t)−B∗

0L(t)g(t)
)

.

Ïðèìåð 1. Ðàññìîòðèì ïîñòðîåíèå ìíîæåñòâà óïðàâëåíèé, ðåøàþùèõ
çàäà÷ó ëîêàëüíîé íóëü-óïðàâëÿåìîñòè äëÿ ñèñòåìû





ẋ1 =
1

1 + t
x1 +

1
(1 + t)2

x2 +
1

1 + t
u +

sin 10t

2 + 2t
,

ẋ2 = 2x1 − 2
1 + t

x2 + 2u + sin 10t, t ∈ [0,∞),
(87)

è óäîâëåòâîðÿþùèõ îãðàíè÷åíèÿì |u| ≤ d. Ýòà ñèñòåìà èìååò âèä (1), ãäå

A(t) =




1
1+t

1
(1+t)2

2 − 2
1+t


 , B(t) =




1
1+t

2


 , g(t) =




sin 10t
2t+2
sin 10t


 .

Ñèñòåìà (87) ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé áåç îãðàíè÷åíèé íà óïðàâëå-
íèå, ïîñêîëüêó

detQ(t) = det(B(t),∆B(t)) =

∣∣∣∣∣∣∣

1
1+t

4
(1+t)2

2 − 2
1+t

∣∣∣∣∣∣∣
= − 10

(1 + t)2
.

Ïîñêîëüêó óïðàâëåíèå ÿâëÿåòñÿ îäíîìåðíûì, òî K(t) = Q(t). Îïðåäåëèì
âåêòîð-ôóíêöèþ

c(t) = (K∗(t))−1 B0 =




1+t

5
(1+t)2

5
2
5

−1+t

10




(
0
1

)
=




(1+t)2

5

−1+t

10


 ,

à, ñëåäîâàòåëüíî, è íåâûðîæäåííóþ ìàòðèöó

L(t) =
(

c∗(t)
(∆∗c(t))∗

)
=




(1+t)2

5
−1+t

10
2+2t

5
3
10


 , det L(t) =

(1+t)2

10
.
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Ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ (18), ïîñêîëüêó c∗(t)g(t) = 0. Òàê êàê
M−1(t)B∗

0L(t)g(t) = (sin 10t)/2, òî d0 = 1/2.
Çàìåíîé ïåðåìåííûõ

z = L(t)x =




(1 + t)2

5
x1 − 1 + t

10
x2

2 + 2
5

x1 +
3
10

x2


 (88)

ñèñòåìà (87) îòîáðàæàåòñÿ íà ñèñòåìó




ż1 = z2,

ż2 =
5

(1 + t)2
z1 +

1
1 + t

z2 + u +
1
2

sin 10t,
(89)

ïðè ýòîì ïðîèçâîëüíî çàäàííàÿ òî÷êà x0 îòîáðàæàåòñÿ â òî÷êó z0 = L(0)x0.
Âûáåðåì ôóíêöèþ f(s) â âèäå (78). Òîãäà

Nf,α(Θ) =




2α3Θ3/α

(1+α)(2+α)(3+α)
− α2Θ2/α

(1 + α)(2 + α)

− α2Θ2/α

(1 + α)(2 + α)
αΘ1/α

1 + α


 , (90)

N−1
f,α(Θ) =




(2 + α)2(3 + α)
α3Θ3/α

(2 + α)(3 + α)
α2Θ2/α

(2 + α)(3 + α)
α2Θ2/α

2(2 + α)
αΘ1/α


 . (91)

Âûáåðåì ÷èñëî Θ̂ > 0. Ïîñêîëüêó

‖Nf,α(Θ̂)‖ =
αΘ̂1/α

2(1+α)(2+α)(3+α)

(
(2+α)(3+α)+2α2Θ̂2/α+

+
√

(6+5α+α2)2+4α2(3+α)Θ̂2/α+4α4Θ̂4/α
)
,

(92)

‖N−1
f,α(Θ̂)‖ =

2 + α

2α3Θ̂3/α

(
(2+α)(3+α) + 2α2Θ̂2/α+

+
√

(6+5α+α2)2 + 4α2(3 + α)Θ̂2/α + 4α4Θ̂4/α
)
,

(93)

òî óñëîâèå (68) âûáîðà cf,α ïðèíèìàåò âèä

0<cf,α≤
(
4σα2(1+α)(3+α)Θ̂ 1+2/α

)/(
(2+α)(3+α)+2α2Θ̂ 2/α+

+
√

(6+5α+α2)2+4α2(3+α)Θ̂ 2/α+4α4Θ̂ 4/α
)2

, σ ∈ (0, 1).

Â ÷àñòíîñòè, ïðè α = 5 äëÿ Θ̂ = 10 è çíà÷åíèÿõ σ ∈ [0.99, 1), δ ∈ [0.99, 1)
ïîñòîÿííóþ cf,5 ìîæíî âçÿòü ðàâíîé åäèíèöå.
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Âûáåðåì ÷èñëî a0 èç óñëîâèÿ (77), ïîëîæèâ åãî ðàâíûì

(d− 0.5)2

2‖Nf‖
(
M1c

α−1
2α

f,α +M2c
γ
f,α

)2 ,

ãäå d > 1/2,

‖Nf‖ =
α
(
(2+α)(3+α)+α2+

√
36+60α+49α2+14α3+5α4

)

2(1+α)(2+α)(3+α)
,

M1 =
2 + α

2α2

√
9 + 6α + 5α2 , M2 = max

t∈[0,bTf,α]

√
26 + 2t + t2

(1 + t)4
=
√

26.

Îïðåäåëèì ôóíêöèþ Θf,α(z) ïðè z 6= 0 èç óðàâíåíèÿ (39), êîòîðîå ïðèíèìàåò
âèä

2a0Θ− (2+α)2(3+α)z2
1

α3Θ3/α
− 2(2+α)(3+α)z1z2

α2Θ2/α
− 2(2+α)z2

2

αΘ1/α
= 0, (94)

è ðàññìîòðèì îáëàñòü Qf,α = {z : Θf,α(z) ≤ cf,α}. Ãðàíèöà ýòîé îáëàñòè
èìååò âèä

{
z :

(
N−1

f,α(cf,α)z, z
)

= 2a0cf,α

}
.

Ïîñòðîèì óïðàâëåíèå uf,α(t), êîòîðîå ïåðåâîäèò ïðîèçâîëüíî çàäàííóþ
òî÷êó x0 îáëàñòè Qf,α =

{
x0 :

(
N−1

f,α(cf,α)L(0)x0, L(0)x0

) ≤ 2a0cf,α

}
â íà÷àëî

êîîðäèíàò ïî òðàåêòîðèè ñèñòåìû (87) çà íåêîòîðîå âðåìÿ T = Tf,α(x0) è
óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì. Äëÿ ýòîãî íàéäåì åäèíñòâåííûé
ïîëîæèòåëüíûé êîðåíü Θ0

f,α óðàâíåíèÿ (94) ïðè z1 = z10, z2 = z20, îïðåäåëèì

Tf,α = α
(
Θ0

f,α

)1/α
è ðàññìîòðèì çàäà÷ó Êîøè





ż1 = z2, ż2 = −(2+α)(3+α)
2α2θ2/α

z1 − 2+α

αθ1/α
z2, θ̇ = −θ1−1/α,

z1(0) = z10, z2(0) = z20, θ(0) = Θ0
f,α.

(95)

Ïîñêîëüêó ðåøåíèå çàäà÷è Êîøè θ̇ = −θ1−1/α, θ(0) = Θ0
f,α èìååò âèä

θ(t) =
(
α

(
Θ0

f,α

)1/α − t
)α

/αα = (Tf,α − t)α /αα,

òî èç (95) ïîëó÷àåì, ÷òî z(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè




ż1 = z2, ż2 = −(2+α)(3+α)
2(Tf,α−t)2

z1 − 2+α

Tf,α−t
z2,

z1(0) = z10, z2(0) = z20.

Îòñþäà ïîëó÷àåì




2(Tf,α−t)2z̈1+(4+2α)(Tf,α−t)ż1+(2+α)(3+α)z1 = 0,
z1(0) = z10,
ż1(0) = z20.
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Çàìåíîé âðåìåíè t = Tf,α − eτ èìååì îòíîñèòåëüíî ôóíêöèè
y1(τ) = z1(Tf,α − eτ ) çàäà÷ó Êîøè





2y′′1 − 2(3+α)y′1 + (2+α)(3+α)y1 = 0,
y1(τ0) = z10,
y′1(τ0) = −Tf,αz20,

ãäå τ0 = ln Tf,α. Ðåøåíèåì ýòîé çàäà÷è Êîøè ÿâëÿåòñÿ ôóíêöèÿ

y1(τ) = e
1
2
(3+α)τ

(
(k1 cosµτ + k2 sinµτ

)
,

ãäå µ =
√

(1+α)(3+α)/2,

k1 =
1
2µ

T
− 1

2
(3+α)

f,α

(
(2µ cosµτ0+(3+α) sin µτ0) z10+2Tf,αz20 sinµτ0

)
,

k2 = 1
2µT

− 1
2
(3+α)

f,α

(
(2µ sinµτ0−(3+α) cos µτ0) z10−2Tf,αz20 cosµτ0

)
.

Òîãäà èç ðàâåíñòâ z1(t) = y1(ln(Tf,α − t), z2(t) = ż1(t) ïîëó÷àåì

z(t)=




(Tf,α−t)
3+α

2

(
k1 cosµ ln(Tf,α−t)+k2 sinµ ln(Tf,α−t)

)

(Tf,α−t)
1+α

2

(
k3 cosµ ln(Tf,α−t)+k4 sinµ ln(Tf,α−t)

)


 ,

ãäå k3 = −k1(3+α)/2−k2µ, k4 = k1µ−k2(3+α)/2.
Òàêèì îáðàçîì, óïðàâëåíèå uf,α(t), ïåðåâîäÿùåå çàäàííóþ òî÷êó

x0 = (x10, x20)∗ îáëàñòè Qf,α =
{

x0 :
(
N−1

f,α(cf,α)L(0)x0, L(0)x0

)
≤ 2a0cf,α

}

â íà÷àëî êîîðäèíàò ïî òðàåêòîðèè

x(t) =




1
(1+t)2

z1(t) +
1

1+t
z2(t)

− 4
1+t

z1(t) + 2z2(t)




çà âðåìÿ Tf,α = α
(
Θ0

f,α

) 1
α

, ãäå Θ0
f,α � åäèíñòâåííûé ïîëîæèòåëüíûé

êîðåíü óðàâíåíèÿ 2a0Θ = (Ff,α(Θ)L(0)x0, L(0)x0), è óäîâëåòâîðÿåò çàäàííûì
îãðàíè÷åíèÿì, èìååò âèä

uf,α(t) = −(2+α)(3+α)z1(t)
2(Tf,α−t)2

+
5z1(t)
(1+t)2

− (2+α)z2(t)
Tf,α−t

− z2(t)
1+t

−sin 10t

2
.

Ðàññìîòðèì ñëó÷àé d = 5. Ïóñòü α = 5, Θ̂ = 10. Âûáåðåì cf,5 = 1. Òîãäà

a0 =
425250

(18259 + 350
√

1066)(53 +
√

1609)
,

à îáëàñòü, â êîòîðîé óïðàâëåíèå uf,5(t) ðåøàåò çàäà÷ó ëîêàëüíîé íóëü-
óïðàâëÿåìîñòè äëÿ ñèñòåìû (87), èìååò âèä

Qf,5 =
{
(x10, x20)∗ : 832x2

10+568x10x20+133x2
20 ≤ 12500a0/7

}

è èçîáðàæåíà íà ðèñ. 1.
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Ðèñ. 1: Îáëàñòü Qf,5 è ôàçîâàÿ
òðàåêòîðèÿ.
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Ðèñ. 2: Ãðàôèê óïðàâëåíèÿ u(t).
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Ðèñ. 3: Ãðàôèêè êîìïîíåíò
òðàåêòîðèè x(t) íà [0, Tf,5].

x1HtL

x2HtL

0 4.975 4.98 4.985 4.99 4.995 5
t

-5.´ 10-8

-2.5´ 10-8

2.5´ 10-8

5.´ 10-8

Ðèñ. 4: Ãðàôèêè êîìïîíåíò
òðàåêòîðèè x(t) íà [4.97, Tf,5].

Ãðàôèê óïðàâëåíèÿ uf,5(t), êîòîðîå ïåðåâîäèò òî÷êó x0 = (−1.1, 2.25)∗

â íà÷àëî êîîðäèíàò çà âðåìÿ Tf,5 = 4.99895..., è ãðàôèêè êîìïîíåíò
ñîîòâåòñòâóþùåé òðàåêòîðèè x(t) = (x1(t), x2(t))∗ èçîáðàæåíû, ñîîòâåòñòâåí-
íî, íà ðèñ. 2, 3, 4, à íà ðèñ. 1 èçîáðàæåíà ôàçîâàÿ òðàåêòîðèÿ.
Ïðèìåð 2. Ðàññìîòðèì ïîñòðîåíèå óïðàâëåíèé, ðåøàþùèõ çàäà÷ó ëîêàëü-
íîé íóëü-óïðàâëÿåìîñòè çà ñâîáîäíîå âðåìÿ äëÿ ñèñòåìû





ẋ1 = tx1 + u2 + sin 5t,
ẋ2 = u1 − cos 5t,
ẋ3 = x2 + tx4,
ẋ4 = tx2 − tu1 + t cos 5t,
ẋ5 = tx3 + x5 + tu2 + t sin 5t,

t ∈ [0,∞), (96)

è óäîâëåòâîðÿþùèõ îãðàíè÷åíèÿì ‖u‖ ≤ d, ãäå ÷èñëî d > 1.
Ìàòðèöû A(t), B(t) ñèñòåìû (96) èìåþò âèä

A(t)=




t 0 0 0 0
0 0 0 0 0
0 1 0 t 0
0 t 0 0 0
0 0 t 0 1




, B(t)=




0 1
1 0
0 0
−t 0
0 t




,

à âåêòîð-ôóíêöèÿ g(t) = (sin 5t,− cos 5t, 0, t cos 5t, t sin 5t)∗, ïðè÷åì ðàíã
ìàòðèöû B(t) ïîñòîÿííûé äëÿ ëþáîãî t ∈ [0, +∞) è ðàâåí 2. Ïîñêîëüêó

rang
(
B(t), ∆B(t), ∆2B(t),∆3B(t), ∆4B(t)

)
= 5, t ∈ [0, +∞),
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òî ñèñòåìà (96) ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé.
Ïîñêîëüêó

b1(t)=




0
1
0
−t
0




, b2(t)=




1
0
0
0
t




, ∆b1(t)=




0
0

1−t2

1+t
0




, ∆b2(t)=




t
0
0
0

t−1




,

∆2b1(t)=




0
0

t(t+3)
−1
t−t3




, ∆2b2(t)=




t2−1
0
0
0

t−2




, ∆3b1(t)=




0
0

−3(t+1)
0

6t2+t−1




,

∆3b2=




t(t2−3)
0
0
0

t−3




, ∆4b1=




0
0
3
0

3t2−14t−2




, ∆4b2=




t4−6t2+3
0
0
0

t−4




,

òî ìàòðèöà K(t) èìååò âèä K(t) = (b1(t),∆b1(t), ∆2b1(t), b2(t), ∆b2(t)), ðàíã
êîòîðîé ðàâåí ïÿòè äëÿ ëþáîãî t ∈ [0, +∞], detK(t) = −(1+t)3(1−t+t2) 6= 0
íà ëþáîì îòðåçêå [t0, t1] ⊂ [0,+∞) è n1 = 3, n2 = 2. Îòìåòèì, ÷òî òàê êàê

rang
(
b1(t),∆b1(t), ∆2b1(t), ∆3b1(t), ∆4b1(t)

)
= 4,

rang
(
b2(t),∆b2(t), ∆2b2(t), ∆3b2(t), ∆4b2(t)

)
= 2,

t ∈ [0, +∞),

òî ñèñòåìà (96) íå ìîæåò áûòü óïðàâëÿåìîé òîëüêî u1 èëè u2.

Ðàâåíñòâàìè (7) îïðåäåëèì n-ìåðíûå âåêòîð-ôóíêöèè c1(t), c2(t), êîòîðûå
èìåþò âèä

c1(t) =
(

0,
(t−1)t
(1+t)2

,
1

(1+t)2
,

t−1
(1+t)2

, 0
)∗

,

c2(t) =
(

t

t2−t+1
, − t2(t−1)2

1+t3
, − t(t−1)

1+t3
, − t(t−1)2

1+t3
,

1
t3+t−1

)∗
,

è ïîñòðîèì íåâûðîæäåííóþ ìàòðèöó L(t).
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Ñèñòåìà (96) çàìåíîé ïåðåìåííûõ z = L(t)x, èìåþùåé âèä

z1 =
t2 − t

(1 + t)2
x2 +

1
(1 + t)2

x3 +
t− 1

(1 + t)2
x4,

z2 =
3t + t3

(1 + t)3
x2 − 2

(1 + t)3
x3 +

3 + t2

(1 + t)3
x4,

z3 =
1−5t+6t2+t3+t4

(1 + t)4
x2 +

6
(1 + t)4

x3 − 9 + 3t2

(1 + t)4
x4,

z4 =
t

1− t + t2
x1 − (t− 1)2t2

1 + t3
x2 − t2 − t

1 + t3
x3 − (t− 1)2t

1 + t3
x4 +

1
−1 + t− t2

x5,

z5 =
1−t3+t4

(1−t+t2)2
x1+

−t+4t2−2t3+t4−2t5+t6−t7)
(1+t3)2

x2−−1+3t+t2+2t3+t5

(1+t3)2
x3+

+
−1 + 4t− 2t2 + t3 − 2t4 + t5 − t6

(1 + t3)2
x4 − 2− 3t + t2

(1− t + t2)2
x5,

îòîáðàæàåòñÿ íà ñèñòåìó




ż1 = z2,
ż2 = z3,

ż3 =
3

(1+t)2
z2 − 3

1+t
z3 + u1 − cos 5t,

ż4 = z5,

ż5 =
−3−9t+12t2−2t3+t4+3t5

(1−t+t2)2
z1 +

1−4t−3t2

1−t+t2
z2−

−1+4t−7t2+6t3−4t4+t5

(1−t+t2)2
z4 +

2−2t+t3

1−t+t2
z5 + u2 + sin 5t,

ïðè ýòîì òî÷êà x0 îòîáðàæàåòñÿ â òî÷êó z0 = L(0)x0. Âåêòîð-ôóíêöèÿ
g(t) = (sin 5t,− cos 5t, 0, t cos 5t, t sin 5t)∗ óäîâëåòâîðÿåò óñëîâèþ (18), ê òîìó
æå d0 = 1. Ñëåäîâàòåëüíî, ñèñòåìà (96) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3.

Ïîñòðîèì óïðàâëåíèå uf,α(t), êîòîðîå áóäåò ïåðåâîäèòü ïðîèçâîëüíóþ
çàäàííóþ òî÷êó x0 = (x10, x20, x30, x40, x50)∗ íåêîòîðîé îêðåñòíîñòè íà÷àëà
êîîðäèíàò â íà÷àëî êîîðäèíàò çà ñâîáîäíîå âðåìÿ, â âèäå (72). Äëÿ ýòîãî
âûáåðåì íàáîð f ôóíêöèé f1(s), f2(s) âèäà

f1(s) =





3 ïðè s ∈ [0, 1],
2 ïðè s ∈ (1, 2],
1 ïðè s ∈ (2, 3],
0 ïðè s > 3,

f2(s) =





2 ïðè s ∈ [0, 1],
1 ïðè s ∈ (1, 2],
0 ïðè s > 2.

Òîãäà

N−1
f,α(Θ) =




920
561Θ5/α

420
187Θ4/α

50
51Θ3/α 0 0

420
187Θ4/α

624
187Θ3/α

28
17Θ2/α 0 0

50
51Θ3/α

28
17Θ2/α

113
102Θ1/α 0 0

0 0 0 12
11Θ3/α

10
11Θ2/α

0 0 0 10
11Θ2/α

12
11Θ1/α




.
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Äëÿ Θ̂ = 165
α

α−4 èç óñëîâèÿ (68) âûáåðåì cf,α = 1 è èç óñëîâèÿ (77)
âûáåðåì

a0 =
115600(d− 1)2

1443
(
629 +

√
50993 + 215665/α2 + 198434/α

)2 .

Îïðåäåëèì ôóíêöèþ Θf,α(z) ïðè z 6= 0 èç óðàâíåíèÿ (39), êîòîðîå ïðèíèìàåò
âèä

2a0Θ1+ 5
α − 920

561z2
1 − 840

187Θ
1
α z1z2 − 624

187Θ
2
α z2

2 − 100
51 Θ

2
α z1z3−

−56
17Θ

3
α z2z3−113

102Θ
4
α z2

3−12
11Θ

2
α z2

4−20
11Θ

3
α z4z5−12

11Θ
4
α z2

5 = 0.

(97)

Âûáåðåì òî÷êó x0 èç îáëàñòè
{

x0 :
(
N−1

f,α(1)L(0)x0, L(0)x0

) ≤ 2a0

}
, òîãäà

z0 ∈ Qf,α = {z : Θf,α(z) ≤ 1}. Íàéäåì åäèíñòâåííûé ïîëîæèòåëüíûé êîðåíü
Θ0

f,α óðàâíåíèÿ (97) ïðè z1 = z10, z2 = z20, z3 = z30, z4 = z40, z5 = z50. Ðåøèì
çàäà÷ó Êîøè





ż1 = z2, ż2 = z3, ż3 = − 25z1

17θ3/α − 42z2

17θ2/α − 113z3

68θ1/α ,

ż4 = z5, ż5 = − 10z4

11θ2/α − 12z5

11θ1/α ,

θ̇ = −θ1−1/α

(
2500z2

1

867θ5/α + 61120z1z2

9537θ4/α + 11592z2
2

3179θ3/α + 19310z1z3

9537θ3/α + 22064z2z3

9537θ2/α +

+ 1345z2
3

3468θ1/α + 200z2
4

121θ3/α + 216z4z5

121θ2/α + 68z2
5

121θ1/α

)/(
920(5+α]z2

1

561αθ5/α +

+840(4+α)z1z2

187αθ4/α + 624(3+α)z2
2

187αθ3/α + 100(3+α)z1z3

51αθ3/α + 56(2+α)z2z3

17αθ2/α +

+113(1+α)z2
3

102αθ1/α + 12(3+α)z2
4

11αθ3/α + 20(2+α)z4z5

11αθ2/α + 12(1+α)z2
5

11αθ1/α

)
,

z1(0)=z10, z2(0)=z20, z3(0)=z30, z4(0)=z40, z5(0)=z50, θ(0) = Θ0
f,α.

(98)

Òîãäà óïðàâëåíèå uf,α(t), ïåðåâîäÿùåå çàäàííóþ òî÷êó x0 = (x10, x20, x30,
x40, x50)∗ èç îáëàñòè Qf,α â íà÷àëî êîîðäèíàò çà âðåìÿ Tf,α ïî òðàåêòîðèè
x(t) = L−1(t)z(t), êîòîðàÿ èìååò âèä

x(t) =




−1+4t+3t2

1−t+t2
z1(t)− 2−3t+t2

1−t+t2
z4(t) + z5(t)

3
1+t z2(t) + z3(t)

(3 + t2)z1(t) + (1− t2)z2(t)

2z1(t) + 1−t+t2

1+t z2(t)− tz3(t)
3t2+3t3+t4−t5

1−t+t2
z1(t) + −1+t3−t4

1−t+t2
z4(t) + tz5(t)




,

è óäîâëåòâîðÿþùåå çàäàííûì îãðàíè÷åíèÿì, èìååò âèä

uf,α(t)=




− 25z1(t)

17θ3/α(t)
− 3z2(t)

(1+t)2
− 42z2(t)

17θ2/α(t)
+3z3(t)

1+t − 113z3(t)

68θ1/α(t)
+cos 5t

− (−3−9t+12t2−2t3+t4+3t5)z1(t)
(1−t+t2)2

− (1−4t−3t2)z2(t)
1−t+t2

− 10z4(t)

11θ2/α(t)
+

+ (1+4t−7t2+6t3−4t4+t5)z4(t)
(1−t+t2)2

− (2−2t+t3)z5(t)
1−t+t2

− 12z5(t)

11θ1/α(t)
− sin 5t




,
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ãäå z(t), θ(t) � ðåøåíèå çàäà÷è Êîøè (98).
Â ÷àñòíîñòè, ðàññìîòðèì ñëó÷àé d = 40. Âûáåðåì α = 2, cf,2 = 1, a0 = 1

10 .
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t
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1

1.5

2

Ðèñ. 5: Ãðàôèêè êîìïîíåíò
óïðàâëåíèÿ uf,2(t).
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Ðèñ. 6: Ãðàôèê íîðìû óïðàâëåíèÿ
uf,2(t).
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Ðèñ. 7: Ãðàôèêè êîìïîíåíò òðàåêòîðèè x(t) íà îòðåçêå [0, Tf,2].

x1HtL

x3HtL

x5HtL

0 4.7926 4.7928 4.793 4.7932 4.7934
t

-2.´ 10-9

-1.´ 10-9

1.´ 10-9

2.´ 10-9

3.´ 10-9

Ðèñ. 8: Ãðàôèêè x1(t), x3(t), x5(t) íà
îòðåçêå [7.7924, Tf,2].

x2HtL

x4HtL

0 4.7926 4.7928 4.793 4.7932 4.7934
t

-6.´ 10-6

-4.´ 10-6

-2.´ 10-6

2.´ 10-6

4.´ 10-6

6.´ 10-6

Ðèñ. 9: Ãðàôèêè x2(t), x4(t) íà
îòðåçêå [7.7924, Tf,2].

Ãðàôèêè êîìïîíåíò óïðàâëåíèÿ uf,2(t), êîòîðîå ïåðåâîäèò òî÷êó x0 =
= (−0.25, 1,−0.1, 0.1,−0.25)∗ â íà÷àëî êîîðäèíàò çà âðåìÿ Tf,2 = 4.7933...,
èçîáðàæåíû íà ðèñ. 5. Ïðè ýòîì îöåíêè (69) íà âðåìÿ äâèæåíèÿ èìåþò âèä
2.8442... ≤ Tf,2 ≤ 41.925... . Ãðàôèê íîðìû óïðàâëåíèÿ uf,2(t) èçîáðàæåí
íà ðèñ. 6. Î÷åâèäíî, óïðàâëåíèå óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì.
Ãðàôèêè êîìïîíåíò òðàåêòîðèè x(t) = (x1(t), x2(t), x3(t), x4(t), x5(t))∗ íà
îòðåçêå [0, Tf,2] èçîáðàæåíû íà ðèñ. 7, à íà îòðåçêå [4.7924, Tf,2] � èçîáðàæåíû
íà ðèñ. 8, 9.
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