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Íàéäåíû îïåðàòîðû, êîòîðûå îïðåäåëÿþò îñíîâíóþ êîììóòàòèâíóþ
ñèñòåìó ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ T1, T2 êîììóòàòèâíîãî
óíèòàðíîãî ìåòðè÷åñêîãî óçëà. Îïåðàòîðû çàäàþòñÿ â òåðìèíàõ
ïîñòðîåííîé äëÿ ñèñòåìû T1, T2 ôóíêöèîíàëüíîé ìîäåëè.
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Ñèðîâàöüêèé Â.Ì., Ôóíêöiîíàëüíi ìîäåëi êîììóòàòèâíèõ ñè-
ñòåì îïåðàòîðiâ áëèçüêèõ äî óíiòàðíèõ. Çíàéäåíè îïåðàòîðè, ÿêi
âèçíà÷àþòü îñíîâíó êîìóòàòèâíó ñèñòåìó ëiíiéíèõ îáìåæåíèõ îïåðà-
òîðiâ T1, T2 êîìóòàòèâíîãî óíèòàðíîãî ìåòðè÷íîãî âóçëà. Îïåðàòîðè
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Ôóíêöèîíàëüíàÿ ìîäåëü îïåðàòîðà ñæàòèÿ T , êîòîðûé äåéñòâóåò â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H áûëà âïåðâûå ïîëó÷åíà Á.Ñ. Íàäåì è ×. Ôîÿ-
øåì [5]. Äàííàÿ ìîäåëü ïîçâîëÿåò ðåàëèçîâàòü îïåðàòîð T êàê îïåðàòîð
óìíîæåíèÿ íà íåçàâèñèìóþ ïåðåìåííóþ â ñïåöèàëüíîì ïðîñòðàíñòâå ôóíê-
öèé [5, 2]. Èçó÷åíèå ñïåêòðàëüíûõ õàðàêòåðèñòèê ýòîé ìîäåëè ïðèâåëî ê ðÿäó
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íåòðèâèàëüíûõ çàäà÷ êàê ôóíêöèîíàëüíîãî àíàëèçà òàê è òåîðèè ôóíêöèè,
ñðåäè êîòîðûõ: âîïðîñû èíòåðïîëÿöèè, çàäà÷è áàçèñíîñòè è ïîëíîòû è äð. [2].

Ïðè èñïîëüçîâàíèè òåõíèêè äèëàòàöèé Íàäÿ-Ôîÿøà [5] ïîñòðîåíèå àíà-
ëîãè÷íûõ ôóíêöèîíàëüíûõ ìîäåëåé äëÿ êîììóòàòèâíûõ ñèñòåì îïåðàòî-
ðîâ {T1, T2}, çàäàííûõ â ãèëüáåðòîâîì ïðîñòðàíñòâå H, íàòàëêèâàëîñü íà ñó-
ùåñòâåííûå òðóäíîñòè. Íà ýòîì ïóòè íå óäàëîñü ðåøèòü ïîñòàâëåííóþ âûøå
çàäà÷ó äàæå â ñëó÷àå ñæèìàåìîñòè T1 è T2. Âûõîä èç ýòîé ñèòóàöèè áûë
íàéäåí â ðàáîòå [7], êîòîðàÿ áàçèðóåòñÿ íà îáîáùåíèè ïîíÿòèÿ óçëà äëÿ êîì-
ìóòàòèâíûõ ñèñòåì îïåðàòîðîâ è ïî ñóòè áûëà âûñêàçàíà Ì.Ñ. Ëèâøèöåì.

Â ðàáîòå [8] ïîñòðîåíà ôóíêöèîíàëüíàÿ ìîäåëü ïàðû êîììóòàòèâíûõ îïå-
ðàòîðîâ, êîãäà îäèí èç íèõ ÿâëÿåòñÿ ñæàòèåì. Ýòè ïîñòðîåíèÿ îñíîâàíû íà
òåõíèêå ïðåîáðàçîâàíèé Ôóðüå. Åñëè æå íè îäèí èç îïåðàòîðîâ {T1, T2} íå
ÿâëÿåòñÿ ñæàòèåì, äàííûé ìåòîä ïðèìåíèì áûòü íå ìîæåò.

Â ðàáîòå [9] ïîñòðîåíà ôóíêöèîíàëüíàÿ ìîäåëü ïàðû êîììóòàòèâíûõ
îïåðàòîðîâ, êîãäà íè îäèí èç íèõ íå ÿâëÿåòñÿ ñæàòèåì. Ìîäåëü ïîñòðîåíà â
ïðîñòðàíñòâå Ë. äå Áðàíæà.

Â äàííîé ðàáîòå íàéäåí âèä îïåðàòîðîâ N1, N2, Γ, Ñ1, Ñ2, Γ̃, êîòîðûå îïðå-
äåëÿþò ñèñòåìó {T1, T2}.

�1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ðàññìîòðèì ëèíåéíûé îãðàíè÷åííûé îïåðàòîð T , äåéñòâóþùèé â ãèëü-
áåðòîâîì ïðîñòðàíñòâå H. Ñîâîêóïíîñòü

4 = (J ; H ⊕ E; V =
[

T Φ
Ψ K

]
;H ⊕ Ẽ; J̃) (1.1)

íàçûâàåòñÿ óíèòàðíûì óçëîì [1-4], åñëè ëèíåéíûé îïåðàòîð

V =
[

T Φ
Ψ K

]
: H ⊕E 7→ H ⊕ Ẽ (1.2)

óäîâëåòâîðÿåò ñîîòíîøåíèÿì

V ∗
[

I 0
0 J̃

]
V =

[
I 0
0 J

]
, V

[
I 0
0 J

]
V ∗ =

[
I 0
0 J̃

]
, (1.3)

ãäå J è J̃ ÿâëÿþòñÿ èíâîëþöèÿìè â ãèëüáåðòîâûõ ïðîñòðàíñòâàõ E è Ẽ ñî-
îòâåòñòâåííî, J = J∗ = J−1, J̃ = J̃∗ = J̃−1. Ëþáîé îãðàíè÷åííûé ëèíåéíûé
îïåðàòîð T â H âñåãäà ìîæåò áûòü âêëþ÷åí â óíèòàðíûé óçåë 4 (1.1), äëÿ
ýòîãî íåîáõîäèìî ïîëîæèòü [2] −E = DT ∗H, Ẽ = DT H, Ψ =

√
|DT |,

Φ =
√
|DT ∗ |, J = signDT ∗ , J̃ = signDT , K = −J̃T ∗, ãäå, êàê îáû÷íî,

DT = I − T ∗T− äåôåêòíûå îïåðàòîðû, îòâå÷àþùèå T , à
√
|A| è signA äëÿ

ñàìîñîïðÿæåííîãî îïåðàòîðà A ñëåäóåò ïîíèìàòü â ñìûñëå ñîîòâåòñòâóþùèõ
ñïåêòðàëüíûõ ðàçëîæåíèé.

Óçåë 4 (1.1) íàçûâàåòñÿ ïðîñòûì [2], åñëè H = H1, ãäå
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H1 = span{TnΦf + T ∗mΨ∗g; f ∈ E; g ∈ Ẽ; n,m ∈ Z+}. (1.4)

Ïîäïðîñòðàíñòâà H1 è H0 = H⊥
1 = H ªH1 ïðèâîäÿò îïåðàòîð T, ïðè÷¼ì

ñóæåíèå T íà H0 ÿâëÿåòñÿ óíèòàðíûì îïåðàòîðîì [2].
Îñíîâíûì èíâàðèàíòîì óçëà 4 (1), îïèñûâàþùèì ïðîñòûå óçëû, ÿâëÿ-

åòñÿ, ââåäåííàÿ åù¼ â 1946 ãîäó [1] Ì.Ñ. Ëèâøèöåì, õàðàêòåðèñòè÷åñêàÿ
îïåðàòîð-ôóíêöèÿ

S4 = K + Ψ(zI − T )−1Φ, (1.5)

êîòîðàÿ èãðàåò îñíîâíóþ ðîëü â òåîðèè òðåóãîëüíûõ [2] è ôóíêöèîíàëüíûõ
ìîäåëåé [4, 5] äëÿ îïåðàòîðîâ áëèçêèõ ê óíèòàðíûì (â ñìûñëå îïðåäåëå-
íèÿ (1.1)).

Ïðåäïîëîæèì, ÷òî dimE = dim Ẽ = r < ∞ è J = J̃ . Âûáåðåì â E è Ẽ
îðòîíîðìèðîâàííûå áàçèñû {eα}r

1 è {e′α}r
1. Òîãäà èç ðåçóëüòàòîâ Â. Ï. Ïî-

òàïîâà [2] ñëåäóåò, ÷òî ìàòðèöà-ôóíêöèÿ S4(z) = ‖ < S4(z)eα, e
′
β > ‖,

â ñëó÷àå êîãäà ñïåêòð σ(T ) îïåðàòîðà T ïðèíàäëåæèò åäèíè÷íîé îêðóæíîñòè
T = {z ∈ C; |z| = 1}, èìååò ñëåäóþùóþ ìóëüòèïëèêàòèâíóþ ñòðóêòóðó

S4(z) =

←−
l∫

0

exp
{

eıϕt + z

eıϕt − z
J dFt

}
, (1.6)

ãäå ϕt - íåîòðèöàòåëüíàÿ íåóáûâàþùàÿ íà [0, `] ôóíêöèÿ 0 ≤ ϕt ≤ 2π;
à Ft - íåóáûâàþùàÿ ýðìèòîâàÿ (r×r) ìàòðèöà-ôóíêöèÿ íà [0, `], äëÿ êîòîðîé
trFt ≡ t.

Èñïîëüçóÿ ïðåäñòàâëåíèå Â. Ï. Ïîòàïîâà (1.6) äëÿ S4(z) (5), íåòðóäíî ïî-
ñòðîèòü [2] òðåóãîëüíóþ ìîäåëü îïåðàòîðà Ò. Îáîçíà÷èì ÷åðåç L2

r,l(Fx) ãèëü-
áåðòîâî ïðîñòðàíñòâî âåêòîð-ôóíêöèé

L2
r,l(Fx) =

{
f(x) = (f1(x), . . . , fr(x));

l∫

0

f(x) dFxf∗(x) < ∞
}

. (1.7)

Çàäàäèì â L2
r,l(Fx) (1.7) ëèíåéíûé îïåðàòîð T

Tf(x) = f(x)eıϕx − 2

l∫

x

f(t) dFtΦ∗t Φ
∗−1
x Jeıϕx , (1.8)

ãäå ìàòðèöà Φx ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

Φx +

x∫

0

Φt dFtJ = I, x ∈ [0, l]. (1.9)
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Ðàññìîòðèì òàêæå ìàòðèöó-ôóíêöèþ Ψx

Ψx +

l∫

x

Ψt dFtJ = J, x ∈ [0, l]. (1.10)

Îïðåäåëèì òåïåðü îïåðàòîðû Φ : E 7→ L2
r,l(Fx) è Ψ : L2

r,l(Fx) 7→ E (çäåñü
E = Cn) ñëåäóþùèì îáðàçîì

Φf(x) =
√

2fΨxeıϕx , Ψf(x) =
√

2

l∫

0

f(x) dFxΦ∗x , (1.11)

ãäå f ∈ E. È ïóñòü K = S4(∞) (1.6). Ñîâîêóïíîñòü

4c = (J ;L2
r,l(Fx)⊕E; V =

[
T Φ
Ψ K

]
; L2

r,l(Fx)⊕E; J) (1.12)

ÿâëÿåòñÿ óíèòàðíûì óçëîì (1.1)-(1.3) è íàçûâàåòñÿ òðåóãîëüíîé ìîäåëüþ
ïðîñòîãî óçëà 4 (1.1), ãäå L2

r,l(Fx), T , Φ, Ψ - èìåþò âèä (1.7), (1.8) -
(1.11). Ïîñëåäíåå îçíà÷àåò, ÷òî ïðîñòûå êîìïîíåíòû (1.4) ó óçëîâ 4 (1.1)
è 4c (1.12), â ñëó÷àå êîãäà ñïåêòð îïåðàòîðà T ëåæèò íà åäèíè÷íîé îêðóæ-
íîñòè σ(T ) ⊆ T, óíèòàðíî-¹êâèâàëåíòíû [2], êîíå÷íî, ïðè óñëîâèè J = J̃ è
dimE = dimẼ = r < ∞.
Ïðåäïîëîæèì, ÷òî dimE = 2, à J = JN , ãäå

JN =
[ −1 0

0 1

]
. (1.13)

Ñëåäóÿ ðàáîòå [6], ââåä¼ì âåêòîð-ôóíêöèè:

Lx(z) = (1− zT )−1Φ(1, 1) (1.14)

L̃x(z) = (1− zT ∗)−1Ψ∗(1,−1) (1.15)

Îïðåäåëåíèå 1. Ãèëüáåðòîâûì ïðîñòðàíñòâîì Ë. äå Áðàíæà B(E, G)
íàçîâ¼ì ïðîñòðàíñòâî, êîòîðîå îáðàçóþò âåêòîð-ôóíêöèè
F (z) = [F1(z), F2(z)], ãäå Fk(z), (k = 1, 2) èìåþò âèä

F1(z) =

l∫

0

f(t) dFtL
∗
t (z̄); F2(z) =

l∫

0

f(t) dFtL̃
∗
t (z̄). (1.16)

È ïóñòü Bφ - îòîáðàæåíèå Ë.äå Áðàíæà

Bφf = [F1(z), F2(z)]. (1.17)
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Ñêàëÿðíîå ïðîèçâåäåíèå â B(E, G) èíäóöèðóåòñÿ ïðîîáðàçîì îòîáðàæåíèÿ
Bϕ (1.17):

< F (z), F̂ (z) >Bϕ(E,G)=< f(t), f̂(t) >L2
2,l(Ft), (1.18)

ïðè÷¼ì F (z) = Bϕf(t), F̂ (z) = Bϕf̂(t), ãäå f(t), f̂(t) ∈ L2
2,l(Ft).

Ôóíêöèè Ex(z), Ẽx(z), Gx(z), G̃x(z) çàäàþòñÿ ñîîòíîøåíèÿìè [6]

Lx(z) = (e−iφx − z)−1[Ex(z); Ẽx(z)] (1.19)

L̃x(z) = (1− ze−iφx)−1[Gx(z); G̃x(z)]. (1.20)

Ïóñòü T1, T2 - êîììóòàòèâíàÿ ñèñòåìà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ,
äåéñòâóþùàÿ â ãèëüáåðòîâîì ïðîñòðàíñòâå H. Ñîâîêóïíîñòü ãèëüáåðòîâûõ
ïðîñòðàíñòâ E, Ẽ è îïåðàòîðîâ Φ ∈ [E, H], Ψ ∈ [H, Ẽ], K ∈ [E, Ẽ],
σs, τs, Ns,Γ1 ∈ [E, E], σ̃s, τ̃s, Ñs, Γ̃1 ∈ [Ẽ, Ẽ] (s = 1, 2) íàçîâ¼ì êîììóòàòèâ-
íûì óíèòàðíûì ìåòðè÷åñêèì óçëîì 4

4 = (Γ1, σs, τs, Ns,H ⊕E, Vs,
+
V s,H ⊕ Ẽ, Ñs, τ̃s, σ̃s, Γ̃1), (1.21)

åñëè äëÿ ðàñøèðåíèé

Vs =
[

Ts ΦNs

Ψ K

]
,

+
V s =

[
T ∗s Ψ∗Ñ∗

s

Φ∗ K∗

]

ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:
1) V ∗

s

[
I 0
0 σ̃

]
Vs =

[
I 0
0 τs

]
,

+
V ∗

s

[
I 0
0 σs

]
+
V s =

[
I 0
0 τ̃s

]
,

2) T2ΦN1 − T1ΦN2 = ΦΓ1, Ñ1ΨT2 − Ñ2ΨT1 = Γ̃1Ψ,

3) Ñ2ΨΦN1 − Ñ1ΨΦN2 = KΓ1 − Γ̃1K, KNs = ÑsK(s = 1, 2),

ãäå σs, τs, (σ̃s, τ̃s) ñàìîñîïðÿæåíû â E(Ẽ), (s = 1, 2).
Îïåðàòîðû, äåéñòâóþùèå â ïðîñòðàíñòâàõ E è Ẽ óçëà 4 (1.21), � çàâèñèìû.
Ïðîèçâîëüíàÿ êîììóòàòèâíàÿ ñèñòåìà ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ
T1, T2 âñåãäà ìîæåò áûòü âêëþ÷åíà â óçåë 4 (1.21) [1]. Â ñëó÷àå îáðàòèìîñòè
"äåôåêòíûõ" îïåðàòîðîâ σ1 è σ̃1 â E è Ẽ âñåãäà ìîæíî ñ÷èòàòü, ÷òî N1 è
Ñ1 îáðàòèìû. Ââåä¼ì N, Ñ, Γ, Γ̃ ñëåäóþùåãî âèäà

N = N−1
1 N2; Γ = N−1

1 Γ1; Ñ = Ñ1
−1

Ñ2; Γ̃ = Ñ1
−1

Γ̃1. (1.22)

Çàäàäèì â L2
r,l(Fx) (1.7) ëèíåéíûå îïåðàòîðû T1 è T2

T1f(x) = f(x)eıϕx − 2

l∫

x

f(t) dFtΦ∗t Φ
∗−1
x Jeıϕx , (1.23)
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T2f(x) = f(x) (N(x)eıϕx + Γ(x))− 2

l∫

x

f(t) dFtΦ∗t Φ
∗−1
x JN(x)eıϕx . (1.24)

Îñíîâíàÿ ñèñòåìà êîììóòàòèâíûõ îïåðàòîðîâ {T1, T2} óçëà 4 (1.19) óíèòàð-
íî ýêâèâàëåíòíà [9] ñèñòåìå îïåðàòîðîâ, êîòîðàÿ äåéñòâóåò â ïðîñòðàíñòâå
Ë. äå Áðàíæà B(E, G) ñëåäóþùèì îáðàçîì

T1F1(z) = (z + µ(z))F1(z) + ν(z)F2(z) +
E0(z)− Ẽ0(z)

2
F2(0) (1.25)

T1F2(z) =
F2(z)− F2(0)

z
(1.26)

T2F1(z) =
F1(z)
m(z)

+
µ̃(z)
m(z)

F1(z) +
ν̃(z)
m(z)

F2(z) (1.27)

T2F2(z) =
F2(z)n(z)− F (0)n(0)

z
, (1.28)

ãäå (F1(z), F2(z)) ∈ B(E, G), à m(z) è n(z) óäîâëåòâîðÿþò óðàâíåíèÿì
(N + zΓ)(1, 1)T = m(z)(1, 1)T è (Ñ∗ + zΓ̃∗)(1,−1)T = n(z)(1,−1)T . Ïðè ýòîì
êîýôôèöèåíòû µ(z) è ν(z) èìåþò ñëåäóþùèé âèä:

ν(z) =
c2(z)c3(z)− c1(z)c4(z)

c2(z)− c4(z)
(1.29)

µ(z) =
c1(z)− c3(z)
c2(z)− c4(z)

(1.30)

c1(z) =
(E0(z) + Ẽ0(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))

l∫

0

Ψ∗
t (1, 1)dFtL

∗
t (z) (1.31)

c2(z) =
(G′

l(z) + G̃′
l(z))(1− z2)

2(E0(z)E0(z)− Ẽ0(z)Ẽ0(z))
(1.32)

c3(z) =
E0(z) + Ẽ0(z)

E′
0(z)− Ẽ′

0(z)

l∫

0

Ψ∗
t (1, 1)dFtL̃

∗
t (z) (1.33)

c4(z) =
2(Gl(z)Gl(z)− G̃l(z)G̃l(z))

(E′
0(z)− Ẽ′

0(z))(1− z2)
, (1.34)

à êîýôôèöèåíòû µ̃(z) è ν̃(z) ðàâíû:

µ̃(z) =
I1(z)d3(z)− I2(z)d1(z)
d2(z)d3(z)− d1(z)d4(z)

(1.35)
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ν̃(z) =
I1(z)d4(z)− I2(z)d2(z)
d1(z)d4(z)− d2(z)d3(z)

(1.36)

I1(z) =
1
2z

(1, 1)
√

2S

(
1
z

)
σ̃2

(
Φl

(
1
1

)
− J(E0(z), Ẽ0(z))

)
(1.37)

I2(z) =
1
2z

(1, 1)
√

2S

(
1
z

)
σ̃2

(
ΦlJ

(
Gl(z)

G̃l(z)

)
+

(
1
1

))
(1.38)

d1(z) =
E0(z)E0(z)− Ẽ0(z)Ẽ0(z)

1− |z|2 (1.39)

d2(z) =
G′

l(z) + G̃′
l(z)

2
(1.40)

d3(z) =
E′

0(z)− Ẽ′
0(z)

2
(1.41)

d4(z) =
Gl(z)Gl(z)− G̃l(z)G̃l(z)

1− |z|2 . (1.42)

�2. Îñíîâíàÿ ÷àñòü

Ïîñêîëüêó äëÿ ñèñòåìû îïåðàòîðîâ T1, T2 (1.23), (1.24) ïîñòðîåíèå ìîäå-
ëè (1.25)-(1.28) èñïîëüçóåò îïåðàòîðû N , Γ, Ñ , Γ̃ (1.22), òî íàéä¼ì âèä ýòèõ
îïåðàòîðîâ â òåðìèíàõ ïàðàìåòðîâ ìîäåëè (1.29) - (1.42).
Îáîçíà÷èì

N1 =
[

a1 b1

c1 d1

]
N2 =

[
a2 b2

c2 d2

]
Γ2 =

[
a3 b3

c3 d3

]

Ñ1 =

[
ã1 b̃1

c̃1 d̃1

]
Ñ2 =

[
ã2 b̃2

c̃2 d̃2

]
Γ̃2 =

[
ã3 b̃3

c̃3 d̃3

]
(2.1)

Ðàññìîòðèì âûðàæåíèå, êîòîðîå âûòåêàåò èç óçëîâîãî ñîîòíîøåíèÿ

T2ΨxN1 − T1ΨxN2 = ΨxΓ, (2.2)

ãäå îïåðàòîðû T1, T2 èç óçëà 4 (1.21). Âûÿñíèì, âî ÷òî ïåðåéäóò ïîñëå ïðå-
îáðàçîâàíèÿ äå Áðàíæà îïåðàòîðû ΨxN1, ΨxN2 è ΨxΓ.
Ëåãêî âèäåòü, ÷òî

l∫

0

ΨtdFtLt(z) =
1
2

( −1
1

)
− 1

2
Ψ0J

(
E0(z)
Ẽ0(z)

)
=

1
2

( −1
1

)
− 1

2
R0

(
E0(z)
Ẽ0(z)

)
,

ãäå:

R0 = −S4(0) =
(

a(0) b(0)
c(0) d(0)

)
=

(
a(0) a(0)−Gl(0)

a(0)−Gl(0) E0(0)− G̃l(0)− a(0)

)
.
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Ñëåäîâàòåëüíî:

BLΨxN1ξ = ξN1

(
1
2

( −1
1

)
− 1

2
R0

(
E0(z)
Ẽ0(z)

))
,

BLΨxN2ξ = ξN2

(
1
2

( −1
1

)
− 1

2
R0

(
E0(z)
Ẽ0(z)

))
,

BLΨxΓξ = ξΓ
(

1
2

( −1
1

)
− 1

2
R0

(
E0(z)
Ẽ0(z)

))
,

ãäå ξ ∈ E.
Òàêæå ðàññìîòðèì:

l∫

0

ΨtdFtL̃t(z) =
−1
2z

(
Gl(z)
G̃l(z)

)
+

1
2z

Ψ0

(
1
1

)
=

1
2z

R0J

(
1
1

)
− 1

2z

(
Gl(z)
G̃l(z)

)
=

=
1
2z

R0

( −1
1

)
− 1

2z

(
Gl(z)
G̃l(z)

)
.

Èòàê, ìû èìååì:

BeLΨxN1ξ = ξN1

(
1
2z

R0

( −1
1

)
− 1

2z

(
Gl(z)
G̃l(z)

))
,

BeLΨxN2ξ = ξN2

(
1
2z

R0

( −1
1

)
− 1

2z

(
Gl(z)
G̃l(z)

))
,

BeLΨxΓξ = ξΓ
(

1
2z

R0

( −1
1

)
− 1

2z

(
Gl(z)
G̃l(z)

))
.

Îáîçíà÷èì:
R1 =

1
2

( −1
1

)
− 1

2
R0

(
E0(z)
Ẽ0(z)

)
,

R2 = R0

( −1
1

)
−

(
Gl(z)
G̃l(z)

)
.

Òîãäà ñîîòíîøåíèå (2.2) ïðè ïðåîáðàçîâàíèè äå Áðàíæà BL ïðèíèìàåò âèä:

T2BL(ΨxN1ξ)− T1BL(ΨxN2ξ) = BL(ΦxΓξ)

èëè
1

m(z)
ξN1R1(z)+

µ̃(z)
m(z)

+
ν̃(z)
m(z)

ξN1R2(z)+(z +µ(z))ξN2R1(z)+ν(z)ξN2R2(z)+

+
1
2
(E0(z)− Ẽ0(z))ξN2R2(z) = ξΓR1(z).
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À ïðè ïðåîáðàçîâàíèè äå Áðàíæà BeL ñîîòíîøåíèå (2.2) ïðèíèìàåò ñëåäóþ-
ùèé âèä:

T2BeL(ΨxN1ξ)− T1BeL(ΨxN2ξ) = BeL(ΦxΓξ)

1
z
(ξN1R2(z)n(z)− ξN1R2(0)n(0))− 1

z
(ξN2R2(z)− ξN2R2(0)) = ξΓR2(z)

1
z
(ξN1n(z)− ξN2)R2(z)− 1

z
(ξN1n(0)− ξN2)R2(0) = ξΓR2(z)

1
z

(ξN1n(z)− ξN2 − zξΓ)R2(z) =
1
z

(ξN1n(0)− ξN2) R2(0).

Ââåä¼ì ôóíêöèþ f(z) = (ξN1n(z)− ξN2 − zξΓ) R2(z), òîãäà ïîñëåäíåå ðàâåí-
ñòâî îçíà÷àåò, ÷òî:

f(z)− f(0) = 0 (∀z ∈ C).

Òàê êàê
R2 = R0

( −1
1

)
−

(
Gl(z)
G̃l(z)

)
=

=

(
−Gl(0)

E0(0) + Gl(0)− G̃l(0)− 2a(0)

)
−

(
Gl(z)
G̃l(z)

)
=

=

(
−Gl(0)−Gl(z)

E0(0) + Gl(0)− G̃l(0)− G̃l(z)− 2a(0)

)
,

òî ïåðâûé êîýôôèöèåíò ðàçëîæåíèÿ ôóíêöèè f(z) äîëæåí ðàâíÿòüñÿ íóëþ:

((ξN1n(z)− ξN2 − zξΓ) R2(z))′ = 0
(
ξN1n

′(z)− ξΓ
)
R2(z) + (ξN1n(z)− ξN2 − zξΓ) R′

2(z) = 0. (2.3)

Ñëåäîâàòåëüíî, ïðè z = 0:
(
ξN1n

′(0)− ξΓ
)
R2(0) + (ξN1n(z)− ξN2) R′

2(0) = 0.

Ðàññìîòðèì òàêæå

(−1, 1)n(z) = (−1, 1)(Ñ∗ + zΓ̃∗),

ãäå Ñ = Ñ−1
1 Ñ2, Γ̃ = Ñ−1

1 Γ̃, Ñ∗ = Ñ∗
2 Ñ∗−1

1 , Γ̃∗ = Γ̃∗Ñ∗−1
1 , òîãäà:

(1,−1)n(z) = (1,−1)(Ñ∗
2 Ñ∗−1

1 + zΓ̃∗Ñ∗−1
1 )

(1,−1)n(z)Ñ∗
1 = (1,−1)(Ñ∗

2 + zΓ̃∗).

Â ðåçóëüòàòå ïðèâåäåííûõ ïðåîáðàçîâàíèé èìååì äâà âûðàæåíèÿ:

(1,−1)n(0)Ñ∗
1 = (1,−1)Ñ∗

2

(1,−1)n′(0)Ñ∗
1 = (1,−1)Γ̃∗.
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Òàê êàê n(z) åñòü ëèíåéíàÿ ôóíêöèÿ n(z) = θz+λ è n′(z) = θ, âûðàæåíèå (2.3)
ïðèíèìàåò âèä:

(ξθN1 − ξΓ)R2(0) + (ξλN1 − ξN2)R′
2(0) = 0.

Â ñâÿçè ñ òåì, ÷òî R′
2(z) èìååò âèä:

R′
2(z) =

(
G′

l(z)
G̃′

l(z)

)
,

òî:

(ξθN1 − ξΓ)
(

R0

( −1
1

)
−

(
Gl(z)
G̃l(z)

))
+ (ξλN1 − ξN2)

(
G′

l(z)
G̃′

l(z)

)
= 0.

Òàê êàê âåêòîð ξ ïðîèçâîëüíûé, òî, âçÿâ â ïîñëåäíåì âûðàæåíèè ξ = (1, 0) è
ξ̃ = (0, 1), ïîëó÷èì ñëåäóþùèå óðàâíåíèÿ:

(θa1 − a3)(a(0)− b(0)−Gl(0)) + (θb1 − b3)(c(0)− d(0)− G̃l(0))+
+(λa1 − a2)G′

l(0)− (λb1 − b2)G̃′
l(0) = 0

(θc1 − c3)(a(0)− b(0)−Gl(0)) + (θd1 − d3)(c(0)− d(0)− G̃l(0))+
+(λc1 − c2)G′

l(0)− (λd1 − d2)G̃′
l(0) = 0.

(2.4)

Èç âûðàæåíèé (1,−1)n(0)Ñ∗
1 = (1,−1)Ñ∗

2 è (1,−1)n′(0)Ñ∗
1 = (1,−1)Γ̃∗, à

òàêæå, èñïîëüçóÿ âèä ìàòðèö N1, N2 è Γ, èìååì:

λ(ã1 − b̃1) = ã2 − b̃2

λ(c̃1 − d̃1) = c̃2 − d̃2

θ(ã1 − b̃1) = ã3 − b̃3 (2.5)

θ(c̃1 − d̃1) = c̃3 − d̃3.

Àíàëîãè÷íî ðàññìîòðèì âûðàæåíèå, îïðåäåëÿþùåå m(z):

m(z)
(

1
1

)
= (N + zΓ)

(
1
1

)

m(z)
(

1
1

)
= (N−1

1 N2 + zN−1
1 Γ)

(
1
1

)

m(z)N1

(
1
1

)
= (N2 + zΓ)

(
1
1

)
.

Òîãäà âûðàæåíèÿ m(0)N1

(
1
1

)
= N2

(
1
1

)
è m′(0)N1

(
1
1

)
= Γ

(
1
1

)

îïðåäåëÿþò âèä ôóíêöèè m(z):

m(z) = δz + η.
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È ïðèõîäèì ê ñëåäóþùèì âûðàæåíèÿì:

η(a1 + b1) = a2 + b2

η(c1 + d1) = c2 + d2

δ(a1 + b1) = a3 + b3 (2.6)

δ(c1 + d1) = c3 + d3.

Òåïåðü ðàññìîòðèì óçëîâûå ñîîòíîøåíèÿ KN1 = Ñ1K è KN2 = Ñ2K. Èñ-
ïîëüçóÿ òî, ÷òî K = S4(0), ïîëó÷èì:

(
a(0) b(0)
c(0) d(0)

)(
a1 b1

c1 d1

)
=

(
ã1 b̃1

c̃1 d̃1

)(
a(0) b(0)
c(0) d(0)

)

(
a(0) b(0)
c(0) d(0)

)(
a2 b2

c2 d2

)
=

(
ã2 b̃2

c̃2 d̃2

)(
a(0) b(0)
c(0) d(0)

)
.

Èëè èìååì 8 óðàâíåíèé:

a(0)a1 + b(0)c1 = a(0)ã1 + c(0)̃b1

a(0)b1 + b(0)d1 = b(0)ã1 + d(0)̃b1

c(0)a1 + d(0)c1 = a(0)c̃1 + c(0)d̃1

c(0)b1 + d(0)d1 = b(0)c̃1 + d(0)d̃1

a(0)a2 + b(0)c2 = a(0)ã2 + c(0)̃b2 (2.7)

a(0)b2 + b(0)d2 = b(0)ã2 + d(0)̃b2

c(0)a2 + d(0)c2 = a(0)c̃2 + c(0)d̃2

c(0)b2 + d(0)d2 = b(0)c̃2 + d(0)d̃2.

Òàêæå, âçÿâ âòîðóþ ïðîèçâîäíóþ îò ôóíêöèè f(z), ïîëó÷èì:

((ξN1n(z)− ξN2 − zξΓ)R2(z))′′ = 0

((ξN1n
′(z)− ξΓ)R2(z) + (ξN1n(z)− ξN2 − zξΓ)R′

2(z))′ = 0

2(ξN1n
′(z)− ξΓ)R′

2(z) + (ξN1n(z)− ξN2 − zξΓ)R′′
2(z) = 0.

Èç R′
2(z) =

(
G′

l(z)
G̃′

l(z)

)
ñëåäóåò, ÷òî R′′

2(z) =
(

G′′
l (z)

G̃′′
l (z)

)
, òîãäà:

2(ξN1n
′(0)− ξΓ)R′

2(0) + (ξN1n(0)− ξN2)R′′
2(0) = 0

2(ξN1n
′(0)− ξΓ)

(
G′

l(0)
G̃′

l(0)

)
+ (ξN1n(0)− ξN2)

(
G′′

l (0)
G̃′′

l (0)

)
= 0.
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Â ïîñëåäíåì âûðàæåíèè, ïîäñòàâèâ ξ = (1, 0) è ξ̃ = (0, 1), ïîëó÷èì:

2(θa1 − a3)G′
l(0) + 2(θb1 − b3)G̃′

l(0)+
+(λa1 − a2)G′′

l (0) + (λb1 − b2)G̃′′
l (0) = 0

2(θc1 − c3)G′
l(0) + 2(θd1 − d3)G̃′

l(0)+
+(λc1 − c2)G′′

l (0) + (λd1 − d2)G̃′′
l (0) = 0.

(2.8)

Àíàëîãè÷íûå óðàâíåíèÿ ìîæíî ïîëó÷èòü, âçÿâ ñëåäóþùèå ïðîèçâîäíûå:

3(θa1 − a3)G′′
l (0) + 3(θb1 − b3)G̃′′

l (0)+
+(λa1 − a2)G′′′

l (0) + (λb1 − b2)G̃′′′
l (0) = 0

3(θc1 − c3)G′′
l (0) + 3(θd1 − d3)G̃′′

l (0)+
+(λc1 − c2)G′′′

l (0) + (λd1 − d2)G̃′′′
l (0) = 0

(2.9)

4(θa1 − a3)G′′′
l (0) + 4(θb1 − b3)G̃′′′

l (0)+
+(λa1 − a2)G′′′′

l (0) + (λb1 − b2)G̃′′′′
l (0) = 0

4(θc1 − c3)G′′′
l (0) + 4(θd1 − d3)G̃′′′

l (0)+
+(λc1 − c2)G′′′′

l (0) + (λd1 − d2)G̃′′′′
l (0) = 0

, (2.10)

ãäå m(z) = δz + η è n(z) = θz + λ.

Ðåçóëüòàòîì ïðîâåäåííûõ âû÷èñëåíèé ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Ïóñòü çàäàí êîììóòàòèâíûé óçåë 4 (1.21) òàêîé, ÷òî
E = Ẽ, dimE = 2, à σ1 = σ̃1 = JN (1.13); ñïåêòð îïåðàòîðà T1 ñîñðå-
äîòî÷åí â òî÷êå {1}, à ôóíêöèè m(z) è n(z) óäîâëåòâîðÿþò óðàâíåíèÿì
(N + zΓ)(1, 1)T = m(z)(1, 1)T è (Ñ∗ + zΓ̃∗)(1,−1)T = n(z)(1,−1)T , ñîîòâåò-
ñòâåííî.
È ïóñòü ôóíêöèîíàëüíàÿ ìîäåëü ñèñòåìû îïåðàòîðîâ T1, T2 èìååò âèä
(1.25)-(1.28), à ôóíêöèè Ex(z), Ẽx(z), Gx(z), G̃x(z) óäîâëåòâîðÿþò âûðàæå-
íèÿì (1.14), (1.15), ñîîòâåòñòâåííî.
Òîãäà, ÷òîáû äëÿ îïåðàòîðîâ N1, N2,Γ, Ñ1, Ñ2, Γ̃ (2.1) âûïîëíÿëèñü óçëîâûå
ñîîòíîøåíèÿ óçëà 4 (1.21), íåîáõîäèìî, ÷òîáû áûëè ñïðàâåäëèâû ñîîòíî-
øåíèÿ (2.4)-(2.10).
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