
Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà
Ñåðiÿ "Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà"

ÓÄÊ 517.9 � 1081, 2013, ñ.21�32

Çàäà÷à Ãóðñà ç iìïóëüñíèìè çáóðåííÿìè

�.Â. Ìàññàëiòiíà
Íàöiîíàëüíèé òåõíi÷íèé óíiâåðñèòåò Óêðà¨íè "ÊÏI", Êè¨â

masevgeniia@gmail.com

Çíàéäåíà îöiíêà äëÿ ôóíêöi¨ äâîõ çìiííèõ, ùî çàäîâîëüíÿ¹ çàäà÷i
Ãóðñà ç äàíèìè íà õàðàêòåðèñòèêàõ òà îòðèìó¹ iìïóëüñíi çáóðåííÿ íà
çàäàíèõ êðèâèõ.
Êëþ÷îâi ñëîâà: iíòåãðàëüíi íåðiâíîñòi, ðiâíÿííÿ ãiïåðáîëi÷íîãî òèïó,
iìïóëüñíi çáóðåííÿ.

Ìàññàëèòèíà Å.Â., Çàäà÷à Ãóðñà ñ èìïóëüñíûìè âîçìóùåíèÿìè.
Íàéäåíà îöåíêà äëÿ ôóíêöèè äâóõ ïåðåìåííûõ, óäîâëåòâîðÿþùåé
çàäà÷å Ãóðñà ñ äàííûìè íà õàðàêòåðèñòèêàõ è ïîëó÷àþùåé èìïóëüñíûå
âîçìóùåíèÿ íà çàäàííûõ êðèâûõ.
Êëþ÷åâûå ñëîâà: èíòåãðàëüíûå íåðàâåíñòâà, óðàâíåíèÿ
ãèïåðáîëè÷åñêîãî òèïà, èìïóëüñíûå âîçìóùåíèÿ.

E.V. Massalitina, The Goursat problem with impulse perturbations.
An estimate for the function of two variables satisfying the Goursat problem
with the data on the characteristics and receives a pulse perturbation at
de�ned curves.
Keywords: integral inequalities, hyperbolic equation, impulse perturbation.
2000 Mathematics Subject Classi�cation 34A37, 35L70, 58J45.

Âñòóï
Ïðè äîñëiäæåííi ïîâåäiíêè ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ, iíòåãðàëüíèõ,

iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü, à òàêîæ ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ
÷àñòî âèêîðèñòîâóþòü iíòåãðàëüíi íåðiâíîñòi [1], [2], [3]. Â äàíié ñòàòòi
ïðèâåäåíi ðåçóëüòàòè, ùî óçàãàëüíþþòü îöiíêó, îòðèìàíó â ðîáîòi [4]
äëÿ ôóíêöi¨ äâîõ çìiííèõ, íà âèïàäîê ðîçðèâíèõ ôóíöié òà ïðîäîâæóþòü
äîñëiäæåííÿ, ðîçïî÷àòi â ðîáîòàõ [5], [6].
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1. Ïîñòàíîâêà çàäà÷i
Ðîçãëÿíåìî ôóíêöiþ v (x, y) , ùî çàäîâîëüíÿ¹ çàäà÷i Ãóðñà [7] ç äàíèìè

íà õàðàêòåðèñòèêàõ â äåÿêié îáëàñòi D∗ ⊂ R2, â ïðèïóùåííi, ùî ôóíêöiÿ
v (x, y) íà êðèâèõ Lj = {(x, y) : ψj (x, y) = 0} îòðèìó¹ iìïóëüñíi çáóðåííÿ,
ÿêi ìîæóòü âiäáóâàòèñÿ ÿê â ôiêñîâàíèõ òî÷êàõ íà êðèâié, òàê i ìèòò¹âî íà
âñié äîâæèíi êðèâié, òîáòî ìîæóòü íîñèòè ÿê äèñêðåòíèé òàê i íåïåðåðâíèé
õàðàêòåð.

Îáëàñòü D∗ = D ∪L, äå L =
n⋃

j=1
Lj � ñóêóïíiñòü êðèâèõ, íà ÿêèõ ôóíêöiÿ

v (x, y) ìà¹ ñêií÷åííèé ñòðèáîê, Li ∩ Lj = ®, i 6= j. Îáëàñòü D =
n⋃

j=1
Dj ,

äå
D1 = {(x, y) : x ≥ 0, y ≥ 0, ψ1 (x, y) < 0} ,

Dj = {(x, y) : x ≥ 0, y ≥ 0, ψj−1 (x, y) > 0, ψj (x, y) < 0} , j = 2, n.

Íåõàé åâîëþöiÿ öüîãî ïðîöåñó îïèñó¹òüñÿ ðiâíÿííÿì ãiïåðáîëi÷íîãî òèïó
ç iìïóëüñíèìè çáóðåííÿìè





∂2v

∂x∂y
= f∗ (x, y) v (x, y) + k∗ (x, y) vα (x, y) ,

v (x, y0) = g∗1 (x) ,

v (x0, y) = g∗2 (y) ,

∀ (x, y) /∈ Lj , (1)

4v (x, y)
∣∣∣
(x,y)∈Lj

=
∫

Lj∩Gn

ω∗j (M) v (M) dµψj , (2)

äå çàäàíi ôóíêöi¨ ω∗j (x, y) , f∗ (x, y) , k∗ (x, y) � íåïåðåðâíi â îáëàñòi D∗, äiéñíå
÷èñëî α ≥ 0 ðîçãëÿäà¹òüñÿ â ÿêîñòi ïàðàìåòðà. Iíòåãðàë Ëåáåãà-Ñòiëòü¹ñà (2)
îïèñó¹ óìîâó ñòðèáêà4v (x, y) ôóíêöi¨ v (x, y) íà çàäàíèõ êðèâèõ Lj . Îáëàñòü

Gj = {(s, t) : (x, y) ∈ Dj , (x0, y0) ∈ D1, x0 ≤ s ≤ x, y0 ≤ t ≤ y} ,

M (ξ, η)� çìiííà òî÷êà êðèâî¨ Lj . Ôóíêöi¨ g∗1 (x) , g∗2 (y) ¹ äèôåðåíöiéîâíèìè
òà çàäîâîëüíÿþòü óìîâi óçãîäæåíîñòi g∗1 (x0) = g∗2 (y0) , ïðè÷îìó v (x0, y0) 6= 0.
Òîäi, äëÿ ôóíêöi¨ v (x, y), çãiäíî ç [8] (ãë. I, � 3, ï. 1; ãë. II, � 5; ãë. III, � 6,
ïï. 3, 6, 7; ãë. IV, � 9) ñïðàâåäëèâå ñïiââiäíîøåííÿ

v(x, y) ≤ g∗1(x) + g∗2(y)− g∗1(x0) +
n−1∑

j=1

∫

Lj∩Gn

ω∗j (M)v(M)dµψj+

+
∫∫

Gn

(f∗(s, t)v(s, t) + k∗(s, t)vα(s, t))dsdt. (3)
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2. Îöiíêà ôóíêöi¨, ùî çàäîâîëüíÿ¹ çàäà÷i Ãóðñà ç
iìïóëüñíèìè çáóðåííÿìè

Òåîðåìà 1 Íåõàé â îáëàñòi D∗ ⊂ R2, D∗ = D ∪ L âèêîíóþòüñÿ óìîâè:

1. Íåâiä'¹ìíà ôóíêöiÿ u (x, y) ¹ íåïåðåðâíîþ â îáëàñòi D;

2. Êðèâi ψj (x, y) � ¹ íåïåðåðâíî-äèôåðåíöiéîâíèìè òà ìîíîòîííî-ñïàä-
íèìè, grad ψj (x, y) > 0;

3. µψj
� ìiðà Ëåáåãà-Ñòiëòü¹ñà [8], ÿêà çîñåðåäæåíà íà êðèâié Lj;

4. Ôóíêöiÿ u (x, y) ¹ iíòåãðîâíîþ çà Ëåáåãîì íà êðèâèõ Lj , j = 1, n;

5. Ôóíêöi¨ ωj (x, y) , j = 1, n, f (x, y) , k (x, y)� íåïåðåðâíi òà íåâiä'¹ìíi â
îáëàñòi D∗;

6. Ôóíêöi¨ g1 (x) , g2 (y) ¹ äîäàòíèìè, äèôåðåíöiéîâíèìè, g′1 (x) ≥ 0,
g′2 (y) ≥ 0;

7. g1 (x0) = g2 (y0) ;

8. Ôóíêöiÿ u (x, y) çàäîâîëüíÿ¹ â îáëàñòi D∗ iíòåãðàëüíó íåðiâíiñòü

u (x, y) ≤ Ru (x, y) +
n−1∑

j=1

∫

Lj∩Gn

ωj (M) u (M) dµψj , (4)

äå

Ru (x, y) = g1 (x) + g2 (y)− g1 (x0) +
∫∫

Gn

(f (s, t) u (s, t) + k (s, t) uα (s, t)) dsdt.

(5)
Òîäi ñïðàâäæóþòüñÿ îöiíêè:
ïðè 0 ≤ α < 1

u (x, y) ≤
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj




{
F 1−α

n (x0, x, y0, y)×

× [g1−α
1 (x) + g1−α

2 (y)− g1−α
1 (x0) ]+

+ (1−α)
∫∫

Gn


k (s, t) F 1−α

n (x0, x, t, y)
n−1∏

j=1


1+

∫

Lj∩Gn

ωj (M) dµψj




α
 dsdt

} 1
1−α

,

(6)
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äå

Fn (x0, x, y0, y) = exp




y∫

y0

x∫

x0

f (s, t)
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj


 dsdt


 ; (7)

ïðè α = 1

u (x, y) ≤
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj


En (x, y)

g1 (x) g2 (y)
g1 (x0)

, (8)

äå

En (x, y) = exp




∫∫

Gn

(f (s, t) + k (s, t))
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj


 dsdt


 ;

(9)
ïðè α > 1 îöiíêà (6) áóäå ñïðàâåäëèâîþ â îáëàñòi

Dαn =

{
(x, y) ∈ Dn :

∫∫

Gn


k (s, t)Fα−1

n (x0, x, t, y)
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj




α
 dsdt <

< (α− 1)−1[g1−α
1 (x) + g1−α

2 (y)− g1−α
1 (x0) ]

}
.

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî, âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨
iíäóêöi¨ äëÿ âèïàäêó 0 ≤ α < 1 (ïðè α > 1 ñõåìà äîâåäåííÿ íå çìiíèòüñÿ).
Íåõàé (x, y) ∈ D1. Òîäi

u (x, y) ≤ g1 (x) + g2 (y)− g1 (x0)+

+
∫∫

G1

(f (s, t) u (s, t) + g (s, t) uα (s, t)) dsdt = Ru (x, y) , (10)

Îñêiëüêè ôóíêöiÿ u (x, y) â îáëàñòi D1 íå çàçíà¹ iìïóëüñíîãî âïëèâó, òî çà
òåîðåìîþ 1 [4] äëÿ íåðiâíîñòi (10) áóäå ñïðàâåäëèâîþ îöiíêà

u (x, y) ≤
{

F1 (x0, x, y0, y)× [g1−α
1 (x) + g1−α

2 (y)− g1−α
1 (x0) ]+
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+(1− α)
∫∫

G1

(
k (s, t) F 1−α

1 (x0, x, t, y)
)
dsdt

} 1
1−α

, (11)

äå ïîçíà÷åíî

F1 (x0, x, y0, y) = exp




y∫

y0

x∫

x0

f (s, t) dsdt


 .

Ðîçãëÿíåìî îáëàñòü D2. Äëÿ (x, y) ∈ D2

u (x, y) ≤ Ru (x, y) +
∫

L1∩G2

ω1 (M)u (M) dµψ1 = R1u (x, y) . (12)

Âðàõîâóþ÷è òå, ùî ôóíêöiÿ Ru (x, y) ¹ íåñïàäíîþ ïî êîæíié çìiííié

∂ Ru (x, y)
∂x

≥ 0,
∂ Ru (x, y)

∂y
≥ 0

òà íåðiâíiñòü (10), ∀M (ξ, η) ∈ L1 ìîæåìî çàïèñàòè

u (M) ≤ Ru (M) ≤ Ru (x, y) . (13)

Ç íåðiâíîñòåé (12) òà (13) âèïëèâà¹

R1 (x, y) ≤

1 +

∫

L1∩G2

ω1 (M) dµψ1


Ru (x, y) ,

Òîäi íåðiâíiñòü (12) íàáóäå âèãëÿäó

u (x, y) ≤ λ1 (x, y) Ru (x,y) ,

äå ïîçíà÷åíî
λ1 (x, y) = 1 +

∫

L1∩G2

ω1 (M) dµψ1 .

Òîäi

u (x, y) ≤ λ1 (x, y)

(
g1 (x) + g2 (y)− g1 (x0)+

+
∫∫

G2

(f (s, t) u (s, t) + k (s, t)uα (s, t)) dsdt

)
,

u (x, y)
λ1 (x, y)

≤
(

g1 (x) + g2 (y)− g1 (x0)+
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+
∫∫

G2

(
f1 (s, t)

u (s, t)
λ1 (s, t)

+ k1 (s, t)
uα (s, t)
λα

1 (s, t)

)
dsdt

)
, (14)

äå ïîçíà÷åíî
f1 (s, t) = f (s, t) λ1 (s, t) ,

k1 (s, t) = k (s, t) λα
1 (s, t) .

ßêùî çàñòîñó¹ìî äî íåðiâíîñòi (14) òåîðåìó 1 [4], òî îòðèìà¹ìî

u (x, y) ≤ λ1 (x, y)

{
F 1−α

2 (x0, x, y0, y) [g1−α
1 (x) + g1−α

2 (y)− g1−α
1 (x0) ]+

+ (1− α)
∫∫

G2

(
k1 (s, t)F 1−α

2 (x0, x, t, y)
)
dsdt

} 1
1−α

(15)

àáî

u (x, y) ≤

1 +

∫

L1∩G2

ω1 (M) dµψ1




{
F 1−α

2 (x0, x, y0, y)×

× [g1−α
1 (x) + g1−α

2 (y)− g1−α
1 (x0) ]+

+ (1− α)
∫∫

G2


k (s, t) F 1−α

2 (x0, x, t, y)


1 +

∫

L1∩G2

ω1 (M) dµψ1




α
 dsdt

} 1
1−α

,

(16)
äå ïîçíà÷åíî

F2 (x0, x, y0, y) = exp




y∫

y0

x∫

x0

f (s, t)


1 +

∫

L1∩G2

ω1 (M) dµψ1


 dsdt


 .

Ïðèïóñòèìî, ùî íåðiâíiñòü (4)�(5) ¹ ñïðàâåäëèâîþ äëÿ (x, y) ∈ Dk. Äîâåäåìî,
ùî âîíà áóäå ñïðàâåäëèâîþ i äëÿ (x, y) ∈ Dk+1. ∀ (x, y) ∈ Dk+1

u (x, y) ≤ Ru (x, y) +
k∑

j=1

∫

Lj∩Gk+1

ωj (M) u (M) dµψj
≤

≤ Rk−1 (x, y) +
∫

Lk∩Gk+1

ωk (M) u (M) dµψk
= Rku (x, y) . (17)

Çâiäñè, âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ Rk−1u (x, y) , ∀M (ξ, η) ∈ Lk ìîæåìî
çàïèñàòè

u (M) ≤ Rk−1 (M) ≤ Rk−1 (x, y) . (18)
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Îñêiëüêè

Rk−1 (x, y) ≤ Ru (x, y)
k−1∏

j=1

λj (x, y) , (19)

äå
λj (x, y) = 1 +

∫

Lj∩Gk+1

ωj (M) dµψj ,

òî ç íåðiâíîñòåé (18) òà (19) âèïëèâà¹

Rku (x, y) ≤ Rk−1 (x, y) λk (x, y) ≤

≤ R (x, y) λk (x, y)
k−1∏

j=1

λj (x, y) = Ru (x, y)
k∏

j=1

λj (x, y) .

Òîäi íåðiâíiñòü (17) íàáóäå âèãëÿäó

u (x, y) ≤ Ru (x, y)
k∏

j=1

λj (x, y)

àáî

u (x, y) ≤
k∏

j=1

λj (x, y)

(
g1 (x) + g2 (y)− g1 (x0)+

+
∫∫

Gk+1

(f (s, t) u (s, t) + k (s, t) uα (s, t)) dsdt

)
.

Òîäi
u (x, y)

k∏
j=1

λk (x, y)
≤

(
g1 (x) + g2 (y)− g1 (x0)+

+
∫∫

Gk+1


fk (s, t)

u (s, t)
k∏

j=1
λk (s, t)

+ kk (s, t)
uα (s, t)
k∏

j=1
λα

k (s, t)


 dsdt

)
, (20)

äå ïîçíà÷åíî

fk (s, t) = f (s, t)
k∏

j=1

λk (s, t) ,

kk (s, t) = k (s, t)
k∏

j=1

λα
k (s, t) .
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Çà òåîðåìîþ 1 [4] äëÿ íåðiâíîñòi (20) áóäå ñïðàâåäëèâîþ îöiíêà

u (x, y) ≤
k∏

j=1

λj (x, y)

{
F 1−α

k+1 (x0, x, y0, y) [g1−α
1 (x) + g1−α

2 (y)− g1−α
1 (x0) ]+

+ (1− α)
∫∫

Gk+1


k (s, t) F 1−α

k+1 (x0, x, t, y)
k∏

j=1

λα
j (s, t)


 dsdt

} 1
1−α

, (21)

äå

Fk+1 (x0, x, y0, y) = exp




y∫

y0

x∫

x0

fk (s, t) dsdt


 =

= exp




y∫

y0

x∫

x0

f (s, t)
k∏

j=1


1 +

∫

Lj∩Gk+1

ωj (M) dµψj


 dsdt


 ,

Òîáòî, îòðèìàíà íåðiâíiñòü (6)�(7) äëÿ n = k + 1. Îòæå, íåðiâíiñòü
ñïðàâåäëèâà ∀ n ∈ N.

Íåõàé α = 1. Çíîâ ñêîðèñòà¹ìîñÿ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.
∀ (x, y) ∈ D1 íåðiâíiñòü (4) ìà¹ òàêèé âèãëÿä

u(x, y) = g1(x) + g2(y)− g1 (x0) +

y∫

y0

x∫

x0

(f(s, t) + k(s, t))u(s, t)dsdt = Hu(x, y).

(22)
Çà òåîðåìîþ 1 [4] äëÿ íåðiâíîñòi (22) áóäå ñïðàâåäëèâîþ îöiíêà

u(x, y) ≤ g1(x)g2(y)
g1(x0)

E1(x, y), (23)

äå

E1(x, y) = exp




y∫

y0

x∫

x0

(f(s, t) + k(s, t))dsdt


 .

Ïðèïóñòèìî, ùî íåðiâíiñòü (8)�(9) ¹ ñïðàâåäëèâîþ äëÿ (x, y) ∈ Dk. Äîâåäåìî,
ùî âîíà áóäå ñïðàâåäëèâîþ i äëÿ (x, y) ∈ Dk+1. ∀ (x, y) ∈ Dk+1

u(x, y) ≤ Hk−1u(x, y) +
∫

Lk
T

Gk+1

ωk(M)u(M)dµψk
= Hku(x, y). (24)

Ôóíêöiÿ Hku(x, y) ¹ íåñïàäíîþ ïî êîæíié çìiííié, òîìó ∀M (ξ, η) ∈ Lk

u(M) ≤ Hk−1u(M) ≤ Hk−1u(x, y). (25)
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Îñêiëüêè

Hk−1u(x, y) ≤ Hu(x, y)
k−1∏

j=1

hj(x, y), (26)

äå ïîçíà÷åíî
hj(x, y) = 1 +

∫

Lj
T

Gj+1

ωj(M)dµψj
,

òî ç íåðiâíîñòåé (25)�(26) âèïëèâà¹

Hku(x, y) ≤ Hk−1u(x, y)hk(x, y) ≤

≤ Hu(x, y)hk(x, y)
k−1∏

j=1

hj(x, y) = Hu(x, y)
k∏

j=1

hj(x, y).

Òîäi íåðiâíiñòü (23) ïðèéìå òàêèé âèãëÿä

u(x, y) ≤ Hu(x, y)
k∏

j=1

hj(x, y).

Çâiäñè

u(x, y)
k∏

j=1
hj(x, y)

≤ g1(x) + g2(y)− g1 (x0) +

y∫

y0

x∫

x0

(fk(s, t) + kk(s, t))
u(s, t)

k∏
j=1

hj(s, t)
dsdt,

äå ïîçíà÷åíî

fk(s, t) + kk(s, t) = (f(s, t) + k(s, t))
k∏

j=1

hj(s, t).

Ñêîðèñòà¹ìîñÿ òåîðåìîþ 1 [4] òà îòðèìà¹ìî

u(x, y) ≤ g1(x)g2(y)
g1(x0)

k∏

j=1

hj(x, y)Ek+1(x, y),

äå

Ek+1(x, y) = exp




y∫

y0

x∫

x0

(f(s, t) + k(s, t))
k∏

j=1


1 +

∫

Lj
T

Gk+1

ωj(M)dµψj


 dsdt


 .

Òîáòî, îòðèìàíà íåðiâíiñòü (8)�(9) äëÿ n = k + 1. Îòæå, íåðiâíiñòü
ñïðàâåäëèâà ∀ n ∈ N. Òåîðåìó äîâåäåíî.
Äëÿ çíàõîäæåííÿ îöiíêè ðîçâ'ÿçêiâ çàäà÷i Ãóðñà ç iìïóëüñíèìè çáóðåííÿìè,
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çðîáèìî äåÿêi ïðèïóùåííÿ. Íåõàé â îáëàñòi D∗ ⊂ R2 äëÿ íåïåðåðâíèõ
ôóíêöié ω∗j (x, y) , j = 1, n, f∗ (x, y) , k∗ (x, y) âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ

∣∣ω∗j (x, y)
∣∣ ≤ ωj (x, y) , | f∗ (x, y)| ≤ f (x, y) , | k∗ (x, y)| ≤ k (x, y) . (27)

Ïîêëàäåìî u (x, y) = |v (x, y)| òà ïðèïóñòèìî

|g∗1 (x)| ≤ g1 (x) , |g∗2 (y)| ≤ g2 (y) , (28)

äå ôóíêöi¨ g1 (x) , g2 (y) çàäîâîëüíÿþòü óìîâàì òåîðåìè 1.
Íàñëiäîê. Íåõàé â îáëàñòi D∗ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (27)�(28)

òà ôóíêöi¨ ωj (x, y) , f (x, y), k (x, y) çàäîâîëüíÿþòü óìîâàì òåîðåìè 1. Òîäi
äëÿ ðîçâ'ÿçêiâ çàäà÷i (1)�(2) ñïðàâåäëèâi îöiíêè (6)�(9).

Òåîðåìà 2 Íåõàé â îáëàñòi D∗ ⊂ R2, D∗ = D ∪ L âèêîíóþòüñÿ 1-6 óìîâè
òåîðåìè 1 òà ôóíêöiÿ u (x, y) çàäîâîëüíÿ¹ iíòåãðàëüíó íåðiâíiñòü (4), äå

Ru (x, y) = g1 (x) + g2 (y) +
∫∫

Gn

(f (s, t) u (s, t) + k (s, t) uα (s, t)) dsdt.

Òîäi ñïðàâäæóþòüñÿ îöiíêè:
ïðè 0 ≤ α < 1

u (x, y) ≤
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj




{
F 1−α

n (x0, x, y0, y)×

×
[
(g1 (x) + g2 (y0)) 1−α + (g1 (x0) + g2 (y))1−α − (g1 (x0) + g2 (y0))

1−α

]
+

+ (1−α)
∫∫

Gn


k (s, t) F 1−α

n (x0, x, t, y)
n−1∏

j=1


1+

∫

Lj∩Gn

ωj (M) dµψj




α
 dsdt

} 1
1−α

,

äå

Fn (x0, x, y0, y) = exp




y∫

y0

x∫

x0

f (s, t)
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj


 dsdt


 ;

ïðè α = 1

u (x, y) ≤
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj


En (x, y)×
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×(g1 (x) + g2 (y0)) (g1 (x0) + g2 (y))
g1 (x0) + g2 (y0)

,

äå

En (x, y) = exp




∫∫

Gn

(f (s, t) + k (s, t))
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj


 dsdt


 ;

ïðè α > 1 îöiíêà (6) áóäå ñïðàâåäëèâîþ â îáëàñòi

Dαn =

{
(x, y) ∈ Dn :

∫∫

Gn


k (s, t) Fα−1

n (x0, x, t, y)
n−1∏

j=1


1 +

∫

Lj∩Gn

ωj (M) dµψj




α
 dsdt <

<
1

α− 1

(
(g1 (x)+g2 (y0))

1−α + (g1 (x0)+g2 (y))1−α− (g1 (x0)+g2 (y0))
1−α

)}
.

Âèñíîâîê. Õàðàêòåðíîþ îñîáëèâiñòþ îòðèìàíèõ ðåçóëüòàòiâ ¹ òå, ùî ïðè
çíàõîäæåííi îöiíîê äëÿ ðîçðèâíèõ ôóíêöié äâîõ çìiííèõ áóëè âèêîðèñòàíi
òåîðiÿ ìiðè òà iíòåãðàë Ëåáåãà-Ñòiëòü¹ñà. Öåé ïiäõiä äîçâîëèâ îá'¹äíàòè â
îäíîìó ðåçóëüòàòi äâà âèïàäêè:

1. µψj � ìiðà Ëåáåãà-Ñòiëòü¹ñà, ÿêà çîñåðåäæåíà íà êðèâié Lj � äèñêðåòíà;

2. µψj � ìiðà Ëåáåãà-Ñòiëòü¹ñà, ÿêà çîñåðåäæåíà íà êðèâié Lj � àáñîëþòíî-
íåïåðåðâíà.
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