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ßäðî hm(x − y) = ‖x − y‖2−m èãðàåò âàæíóþ ðîëü â òåîðèè
ñóáãàðìîíè÷åñêèõ â ïðîñòðàíñòâå Rm(m ≥ 3) ôóíêöèé. Ìû
ðàññìàòðèâàåì ÿäðî hm(x − y) ïðè ëþáîì y ∈ Rm êàê ýëåìåíò
ïðîñòðàíñòâà Lp(γ,Rm). Â ñòàòüå ïðèâîäèòñÿ äîñòàòî÷íîå óñëîâèå
íà ìåðó γ äëÿ òîãî, ÷òîáû ôóíêöèÿ hm(x − y) ∈ Lp(γ,Rm) áûëà
ðàâíîìåðíî íåïðåðûâíîé ïî ïàðàìåòðó y â Rm. Ïðèâîäÿòñÿ ïðèìåðû
êîíêðåòíûõ ìåð γ, êîòîðûå óäîâëåòâîðÿþò ïðèâåäåííîìó óñëîâèþ.
Êëþ÷åâûå ñëîâà: (m − 1)-ìåðíàÿ ìåðà Õàóñäîðôà, ðàâíîìåðíàÿ
íåïðåðûâíîñòü.

Íãó¹í Âàí Êóiíü, Ïðî îäíó âëàñòèâiñòü ôóíêöi¨ ‖x− y‖2−m. ßäðî
hm(x− y) = ‖x− y‖2−m âiäiãðà¹ âàæëèâó ðîëü â òåîði¨ ñóáãàðìîíi÷íèõ
ó ïðîñòîði Rm(m ≥ 3) ôóíêöié. Ìè ðîçãëÿäà¹ìî ÿäðî hm(x − y) äëÿ
áóäü-ÿêîãî y ∈ Rm ÿê åëåìåíò ïðîñòîðó Lp(γ,Rm). Ó ñòàòòi íàâîäèòüñÿ
äîñòàòíÿ óìîâà íà ìiðó γ äëÿ òîãî, ùîá ôóíêöiÿ hm(x− y) ∈ Lp(γ,Rm)
áóëà ðàâíîìiðíî íåïåðåðâíîþ çà ïåðåìåòðîì y ó Rm. Íàâîäÿòüñÿ
ïðèêëàäè êîíêðåòíèõ ìið γ, ÿêi çàäîâîëüíÿþòü íàâåäåíó óìîâó.
Êëþ÷îâi ñëîâà: (m − 1)-ìiðíà ìiðà Õàóñäîðôà, ðiâíîìiðíà
íåïåðåðâíiñòü.

Nguyen Van Quynh, About one property of the function ‖x− y‖2−m.
The kernel hm(x − y) = ‖x − y‖2−m is important in the theory of
subharmonic functions in the space Rm(m ≥ 3). For any y ∈ Rm we
consider the kernel hm(x − y) as an element of the spaces Lp(γ,Rm). In
this article we give a su�cient condition on a measure γ the function
hm(x − y) ∈ Lp(γ,Rm) to be uniformly continious in the parameter y in
Rm. We give examples of measures γ, which satisfy this condition.
Keywords: (m− 1)-dimensional Haysdor� measure, uniform continuity.
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Â ñòàòüå ðàññìàòðèâàåòñÿ ôóíêöèÿ hm(x − y) = (
∑m

i=1(xi − yi)2)(2−m)/2

êàê îòîáðàæåíèå èç ïðîñòðàíñòâà Rm
y â ïðîñòðàíñòâî Lp(Rm, dγ(x)), ãäå γ �

íåêîòîðàÿ ïîëîæèòåëüíàÿ ìåðà â ïðîñòðàíñòâå Rm
x .

Òåîðåìà. Ïóñòü p ≥ 1 � ïðîèçâîëüíîå ôèêñèðîâàííîå ÷èñëî. Ïóñòü γ �
ïîëîæèòåëüíàÿ êîíå÷íàÿ áîðåëåâñêàÿ ìåðà òàêàÿ, ÷òî

sup





∫

B(y,δ)

|hm(x− y)|pdγ(x) : y ∈ Rm




→ 0 (δ → 0). (1)

Òîãäà ôóíêöèÿ hm(x−y) : Rm → Lp(γ) ÿâëÿåòñÿ ðàâíîìåðíî íåïðåðûâíîé ïî
ïåðåìåííîé y â Rm.

Äîêàçàòåëüñòâî.
1. Îáîçíà÷èì

ψ(y1, y2) =
(∫

|hm(x− y1)− hm(x− y2)|pdγ(x)
) 1

p

,

F (y) =
(∫

|hm(x− y)|pdγ(x)
) 1

p

.

Òàê êàê ÿäðî hm(x−y) êàê ôóíêöèÿ èç Rm×Rm â R íå îãðàíè÷åíà, òî íóæíî
äîêàçàòü ñõîäèìîñòü ââåäåííûõ èíòåãðàëîâ. Èç íåðàâåíñòâà Ìèíêîâñêîãî
ñëåäóåò, ÷òî

F (y) ≤




∫

B(y,δ)

|hm(x− y)|pdγ(x)




1
p

+




∫

CB(y,δ)

|hm(x− y)|pdγ(x)




1
p

= J1 + J2,

ãäå CB(y, δ) = Rm \B(y, δ). Ïðè x ∈ CB(y, δ) âûïîëíÿåòñÿ íåðàâåíñòâî

|hm(x− y)| ≤ δ2−m.

Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî J2 ≤ δ2−m(γ(Rm))
1
p . Ïî óñëîâèþ òåîðåìû

J1 ≤ 1 ïðè äîñòàòî÷íî ìàëûõ δ. Îòñþäà ïîëó÷àåì êîíå÷íîñòü F (y).
Äîêàçàííîå ìîæíî ôîðìóëèðîâàòü è òàê: ïðè ëþáîì y ∈ Rm ÿäðî hm(x− y)
åñòü ýëåìåíò ïðîñòðàíñòâà Lp(γ). Èç íåðàâåíñòâà ψ(y1, y2) ≤ F (y1) + F (y2)
ñëåäóåò êîíå÷íîñòü ψ(y1, y2).

2. Äîêàæåì, ÷òî ïðè ‖x− y‖ ≥ δ, âûïîëíÿåòñÿ íåðàâåíñòâî

‖ 5y hm(x− y)‖ ≤ m− 2
δm−1

. (2)

Èìååì
(hm(x− y))

′
yi

= (m− 2)
yi − xi

‖x− y‖m
(i = 1, 2, ...,m).
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Èç ýòîé ôîðìóëû ëåãêî ïîëó÷àåòñÿ íåðàâåíñòâî (2).
3. Òåïåðü äîêàæåì, ÷òî âûïîëíÿåòñÿ ñîîòíîøåíèå

ψ(y, y0) → 0 (y → y0).

Ïóñòü δ > 0 � ïðîèçâîëüíîå ÷èñëî. Áóäåì ñ÷èòàòü, ÷òî âûïîëíÿåòñÿ
íåðàâåíñòâî ‖y − y0‖ ≤ δ. Ïîñëåäîâàòåëüíîå ïðèìåíåíèå íåðàâåíñòâà
Ìèíêîâñêîãî è âêëþ÷åíèÿ B(y0, 2δ) ⊂ B(y, 3δ) äà¼ò

ψ(y, y0) ≤




∫

CB(y0,2δ)

|hm(x− y)− hm(x− y0)|pdγ(x)




1
p

+

+




∫

B(y0,2δ)

|hm(x− y0)|pdγ(x)




1
p

+




∫

B(y,3δ)

|hm(x− y)|pdγ(x)




1
p

=

= J1 + J2 + J3.

Åñëè x /∈ B(y0, 2δ), ‖y − y0‖ ≤ δ, òî äëÿ ëþáîãî w ∈ B(y0, ‖y − y0‖) áóäóò
âûïîëíÿòüñÿ íåðàâåíñòâà ‖x − w‖ ≥ δ, ‖∇yhm(x − w)‖ ≤ m− 2

δm−1
. Èç îöåíêè

ãðàäèåíòà ñëåäóåò, ÷òî

|hm(x, y)− hm(x, y0)| ≤ m− 2
δm−1

‖y − y0‖, J1 ≤ m− 2
δm−1

(γ(Rm))
1
p ‖y − y0‖.

Èç óñëîâèé òåîðåìû ïîëó÷àåì: J2 ⇒ 0, J3 ⇒ 0 (δ → 0), ÷òî äîêàçûâàåò
òðåáóåìîå óòâåðæäåíèå.

4. Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå òåîðåìû íåâåðíî. Òîãäà ñóùåñòâóþò
÷èñëî ε > 0, ïîñëåäîâàòåëüíîñòè y2n, y1n òàêèå, ÷òî y2n − y1n → 0 (n → ∞),
ψ(y2n, y1n) ≥ ε. Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî y1n → y0 ∈
Rm ∪ {∞} (n →∞).
Òàê êàê ìåðà γ êîíå÷íà, òî ñóùåñòâóåò ÷èñëî R òàêîå, ÷òî γ(CB(0, R)) < ε.
Èìååì

F (y1n) ≤




∫

B(0,R)

|hm(x− y1n)|pdγ(x)




1
p

+

+




∫

B(y1n,δ)

|hm(x− y1n)|pdγ(x)




1
p

+




∫

E

|hm(x− y1n)|pdγ(x)




1
p

=

= J1 + J2 + J3,

ãäå E = CB(0, R) \B(y1n, δ). Ïðè x ∈ E âûïîëíÿåòñÿ íåðàâåíñòâî

hm(x− y) ≤ δ2−m.
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Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî J3 ≤ δ(2−m)pγ(CB(0, R)) < δ(2−m)pε. Ïî
óñëîâèþ òåîðåìû J2 < ε ïðè äîñòàòî÷íî ìàëûõ δ. Èìååòñÿ î÷åâèäíîå
ñîîòíîøåíèå J1 < ε ïðè äîñòàòî÷íî áîëüøèõ ‖y1n‖. Îòñþäà ïîëó÷àåì,
÷òî F (y1n) → 0 (y1n → ∞ (n → ∞)). Àíàëîãè÷íî F (y2n) → 0 (y2n →
∞ (n → ∞)). Èç íåðàâåíñòâà ψ(y2n, y1n) ≤ F (y1n) + F (y2n) ñëåäóåò, ÷òî
ψ(y2n, y1n) → 0 (y2n − y1n → 0, y1n → ∞, (n → ∞)). Ýòî ïðîòèâîðå÷èò
ïðèíÿòîìó ïðåäïîëîæåíèþ ψ(y2n, y1n) ≥ ε è, òåì ñàìûì, y0 6= ∞.

Èç íåðàâåíñòâà Ìèíêîâñêîãî ñëåäóåò, ÷òî

ψ(y2n, y1n) ≤ ψ(y2n, y0) + ψ(y1n, y0).

Íàáîð ïîëó÷åííûõ íàìè óòâåðæäåíèé â ñîâîêóïíîñòè ïðîòèâîðå÷èâ. Òåì
ñàìûì òåîðåìà äîêàçàíà.

Îòìåòèì, ÷òî ñëó÷àé m = 2, èçó÷àëñÿ â ðàáîòå [1].
Äàëåå ïðèâåäåì ïðèìåðû êîíêðåòíûõ ìåð γ, äëÿ êîòîðûõ ñïðàâåäëèâî

óñëîâèå (1).
Ïðèìåð 1. Ïóñòü λ � ìåðà Ëåáåãà â ïðîñòðàíñòâå Rm. Ìû áóäåì

èñïîëüçîâàòü ñòàíäàðòíîå îáîçíà÷åíèå dλ = dx . Ðàññìàòðèâàåì èíòåãðàë,
âõîäÿùèé â óñëîâèå (1) è, ñäåëàâ ïàðàëëåëüíûé ïåðåíîñ, ïîëó÷àåì ðàâåíñòâî:

J1 =
∫

B(y,δ)

‖x− y‖p(2−m)dx =
∫

B(0,δ)

‖x‖p(2−m)dx.

Ââåä¼ì ïîëÿðíûå êîîðäèíàòû:




x1 = r cosϕ1,

x2 = r sinϕ1 cosϕ2,

. . . ,

xm−1 = r sinϕ1 sinϕ2 · · · sinϕm−2 cosϕm−1,

xm = r sinϕ1 sinϕ2 · · · sinϕm−2 sinϕm−1.

(3)

Ïîëó÷àåì ðàâåíñòâî

∫

B(0,δ)

‖x‖p(2−m)dx = σm−1

δ∫

0

r(m−1)+p(2−m)dr,

ãäå σm−1 � ïëîùàäü åäèíè÷íîé ñôåðû â ïðîñòðàíñòâå Rm. Èç ýòîãî ñëåäóåò,
÷òî ïðè p ∈ [1, m

m−2) èíòåãðàë J1 ñòðåìèòñÿ ê íóëþ ïðè δ → 0 ðàâíîìåðíî
îòíîñèòåëüíî y ∈ Rm.

Ïðèìåð 2. Ïóñòü γ � îãðàíè÷åíèå (m − 1)-ìåðíîé ìåðû Õàóñäîðôà íà
ñôåðó S(0, R) = {x : ‖x‖ = R}. Èìååì

J2 = J2(y, δ) =
∫

B(y,δ)

‖x− y‖p(2−m)dγ(x) =
∫

B(y,δ)∩S(0,R)

‖x− y‖p(2−m)dS(x).
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Îáîçíà÷èì R1=‖y‖, y0=(R1, 0, ..., 0), x̃=(x2, ..., xm), σ=B(y0, δ) ∩ S(0, R).
Ôóíêöèÿ J2(y, δ) ÿâëÿåòñÿ ðàäèàëüíî ñèììåòðè÷åñêîé ôóíêöèåé ïî ïåðå-
ìåííîé y. Ïîýòîìó

J2 =
∫

σ

‖x− y0‖p(2−m)dS(x) =

=
∫

σ

1

((x1 −R1)2 + ‖x̃‖2)
p(m−2)

2

dS(x) ≤
∫

σ

dS(x)
‖x̃‖p(m−2)

.

(4)

Åñëè |R1 − R| ≥ δ, òî J2 = 0. Ïîýòîìó â äàëüíåéøåì ìîæíî ñ÷èòàòü,
÷òî R1 ∈ (R− δ,R + δ). Ââåä¼ì íà ñôåðå S(0, R) ïîëÿðíûå êîîðäèíàòû (3) ñ
r = R. Âûïîëíÿåòñÿ ðàâåíñòâî

dS(x) = Rm−1 sinm−2 ϕ1... sinϕm−2dϕ1...dϕm−1. (5)

Êðîìå òîãî,

‖x̃‖2 = R2 − x2
1 = R2 −R2 cos2 ϕ1 = R2 sin2 ϕ1. (6)

Åñëè x ∈ σ, òî âûïîëíÿþòñÿ íåðàâåíñòâà R − 2δ < R1 − δ ≤ x1 ≤ R.
Ïîýòîìó

R− 2δ ≤ R cosϕ1 ≤ R,

(
R− 2δ

R

)2

≤ cos2 ϕ1 ≤ 1,

0 ≤ sin2 ϕ1 ≤ 4δ(R− δ)
R2

≤ 4δ

R
, 0 ≤ ϕ1 ≤ arcsin 2

√
δ

R
. (7)

Èç ñîîòíîøåíèé (4)− (7) ñëåäóåò íåðàâåíñòâî

J2 ≤ 2Rm−1−p(m−2)πm−1

arcsin 2
q

δ
R∫

0

sinm−2 ϕ1

sinp(m−2) ϕ1

dϕ1.

Èç ýòîãî íåðàâåíñòâà, â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî ïðè p ∈ [1, m−1
m−2) âåëè÷èíà

J2(y, δ) ðàâíîìåðíî îòíîñèòåëüíî y ∈ Rm ñòðåìèòñÿ ê íóëþ ïðè δ → 0.
Ïðèìåð 3. Ïóñòü γ � îãðàíè÷åíèå (m − 1)-ìåðíîé ìåðû Õàóñäîðôà íà

ãèïåðïëîñêîñòü L = {x : xm = 0}. Ðàññìàòðèâàåì ñëåäóþùóþ âåëè÷èíó

J3 = J3(y, δ) =
∫

B(y,δ)

‖x− y‖p(2−m)dγ(x) =
∫

B(y,δ)∩L

‖x− y‖p(2−m)dS(x).

Ïóñòü y = (y1, y2, ..., ym). Çàìåòèì, ÷òî åñëè |ym| ≥ δ, òî J3 = 0. Ïîýòîìó
ìû áóäåì ñ÷èòàòü, ÷òî ym ∈ (−δ, δ). Èìååì

J3 =
∫

B(y,δ)∩L

1
(

m−1∑
i=1

(xi − yi)2 + y2
m

) p(m−2)
2

dS(x),
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J3 ≤
∫

B(y,δ)∩L

1
(

m−1∑
i=1

(xi − yi)2
) p(m−2)

2

dS(x). (8)

Ââåä¼ì íà L íîâûå êîîðäèíàòû x = (x̃1, ..., x̃m−1, 0). Òîãäà

dS(x) = dx̃1...dx̃m−1. (9)

Áîëåå òîãî èìååì

B(y, δ) ∩ L =

{
(x̃1, ..., x̃m−1, 0) :

m−1∑

i=1

(x̃i − yi)2 ≤ δ2 − y2
m

}
⊂

⊂
{

(x̃1, ..., x̃m−1, 0) :
m−1∑

i=1

(x̃i − yi)2 ≤ δ2

}
= Bm−1(y, δ).

(10)

Èç ñîîòíîøåíèé (8)− (10) ñëåäóåò íåðàâåíñòâî

J3 ≤
∫

Bm−1(y,δ)

1
(

m−1∑
i=1

(x̃i − yi)2
) p(m−2)

2

dx̃1...dx̃m−1.

Çàìåòèì, ÷òî ïîñëåäíèé èíòåãðàë ìîæíî ðàññìîòðåòü, êàê è â ïðèìåðå 1, íî
òåïåðü â ñëó÷àå ïðîñòðàíñòâà Rm−1. Îòñþäà ñëåäóåò, ÷òî ïðè p ∈ [1, m−1

m−2)
âåëè÷èíà J3(y, δ) ñòðåìèòñÿ ê íóëþ ïðè δ → 0 ðàâíîìåðíî îòíîñèòåëüíî
y ∈ Rm.
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