
Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Â.Í. Êàðàçiíà
Ñåðiÿ "Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà"

ÓÄÊ 517.9 � 1120, 2014, ñ.85�94

Î ðåøåíèè ìàòðè÷íûõ óðàâíåíèé Ëÿïóíîâà

Ñ. Ì. ×óéêî
Äîíáàñüêèé äåðæàâíèé ïåäàãîãi÷íèé óíiâåðñèòåò, Ñëîâ'ÿíñüê

chujko-slav@inbox.ru

Ìàòðè÷íûå óðàâíåíèÿ Ëÿïóíîâà øèðîêî èñïîëüçóþòñÿ â òåîðèè
óñòîé÷èâîñòè äâèæåíèÿ, à òàêæå ïðè ðåøåíèè äèôôåðåíöèàëüíûõ
óðàâíåíèé Ðèêêàòè. Åñëè ñòðóêòóðà îáùåãî ðåøåíèÿ îäíîðîäíîé ÷àñòè
óðàâíåíèÿ Ëÿïóíîâà õîðîøî èçó÷åíà, òî ðåøåíèå íåîäíîðîäíîãî óðàâ-
íåíèÿ Ëÿïóíîâà äîñòàòî÷íî ãðîìîçäêî. Â ñòàòüå ïðåäëîæåíà ôîðìóëà
ïîñòðîåíèÿ ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ Ëÿïóíîâà.
Êëþ÷åâûå ñëîâà: ìàòðè÷íûå óðàâíåíèÿ Ëÿïóíîâà, ìàòðè÷íîå óðàâíå-
íèå Ðèêêàòè, ïñåâäîîáðàùåíèå îïåðàòîðà.

×óéêî Ñ. Ì., Ïðî ðîçâ'ÿçàííÿ ìàòðè÷íèõ ðiâíÿíü Ëÿïóíîâà.
Ìàòðè÷íi ðiâíÿííÿ Ëÿïóíîâà øèðîêî âèêîðèñòîâóþòüñÿ â òåîði¨ ñòié-
êîñòi ðóõó, à òàêîæ ïðè ðîçâ'ÿçàííi äèôåðåíöiàëüíèõ ðiâíÿíü Ðiêêàòi.
ßêùî ñòðóêòóðà çàãàëüíîãî ðîçâ'ÿçêó îäíîðiäíî¨ ÷àñòèíè ðiâíÿííÿ
Ëÿïóíîâà äîáðå âèâ÷åíà, òî ðîçâ'ÿçàííÿ íåîäíîðiäíîãî ðiâíÿííÿ
Ëÿïóíîâà äîñèòü ãðîìiçäêå. Ó ñòàòòi çàïðîïîíîâàíà ôîðìóëà ïîáóäîâè
÷àñòèííîãî ðîçâ'ÿçêó íåîäíîðiäíîãî ðiâíÿííÿ Ëÿïóíîâà.
Êëþ÷îâi ñëîâà: ìàòðè÷íå ðiâíÿííÿ Ëÿïóíîâà, ðiâíÿííÿ Ðiêêàòi, ïñåâ-
äîîáåðíåííÿ îïåðàòîðà.

S. M. Chuiko,The solution of the Lyapunov matrix equations.
Lyapunov matrix equations widely used in the theory of stability of motion,
as well as the solution of di�erential Riccati equations. If the structure of
the general solution of the homogeneous part of the Lyapunov equation is
well studied, the solution of the inhomogeneous Lyapunov equation is quite
cumbersome. We have proposed a formula for constructing a particular
solution of the nonhomogeneous Lyapunov equation.
Keywords: Lyapunov matrix equation, Riccati matrix equation,
pseudoinverse operator.
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Ïîñòàíîâêà çàäà÷è

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèÿ C ∈ Rn×n ìàòðè÷íîãî óðàâíåíèÿ
Ëÿïóíîâà [1, 2, 3, 4, 6]

QC = CR + B , (1)

ãäå Q, R, B ∈ Rn×n � äàííûå (n×n)−ìàòðèöû. Ìàòðè÷íûå óðàâíåíèÿ Ëÿïó-
íîâà øèðîêî èñïîëüçóþòñÿ â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ [3, 4, 5], à òàêæå
ïðè ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé Ðèêêàòè [7, 8]. Åñëè ñòðóêòó-
ðà îáùåãî ðåøåíèÿ îäíîðîäíîé ÷àñòè óðàâíåíèÿ (1) õîðîøî èçó÷åíà [1, 6],
òî ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ Ëÿïóíîâà (1) äîñòàòî÷íî ãðîìîçäêî.
Â ñòàòüå [7] ïðåäëîæåíû óñëîâèÿ ðàçðåøèìîñòè, à òàêæå ñõåìà ïîñòðîåíèÿ
÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ (1) íà îñíîâå ïñåâäîîáðàùåíèÿ
îïåðàòîðà L, ñîîòâåòñòâóþùåãî îäíîðîäíîé ÷àñòè óðàâíåíèÿ (1). Êàê èçâåñò-
íî, îáùåå ðåøåíèå óðàâíåíèÿ Ëÿïóíîâà (1) ÿâëÿåòñÿ ñóììîé

C = Φ[Q,R] + Ψ[B]

îáùåãî ðåøåíèÿ Φ[Q,R] îäíîðîäíîãî óðàâíåíèÿ

QC = CR (2)

è ïðîèçâîëüíîãî ÷àñòíîãî ðåøåíèÿ Ψ[B] óðàâíåíèÿ (1). Äëÿ ïîñòðîåíèÿ îáùå-
ãî ðåøåíèÿ Φ[Q,R] îäíîðîäíîé ÷àñòè (2) ìàòðè÷íîãî óðàâíåíèÿ (1) ïðèâåäåì
ìàòðèöû Q è R íåîñîáåííûìè (detSQ 6= 0) è (detSR 6= 0) ïðåîáðàçîâàíèÿìè
ïîäîáèÿ ê íîðìàëüíûì æîðäàíîâûì ôîðìàì:

Q = SQ · JQ · S−1
Q , R = SR · JR · S−1

R .

Çàäà÷à î ïîñòðîåíèè îáùåãî ðåøåíèÿ Φ[Q,R] îäíîðîäíîãî óðàâíåíèÿ (2) çà-
ìåíîé ïåðåìåííîé C̃ = S−1

Q · C · SR ïðèâîäèòñÿ ê óðàâíåíèþ [1]

JQC̃ = C̃JR.

Îáîçíà÷èì ýëåìåíòàðíûå äåëèòåëè ìàòðèöû Q :

(λ− λ1)p1 , (λ− λ2)p2 , ... (λ− λu)pu , λ1 + λ2 + ... + λu = n,

à òàêæå ýëåìåíòàðíûå äåëèòåëè ìàòðèöû R :

(λ− µ1)q1 , (λ− µ2)q2 , ... (λ− µv)qv , µ1 + µ2 + ... + µv = n.

Â äàëüíåéøåì áóäåì ãîâîðèòü, ÷òî ìàòðèöà Θαβ ∈ Rpα×qβ èìååò ïðàâèëüíóþ
âåðõíþþ òðåóãîëüíóþ ôîðìó, åñëè ïðè pα < qβ :

Θαβ = (O Tpα)
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è ïðè pα > qβ :

Θαβ =
(

Tqβ

O

)
;

çäåñü Tpα ∈ Rpα×pα � ìàòðèöà âèäà

Tpα =




θ1 θ2 ... θpα−1

0 θ1 ... θpα−2

... ... ... ....
0 0 ... θ1


 ,

θ1, θ2, ... θpα−1 ∈ R � ïðîèçâîëüíûå êîíñòàíòû, à òàêæå

Tqβ
=




θ1 θ2 ... θqβ−1

0 θ1 ... θqβ−2

... ... ... ....
0 0 ... θ1


 ,

θ1, θ2, ... θqβ−1 ∈ R � ïðîèçâîëüíûå êîíñòàíòû. Íîðìàëüíûå æîðäàíîâû ôîð-
ìû JQ è JR, à ñëåäîâàòåëüíî, è íåèçâåñòíàÿ ìàòðèöà

C̃ =
(
C̃αβ

)
, α = 1, 2, ... u, β = 1, 2, ... v

èìåþò êâàçèäèàãîíàëüíûé âèä, ïðè ýòîì C̃αβ = Θαβ ïðè α = β è C̃αβ = O
ïðè α 6= β. Òàêèì îáðàçîì, [1, 6]

C = SQ ·
(
C̃αβ

)
· S−1

R .

Îáîçíà÷àÿ Ξi, i = 1, 2, ... p ÷àñòíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ (2),
ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ [6].

Ëåììà. Îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (2) ïðåäñòàâèìî â âèäå

Φ[Q,R] =
p∑

i=1

θiΞi; (3)

çäåñü, θ1, θ2, ... θp ∈ R � ïðîèçâîëüíûå êîíñòàíòû.

Ïðè óñëîâèè σ(Q) ∩ σ(R) 6= ∅ îäíîðîäíàÿ ÷àñòü (2) ìàòðè÷íîãî óðàâíå-
íèÿ (1) èìååò íåíóëåâûå ðåøåíèÿ âèäà (3), ïðè ýòîì îäíîðîäíîå ìàòðè÷íîå
óðàâíåíèå Q∗C = CR∗, ñîïðÿæåííîå óðàâíåíèþ (2), èìååò íåíóëåâûå ðåøå-
íèÿ âèäà

Φ[Q∗, R∗] = SQ∗ ·
(
Čαβ

) · S−1
R∗ .

Çàäà÷à î ïîñòðîåíèè îáùåãî ðåøåíèÿ ìàòðè÷íîãî óðàâíåíèÿ (1) çàìåíîé ïå-
ðåìåííîé C̃ = S−1

Q · C · SR ïðèâîäèòñÿ ê óðàâíåíèþ

JQC̃ = C̃JR + B; (4)
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çäåñü
B := S−1

Q ·B · SR ∈ Rn×n.

ÎÑÍÎÂÍÎÉ ÐÅÇÓËÜÒÀÒ

Êàê èçâåñòíî [6], óðàâíåíèå (4) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà

PL∗B = 0. (5)

Çäåñü PL∗ � îðòîïðîåêòîð îïåðàòîðà, ñîïðÿæåííîãî ôðåäãîëüìîâîìó îïåðà-
òîðó [6, 9]

LC : JQC̃ − C̃JR : Rn×n → Rn×n.

Ïî îïðåäåëåíèþ îðòîïðîåêòîð PL∗ óäîâëåòâîðÿåò óñëîâèÿì [9]

L∗PL∗ = 0, P 2
L∗ = PL∗ , P ∗

L∗ = PL∗ .

Ïðåäïîëîæèì óñëîâèå (5) âûïîëíåííûì, ïðè ýòîì óðàâíåíèå (4) ðàçðåøèìî.
Îáîçíà÷èì Θi, i = 1, 2, ... , n2 áàçèñ îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L.
Â ñèëó î÷åâèäíîãî ðàâåíñòâà JQC̃ − C̃JR = B ÷àñòíîå ðåøåíèå Ψ[B] óðàâíå-
íèÿ (4) ñëåäóåò èñêàòü â îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L, ñëåäîâàòåëüíî

Ψ[B] =
n2∑

i=1

ciΘi, ci ∈ R, i = 1, 2, ... n2.

Ïîñêîëüêó ÷àñòü âåêòîðîâ áàçèñà îáëàñòè îïðåäåëåíèÿ îïåðàòîðà L ïðèíàä-
ëåæèò íóëü-ïðîñòðàíñòâó N(L) := kerL îïåðàòîðà L, ïîñòîëüêó ïðèõîäèì ê
óðàâíåíèþ îòíîñèòåëüíî q := n2 − dimkerL íåèçâåñòíûõ ci ∈ R :

LΨ[B] := JQ

q∑

i=1

ciΘi −
q∑

i=1

ciΘi JR = B. (6)

Çäåñü Θi, i = 1, 2, ... q � ìàòðèöû èç áàçèñà îáëàñòè îïðåäåëåíèÿ îïåðà-
òîðà L, äëÿ êîòîðûõ LΘi 6= 0. Äëÿ îïåðàòîðà L èìååò ìåñòî ðàçëîæåíèå [6, 9]

Rn×n = R(L∗)⊕ N(L),

ñëåäîâàòåëüíî, ëþáîé âåêòîð Θi, i = 1, 2, ... q èç áàçèñà îáëàñòè îïðåäåëåíèÿ
îïåðàòîðà L, äëÿ êîòîðîãî LΘi 6= 0 ïðèíàäëåæèò îáðàçó R(L∗). Îïðåäåëèì
îïåðàòîð M[B] : Rn×n → Rn2

, êàê îïåðàòîð, êîòîðûé ñòàâèò â ñîîòâåòñòâèå
ìàòðèöå B ∈ Rn×n âåêòîð-ñòîëáåö M[B] ∈ Rn2

, ñîñòàâëåííûé èç n ñòîëáöîâ
ìàòðèöû B. Îáîçíà÷èì ìàòðèöó

ML

[
Θ1, Θ2 ... Θq

]
:=

[
M[LΘ1] M[LΘ2] ... M[LΘq]

]
∈ Rn2×q.
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Â íîâûõ îáîçíà÷åíèÿõ óðàâíåíèå (6) ðàâíîñèëüíî ñëåäóþùåìó

ML

[
Θ1, Θ2 ... Θq

]
c = M[B], c ∈ Rq. (7)

Ïðè óñëîâèè (5) óðàâíåíèå (7), à ñëåäîâàòåëüíî, è óðàâíåíèå (6), ðàçðåøèìû
ïî ìåíüøåé ìåðå îäíèì ñïîñîáîì [9]

č := ML+

[
Θ1,Θ2 ... Θq

]
M[B].

Çäåñü ML+

[
Θ1, Θ2 ... Θq

]
� ïñåâäîîáðàòíàÿ ïî Ìóðó�Ïåíðîóçó ìàòðèöà

[1, 9]. Èòàê, íàõîäèì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4):

Ψ[B] =
q∑

i=1

čiΘi, či ∈ R, i = 1, 2, ... q,

ïðè ýòîì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (1) èìååò âèä Ψ[B] = SQ · Ψ[B] · S−1
R .

Òàêèì îáðàçîì äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà. Äëÿ ðàçðåøèìîñòè óðàâíåíèÿ (1) íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèÿ óñëîâèÿ (5). Ïðè âûïîëíåíèè óñëîâèÿ (5) îáùåå ðåøåíèå óðàâíå-
íèÿ (1) ÿâëÿåòñÿ ñóììîé

C = Φ[Q,R] + Ψ[B]

îáùåãî ðåøåíèÿ
Φ[Q,R] = SQ · Φ[JQ, JR] · S−1

R

îäíîðîäíîé ÷àñòè (2) ìàòðè÷íîãî óðàâíåíèÿ (1) è ÷àñòíîãî ðåøåíèÿ

Ψ[B] = SQ ·Ψ[B] · S−1
R , B := S−1

Q ·B · SR

óðàâíåíèÿ (1). Çäåñü SQ è SR � íåâûðîæäåííûå ìàòðèöû, ïðåîáðàçóþùèå
ìàòðèöû Q è R ê íîðìàëüíûì æîðäàíîâûì ôîðìàì:

Q = SQ · JQ · S−1
Q , R = SR · JR · S−1

R ,

Ψ[B] =
q∑

i=1

čiΘi, č := ML+

[
Θ1, Θ2 ... Θq

]
M[B],

{Θi}q
i=1 � áàçèñ îáðàçà R(L∗) ôðåäãîëüìîâîãî îïåðàòîðà L∗, ñîðÿæåííîãî

îïåðàòîðó L :
L∗C : J∗QC − CJ∗R : Rn×n → Rn×n.

Ïðåäëîæåííàÿ ôîðìóëà ÷àñòíîãî ðåøåíèÿ Ψ[B] óðàâíåíèÿ (1) ñóùåñòâåí-
íî îòëè÷àåòñÿ îò êîíñòðóêöèè ÷àñòíîãî ðåøåíèÿ â âèäå ïñåâäîîáðàòíîãî îïå-
ðàòîðà L+, èñïîëüçîâàííîãî â ñòàòüå [6].
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Ïðèìåð 1. Íåäíîðîäíîå ìàòðè÷íîå óðàâíåíèå

QC = CR + B (8)

ðàçðåøèìî ïðè

Q =




0 0 0
−1 1 0
1 −1 2


 , R =



−1 0 0
−1 0 0
0 0 −2


 , B =




0 0 0
1 0 0
1 0 2


 .

Ïðèâåäåì ìàòðèöó Q íåîñîáåííûì

SQ =




0 0 1
1 0 1
1 1 0


 , SQ−1 =



−1 1 0
1 −1 1
1 0 0




ïðåîáðàçîâàíèåì ïîäîáèÿ ê íîðìàëüíîé æîðäàíîâîé ôîðìå

JQ =




1 0 0
0 2 0
0 0 0


 .

Àíàëîãè÷íî ïðèâåäåì ìàòðèöó R íåîñîáåííûì

SR =




1 0 0
1 0 1
0 1 0


 , SR−1 =




1 0 0
0 0 1
−1 1 0




ïðåîáðàçîâàíèåì ïîäîáèÿ ê íîðìàëüíîé æîðäàíîâîé ôîðìå

JR =



−1 0 0
0 −2 0
0 0 0


 ,

ïðè ýòîì
Φ[JQ, JR] = Φ[J∗Q, J∗R] = Π c1, c1 ∈ R1;

çäåñü

Π :=




0 0 0
0 0 0
0 0 1


 .

Äëÿ ìàòðèöû

B =




1 0 0
0 2 0
0 0 0




óñëîâèå (5) âûïîëíåíî:
PL∗B = ΠB∗Π = 0.
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Áàçèñ îáðàçà R(L∗) îïåðàòîðà L∗ ñîñòàâëÿþò ìàòðèöû

Θ1 =




1 0 0
0 0 0
0 0 0


 , ... , Θ8 =




0 0 0
0 0 0
0 1 0


 ,

ïðè ýòîì
M[B] =

(
1 0 0 0 2 0 0 0 0

)
,

ñëåäîâàòåëüíî

č∗ =
1
2

(
1 0 0 0 1 0 0 0 0

)
, Ψ[B] =

1
2




1 0 0
0 1 0
0 0 0


 .

Òàêèì îáðàçîì, îáùåå ðåøåíèå óðàâíåíèÿ (8) ÿâëÿåòñÿ ñóììîé

C = Φ[Q,R] + Ψ[B],

ãäå

Φ[Q,R] = SQ · Φ[JQ, JR] · S−1
R , Ψ[B] =

1
2




0 0 0
1 0 0
1 0 1


 .

Ïðè óñëîâèè σ(Q) ∩ σ(R) = ∅ îäíîðîäíàÿ ÷àñòü (2) ìàòðè÷íîãî óðàâíå-
íèÿ (1) èìååò òîëüêî íóëåâîå ðåøåíèå. Â ýòîì ñëó÷àå ÷àñòíîå ðåøåíèå Ψ[B]
óðàâíåíèÿ (4) ñëåäóåò èñêàòü, êàê ëèíåéíóþ êîìáèíàöèþ ìàòðèö èç îáðàçà

R(L∗) = Rn×n, dimR(L∗) = n2

îïåðàòîðà L, ñëåäîâàòåëüíî

Ψ[B] =
n2∑

i=1

ciΘi, ci ∈ R, i = 1, 2, ... n2.

Çäåñü

Ξ1 =




1 0 ... 0
0 0 ... 0
... ... ... ...
0 0 ... 0


 , ... , Ξn2 =




0 0 ... 0
0 0 ... 0
... ... ... ...
0 0 ... 1


 .

Îáîçíà÷èì ìàòðèöó

ML

[
Θ1,Θ2 ... Θn2

]
:=

[
M[LΘ1] M[LΘ2] ... M[LΘn2 ]

]
∈ Rn2×n2

.
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Óðàâíåíèå (7), à ñëåäîâàòåëüíî, è óðàâíåíèå (6) ðàçðåøèìû ïî ìåíüøåé ìåðå
îäíèì ñïîñîáîì [9]

č := ML+

[
Θ1,Θ2 ... Θn2

]
M[B].

Èòàê, â ñëó÷àå σ(Q) ∩ σ(R) = ∅, íàõîäèì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (4):

Ψ[B] =
n2∑

i=1

čiΘi, či ∈ R, i = 1, 2, ... n2,

ïðè ýòîì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (1) èìååò âèä Ψ[B] = SQ · Ψ[B] · S−1
R .

Òàêèì îáðàçîì äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Ñëåäñòâèå. Â ñëó÷àå σ(Q) ∩ σ(R) = ∅ óðàâíåíèå (1) îäíîçíà÷íî ðàçðå-
øèìî ïðè ëþáîé íåîäíîðîäíîñòè B ∈ Rn×n, ïðè ýòîì ðåøåíèå èìååò âèä

C = Ψ[B] = SQ ·Ψ[B] · S−1
R , B := S−1

Q ·B · SR.

óðàâíåíèÿ (1). Çäåñü SQ è SR � íåâûðîæäåííûå ìàòðèöû, ïðåîáðàçóþùèå
ìàòðèöû Q è R ê íîðìàëüíûì æîðäàíîâûì ôîðìàì:

Q = SQ · JQ · S−1
Q , R = SR · JR · S−1

R ,

Ψ[B] =
q∑

i=1

čiΘi, č := ML+

[
Θ1, Θ2 ... Θn2

]
M[B],

{Θi}n2

i=1 � áàçèñ îáðàçà R(L∗) ôðåäãîëüìîâîãî îïåðàòîðà L∗ :

L∗C : J∗QC − CJ∗R : Rn×n → Rn×n.

Ïðèìåð 2. Íåäíîðîäíîå ìàòðè÷íîå óðàâíåíèå (1) îäíîçíà÷íî ðàçðåøèìî
ïðè

Q =




1 0 0
−1 2 1
−2 0 3


 , R =



−2 0 1
0 −3 0
0 0 −1


 , B =




0 0 1
1 −2 −1
1 0 0


 .

Ïðèâåäåì ìàòðèöó Q íåîñîáåííûì

SQ =




1 0 0
0 1 1
1 0 1


 , SQ−1 =




1 0 0
1 1 −1
−1 0 1
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ïðåîáðàçîâàíèåì ïîäîáèÿ ê íîðìàëüíîé æîðäàíîâîé ôîðìå

JQ =




1 0 0
0 2 0
0 0 3


 .

Àíàëîãè÷íî ïðèâåäåì ìàòðèöó R9 íåîñîáåííûì

SR =




1 0 1
0 −1 0
1 0 0


 , SR−1 =




0 0 1
0 −1 0
1 0 −1




ïðåîáðàçîâàíèåì ïîäîáèÿ ê íîðìàëüíîé æîðäàíîâîé ôîðìå

JR =



−1 0 0
0 −3 0
0 0 −2


 .

Ïîñêîëüêó σ(Q)∩σ(R9) = ∅, ïîñòîëüêó óðàâíåíèå (1) îäíîçíà÷íî ðàçðåøèìî.
Ïîëîæèì

Ξ1 =




1 0 0
0 0 0
0 0 0


 , ... , Ξ9 =




0 0 0
0 0 0
0 0 1


 ,

ïðè ýòîì

ML

[
Θ1,Θ2 ... Θn2

]
=




2 0 0 0 0 0 0 0 0
0 0 0 3 0 0 0 0 0
0 0 0 0 0 0 4 0 0
0 4 0 0 0 0 0 0 0
0 0 0 0 5 0 0 0 0
0 0 0 0 0 0 0 6 0
0 0 3 0 0 0 0 0 0
0 0 0 0 0 4 0 0 0
0 0 0 0 0 0 0 0 5




, M∗[B] =




0
0
0
0
2
0
0
0
1




.

Ïðè ýòîì óðàâíåíèå (6), à ñëåäîâàòåëüíî, è óðàâíåíèå (7) îäíîçíà÷íî ðàçðå-
øèìû

č := ML+

[
Θ1, Θ2 ... Θn2

]
M[B] =




1
2
0
0
0
2
5
0
0
0
1
5




.
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Òàêèì îáðàçîì,

Ψ[B] =




1
2 0 0
0 2

5 0
0 0 1

5


 , Ψ[B] =




0 0 1
2

1
5 −2

5 −1
5

1
5 0 3

10


 .

Ïðåäëîæåííàÿ ôîðìóëà ÷àñòíîãî ðåøåíèÿ Ψ[B] óðàâíåíèÿ (1) ìîæåò
áûòü èñïîëüçîâàíà â òåîðèè óñòîé÷èâîñòè äâèæåíèÿ [3, 4, 5], à òàêæå ïðè
ðåøåíèè äèôôåðåíöèàëüíûõ óðàâíåíèé Ðèêêàòè [7, 8] è ìàòðè÷íîãî óðàâíå-
íèÿ Ñèëüâåñòðà [10].
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