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Ðàññìàòðèâàåòñÿ ìíîãîòî÷å÷íàÿ êðàåâàÿ çàäà÷à â ïîëèñëîå, âûÿñíÿ-
þòñÿ óñëîâèÿ êîððåêòíîñòè òàêîé çàäà÷è, äîêàçûâàåòñÿ ñóùåñòâîâàíèå
êîððåêòíîé çàäà÷è äëÿ ëþáûõ óðàâíåíèé óêàçàííîãî êëàññà, à òàêæå
âûÿñíÿåòñÿ êàêèìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè ìîæíî
âîçìóùàòü äàííóþ çàäà÷ó, ÷òîáû îíà îñòàâàëàñü êîððåêòíîé.
Êëþ÷åâûå ñëîâà: òåîðèÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé, êðàåâàÿ
çàäà÷à, ìåòîä ïðåîáðàçîâàíèÿ Ôóðüå.

Ìàêàðîâ Î. À., Ëåâêií Ä. À., Áàãàòîòî÷å÷íà êðàéîâà çàäà÷à
äëÿ ïñåâäîäiôåðåíöiàëüíèõ ðiâíÿíü ó ïîëiñëî¨. Ðîçãëÿäà¹òüñÿ
áàãàòîòî÷å÷íà êðàéîâà çàäà÷à â ïîëiñëî¨, ç'ÿñîâóþòüñÿ óìîâè êîðåêò-
íîñòi òàêîãî çàâäàííÿ, äîâîäèòüñÿ iñíóâàííÿ êîðåêòíî¨ çàäà÷i äëÿ
áóäü-ÿêèõ ðiâíÿíü çàçíà÷åíîãî êëàñó, à òàêîæ ç'ÿñîâó¹òüñÿ ÿêèìè
ïñåâäîäiôåðåíöiàëüíèìè îïåðàòîðàìè ìîæíà çáóðþâàòè äàíó çàäà÷ó,
ùîá âîíà çàëèøàëàñÿ êîðåêòíîþ.
Êëþ÷îâi ñëîâà: òåîðiÿ ïñåâäîäiôåðåíöiàëüíèõ ðiâíÿíü, êðàéîâà çàäà÷à,
ìåòîä ïåðåòâîðåííÿ Ôóð'¹.

A.A. Makarov, D.A. Levkin, Multipoint boundary value problem
for pseudodi�erential equations in multilayer. Multipoint boundary
value problem is considered in the multilayer, clari�ed conditions for the
correctness of such a problem, we prove the existence of any well-posed
problem for equations of this class, as well as what turns pseudodi�erential
operators can perturb the task to keep it correctly.
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Íåëîêàëüíûì êðàåâûì çàäà÷àì äëÿ äèôôåðåíöèàëüíûõ è ïñåâäîäèô-
ôåðåíöèàëüíûõ óðàâíåíèé â ïîñëåäíåå âðåìÿ óäåëÿåòñÿ áîëüøîå âíèìàíèå.
Ñ îäíîé ñòîðîíû, ýòî âûçâàíî òåì, ÷òî òàêèå çàäà÷è âîçíèêàþò êàê ìàòå-
ìàòè÷åñêèå ìîäåëè ðåàëüíûõ ïðîöåññîâ, à ñ äðóãîé ñòîðîíû � òåì, ÷òî äëÿ
ìíîãèõ óðàâíåíèé íåâîçìîæíà êîððåêòíàÿ ïîñòàíîâêà ëîêàëüíûõ êðàåâûõ
çàäà÷ â ñëîå.

Ïîäðîáíûé îáçîð òàêèõ ðàáîò ïðåäñòàâëåí â ìîíîãðàôèè [1]. Â ðàáî-
òàõ [2]� [4] ðàññìàòðèâàëàñü äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ äèôôåðåí-
öèàëüíûõ è ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé è áûëè ïîëó÷åíû óñëîâèÿ
êîððåêòíîñòè òàêîé çàäà÷è â ðàçëè÷íûõ ïðîñòðàíñòâàõ ôóíêöèé, à òàêæå
ôàêò ñóùåñòâîâàíèÿ êîððåêòíîé äâóõòî÷å÷íîé çàäà÷è äëÿ ëþáîãî äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Â ðàáîòå [5] ýòè
ðåçóëüòàòû ïåðåíåñåíû íà áèñëîé ïðè äîïîëíèòåëüíîì óñëîâèè íåïðåðûâíî-
ñòè ðåøåíèÿ íà ãðàíèöå áèñëîÿ (óñëîâèå òðàíñìèññèè).

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ìíîãîòî÷å÷íàÿ êðàåâàÿ çàäà÷à â ïîëèñ-
ëîå è äëÿ íåå äîêàçûâàåòñÿ òåîðåìà îá óñëîâèÿõ êîððåêòíîñòè (Òåîðåìà 1),
êðîìå òîãî äîêàçûâàåòñÿ òåîðåìà î ñóùåñòâîâàíèè êîððåêòíîé êðàåâîé çàäà-
÷è (Òåîðåìà 2).

Îïðåäåëÿåòñÿ òàêæå ïîíÿòèå ïàðàáîëè÷åñêîé êðàåâîé çàäà÷è (àíàëîã ïî-
íÿòèÿ ïàðàáîëè÷åñêîãî ïî Øèëîâó Ã. Å. óðàâíåíèÿ) è âûÿñíÿåòñÿ ïðè êàêèõ
óñëîâèÿõ íà ñèìâîë îïåðàòîðà ñóùåñòâóåò ïàðàáîëè÷åñêàÿ êðàåâàÿ çàäà÷à
(Òåîðåìà 4). Äîêàçûâàåòñÿ, ÷òî ïàðàáîëè÷åñêóþ çàäà÷ó ìîæíî âîçìóùàòü
ïîä÷èíåííûìè ïñåâäîäèôôåðåíöèàëüíûìè îïåðàòîðàìè (Òåîðåìà 5).

Îñíîâíàÿ ÷àñòü

Ðàññìàòðèâàþòñÿ ñëåäóþùèå êðàåâûå çàäà÷è




∂u(x, t)
∂t
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(
∂

i∂x

)
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· · · · · · · · · · · · · · · · · · · · ·
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i∂x

)
u(x, t), tn−1 ≤ t ≤ T, x ∈ Rm

(1)

B0

(
∂

i∂x
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∂

i∂x

)
u(x, t) + f(x, t), 0 ≤ t ≤ t1, x ∈ Rm

· · · · · · · · · · · · · · · · · · · · · · · ·
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(
∂

i∂x

)
u(x, t) + f(x, t), tn−1 ≤ t ≤ T, x ∈ Rm
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B0

(
∂

i∂x

)
u(x, 0) + B1

(
∂

i∂x

)
u(x, t1) + · · ·+ Bn

(
∂

i∂x

)
u(x, T ) = 0. (4)

Çäåñü Ak

(
∂

i∂x

)
è Bk

(
∂

i∂x

)
� ïñåâäîäèôôåðåíöèàëüíûå îïåðàòîðû

ñ ñèìâîëàìè èç ïðîñòðàíñòâà áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ñòå-
ïåííîãî ðîñòà C∞− ∞, à ðåøåíèÿ u(x, t) ïðåäïîëàãàþòñÿ íåïðåðûâíûìè ïî t
âî âñåì ñëîå è äèôôåðåíöèðóåìûìè ïðè t 6= tk.

Ðàññìîòðåíèå áóäåì âåñòè â ïðîñòðàíñòâàõ Ñîáîëåâà-Ñëîáîäåöêîãî
(ñì. [6, ñ.12]) Hs

l , à òàêæå â èõ ïðîåêòèâíîì ïðåäåëå S =
⋂
s,l

Hs
l � ïðîñòðàíñòâå

Ë. Øâàðöà.
Ïîíàäîáÿòñÿ òàêæå ïðîñòðàíñòâà

C ([0, T ], Hs
l ) =

{
u(x, t) : ‖u‖ = sup

0≤t≤T
‖u‖(s)

(l) < ∞
}

.

Îïðåäåëåíèå 1. Êðàåâàÿ çàäà÷à (1), (2) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé
èç ïðîñòðàíñòâà Hs1

l1
â ïðîñòðàíñòâî C

(
[0;T ],Hs2

l2

)
, åñëè äëÿ ëþáîé ôóíêöèè

ϕ(x) ∈ Hs1
l1

ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u(x, t) ∈ C
(
[0;T ],Hs2

l2

)
òàêîå,

÷òî âûïîëíÿåòñÿ îöåíêà ‖u(x, t)‖ ≤ C ‖ϕ(x)‖ , ãäå ïîëîæèòåëüíàÿ êîíñòàíòà
C çàâèñèò òîëüêî îò ÷èñåë s1, s2, l1, l2.
Îïðåäåëåíèå 2. Êðàåâàÿ çàäà÷à (3), (4) íàçûâàåòñÿ êîððåêòíî ðàçðåøè-
ìîé èç ïðîñòðàíñòâà C

(
[0;T ],Hs1

l1

)
â ïðîñòðàíñòâî C

(
[0;T ],Hs2

l2

)
, åñëè äëÿ

ëþáîé ôóíêöèè f(x, t) ∈ C
(
[0;T ],Hs1

l1

)
ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå

u(x, t) ∈ C
(
[0;T ],Hs2

l2

)
òàêîå, ÷òî âûïîëíÿåòñÿ îöåíêà ‖u(x, t)‖ ≤ C ‖f(x, t)‖,

ãäå ïîëîæèòåëüíàÿ êîíñòàíòà C çàâèñèò òîëüêî îò ÷èñåë s1, s2, l1, l2.
Çàìå÷àíèå. Ïðèâåäåííûå îïðåäåëåíèÿ îçíà÷àþò, ÷òî ðàçðåøàþùèé îïåðà-
òîð ÿâëÿåòñÿ íåïðåðûâíûì â óêàçàííûõ ïðîñòðàíñòâàõ. Åñëè äëÿ ëþáûõ s1 è
l1 ñóùåñòâóþò s2 è l2 òàêèå, ÷òî äàííûå êðàåâûå çàäà÷è êîððåêòíî ðàçðåøè-
ìû â óêàçàííûõ ïðîñòðàíñòâàõ, òî ýòî îçíà÷àåò êîððåêòíóþ ðàçðåøèìîñòü â
ïðîñòðàíñòâå C ([0;T ]; S) (ñì. [6, ñ. 15]).

Íàïîìíèì, ÷òî ïðåîáðàçîâàíèå Ôóðüå ïåðåâîäèò ïðîñòðàíñòâî Hs
l â ïðî-

ñòðàíñòâî H l
s, ïðîñòðàíñòâî S � â ñåáÿ, à ìóëüòèïëèêàòîðû â ïðîñòðàíñòâå

S ïðèíàäëåæàò ïðîñòðàíñòâó C∞− ∞ (ñì. [6, ñ. 51]).
Ïîäåéñòâóåì ïðåîáðàçîâàíèåì Ôóðüå (ïî ïðîñòðàíñòâåííûì ïåðåìåííûì)

íà óðàâíåíèÿ (1) - (2). Ïîëó÷èì äâîéñòâåííóþ êðàåâóþ çàäà÷ó




∂ũ(s, t)
∂t

= A1 (s) ũ(s, t), 0 ≤ t ≤ t1, s ∈ Rm

· · · · · · · · · · · · · · · · · · · · ·
∂ũ(s, t)

∂t
= An (s) ũ(s, t), tn−1 ≤ t ≤ T, s ∈ Rm

(5)
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B0 (s) ũ(s, 0) + B1 (s) ũ(s, t1) + · · ·+ Bn (s) ũ(s, T ) = ϕ̃(s). (6)
Àíàëîãè÷íî äåéñòâóÿ ïðåîáðàçîâàíèåì Ôóðüå íà óðàâíåíèÿ (3) - (4), ïî-

ëó÷èì äâîéñòâåííóþ êðàåâóþ çàäà÷ó




∂ũ(s, t)
∂t

= A1 (s) ũ(s, t) + f̃(s, t), 0 ≤ t ≤ t1, s ∈ Rm

· · · · · · · · · · · · · · · · · · · · ·
∂ũ(s, t)

∂t
= An (s) ũ(s, t) + f̃(s, t), tn−1 ≤ t ≤ T, s ∈ Rm

(7)

B0 (s) ũ(s, 0) + B1 (s) ũ(s, t1) + · · ·+ Bn (s) ũ(s, T ) = 0. (8)
Çäåñü

ũ(s, t) = Fx u(x, t), f̃(s, t) = Fx f(x, t), ϕ̃(s) = Fx ϕ(x, t);

Ak(s), Bk(s) � ñèìâîëû ñîîòâåòñòâóþùèõ ïñåâäîäèôôåðåíöèàëüíûõ îïåðà-
òîðîâ.

Áóäåì èñêàòü ðåøåíèå çàäà÷è (5) - (6) â ñëåäóþùåì âèäå

ũ(s, t) =





exp(tA1(s))ϕ1(s), t ∈ [0, t1]
· · · · · · · · · · · · · · ·
exp((t− tn−1)An(s))ϕn(s), t ∈ [tn−1, T ]

Èç óñëîâèÿ íåïðåðûâíîñòè ïîëó÷èì

ϕk(s) = exp (t1A1(s) + (t2 − t1)A2(s) + . . . + (tk−1 − tk−2)Ak−1(s)) · ϕ1(s).

Åñëè ïîäñòàâèòü ïîëó÷åííîå ðåøåíèå â óñëîâèå (6), òî ïîëó÷èì

(B0(s) + B1(s) exp(t1A1(s)) + . . . +
+Bn(s) exp (t1A1(s) + (t2 − t1)A2(s) + . . . + (T − tn−1)An(s))) · ϕ1 = ϕ̃(s).

Åñëè ôóíêöèÿ

∆(s) = B0 (s) + B1 (s) exp(t1A1(s)) + . . .+
+Bn (s) exp (t1A1(s) + (t2 − t1)A2(s) + . . . + (T − tn−1)An(s)) 6= 0,

òî ϕ1(s) = ϕ̃(s)/∆(s) , à ðåøåíèå êðàåâîé çàäà÷è èìååò âèä

ũ(s, t) = Q(s, t) ϕ̃(s),

ãäå

Q(s, t) =





exp(tA1(s))
/

∆(s) , 0 ≤ t ≤ t1

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
exp ((t− tn−1)An(s) + . . . + t1A1(s))

/
∆(s) , tn−1 ≤ t ≤ T
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Ýòà ôóíêöèÿ íàçûâàåòñÿ ðàçðåøàþùåé ôóíêöèåé çàäà÷è (5), (6).
×òîáû çàäà÷à (1), (2) áûëà êîððåêòíî ðàçðåøèìîé èç ïðîñòðàíñòâà S â

ïðîñòðàíñòâî C ([0, T ], S) , íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû çàäà÷à (5), (6)
áûëà êîððåêòíî ðàçðåøèìîé â òåõ æå ïðîñòðàíñòâàõ. Äëÿ ýòîãî íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû Q(s, t) ∈ C∞− ∞ ∀t ∈ [0, T ] (ñì. [2]).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 1. Çàäà÷à (1), (2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà S â
ïðîñòðàíñòâî C ([0, T ], S) òîãäà è òîëüêî òîãäà, êîãäà Q(s, t) ∈ C∞− ∞
∀t ∈ [0, T ], òî åñòü

∀k ∈ Nm ∃pk, ∃Ck > 0 :
∣∣∣DkQ(s, t)

∣∣∣ ≤ Ck(1 + |s|)pk .

Ïîêàæåì, ÷òî äëÿ ëþáîãî óðàâíåíèÿ (1) ñóùåñòâóþò Bk(s) ∈ C∞− ∞ òàêèå,
÷òî çàäà÷à (1), (2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà S â ïðîñòðàíñòâî
C ([0, T ], S).
Òåîðåìà 2. Äëÿ ëþáûõ Ak(s) ∈ C∞− ∞ ñóùåñòâóþò Bk(s) ∈ C∞− ∞ òàêèå,
÷òî êðàåâàÿ çàäà÷à (1), (2) êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà S â
ïðîñòðàíñòâî C ([0, T ], S) .
Ä î ê à ç à ò å ë ü ñ ò â î. Âîçüìåì

B0(s) = 1, B1(s) = exp (−i t1 ImA1(s)) , . . . ,

Bn(s) = exp (−i (t1 Im A1(s)+(t2 − t1) ImA2(s)+. . . +(T − tn−1) ImAn(s)))
(9)

Âñå ýòè ôóíêöèè ïðèíàäëåæàò ïðîñòðàíñòâó C∞− ∞, òàê êàê |Bk(s)| = 1
∀s ∈ Rm, à äèôôåðåíöèðîâàíèåì ïî s ïîëó÷èì |DpAk(s)| ≤ Ck,p(1 + |s|)pk .

Òîãäà
∆(s) = 1+exp(t1 ReA1(s))+. . .+exp (t1 ReA1(s)+. . . +(T − tn−1)Re An(s)) ≥ 1.
Îöåíèì ðàçðåøàþùóþ ôóíêöèþ Q(s, t).

Ïðè t ∈ [0; t1] |Q(s, t)| = |exp(tA1(s))|
/

∆(s) = |exp(t ReA1(s))|
/

∆(s) .

Åñëè Re A1(s) < 0, òî |Q(s, t)| < exp(tA1(s)) ≤ 1.
Åñëè Re A1(s) ≥ 0, òî |Q(s, t)| < exp((t− t1)A1(s)) ≤ 1.

Àíàëîãè÷íî, ïðè t ∈ [tk−1; tk]

|Q(s, t)|= |exp (t1A1(s)+. . .+(tk−1 − tk−2)Ak−1(s)+(t− tk−1)Ak(s))|
/

∆(s)=

= exp (t1 ReA1(s) + . . . + (t− tk−1) ReAk(s))
/

∆(s) .

Åñëè Re Ak(s) < 0, òî

|Q(s, t)| < exp (t1 ReA1(s) + . . . + (t− tk−1) ReAk(s))
exp (t1 Re A1(s) + . . . + (tk−1 − tk−2)Re Ak−1(s))

=

= exp((t− tk−1)Re Ak(s)) ≤ 1.

(10)

Åñëè Re Ak(s) ≥ 0, òî
|Q(s, t)| < exp ((t− tk−1)Re Ak(s)− (tk − tk−1)Re Ak(s)) =
= exp((t− tk)Re Ak(s)) ≤ 1.

(11)



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1120 (2014) 69

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî |Q(s, t)| ≤ 1 ïðè ∀s ∈ Rm; ∀t ∈ [0;T ].
Îöåíèì ïðîèçâîäíûå ðàçðåøàþùåé ôóíêöèè.

Ïðè t ∈ [tk−1; tk]

∂Q(s, t)
∂sj

=

=
(

t1
∂A1(s)

∂sj
+(t−tk−1)

∂A1(s)
∂sj

)
·exp(t1A1(s)+. . .+(t− tk−1)Ak(s))

/
∆(s)−

− ∂∆(s)
∂sj

· exp (t1A1(s) + . . . + (t− tk−1)Ak(s))
/

∆2(s) .

Òàê êàê ïåðâàÿ ñêîáêà â ïåðâîì ñëàãàåìîì óäîâëåòâîðÿåò ñòåïåííîé îöåíêå,
òî è âñå ïåðâûå ñëàãàåìûå òîæå óäîâëåòâîðÿþò ñòåïåííîé îöåíêå.

Îöåíèì ∂∆(s)
∂sj

/
∆(s) .

Òàê êàê êàæäîå ñëàãàåìîå ýòîé ôóíêöèè

∂

∂sj
· exp (t1 ReA1(s) + . . . + (tk − tk−1)Re Ak(s))

/
∆(s) =

=
(

t1
∂ Re A1(s)

∂sj
+ (tk − tk−1)

∂ ReA1(s)
∂sj

)
·

· exp (t1 ReA1(s) + . . . + (tk − tk−1)Re Ak(s))
/

∆(s)

óäîâëåòâîðÿåò ñòåïåííîé îöåíêå, òî âñå ôóíêöèè ∂∆(s)
∂sj

/
∆(s) óäîâëåòâîðÿ-

þò ñòåïåííîé îöåíêå, ñëåäîâàòåëüíî Q(s, t) ∈ C ∞− ∞.
Òåîðåìà äîêàçàíà.
Çàìå÷àíèå. Åñëè âìåñòî ìíîãîòî÷å÷íîãî óñëîâèÿ (2) ðàññìàòðèâàòü äâóõòî-
÷å÷íîå óñëîâèå B

(
∂

i∂x

)
u(x, 0)+C

(
∂

i∂x

)
u(x, T ) = ϕ(x) , òî äàííàÿ êðàåâàÿ

çàäà÷à ìîæåò áûòü íåêîððåêòíîé ïðè ëþáûõ B(s) è C(s) èç ïðîñòðàíñòâà
Q(s, t) ∈ C ∞− ∞.

Êîíòðïðèìåð. Ðàññìîòðèì óðàâíåíèÿ

∂u

∂t
= −∂2u

∂x2
, 0 ≤ t ≤ 1, x ∈ R,

∂u

∂t
=

∂2u

∂x2
, 1 ≤ t ≤ 2 .

Òàê êàê ∆(s) = B(s) + C(s) exp(s2 − s2) = B(s) + C(s), òî

Q(s, t) =





exp
(
ts2

)/
(B(s) + C(s)) , t < 1,

exp
(
(2− t)s2

)/
(B(s) + C(s)) , t > 1
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è ïðè ëþáûõ B(s), C(s) ∈ C ∞− ∞ ýòà ôóíêöèÿ ðàñòåò ýêñïîíåíöèàëüíî,
òî åñòü íå ìîæåò ïðèíàäëåæàòü ïðîñòðàíñòâó C ∞− ∞.

Îïðåäåëåíèå 3. Çàäà÷à (1), (2) íàçûâàåòñÿ ïàðàáîëè÷åñêîé, åñëè ðàçðå-
øàþùàÿ ôóíêöèÿ óäîâëåòâîðÿåò îöåíêå

|Q(s, t)| ≤ C exp
(
−bρ(t)|s|h

)

ñ íåêîòîðûìè b > 0, h > 0. Çäåñü ρ(t) = min
0 ≤ k ≤ n

|t− tk| .

Âûÿñíèì, ïðè êàêèõ óñëîâèÿõ íà Ak(s) ñóùåñòâóåò ïàðàáîëè÷åñêàÿ êðàå-
âàÿ çàäà÷à.
Òåîðåìà 3. Åñëè ñóùåñòâóþò ïîëîæèòåëüíûå c, b, h òàêèå, ÷òî
|ReAk(s)| ≥ b|s|h − c, ∀s ∈ Rm, òî ñóùåñòâóþò ïàðàáîëè÷åñêèå êðàåâûå
çàäà÷è (1), (2).
Ä î ê à ç à ò å ë ü ñ ò â î. Âîçüìåì òå æå Bk(s) êàê è ïðè äîêàçàòåëüñòâå
Òåîðåìû 2, ñì. (9).

Èç äîêàçàííûõ òàì íåðàâåíñòâ (10), (11) ñëåäóåò, ÷òî ïðè t ∈ [tk−1; tk]

|Q(s, t)| ≤ exp (−ρ(t) ReAk(s)) .

Ó÷èòûâàÿ óñëîâèÿ äàííîé òåîðåìû, ïîëó÷èì

|Q(s, t)| ≤ C1 exp
(
−ρ(t) b|s|h

)
.

Òåîðåìà äîêàçàíà.

Çàìå÷àíèå. Êàê è â ðàáîòå [5], ìîæíî ïîêàçàòü, ÷òî óñëîâèå íåîãðàíè÷åí-
íîñòè ReAk(s) ÿâëÿåòñÿ íåîáõîäèìûì äëÿ ïàðàáîëè÷íîñòè êðàåâîé çàäà÷è.

Ïîâòîðÿÿ ðàññóæäåíèÿ ðàáîòû [3], ìîæíî äîêàçàòü, ÷òî ðåøåíèÿ ïàðà-
áîëè÷åñêîé êðàåâîé çàäà÷è áóäóò áåñêîíå÷íî äèôôåðåíöèðóåìûìè ïî x ïðè
∀ϕ(x) ∈ L 2 , ïðè÷åì ýòî óñëîâèå ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì äëÿ ïàðàáî-
ëè÷åñêèõ çàäà÷.

Ïåðåéäåì ê ðàññìîòðåíèþ êðàåâîé çàäà÷è äëÿ íåîäíîðîäíîãî óðàâíå-
íèÿ (3), (4).

Îïðåäåëèì ïîíÿòèå ôóíêöèè Ãðèíà äëÿ äâîéñòâåííîé êðàåâîé çàäà÷è (7), (8).
Îïðåäåëåíèå 4. Ôóíêöèÿ G(t, τ, s), îïðåäåëåííàÿ íà ìíîæåñòâå
[0, T ] × [0, T ] × Rm, íàçûâàåòñÿ ôóíêöèåé Ãðèíà çàäà÷è (7), (8), åñëè îíà
óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ∀τ ∈ [0, T ] óäîâëåòâîðÿåò îäíîðîäíîìó óðàâíåíèþ (5);
2) ∀τ ∈ [0, T ] óäîâëåòâîðÿåò îäíîðîäíûì êðàåâûì óñëîâèÿì (8);
3) G(τ + 0, τ, s)−G(τ − 0, τ, s) = 1.
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Âûÿñíèì, êàê ñâÿçàíà ôóíêöèÿ Ãðèíà ñ ðàçðåøàþùåé ôóíêöèåé Q(s, t).
Ëåììà. Åñëè ó çàäà÷è (5), (6) ñóùåñòâóåò ðàçðåøàþùàÿ ôóíêöèÿ Q(s, t)
òî ó çàäà÷è (7), (8) ñóùåñòâóåò ôóíêöèÿ Ãðèíà, ïðè÷åì

G(t, τ, s) =





−
∑

k: tk>τ

Bk(s)Q(s, t− τ + tk), t ≤ τ

∑

k: tk≤τ

Bk(s)Q(s, t− τ + tk), t > τ

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê Q(s, t) óäîâëåòâîðÿåò óðàâíåíèþ (5), òî
óñëîâèå 1) âûïîëíåíî.

Ïðîâåðèì âûïîëíåíèå óñëîâèÿ 2):

n∑
k=0

Bk(s) G(tk, τ, s) = − ∑
k: tk≤τ

Bk(s)
∑

j: tj>τ
Bj Q(s, tk + tj − τ)+

+
∑

k: tk>τ

Bk(s)
∑

j: tj≤τ
Bj Q(s, tk + tj − τ) = 0,

òàê êàê åñëè âî âòîðîé ïîâòîðíîé ñóììå ïîìåíÿòü ïîðÿäîê ñóììèðîâàíèÿ,
òî ïîëó÷èì ïåðâóþ ñóììó.

Îñòàëîñü ïðîâåðèòü ïîñëåäíåå óñëîâèå:

G(τ + 0, τ, s)−G(τ − 0, τ, s) =

=
∑

k: tk≤τ

Bk(s)Q(s, tk) +
∑

k: tk>τ

Bk(s)Q(s, tk) =
n∑

k=0

Bk(s)Q(s, tk) = 1.

Ëåììà äîêàçàíà.
Òåîðåìà 4. Åñëè êîððåêòíî ðàçðåøèìà êðàåâàÿ çàäà÷à (1), (2) èç ïðîñòðàí-
ñòâà S â ïðîñòðàíñòâî C([0;T ]; S), òî êîððåêòíî ðàçðåøèìà çàäà÷à (3), (4)
â ïðîñòðàíñòâå C([0;T ];S).
Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ äàííîé òåîðåìû ñëåäóåò, â ñèëó
Òåîðåìû 1, ÷òî ôóíêöèÿ Q(s, t) ∈ C ∞− ∞ ∀t ∈ [0;T ]. Èç ëåììû ñëåäóåò, ÷òî
ôóíêöèÿ Ãðèíà G(t, τ, s) ∈ C ∞− ∞.

À ïîñêîëüêó ðåøåíèå çàäà÷è (7), (8) èìååò âèä (ñì. [7, ñ. 41]):

ũ(s, t) =

T∫

0

G(t, τ, s) f̃(s, t) dτ,

òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ ∀τ ∈ [0;T ] ïðèíàäëåæèò ïðîñòðàíñòâó
C([0;T ];S), è ïîñëå èíòåãðèðîâàíèÿ ïî τ òàêæå ïðèíàäëåæèò ýòîìó ïðî-
ñòðàíñòâó.
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Ïðèìåíèâ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííûì s, ïîëó÷èì ðåøå-
íèå çàäà÷è (1), (2)

u(x, t) =

T∫

0

K

(
∂

i∂x
, t, τ

)
f(x, τ) dτ,

ãäå K
(

∂
i∂x , t, τ

)
� ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì G(t, τ, s),

è ýòî ðåøåíèå ïðèíàäëåæèò ïðîñòðàíñòâó C([0;T ];S).
Òåîðåìà äîêàçàíà.

Ïîêàæåì, ÷òî ïàðàáîëè÷åñêóþ êðàåâóþ çàäà÷ó ìîæíî âîçìóùàòü ïîä÷è-
íåííûì ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì. Äëÿ ýòîãî íàì ïîíàäîáèòñÿ
òåîðåìà ðàáîòû [3] Ìàêàðîâà À. À.
Òåîðåìà À. Ïóñòü ôóíêöèÿ Ãðèíà äâîéñòâåííîé êðàåâîé çàäà÷è (7), (8)
óäîâëåòâîðÿåò óñëîâèþ

T∫

0

sup
s

(1 + |s|)m |G(t, τ, s)| dτ ≤ C.

Òîãäà, åñëè ñèìâîë ïñåâäîäèôôåðåíöèàëüíîãî îïåðàòîðà R(s, t, x) ∈ Sm,

òî åñòü óäîâëåòâîðÿåò íåðàâåíñòâàì
∣∣∣Dα

s Dβ
xR(s, t, x)

∣∣∣ ≤ Cαβ(1 + |s|)m

(ñì. [6, ãë. V]), òî êðàåâàÿ çàäà÷à äëÿ âîçìóùåííîãî óðàâíåíèÿ

∂u(x, t)
∂t

= A

(
∂

i∂x

)
u(x, t) + εR

(
∂

i∂x
, t, x

)
u(x, t) + f(x, t)

ñ îäíîðîäíûì êðàåâûì óñëîâèåì áóäåò êîððåêòíî ðàçðåøèìà èç ïðîñòðàí-
ñòâà C ([0;T ];Hs) â ïðîñòðàíñòâî C ([0; T ]; Hs−q) ñ íåêîòîðûì q ïðè äîñòà-
òî÷íî ìàëûõ ïî ìîäóëþ ε.
Òåîðåìà 5. Åñëè êðàåâàÿ çàäà÷à (1), (2) ïàðàáîëè÷åñêàÿ, ò.å. ðàçðåøàþùàÿ
ôóíêöèÿ |Q(s, t)| ≤ C exp

(
−bρ(t)|s|h

)
, òî êðàåâàÿ çàäà÷à äëÿ âîçìóùåííîãî

óðàâíåíèÿ
∂u(x, t)

∂t
= Ak

(
∂

i∂x

)
u(x, t) + εR

(
∂

i∂x
, t, x

)
u(x, t) + f(x, t),

tk−1 ≤ t ≤ tk, k = 1, n

ñ îäíîðîäíûìè êðàåâûìè óñëîâèÿìè êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà
C ([0;T ]; Hs) â ïðîñòðàíñòâî C ([0;T ];Hs−q) ïðè R(t, x, s) ∈ Sm, ãäå m < h,
|ε| < δ.
Ä î ê à ç à ò å ë ü ñ ò â î. Ïðîâåðèì âûïîëíåíèå óñëîâèé Òåîðåìû À.
Êàê ñëåäóåò èç âèäà ôóíêöèè G(t, τ, s) è îöåíêè íà Q(s, t)

|G(t, τ, s)| ≤
n∑

k=0

|Bk(s) Q(s, t− τ + tk)| ≤ C exp
(
−bρ (|t− τ |) |s|h

)
.
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Ìû âîñïîëüçîâàëèñü òåì, ÷òî â îäíîðîäíîì êðàåâîì óñëîâèè (8) ìîæíî
ñ÷èòàòü |Bk(s)| ≤ 1, ∀k = 0, n. Òîãäà

sup
s

(1 + |s|)m |G(s, t, τ)| ≤
≤ sup

| s |
C(1 + |s|)m exp

(
−bρ (|t− τ |) · |s|h

)
≤ C1ρ(|t− τ |)− m

n .

Òàê êàê m

n
< 1, òî

T∫

0

ρ(|t− τ |)− m
n dτ ñõîäèòñÿ, à çíà÷èò, óñëîâèå Òåîðåìû À

âûïîëíåíî.
Òåîðåìà äîêàçàíà.

Â ðàáîòå [3] ïîêàçàíî, ÷òî óñëîâèå ïàðàáîëè÷íîñòè ÿâëÿåòñÿ íåîáõîäèìûì
äëÿ òîãî, ÷òîáû êðàåâàÿ äâóõòî÷å÷íàÿ çàäà÷à áûëà êîððåêòíîé äëÿ âîçìó-
ùåííîãî ïñåâäîäèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Ïîëó÷åííóþ òåîðåìó ìîæíî ðàññìàòðèâàòü êàê îáîáùåíèå íà êðàåâóþ
çàäà÷ó ðåçóëüòàòîâ ðàáîòû [8], îòíîñÿùèõñÿ ê çàäà÷å Êîøè äëÿ ïñåâäîäèô-
ôåðåíöèàëüíûõ óðàâíåíèé.

Â çàêëþ÷åíèå ïðèâåäåì ïðèìåð ïàðàáîëè÷åñêîé ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷è.
Åñëè äëÿ óðàâíåíèé èç êîíòðïðèìåðà âçÿòü êðàåâîå óñëîâèå

u(x, 0) + u(x, 1) + u(x, 2) = ϕ(x),

òî ðàçðåøàþùàÿ ôóíêöèÿ

Q(s, t) =





exp
(
ts2

)/ (
2 + exp s2

)
, 0 ≤ t < 1,

exp
(
(2− t) s2

)/ (
2 + exp s2

)
, 1 < t ≤ 2 .

Äëÿ ýòîé ôóíêöèè âûïîëíåíî óñëîâèå ïàðàáîëè÷íîñòè

Q(s, t) ≤ exp
(−ρ(t)s2

)
,

ãäå ρ(t) = min {t, |t− 1| , 2− t} .
Çíà÷èò, âûïîëíåíû óñëîâèÿ Òåîðåìû 5, è äàííóþ êðàåâóþ çàäà÷ó ìîæíî
âîçìóùàòü ëþáûì ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì ïåðâîãî ïîðÿäêà ñ
äîñòàòî÷íî ìàëûìè êîýôôèöèåíòàìè, íàïðèìåð,
R

(
t, x,

∂

∂x

)
u(t, x) = cos x · ∂u(x + a, t)

∂x
.

Òàêèì îáðàçîì, êðàåâàÿ çàäà÷à




∂u(x, t)
∂t

= − ∂2u

∂x2
+ ε cosx

∂u(x + a, t)
∂x

+ f(x, t) , 0 ≤ t < 1

∂u(x, t)
∂t

=
∂2u

∂x2
+ ε cosx

∂u(x + a, t)
∂x

+ f(x, t) , 1 < t ≤ 2

u(x, 0) + u(x, 1) + u(x, 2) = 0
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êîððåêòíî ðàçðåøèìà èç ïðîñòðàíñòâà C ([0, T ], H s) â ïðîñòðàíñòâî
C ([0, T ], H s − q) ïðè äîñòàòî÷íî ìàëûõ ïî ìîäóëþ ε.

Çàêëþ÷åíèå

Åñëè òðàêòîâàòü ðàññìîòðåííóþ íàìè çàäà÷ó â ïîëèñëîå êàê ìíîãîòî-
÷å÷íóþ êðàåâóþ çàäà÷ó äëÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé ñ êóñî÷íî-
ïîñòîÿííûìè ïî t ñèìâîëàìè, òî ýòî ïîçâîëÿåò íàäåÿòüñÿ ïîëó÷èòü àíàëî-
ãè÷íûå ðåçóëüòàòû äëÿ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåìåííûìè
ïî t ñèìâîëàìè ñ èíòåãðàëüíûì êðàåâûì óñëîâèåì.
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