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1. Ââåäåíèå
Äàííàÿ ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ìíîæåñòâ ïîçèöèîííûõ óïðàâëå-

íèé, ðåøàþùèõ äëÿ íåêîòîðîãî êëàññà ëèíåéíûõ íåàâòîíîìíûõ íåîäíîðîä-
íûõ ñèñòåì, ñîîòâåòñòâåííî, çàäà÷ó äîïóñòèìîãî ñèíòåçà èíåðöèîííûõ óïðàâ-
ëåíèé è çàäà÷ó ñòàáèëèçàöèè, áåç èñïîëüçîâàíèÿ ôóíäàìåíòàëüíîé ìàòðèöû
íåàâòîíîìíîé ñèñòåìû.

Çàäà÷åé äîïóñòèìîãî ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ ñèñòåìû

ẋ = A(t)x + B(t)u + g(t), x ∈ Rn, u ∈ Rr, t ∈ [t0, t1], (1)

ãäå A(t) � (n×n)-ìàòðèöà, B(t) � (n×r)-ìàòðèöà, g(t) � n-ìåðíàÿ âåêòîð-
ôóíêöèÿ, íàçûâàåòñÿ çàäà÷à íàõîæäåíèÿ óïðàâëåíèÿ u = u(t, x) òàêîãî, ÷òî:

1) äëÿ ëþáîé òî÷êè x0 ∈ Q(t0) íåêîòîðîé îáëàñòè Q(t), ÿâëÿþùåéñÿ äëÿ
êàæäîãî t ∈ [t0, t1] îêðåñòíîñòüþ íà÷àëà êîîðäèíàò, ñóùåñòâóåò íà÷èíàþùà-
ÿñÿ â ìîìåíò âðåìåíè t0 â òî÷êå x0 è îêàí÷èâàþùàÿñÿ â íà÷àëå êîîðäèíàò
÷åðåç íåêîòîðîå êîíå÷íîå âðåìÿ T = T (t0, x0) ∈ (0, t1 − t0] òðàåêòîðèÿ x(t)
ñèñòåìû

ẋ = A(t)x + B(t)u(t, x) + g(t), x ∈ Rn, t ∈ [t0, t1], (2)
òî åñòü lim

t→t0+T
x(t) = 0, òàêàÿ, ÷òî x(t) ∈ Q(t) äëÿ âñåõ t ∈ [t0, t0 + T ];

2) óïðàâëåíèå u(t, x) è äî çàäàííîãî ïîðÿäêà l ≥ 1 åãî ïðîèçâîäíûå
u(1)(t, x), . . . , u(l)(t, x) â ñèëó ñèñòåìû (2) óäîâëåòâîðÿþò îãðàíè÷åíèÿì

‖u(k)(t, x)‖ ≤ dk, k = 0, 1, . . . , l, t ∈ [t0, t0 + T ], x ∈ Q(t), (3)

ãäå d0, . . . , dl � çàäàííûå ïîëîæèòåëüíûå ÷èñëà.
Óïðàâëåíèÿ ñ îãðàíè÷åíèÿìè âèäà (3) ðàññìàòðèâàëèñü â [1, ñòp. 292] è

áûëè íàçâàíû èíåðöèîííûìè.
Äëÿ ëèíåéíûõ íåàâòîíîìíûõ îäíîðîäíûõ ñèñòåì èññëåäîâàíèþ çàäà÷è

äîïóñòèìîãî ñèíòåçà îãðàíè÷åííûõ ïîçèöèîííûõ óïðàâëåíèé ïîñâÿùåíî ìíî-
æåñòâî ðàáîò (ñì., íàïðèìåð, [2, 3, 4, 6]). Òåì íå ìåíåå, äëÿ ëèíåéíûõ íåàâòî-
íîìíûõ íåîäíîðîäíûõ ñèñòåì èññëåäîâàíèå ýòîé çàäà÷è, çàäà÷è äîïóñòèìî-
ãî ñèíòåçà èíåðöèîííûõ óïðàâëåíèé è çàäà÷è ñòàáèëèçàöèè èíåðöèîííûìè
óïðàâëåíèÿìè íå ïðîâîäèëîñü.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ðàçâèòèåì ðåçóëüòàòîâ ðàáîò [2, 4, 5, 6]. Â îòëè÷èå
îò ðåçóëüòàòîâ ðàáîò [2, 4], ðàññìàòðèâàåòñÿ ðåøåíèå çàäà÷è ñèíòåçà èíåðöè-
îííûõ óïðàâëåíèé è äëÿ ëèíåéíûõ íåàâòîíîìíûõ íåîäíîðîäíûõ ñèñòåì. Ðàç-
âèòèå ðåçóëüòàòîâ ðàáîòû [5] ñîñòîèò â ðåøåíèè çàäà÷è ïîçèöèîííîãî ñèíòåçà
èíåðöèîííûõ óïðàâëåíèé, ïðè ïîñòðîåíèè êîòîðûõ íå èñïîëüçóåòñÿ ôóíäà-
ìåíòàëüíàÿ ìàòðèöà Φ(t). Â îòëè÷èå îò ðåçóëüòàòîâ ðàáîòû [6], â äàííîé ðà-
áîòå ðàññìàòðèâàþòñÿ íåîäíîðîäíûå ñèñòåìû è ïðèâîäèòñÿ ïîñòðîåíèå ìíî-
æåñòâà èíåðöèîííûõ óïðàâëåíèé, êîòîðûå ïîðîæäàþòñÿ íå îäíîé ôóíêöèåé,
à êàæäûì íàáîðîì f ∈ F èç r ôóíêöèé. Ýòî ñóùåñòâåííî ðàñøèðÿåò êëàññû
óïðàâëåíèé, ðåøàþùèõ çàäà÷ó ñèíòåçà èíåðöèîííûõ óïðàâëåíèé è çàäà÷ó
ñòàáèëèçàöèè.
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Äàííàÿ ðàáîòà ñîñòîèò èç ââåäåíèÿ (ðàçäåë 1), ðàçäåëîâ 2 è 3. Â ðàç-
äåëå 2, íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè [2, 3], ïðèâåäåíî êîí-
ñòðóêòèâíîå ðåøåíèå çàäà÷è äîïóñòèìîãî ñèíòåçà èíåðöèîííûõ óïðàâëåíèé
äëÿ êëàññà ëèíåéíûõ íåàâòîíîìíûõ íåîäíîðîäíûõ ñèñòåì (1) ñ ìàòðèöàìè
A(t) ∈ C(2n−2+l)[t0, t1], B(t) ∈ C(2n−1+l) è âåêòîð-ôóíêöèåé g(t) ∈ C(l)[t0, t1],
óäîâëåòâîðÿþùèõ íåêîòîðûì óñëîâèÿì. Èñïîëüçóÿ êàíîíè÷åñêóþ ôîðìó ëè-
íåéíûõ íåàâòîíîìíûõ íåîäíîðîäíûõ ñèñòåì, ïîñòðîåíî ìíîæåñòâî ïîçèöè-
îííûõ óïðàâëåíèé, ðåøàþùèõ äàííóþ çàäà÷ó. À èìåííî, ïîêàçàíî, ÷òî êàæ-
äûé íàáîð f ∈ F èç íåîòðèöàòåëüíûõ, íåâîçðàñòàþùèõ íà ïîëóîñè [0, +∞)
ôóíêöèé f1(s), . . . , fr(s) ïîëèíîìèàëüíîãî ðîñòà, êàæäàÿ èç êîòîðûõ èìååò
íåêîòîðîå ÷èñëî òî÷åê óáûâàíèÿ, ïîðîæäàåò ñåìåéñòâî ôóíêöèé óïðàâëÿåìî-
ñòè {Θf,α(t, x)}α≥1 è ñîîòâåòñòâóþùåå ñåìåéñòâî óïðàâëåíèé {uf,α(t, x)}α≥1 ,
êàæäîå èç êîòîðûõ ïðè 2l + 1 ≤ α < +∞ ðåøàåò çàäà÷ó äîïóñòèìîãî ñèíòå-
çà èíåðöèîííûõ óïðàâëåíèé â îáëàñòè Qf,α(t) = {x ∈ Rn : Θf,α(t, x) ≤ cf,α} ,
t ∈ [t0, t1], ãäå cf,α � íåêîòîðàÿ ïîëîæèòåëüíàÿ ïîñòîÿííàÿ. Ïðè ýòîì äàþòñÿ
òî÷íûå îöåíêè ñíèçó è ñâåðõó íà âðåìÿ Tf,α(t0, x0) äâèæåíèÿ èç ïðîèçâîëüíîé
íà÷àëüíîé òî÷êè x0 ∈ Qf,α(t0) â íà÷àëî êîîðäèíàò. Óêàçàí òàêæå ñëó÷àé íà-
áîðà f, äëÿ êîòîðîãî âû÷èñëÿåòñÿ âðåìÿ äâèæåíèÿ. Ïîëó÷åííûå ðåçóëüòàòû
ïðîèëëþñòðèðîâàíû ìîäåëüíûìè ïðèìåðàìè.

Â ðàçäåëå 3 ïðèâåäåíî êîíñòðóêòèâíîå ðåøåíèå çàäà÷è ñòàáèëèçàöèè
íåêîòîðîãî ïîäêëàññà óêàçàííîãî ðàíåå êëàññà ëèíåéíûõ íåàâòîíîìíûõ íåîä-
íîðîäíûõ ñèñòåì, îïðåäåëåííûõ íà èíòåðâàëå âðåìåíè [t0, +∞). Ïîñòðîå-
íî ìíîæåñòâî èíåðöèîííûõ óïðàâëåíèé, ðåøàþùèõ çàäà÷ó ñòàáèëèçàöèè.
À èìåííî, ïîêàçàíî, ÷òî êàæäûé íàáîð f ∈ F ïîðîæäàåò óïðàâëåíèå uf (t, x),
êîòîðîå â íåêîòîðîé îáëàñòè Qf (t), t ∈ [t0, +∞) ðåøàåò çàäà÷ó ñòàáèëèçàöèè
è âìåñòå ñ ïðîèçâîäíûìè äî çàäàííîãî ïîðÿäêà l â ñèëó çàìêíóòîé ñèñòåìû
óäîâëåòâîðÿåò îãðàíè÷åíèÿì âèäà (3) ïðè t ∈ [t, +∞). Ðåçóëüòàòû ïðîèëëþ-
ñòðèðîâàíû ìîäåëüíûì ïðèìåðîì.

2. Ðåøåíèå çàäà÷è ñèíòåçà èíåðöèîííûõ óïðàâëåíèé
Ïðèâåäåì ïîñòðîåíèå ìíîæåñòâà èíåðöèîííûõ óïðàâëåíèé äëÿ ñèñòå-

ìû (1) íà îñíîâå ìåòîäà ôóíêöèè óïðàâëÿåìîñòè áåç èñïîëüçîâàíèÿ ôóí-
äàìåíòàëüíîé ìàòðèöû ñèñòåìû ẋ = A(t)x. Ðàññìîòðèì ñèñòåìó (1) ñ ìàò-
ðèöàìè A(t) ∈ C(2n−2+l)[t0, t1], B(t) ∈ C(2n−1+l) è âåêòîð-ôóíêöèåé g(t) ∈
C(l)[t0, t1]. Âñþäó äàëåå, åñëè íå îãîâîðåíî èíîå, ïîäðàçóìåâàåòñÿ, ÷òî t ∈
[t0, t1].

Ñëåäóÿ ðàáîòå [4], ïðåäïîëîæèì, ÷òî rang B(t) = r äëÿ ëþáîãî t ∈ [t0, t1];

rang Q(t) = rang K(t) = n, t ∈ [t0, t1], (4)

çäåñü
Q(t) = (b1(t), . . . , br(t),∆b1(t), . . . ,∆br(t), . . . , ∆n−1b1(t), . . . , ∆n−1br(t)),

K(t) =
(
b1(t), ∆b1(t), . . . , ∆n1−1b1(t), . . . , br(t), ∆br(t), ...,∆nr−1br(t)

)
,
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ãäå ∆ � îïåðàòîð âèäà ∆ = A(t) − Ed/dt (E � åäèíè÷íàÿ (n×n)-ìàòðèöà),
n1 + . . . + nr = n, n1 ≥ n2 ≥ . . . ≥ nr;

èìåþò ìåñòî ðàâåíñòâà

∆nibi(t) =
r∑

j=1

nj−1∑

k=0

γi
jk(t)∆

kbj(t), i = 1, . . . , r, (5)

ãäå γi
jk(t) ∈ C(n)[t0, t1] : γi

jk(t) = 0 äëÿ j < i, k > min{ni, nj−1},
èëè j ≥ i, k > min{ni−1, nj−1}.

Ïîëîæèì s0 = 0, si = n1 + . . . + ni, i = 1, . . . , r. Îïðåäåëèì n-ìåðíûå
âåêòîð-ôóíêöèè c1(t), . . . , cr(t) ðàâåíñòâàìè

ci(t) = (K∗(t))−1 esi ∈ C(n+l)[t0, t1], i = 1, . . . , r, (6)

ãäå esi � si-é ñòîëáåö ìàòðèöû E. Ðàññìîòðèì íåâûðîæäåííóþ ìàòðèöó
L(t) ∈ C(l+1)[t0, t1] è ìàòðèöó L̂(t), êîòîðûå èìåþò âèä

L(t) =




c∗1(t)
(∆∗c1(t))

∗

. . .(
∆n1−1∗ c1(t)

)∗
. . .

c∗r(t)
(∆∗cr(t))

∗

. . .(
∆nr−1∗ cr(t)

)∗




, L̂(t) =




c∗1(t)
(∆∗c1(t))

∗

. . .(
∆n1−2∗ c1(t)

)∗
. . .

c∗r(t)
(∆∗cr(t))

∗

. . .(
∆nr−2∗ cr(t)

)∗




, (7)

ãäå ∆∗ = A∗(t) + Ed/dt.
Ñëåäóÿ ðàáîòå [7], äàëåå áóäåì ïðåäïîëàãàòü, ÷òî âåêòîð-ôóíêöèÿ g(t)

óäîâëåòâîðÿåò óñëîâèþ
L̂(t)g(t) = 0. (8)

Ïóñòü f1(s), . . . , fr(s) � ïðîèçâîëüíûå íåîòðèöàòåëüíûå íåâîçðàñòàþùèå
ôóíêöèè íà ïîëóîñè [0,+∞) ñ íå ìåíåå, ÷åì n1, . . . , nr òî÷êàìè óáûâàíèÿ,
ñîîòâåòñòâåííî, óäîâëåòâîðÿþùèå óñëîâèÿì

∞∫

0

s2ni−1fi(s)ds < ∞, i = 1, . . . , r. (9)

Îáîçíà÷èì ÷åðåç F ìíîæåñòâî íàáîðîâ f èç òàêèõ ôóíêöèé f1(s), . . . , fr(s).
Äëÿ íàáîðà f ∈ F îïðåäåëèì (n×n)-ìàòðèöó F (s) = diag

(
fi(s)Ei

)r

i=1
, ãäå

Ei � åäèíè÷íàÿ (ni×ni)-ìàòðèöà, è ðàññìîòðèì ñåìåéñòâî
{

F−1
f,α(Θ)

}
α≥1
Θ>0

ïî-

ëîæèòåëüíî îïðåäåëåííûõ ìàòðèö F−1
f,α(Θ) =

∞∫

0

F
(
t/Θ

1
α

)
e−A0tB0B

∗
0e−A∗0tdt,
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ãäå (n×n)-ìàòðèöà A0 = diag (A01, . . . , A0r) (A0i � (ni×ni)-ìàòðèöà, ýëåìåíòû
ïåðâîé íàääèàãîíàëè êîòîðîé � åäèíèöû, à âñå îñòàëüíûå ýëåìåíòû � íóëè,
i = 1, . . . , r), B0 = (es1 , . . . , esr) � (n×r)-ìàòðèöà.

Ìàòðèöà F−1
f,α(Θ) è îáðàòíàÿ ê íåé ìàòðèöà Ff,α(Θ) ïðåäñòàâèìû â âèäå

F−1
f,α(Θ) = D−1

α (Θ)F−1
f D−1

α (Θ), Ff,α(Θ) = Dα(Θ)FfDα(Θ), (10)

ãäå Dα(Θ) = diag(Dα,1(Θ), . . . , Dα,r(Θ)), Dα,i(Θ) = diag
(

Θ−
2ni−2k+1

2α

)ni

k=1

,

i = 1, . . . , r, � (ni×ni)-ìàòðèöû, F−1
f =

∞∫

0

F (s)e−A0sB0B
∗
0e−A∗0sds.

2.1. Ïîñòðîåíèå ìíîæåñòâà ôóíêöèé óïðàâëÿåìîñòè è ìíîæåñòâà
óïðàâëåíèé

Ïóñòü a0 � ïîëîæèòåëüíîå ÷èñëî, êîòîðîå áóäåò îïðåäåëåíî äàëåå. Äëÿ
ôèêñèðîâàííîãî íàáîðà f è êîíå÷íîãî ÷èñëà α ≥ 1 ðàññìîòðèì ôóíêöèþ

Φf,α(Θ, t, x) = 2a0Θ− (Ff,α(Θ)L(t)x, L(t)x), Θ > 0, x 6= 0.

Âûáåðåì ÷èñëî Θ > 0. Ïîëîæèì Rf,α = δ
√

2a0Θ/(L2
max‖Ff,α(Θ)‖), δ ∈ (0, 1),

ãäå Lmax = max
t0≤t≤t1

‖L(t)‖, è ðàññìîòðèì îáëàñòü Q1
f,α = {x : ‖x‖ ≤ Rf,α}.

Òîãäà
Φf,α(Θ, t, x) > 0 äëÿ âñåõ x ∈ Q1

f,α \ {0}. (11)

Ëåììà 1. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
óðàâíåíèå

Φf,α(Θ, t, x) = 0, x ∈ Q1
f,α \ {0}, (12)

îïðåäåëÿåò åäèíñòâåííóþ ïîëîæèòåëüíóþ, íåïðåðûâíî äèôôåðåíöèðóåìóþ
ôóíêöèþ Θ = Θf,α(t, x), êîòîðàÿ ïðè óñëîâèè

Θf,α(t, 0) = 0. (13)

ÿâëÿåòñÿ íåïðåðûâíîé â íóëå.

Äîêàçàòåëüñòâî. Òàê êàê

∂Φf,α(Θ, t, x)/∂Θ ≥ 2a0 > 0, x ∈ Q1
f,α \ {0}, (14)

òî Φf,α(Θ, t, x) � âîçðàñòàþùàÿ ïî Θ ôóíêöèÿ. Íà îñíîâàíèè íåðàâåíñòâà

(L∗(t)Ff,α(Θ)L(t)x, x)≥‖x‖2/(L2
1‖F−1

f,α(Θ)‖), (15)

ãäå L1 = max
t0≤t≤t1

‖L−1(t)‖, â ñèëó ïðåäñòàâëåíèÿ (10), ïîëó÷àåì

lim
Θ→+0

Φf,α(Θ, t, x) = −∞, x ∈ Q1
f,α \ {0}. (16)
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Èç ñîîòíîøåíèé (11), (14), (16) ñëåäóåò, ÷òî â îáëàñòè Q1
f,α\{0} óðàâíåíèå (12)

èìååò åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå Θ = Θf,α(t, x), êîòîðîå, â ñèëó
òåîðåìû î íåÿâíîé ôóíêöèè, ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíê-
öèåé ïðè x ∈ Q1

f,α \ {0}.
Óñòàíîâèì íåïðåðûâíîñòü ôóíêöèè Θf,α(t, x) ïðè x = 0. Èç ðàâåí-

ñòâà (12), íà îñíîâàíèè ïðåäñòàâëåíèÿ (10), ñëåäóåò, ÷òî ïðè ìàëûõ çíà÷åíèÿõ
ôóíêöèè Θf,α(t, x) ñïðàâåäëèâî íåðàâåíñòâî

Θf,α(t, x) ≤ (
L2

max‖Ff‖‖x‖2/2a0

)α/(α+2n1−1)
. (17)

Äëÿ ïðîèçâîëüíîãî ÷èñëà ε > 0 âûáåðåì ÷èñëî δ = δ(ε) > 0, óäîâëåòâîðÿþùåå
íåðàâåíñòâó δ ≤

√
2a0ε(α+2n1−1)/α / (‖Ff‖L2

max). Òîãäà èç íåðàâåíñòâà (17)
ïîëó÷àåì, ÷òî Θf,α(t, x) < ε äëÿ âñåõ x òàêèõ, ÷òî ‖x‖ < δ. 2

Èñïîëüçóÿ ìíîæåñòâî ôóíêöèé óïðàâëÿåìîñòè Θf,α(t, x), ïîñòðîèì ìíî-
æåñòâî ïîçèöèîííûõ óïðàâëåíèé

uf,α(t, x) = −M−1(t)B∗
0

(1
2
F (0)Ff,α(Θf,α(t, x))L(t)x +

(
L̇(t)+

+L(t)A(t)
)
x + L(t)g(t)

)
, x ∈ Q1

f,α(t) \ {0}, f ∈ F , α ≥ 1,
(18)

ãäå M(t) = B∗
0L(t)B(t) � âåðõíåòðåóãîëüíàÿ (r×r)-ìàòðèöà ñ ýëåìåíòàìè

mii(t) = 1, mij(t) =
(
∆ni−1∗ ci(t)

)∗
bj(t) ïðè i < j ≤ r, i = 1, . . . , r. Ëþáîå èç

ýòèõ óïðàâëåíèé óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ïî x â êàæäîì ìíîæåñòâå
Kt(ρ1, ρ2) = {(t, x) : t0 ≤ t ≤ t1, 0 < ρ1 ≤ ‖x‖ ≤ ρ2 ≤ Rf,α} c ïîñòîÿííîé
Ëèïøèöà Lu(ε, ρ2) → +∞ ïðè ε → 0 (0 < ε < ρ2). Äàëåå áóäåò óñòàíîâëåíî,
÷òî ïðè α ≥ 2l + 1 óïðàâëåíèå è åãî ïðîèçâîäíûå â ñèëó çàìêíóòîé ñèñòåìû
óäîâëåòâîðÿþò çàäàííûì îãðàíè÷åíèÿì.

2.2. Ïîëó÷åíèå îöåíîê äëÿ ïðîèçâîäíîé ôóíêöèè óïðàâëÿåìîñòè
è ïîñòðîåíèå îáëàñòè ðàçðåøèìîñòè çàäà÷è

Ðàññìîòðèì ìàòðèöû

Pf = −1
2
B∗

0F (0)Ff , Af = A0 + B0Pf , (19)

Wf = −(FfAf + A∗fFf ), Fα
f = Ff −HαFf − FfHα, (20)

ãäå Hα = diag(Hα
1 , . . . , Hα

r ) � (n×n)-ìàòðèöà, Hα
i = diag

(
−2ni−2k+1

2α

)ni

k=1
� (ni×ni)-ìàòðèöû, i = 1, . . . , r. Ìàòðèöû Wf , Fα

f ÿâëÿþòñÿ ïîëîæèòåëüíî
îïðåäåëåííûìè [7].

Â ñëåäóþùåé ëåììå îïðåäåëÿåòñÿ ïðîèçâîäíàÿ ôóíêöèè óïðàâëÿåìîñòè
â ñèëó çàìêíóòîé ñèñòåìû è óñòàíàâëèâàþòñÿ äëÿ íåå òî÷íûå îöåíêè ñíèçó
è ñâåðõó.
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Ëåììà 2. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1
ïðîèçâîäíàÿ Θ̇f,α(t, x) ôóíêöèè óïðàâëÿåìîñòè Θf,α(t, x) â ñèëó ñèñòåìû

ẋ = A(t)x + B(t)uf,α(t, x) + g(t), x ∈ Q1
f,α\{0}, (21)

îïðåäåëÿåòñÿ ðàâåíñòâîì

Θ̇f,α(t, x) = − (Wfy(Θf,α, t, x), y(Θf,α, t, x))(
Fα

f y(Θf,α, t, x), y(Θf,α, t, x)
) Θ

1− 1
α

f,α (t, x), x ∈ Q1
f,α\{0}, (22)

ãäå Wf , Fα
f � ìàòðèöû âèäà (20), y(Θf,α, t, x) = Dα(Θf,α(t, x))L(t)x, è óäî-

âëåòâîðÿåò íåðàâåíñòâàì

−Λf,αΘ
1− 1

α
f,α (t, x) ≤ Θ̇f,α(t, x) ≤ −λf,αΘ

1− 1
α

f,α (t, x), x ∈ Q1
f,α\{0}, (23)

ãäå Λf,α > 0, λf,α > 0 � íàèáîëüøåå è íàèìåíüøåå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû (Fα

f )−1Wf .

Äîêàçàòåëüñòâî. Ïåðåïèøåì ðàâåíñòâî (12) ïðè Θ = Θf,α(t, x) è óïðàâëå-
íèå uf,α(t, x) èç (18) â âèäå

2a0Θf,α(t, x)− (Ff y(Θf,α(t, x), t, x), y(Θf,α(t, x), t, x)) = 0. (24)

uf,α(t, x) = M−1(t)
(

Θ
− 1

2α
f,α (t, x)Pfy −B∗

0Ã(t)L(t)x + B∗
0L(t)g(t)

)
, (25)

ãäå
Ã(t) =

(
L̇(t) + L(t)A(t)

)
L−1(t). (26)

Âû÷èñëèì ïðîèçâîäíóþ y(Θf,α(t, x), t, x) â ñèëó ñèñòåìû (21) ñ óïðàâëåíè-
åì uf,α(t, x) âèäà (25). Â ñèëó âûáîðà âåêòîð-ôóíêöèé c1(t), . . . , cr(t), èìååì
ðàâåíñòâà L(t)B(t) = B0M(t), (E − B0B

∗
0)Ã(t) = A0, à, â ñèëó óñëîâèÿ (8),

èìååì ðàâåíñòâî L(t)g(t) = B0B
∗
0L(t)g(t). Èñïîëüçóÿ ýòè ðàâåíñòâà, ïîëó÷àåì

d

dt
(L(t)x)∣∣(21)

= A0L(t)x + Θ
− 1

2α
f,α (t, x)B0Pfy(Θf,α(t, x), t, x). (27)

Òîãäà, èñïîëüçóÿ ðàâåíñòâà Dα(Θ)
(
A0D

−1
α (Θ) + B0PfΘ− 1

2α

)
= AfΘ− 1

α , (27),
ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ y(Θf,α(t, x), t, x) â ñèëó ñèñòåìû (21) èìååò âèä

ẏ(Θf,α(t, x), t, x) =

(
Θ̇f,α(t, x)
Θf,α(t, x)

Hα + AfΘ
− 1

α
f,α (t, x)

)
y(Θf,α(t, x), t, x). (28)

Èç ðàâåíñòâà (24), â ñèëó ðàâåíñòâà 2a0 = (Ffy(Θf,α, t, x), y(Θf,α, t, x)) /Θf,α è
ðàâåíñòâà (28), ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ ôóíêöèè óïðàâëÿåìîñòè Θf,α(t, x)
â ñèëó ñèñòåìû (21) èìååò âèä (22). Èç ðàâåíñòâà (22), â ñèëó íåðàâåíñòâ

λf,α ≤ (Wfy, y)/(Fα
f y, y) ≤ Λf,α, (29)
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ãäå λf,α > 0 Λf,α > 0 � íàèìåíüøåå è íàèáîëüøåå ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû

(
Fα

f

)−1
Wf , ïîëó÷àåì òî÷íûå îöåíêè (23) äëÿ Θ̇f,α(t, x) â îáëàñòè

Q1
f,α \ {0}. 2

Â ñëåäóþùåé ëåììå ñòðîèòñÿ îáëàñòü Qf,α(t) ðàçðåøèìîñòè çàäà÷è ñèí-
òåçà èíåðöèîííûõ óïðàâëåíèé è ïðèâîäÿòñÿ îöåíêè íà âðåìÿ äâèæåíèÿ èç
ëþáîé òî÷êè x0 îáëàñòè Qf,α(t0) â íà÷àëî êîîðäèíàò.

Ëåììà 3. Äëÿ êàæäîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1 ïðè
âûáîðå ÷èñëà cf,α èç óñëîâèÿ

0 < cf,α ≤ min

{
σδ2Θ̂

L2
maxL

2
1‖Ff,α(Θ)‖‖F−1

f,α(Θ)‖ ,
(λf,α(t1−t0))

α

αα

}
, σ ∈ (0, 1),

(30)
ìíîæåñòâî Qf,α(t) = {x : Θf,α(t, x) ≤ cf,α} îãðàíè÷åíî è Qf,α(t) ⊂ intQ1

f,α

ïðè t ∈ [t0, t1].
Èç ëþáîé òî÷êè x0 ∈ Qf,α(t0) â íà÷àëî êîîðäèíàò âðåìÿ äâèæåíèÿ

Tf,α(t0, x0) ïî òðàåêòîðèè x(t) ñèñòåìû (21), íà÷èíàþùåéñÿ â ìîìåíò âðå-
ìåíè t0 â òî÷êå x0, óäîâëåòâîðÿåò îöåíêàì

α

Λf,α
Θ

1
α
f,α(t0, x0) ≤ Tf,α(t0, x0) ≤ α

λf,α
Θ

1
α
f,α(t0, x0). (31)

Äîêàçàòåëüñòâî. Ïîñêîëüêó

Q1
f,α =

{
x ∈ Rn :

‖x‖2

2a0L2
1‖F−1

f,α(Θ)‖ ≤
δ2Θ

L2
maxL

2
1‖Ff,α(Θ)‖‖F−1

f,α(Θ)‖

}
,

òî îòñþäà, â ñèëó íåðàâåíñòâà (15) ïðè Θ = Θ, ïîëó÷àåì

Q1
f,α ⊃

{
x :

1
2a0

(L∗(t)Ff,α(Θ)L(t)x, x) ≤ δ2Θ
L2

maxL
2
1‖Ff,α(Θ)‖‖F−1

f,α(Θ)‖

}
.

Ïîñêîëüêó (L∗(t)Ff,α(Θ)L(t)x, x) ÿâëÿåòñÿ íåâîçðàñòàþùåé ïî Θ ôóíêöèåé è
Θf,α(t, x) < Θ ïðè t ∈ [t0, t1], x ∈ Q1

f,α, òî ïîëó÷àåì âêëþ÷åíèå

Q1
f,α ⊃

{
x ∈ Rn : Θf,α(t, x) ≤ δ2Θ

L2
maxL

2
1‖Ff,α(Θ)‖‖F−1

f,α(Θ)‖

}
, t ∈ [t0, t1].

Îòñþäà ñëåäóåò, ÷òî äëÿ óäîâëåòâîðÿþùåãî óñëîâèþ (30) ÷èñëà cf,α ñïðàâåä-
ëèâî âêëþ÷åíèå Qf,α(t) ⊂ intQ1

f,α ïðè t ∈ [t0, t1].
Èç íåðàâåíñòâ (23), èñïîëüçóÿ òåîðåìó 1.3 [3, ñòð. 21], ïîëó÷àåì, ÷òî âðåìÿ

äâèæåíèÿ Tf,α(t0, x0) èç ëþáîé òî÷êè x0 ∈ Qf,α(t0)\{0} â íà÷àëî êîîðäèíàò ïî
íà÷èíàþùåéñÿ â òî÷êå x0 â ìîìåíò âðåìåíè t0 òðàåêòîðèè x(t) ñèñòåìû (21)
óäîâëåòâîðÿåò îöåíêàì (31). 2
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2.3. Âû÷èñëåíèå ïðîèçâîäíûõ óïðàâëåíèÿ

Âû÷èñëèì ïðîèçâîäíóþ k-ãî ïîðÿäêà (1 ≤ k ≤ l) â ñèëó ñèñòåìû (21)
óïðàâëåíèÿ uf,α(t, x) âèäà (25). Îáîçíà÷èì

βf,α(y) =
(Wfy, y)
(Fα

f y, y)
, Pi(α, y) =

(
2i−1
2α

E−Hα

)
βf,α(y)+Af , i = 1, . . . , l.

Òîãäà èìååì

β
(k)
f,α(y) =

k∑

i=0

Ci
k(Wfy, y)(k−i)

( 1
(Fα

f y, y)

)(i)
, k = 0, 1, . . . , l, (32)

P
(k)
i (α, y) =

(
2i− 1

2α
E −Hα

)
β

(k)
f,α(y) + δ0kAf , k = 0, 1, . . . , l, (33)

ãäå δ0k � ñèìâîë Êðîíåêåðà. Çäåñü è äàëåå Ci
k � áèíîìèàëüíûå ÷èñëà. Â ñèëó

îáîçíà÷åíèé, èç (22) èìååì ðàâåíñòâî Θ̇f,α(t, x) = −βf,α(y)Θ
1− 1

α
f,α (t, x), à, ñëå-

äîâàòåëüíî, ðàâåíñòâî (28) ïðèíèìàåò âèä ẏ = (Af −Hαβf,α(y))Θ
− 1

α
f,α (t, x)y.

Èñïîëüçóÿ ïîñëåäíèå äâà ðàâåíñòâà, ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ â ñèëó ñè-
ñòåìû (21) êâàäðàòè÷íîé ôîðìû (V y, y) èìååò âèä

(V y, y)¦ =
(
(Vay, y) + (Vhy, y)βf,α(y)

)
Θ
− 1

α
f,α (t, x), (34)

ãäå Va = V Af + A∗fV, Vh = −(V Hα + HαV ). Ñëåäîâàòåëüíî, ïðîèçâîäíàÿ
p-ãî ïîðÿäêà â ñèëó ñèñòåìû (21) ýòîé êâàäðàòè÷íîé ôîðìû îïðåäåëÿåòñÿ
ðàâåíñòâîì

(V y, y)(p) =
p−1∑

s=0

Cs
p−1

(
(Vay, y)(p−1−s)+

+
p−1−s∑

l=0

C l
p−1−s(Vhy, y)(p−1−s−l)β

(l)
f,α(y)

)(
Θ
− 1

α
f,α

)(s)
.

(35)

Ìåòîäîì èíäóêöèè óñòàíàâëèâàåòñÿ:
� ñïðàâåäëèâîñòü ðàâåíñòâà

( 1
(Fα

f y, y)

)(i)
=

1
(Fα

f y, y)

i∑

j=1

(−1)j
∑

α1+...+αj=i−j

γ(i)
α1...αj

j∏

l=1

(Fα
f y, y)(αl+1)

(Fα
f y, y)

, (36)

ãäå γ
(i)
α1...αj � ïîëîæèòåëüíûå ÷èñëà, îïðåäåëÿåìûå ðåêóððåíòíûìè ñîîòíî-

øåíèÿìè

γ
(1)
0 = 1, γ

(i)
α1...αj = γ ′(i)α1...αj

, α1 + . . . + αj = i− j,

γ
(i)
α1...αj−10 = j γ

(i−1)
α1...αj−1 + γ ′(i)α1...αj−10, j = 1, . . . , i, i = 2, . . . , l,
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çäåñü γ ′(i)α1...αj
= γ

(i−1)
α1−1α2...αj

+ . . .+γ
(i−1)
α1...αj−1αj−1, à ñëàãàåìîå ñ îòðèöàòåëüíûì

÷èñëîì â èíäåêñå ðàâíî íóëþ;
� èñïîëüçóÿ ðàâåíñòâî

(
Θ
−m+1

α
f,α

)¦
= m+1

α βf,α(y)Θ
−m+2

α
f,α , ñïðàâåäëèâîñòü

ðàâåíñòâà
(

Θ
− 1

α
f,α

)(s)

= Θ
− 1

α
f,α

s∑

m=1

m!
αm

∑
α1+...+αm=s−m

ζ(s)
α1...αm

β
(α1)
f,α . . . β

(αm)
f,α Θ

−m
α

f,α ;

� èñïîëüçóÿ ðàâåíñòâî
(
Θ
− 2i+1

2α
f,α y

)¦
= Pi+1Θ

− 2i+3
2α

f,α y, ñïðàâåäëèâîñòü ðàâåí-
ñòâà

(
Θ
− 1

2α
f,α y

)(k)
=Θ

− 1
2α

f,α

( k∑

i=1

∑

α1+...+αi=k−i

ζ(k)
α1...αi

P
(α1)
1 . . . P

(αi)
i Θ

− i
α

f,α

)
y, (37)

ãäå ζ
(k)
α1...αi � ïîëîæèòåëüíûå ÷èñëà, îïðåäåëÿåìûå ðåêóððåíòíûìè ñîîòíîøå-

íèÿìè

ζ
(1)
0 = 1, ζ

(k)
α1...αi = ζ ′(k)

α1...αi
, α1 + . . . + αi = k − i,

ζ
(k)
α1...αi−10 = ζ

(k−1)
α1...αi−1 + ζ ′(k)

α1...αi−10, i = 1, . . . , k, k = 2, . . . , l,

çäåñü ζ ′(k)
α1...αi

= ζ
(k−1)
α1−1α2...αi

+ . . . + ζ
(k−1)
α1...αi−1αi−1, à ñëàãàåìîå ñ îòðèöàòåëüíûì

÷èñëîì â èíäåêñå ðàâíî íóëþ;
� â ñèëó ðàâåíñòâ (27), An1

0 = 0, ñïðàâåäëèâîñòü ðàâåíñòâà

(L(t)x)(k) = δkA
k
0L(t)x +

mk−1∑

j=0

Amk−1−j
0 B0Pf

(
Θ
− 1

2α
f,α y

)(j+(1−δk)(k−n1))
, (38)

ãäå mk = min{k, n1}, δk = 1 äëÿ k < n1 è δk = 0 äëÿ n1 ≤ k ≤ l.
Òàêèì îáðàçîì, ïðîèçâîäíàÿ k-ãî ïîðÿäêà (1 ≤ k ≤ l) â ñèëó ñèñòåìû (21)

óïðàâëåíèÿ uf,α(t, x) îïðåäåëÿåòñÿ ðàâåíñòâîì

u
(k)
f,α(t, x) =

k∑

i=0

Ci
k

(
M−1(t)

)(k−i)
[
Pf

(
Θ
− 1

2α
f,α y(Θf,α, t, x)

)(i)

−

−B∗
0

i∑

j=0

Cj
i Ã

(i−j)(t)(L(t)x)(j) −B∗
0 (L(t)g(t))(i)

]
,

(39)

ãäå
(

Θ
− 1

2α
f,α y(Θf,α, t, x)

)(i)

, (L(t)x)(j) îïðåäåëÿþòñÿ ðàâåíñòâàìè (37), (38) ñî-
îòâåòñòâåííî.
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2.3. Îãðàíè÷åííîñòü óïðàâëåíèÿ è åãî ïðîèçâîäíûõ

Îáîçíà÷èì T̂f,α = αc
1
α
f,α/λf,α,

d̃k =
k∑

i=0

Ci
k max

t∈[t0,t0+bTf,α]
‖ (

M−1(t)
)(k−i)

B∗
0 (L(t)g(t))(i) ‖, k = 0, . . . , l.

Ëåììà 4. Ïóñòü ÷èñëà dk > d̃k äëÿ k = 0, 1, . . . , l. Òîãäà äëÿ êàæäîãî íàáîðà
f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1 ÷èñëî a0 â óðàâíåíèè (12) ìîæåò
áûòü âûáðàíî òàêèì, ÷òî óïðàâëåíèå uf,α(t, x) è åãî ïðîèçâîäíûå â ñèëó
ñèñòåìû (21) u

(1)
f,α(t, x), . . . , u

(l)
f,α(t, x) óäîâëåòâîðÿþò îãðàíè÷åíèÿì

‖u(k)
f,α(t, x)‖ ≤ dk, k = 0, 1, . . . , l, t ∈ [t0, t0 + Tf,α], x ∈ Qf,α(t). (40)

Äîêàçàòåëüñòâî. Âíà÷àëå ìåòîäîì èíäóêöèè óñòàíîâèì ñïðàâåäëèâîñòü
íåðàâåíñòâ

∣∣∣β(k)
f,α (y(Θf,α, t, x))

∣∣∣ ≤ βk(α)Θ
− k

α
f,α , k = 0, 1, . . . , l, t ∈ [t0, t0+T̂f,α], x∈Qf,α(t),

(41)
ãäå β0(α), . . . , βl(α) � ïîëîæèòåëüíûå ÷èñëà, âèä êîòîðûõ áóäåò óñòàíîâëåí
â õîäå äîêàçàòåëüñòâà. Èç (32), â ñèëó (36), èìååì

β
(k)
f,α(y) =

k∑

i=0

Ci
k

(Wfy, y)(k−i)

(Fα
f y, y)

i∑

j=1

(−1)j
∑

α1+...+αj=i−j

γ(i)
α1...αj

×

×
j∏

l=1

(Fα
f y, y)(αl+1)

(Fα
f y, y)

, k = 0, 1, . . . , l.

(42)

Îòìåòèì, ÷òî ïðè k = 0 íåðàâåíñòâî (41), î÷åâèäíî, ñïðàâåäëèâî, ïîñêîëüêó,
ó÷èòûâàÿ (29), βf,α(y) ≤ β0(α), ãäå β0(α) = Λf,α. Óñòàíîâèì ñïðàâåäëèâîñòü
íåðàâåíñòâà (41) ïðè k = 1. Èç (42) ïðè k = 1 èìååì

β̇α(y) = (Wfy, y)¦/(Fα
f y, y)− βf,α(y)(Fα

f y, y)¦/(Fα
f y, y) .

Îòñþäà, â ñèëó íåðàâåíñòâà (34), ïîëó÷àåì, ÷òî

|β̇f,α(y)| ≤ β1(α)Θ
− 1

α
f,α , β1(α) = ω1(α) + Λf,αϕ1(α),

ω1(α) = max
{
|λ(Wf )a

min |, |λ(Wf )a
max |

}
+ Λf,α max

{
|λ(Wf )h

min |, |λ(Wf )h
max |

}
,

ϕ1(α) = max
{
|λ(F α

f )a

min |, |λ(F α
f )a

max |
}

+ Λf,α max
{
|λ(F α

f )h

min |, |λ(F α
f )h

max |
}

,

ãäå λ
(Wf )a

min , λ
(Wf )a
max , λ

(Wf )h

min , λ
(Wf )h
max , λ

(F α
f )a

min , λ
(F α

f )a

max , λ
(F α

f )h

min , λ
(F α

f )h

max � íàèìåíü-
øèå è íàèáîëüøèå ñîáñòâåííûå çíà÷åíèÿ ìàòðèö (Fα

f )−1(Wf )a, (Fα
f )−1(Wf )h,
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(Fα
f )−1(Fα

f )a, (Fα
f )−1(Fα

f )h, ñîîòâåòñòâåííî, ò.å. íåðàâåíñòâî (41) ïðè k = 1
ñïðàâåäëèâî. Ïðåäïîëîæèì, ÷òî ñïðàâåäëèâû íåðàâåíñòâà

∣∣∣β(ν)
f,α (y(Θf,α, t, x))

∣∣∣ ≤ βν(α)Θ
− ν

α
f,α , ν = 0, 1, . . . , k−1,

t ∈ [t0, t0+T̂f,α], x ∈ Qf,α(t).
(43)

Ýòî îçíà÷àåò, ÷òî âûïîëíåíû íåðàâåíñòâà
∣∣∣∣∣
(V y, y)(ν)

(Fα
f y, y)

∣∣∣∣∣ ≤ vν(α)Θ
− ν

α
f,α , ν = 0, . . . , k − 1, (44)

ïðè V = Wf , V = Fα
f , V = (Wf )a è V = (Wf )h, V = (Fα

f )a ≡ Fα
f A1 + A∗1F

α
f ,

V = (Fα
f )h ≡ −(Fα

f Hα + HαFα
f ) ñ ÷èñëîì vν , êîòîðîå ðàâíî, ñîîòâåòñòâåííî,

ων , ϕν , ωa
ν , ωh

ν , ϕa
ν , ϕh

ν . Ïîýòîìó, â ñèëó ðàâåíñòâà (35), èìååì
∣∣∣∣∣
(Wfy, y)(k)

(Fα
f y, y)

∣∣∣∣∣ ≤ ωk(α)Θ
− k

α
f,α ,

∣∣∣∣∣
(Fα

f y, y)(k)

(Fα
f y, y)

∣∣∣∣∣ ≤ ϕk(α)Θ
− k

α
f,α , (45)

ãäå

ωk(α) =
k−1∑

s=0

Cs
k−1

(
ωa

k−1−s +
k−1−s∑

l=0

C l
k−1−sω

h
k−1−s−lβl

)
×

×
s∑

m=1

m!
αm

∑
α1+...+αm=s−m

ζ(s)
α1...αm

βα1
. . . βαm

,

ϕk(α) =
k−1∑

s=0

Cs
k−1

(
ϕa

k−1−s +
k−1−s∑

l=0

C l
k−1−sϕ

h
k−1−s−lβl

)
×

×
s∑

m=1

m!
αm

∑
α1+...+αm=s−m

ζ(s)
α1...αm

βα1
. . . βαm

.

Òîãäà èç (42), â ñèëó íåðàâåíñòâ (43), (44), (45), ñëåäóåò íåðàâåíñòâî (41), ãäå

βk(α) =
k∑

i=0

Ci
kωk−i(α)

i∑

j=1

∑

α1+...+αj=i−j

γ(i)
α1...αj

ϕα1+1(α) . . . ϕαj+1(α),

÷åì è çàâåðøàåòñÿ äîêàçàòåëüñòâî åãî ñïðàâåäëèâîñòè.
Èç ðàâåíñòâà (33), â ñèëó íåðàâåíñòâà (41), ïîëó÷àåì

‖P (k)
i (α, y(Θf,α, t, x))‖ ≤

(
n1 + i− 1

α
βk(α) + δ0k‖Af‖

)
Θ
− k

α
f,α ,

i = 1, . . . , l, k = 0, 1, . . . , l, t ∈ [t0, t0+T̂f,α], x ∈ Qf,α(t),

ãäå δ0k � ñèìâîë Êðîíåêåðà. Ñëåäîâàòåëüíî,
∥∥∥

∑

α1+...+αi=k−i

ζα1...αiP
(α1)
1 . . . P

(αi)
i

∥∥∥ ≤ σk,i(α)Θ
− k−i

α
f,α ,
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ãäå

σk,i(α) =
∑

α1+...+αi=k−i

ζ(k)
α1...αi

i∏

j=1

(
n1 + j − 1

α
βαj

(α) + δ0αj‖Af‖
)

.

Òîãäà èç ðàâåíñòâà (37) ïîëó÷àåì

‖
(
Θ
− 1

α
f,α y(Θf,α, t, x)

)(i)
‖ ≤ σi(α)Θ

− 2i+1
2α

f,α ‖y(Θf,α, t, x)‖, i = 0, 1, . . . , l,

t ∈ [t0, t0+T̂f,α], x ∈ Qf,α(t),
(46)

ãäå σ0 = 1, σi(α) =
i∑

j=1

σi,j(α). Èç (38), ó÷èòûâàÿ íåðàâåíñòâî (46), ïîëó÷àåì

‖(L(t)x
)(j)‖ ≤

(mj−1∑

s=0

‖Amj−1−s
0 B0Pf‖σs+(1−δj)(j−n1)Θ

k−s−(1−δj)(j−n1)

α
f,α +

+δj‖Aj
0D

−1
α (Θf,α)‖Θ

2k+1
2α

f,α

)
Θ
− 2k+1

2α
f,α ‖y(Θf,α, t, x)‖.

(47)

Ïîñêîëüêó
‖Aj

0D
−1
α (Θ)‖Θ 2k+1

2α = max
{

Θ
n1+k−j

α , Θ
k+1

α

}
,

k − s− (1− δj)(j − n1) ≥ k −mk + 1− (1− δk)(k − n1) = 1,

òî èç (47) ïîëó÷àåì íåðàâåíñòâî

‖(L(t)x
)(j)‖ ≤ `

(k)
j (α)Θ

− 2k+1
2α

f,α (t, x)‖y(Θf,α(t, x), t, x)‖,
j = 0, 1, . . . , l, j ≤ k ≤ l, t ∈ [t0, t0+T̂f,α], x ∈ Qf,α(t),

(48)

ãäå

`
(k)
j (α) =

mj−1∑

s=0

‖Amj−1−s
0 B0Pf‖σs+(1−δj)(j−n1)(α)c

k−s−(1−δj)(j−n1)

α
f,α +

+δj max
{

c
n1+k−j

α
f,α , c

k+1
α

f,α

}
.

(49)

Èç (39), â ñèëó íåðàâåíñòâ (46), (48), ïîëó÷àåì

‖u(k)
f,α(t, x)‖ ≤ ηk(α)Θ

− 2k+1
2α

f,α (t, x)‖y(Θf,α(t, x), t, x)‖+ d̃k,

k = 0, 1, . . . , l, t ∈ [t0, t0 + Tf,α], x ∈ Qf,α(t),
(50)

ãäå

ηk(α) =
k∑

i=0

Ci
k

(
max

t∈[t0,t0+bTf,α]
‖ (

M−1(t)
)(k−i)

Pf‖σi(α)c
k−i
α

f,α +

+
i∑

j=0

Cj
i max

t∈[t0,t0+bTf,α]
‖ (

M−1(t)
)(k−i)

B∗
0Ã(i−j)(t)‖`(k)

j (α)
)

.

(51)
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Èç ðàâåíñòâà (24) ñëåäóåò íåðàâåíñòâî ‖y‖2 ≤ 2a0Θf,α(t, x)‖F−1
f ‖, â ñèëó êî-

òîðîãî èç íåðàâåíñòâà (50) äëÿ α ≥ (2l+1) ïîëó÷àåì

‖u(k)
f,α(t, x)‖ ≤ ηk(α)

√
2a0‖F−1

f ‖ c
1
2
− 2k+1

2α
f,α + d̃k,

k = 0, 1, . . . , l, t ∈ [t0, t0 + Tf,α], x ∈ Qf,α(t).
(52)

Äëÿ êîíå÷íîãî ÷èñëà α ≥ 2l + 1 âûáåðåì ÷èñëî a0 èç óñëîâèÿ

0 < a0 ≤ 1
2‖F−1

f ‖ min
0≤k≤l

(dk − d̃k)2

η2
k(α)c

1− 2k+1
α

f,α

. (53)

Òîãäà èç íåðàâåíñòâ (52) ñëåäóåò ñïðàâåäëèâîñòü íåðàâåíñòâ (40). 2

Ðåøåíèå çàäà÷è äîïóñòèìîãî ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ íåêî-
òîðîãî êëàññà ñèñòåì (1) äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Ðàññìîòðèì ñ ìàòðèöàìè A(t) ∈ C(2n−2+l)[t0, t1], B(t) ∈
C(2n−1+l)[t0, t1] (rang B(t) = r) è óäîâëåòâîðÿþùåé óñëîâèþ (8) âåêòîð-
ôóíêöèåé g(t) ∈ C(l)[t0, t1] ñèñòåìó (1), äëÿ êîòîðîé âûïîëíåíî óñëîâèå (4)
è èìåþò ìåñòî ðàâåíñòâà (5), ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå è åãî ïðîèç-
âîäíûå äî çàäàííîãî ïîðÿäêà l âèäà (3), ãäå dk > d̃k, k = 0, 1, . . . , l.

Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1) f ∈ F � íàáîð ïðîèçâîëüíûõ íåîòðèöàòåëüíûõ íåâîçðàñòàþùèõ ôóíê-
öèé f1(s), . . . , fr(s) íà ïîëóîñè [0,+∞), ñîîòâåòñòâåííî, ñ íå ìåíåå,
÷åì n1, . . . , nr ÷èñëîì òî÷åê óáûâàíèÿ, êîòîðûå óäîâëåòâîðÿþò óñëî-
âèÿì (9);

2) äëÿ êîíå÷íîãî ÷èñëà α ≥ 2l + 1 ïîñòîÿííàÿ cf,α óäîâëåòâîðÿåò óñëî-
âèþ (30) è ÷èñëî a0 óäîâëåòâîðÿåò óñëîâèþ (53);

3) ôóíêöèÿ óïðàâëÿåìîñòè Θf,α(t, x) ïðè x 6= 0 è t ∈ [t0, t1] îïðåäåëÿåòñÿ
êàê ïîëîæèòåëüíîå ðåøåíèå óðàâíåíèÿ (12) è ðàâåíñòâîì (13);

4) îáëàñòü Qf,α(t) = {x ∈ Rn : Θf,α(t, x) ≤ cf,α}, t ∈ [t0, t0 + T̂f,α].

Òîãäà óïðàâëåíèå uf,α(t, x) âèäà (18) ðåøàåò çàäà÷ó ñèíòåçà èíåðöèîí-
íûõ óïðàâëåíèé â îáëàñòè Qf,α(t), ïðè÷åì èç ëþáîé òî÷êè x0 ∈ Qf,α(t0) â
íà÷àëî êîîðäèíàò âðåìÿ äâèæåíèÿ Tf,α(t0, x0) ïî òðàåêòîðèè x(t) ñèñòå-
ìû (21), íà÷èíàþùåéñÿ â ìîìåíò âðåìåíè t0 â òî÷êå x0, óäîâëåòâîðÿåò
îöåíêàì (31).

Äîêàçàòåëüñòâî. Ñëåäóÿ ìåòîäó ôóíêöèè óïðàâëÿåìîñòè äëÿ íåàâòîíîì-
íûõ ñèñòåì [2, òåîðåìà 1], [3, òåîðåìà 1.1, ñòð. 14], óñòàíîâëåíî, ÷òî äëÿ êàæ-
äîãî íàáîðà f ∈ F è êàæäîãî êîíå÷íîãî ÷èñëà α ≥ 1 óðàâíåíèå (12) îïðåäåëÿ-
åò åäèíñòâåííóþ ïîëîæèòåëüíóþ íåïðåðûâíî äèôôåðåíöèðóåìóþ ôóíêöèþ
Θf,α(t, x) ïðè t ∈ [t0, t1], x ∈ Q1

f,α \ {0}, êîòîðàÿ, ïðè óñëîâèè (13), ÿâëÿåòñÿ
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íåïðåðûâíîé ïðè x = 0 (ëåììà 1); èñïîëüçóÿ ôóíêöèþ óïðàâëÿåìîñòè, ïî-
ñòðîåíî óïðàâëåíèå uf,α(t, x) âèäà (18), êîòîðîå óäîâëåòâîðÿåò óñëîâèþ Ëèï-
øèöà â êàæäîì ìíîæåñòâå Kt(ρ1, ρ2) = {x : 0 < ρ1 ≤ ‖x‖ ≤ ρ2 ≤ Rf,α} ïðè
t ∈ [t0, t1] ñ ïîñòîÿííîé Lu(ε, ρ2) → +∞ ïðè ε → 0; ïîêàçàíî, ÷òî ïðîèçâîäíàÿ
ôóíêöèè óïðàâëÿåìîñòè Θf,α(t, x) â ñèëó ñèñòåìû (21) óäîâëåòâîðÿåò íåðà-
âåíñòâàì (23) (ëåììà 2); ïîêàçàíî, ÷òî äëÿ ïîñòîÿííîé cf,α, óäîâëåòâîðÿþùåé
óñëîâèþ (30), îáëàñòü Qf,α(t) ÿâëÿåòñÿ îãðàíè÷åííîé, Qf,α(t) ⊂ intQ1

f,α ïðè
t ∈ [t0, t1] è âðåìÿ äâèæåíèÿ Tf,α(t0, x0) èç ëþáîé òî÷êè x0 ∈ Qf,α(t0) \ {0}
ïî òðàåêòîðèè ñèñòåìû (21) â íà÷àëî êîîðäèíàò óäîâëåòâîðÿåò îöåíêàì (31)
(ëåììà 3); è, íàêîíåö, óñòàíîâëåíî, ÷òî äëÿ ÷èñëà a0, âûáðàííîãî èç óñëî-
âèÿ (53), óïðàâëåíèå è åãî ïðîèçâîäíûå â ñèëó ñèñòåìû (21) óäîâëåòâîðÿþò
îãðàíè÷åíèÿì (40) (ëåììà 4). Òîãäà ïî òåîðåìå 1 èç [2] èëè ïî òåîðåìå 1.1 [3]
ïîëó÷àåì óòâåðæäåíèå äàííîé òåîðåìû. 2

Ñëåäñòâèå 1. Ïóñòü â óñëîâèÿõ òåîðåìû 1 ôóíêöèè f1(s), . . . , fr(s) èìåþò
âèä

f1(s) = . . . = fr(s) = fα(s) =
{

(1− s/α)α ïðè s ∈ [0, α),
0 ïðè s ≥ α.

(54)

Òîãäà óïðàâëåíèå uf,α(t, x) âèäà (18) ðåøàåò çàäà÷ó äîïóñòèìîãî ñèíòåçà
èíåðöèîííûõ óïðàâëåíèé â îáëàñòè Qf,α(t) è èç ëþáîé òî÷êè x0 ∈ Qf,α(t0)
â íà÷àëî êîîðäèíàò âðåìÿ äâèæåíèÿ Tf,α(t0, x0) ïî òðàåêòîðèè x(t) ñèñòå-
ìû (21), íà÷èíàþùåéñÿ â ìîìåíò âðåìåíè t0 â òî÷êå x0, ðàâíî αΘ

1
α
f,α(t0, x0).

Äîêàçàòåëüñòâî. Äëÿ íàáîðà f ∈ F ôóíêöèé f1(s), . . . , fr(s) âèäà (54)
ñïðàâåäëèâî ðàâåíñòâî Wf = Ff − HαFf − FfHα = Fα

f [7]. Òîãäà èç (22)
ïîëó÷àåì ðàâåíñòâî

Θ̇f,α(t, x) = −Θ
1− 1

α
f,α (t, x), t ∈ [t0, t1], x ∈ Q1

f,α(t) \ {0}. (55)

Èç ýòîãî ðàâåíñòâà ñëåäóåò, ÷òî èç ëþáîé òî÷êè x0 ∈ Qf,α(t0) â íà÷à-
ëî êîîðäèíàò âðåìÿ äâèæåíèÿ Tf,α(t0, x0) ïî òðàåêòîðèè x(t) ñèñòåìû (21),
íà÷èíàþùåéñÿ â ìîìåíò âðåìåíè t0 â òî÷êå x0, îïðåäåëÿåòñÿ ðàâåíñòâîì
Tf,α(t0, x0) = αΘ

1
α
f,α(t0, x0). 2

Îòìåòèì, ÷òî â ñëó÷àå íàáîðà f èç ôóíêöèé f1(s), . . . , fr(s) âèäà (54),
ïðîèçâîäíûå óïðàâëåíèÿ uf,α(t, x) è ÷èñëà η0(α), . . . , ηl(α) â óñëîâèè âûáîðà
÷èñëà a0 èìåþò áîëåå ïðîñòîé âèä. Ïðèâåäåì èõ âûðàæåíèÿ. Ó÷èòûâàÿ (55),
ðàâåíñòâî (28) ïðèíèìàåò âèä ẏ = (Af −Hα)Θ

− 1
α

f,α (t, x) y. Òîãäà

v
(i)
f,α(t, x) = Θ

− 2i+1
2α

f,α Pi y(Θf,α, t, x), i = 0, 1, . . . , l,

(
L(t)x

)(j) =
mj−1∑

s=0

A
mj−1−s
0 B0v

(s)
f,α(t, x) + δjA

j
0L(t)x =
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=
mj−1∑

s=0

Θ
− 2s−1

2α
f,α A

mj−1−s
0 B0Psy(Θf,α, t, x) + δjA

j
0L(t)x, j = 0, 1, . . . , l,

ãäå P0 = Pf = −1
2B∗

0Ff , Pi = Pi−1

(
2i−1
2α E −Hα + Af

)
, i = 1, . . . , l. Ïîýòîìó

èç (39) ïîëó÷àåì, ÷òî ïðîèçâîäíàÿ k-ãî ïîðÿäêà â ñèëó ñèñòåìû (21) óïðàâ-
ëåíèÿ uf,α(t, x) îïðåäåëÿåòñÿ ðàâåíñòâîì

u
(k)
f,α(t, x) =

k∑

i=0

Ci
k

(
M−1(t)

)(k−i)
[
Θ
− 2i+1

2α
f,α Piy(Θf,α, t, x)−B∗

0 (L(t)g(t))(i)−

−B∗
0

i∑

j=0

Cj
i Ã

(i−j)(t)
(mj−1∑

s=0

Θ
− 2s+1

2α
f,α A

mj−1−s
0 B0Psy(Θf,α, t, x)+

+δjA
j
0L(t)x

)]
, k = 0, 1, . . . , l, x ∈ Q1

f,α \ {0}.

Äëÿ êîíå÷íîãî ÷èñëà α ≥ 2l + 1 è ÷èñëà a0, óäîâëåòâîðÿþùåãî óñëîâèþ (53)
ïðè

ηk(α) =
k∑

i=0

Ci
k

[
max

t∈[t0,t0+bTf,α]
‖ (

M−1(t)
)(k−i)

Pi‖c
k−i
α

f,α +

+
i∑

j=0

Cj
i max

t∈[t0,t0+bTf,α]
‖ (

M−1(t)
)(k−i)

B∗
0Ã(i−j)(t)‖×

×
(mj−1∑

s=0

c
k−s

α
f,α ‖A

mj−1−s
0 B0Ps‖+ δj max

{
c

n1+k−j
α

f,α , c
k+1

α
f,α

})]
,

(56)

ãäå T̂f,α = αc
1/α
f,α , óïðàâëåíèå uf,α(t, x) âèäà (18) è åãî ïðîèçâîäíûå óäîâëå-

òâîðÿþò îãðàíè÷åíèÿì (40).
Íàõîæäåíèå òðàåêòîðèè x(t) ñèñòåìû (21), êîòîðàÿ íà÷èíàåòñÿ â ëþáîé

òî÷êå x0 ∈ Qf,α(t0) â ìîìåíò âðåìåíè t0 è îêàí÷èâàåòñÿ â íà÷àëå êîîðäèíàò,
ïðèâåäåíî â ðàáîòå [7].

Ïðèìåð 1. Ðàññìîòðèì çàäà÷ó ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ ñèñòå-
ìû 




ẋ1 =
10

10 + t
x1 +

10
(10 + t)2

x2 +
10

10 + t
u +

5 sin t

10 + t
,

ẋ2 = 2x1 − 20
10 + t

x2 + 2u + sin t, t ∈ [0, 5],
(57)

ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå âèäà (3) ïðè l = 2, ãäå d0 = 8, d1 = 16,
d2 = 21.

Ýòà ñèñòåìà èìååò âèä (1), ãäå

A(t) =




10
10+t

10
(10+t)2

2 − 20
10+t


 , B(t) =




10
10+t

2


 , g(t) =




5 sin t

t+10
sin t


 .
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Ñèñòåìà (57) ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé áåç îãðàíè÷åíèé íà óïðàâëå-
íèå, ïîñêîëüêó

Q(t) = (B(t), ∆B(t)) =




10
10+t

130
(10+t)2

2 − 20
10+t


 , detQ(t) = − 460

(10 + t)2
.

Â ñèëó îäíîìåðíîñòè óïðàâëåíèÿ, K(t) = Q(t). Îïðåäåëèì âåêòîð-ôóíêöèþ

c(t) = (K∗(t))−1 B0 =




10+t

23
(10+t)2

230
13
46

−10+t

46




(
0
1

)
=




(10+t)2

230

−10+t

46


 ,

à, ñëåäîâàòåëüíî, è ìàòðèöó

L(t) =
(

c∗(t)
(∆∗c(t))∗

)
=




(10+t)2

230
−10+t

46
10+t

115
21
46


 , detL(t) =

(10+t)2

460
.

Ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ (8), òàê êàê c∗(t)g(t) = 0.

Ïîñêîëüêó M−1(t)B∗
0L(t)g(t) =

1
2

sin t,
d

dt

(
M−1(t)B∗

0L(t)g(t)
)

=
1
2

cos t,

d2

dt2
(
M−1(t)B∗

0L(t)g(t)
)

= −1
2

sin t, òî d̃0 = d̃1 = d̃2 = 1/2.

Âûáåðåì ôóíêöèþ f1(s) â âèäå (54). Òîãäà ìàòðèöû F−1
f,α(Θ), Ff,α(Θ) èìå-

þò, ñîîòâåòñòâåííî, âèä



2α3Θ3/α

(1+α)(2+α)(3+α)
− α2Θ2/α

(1+α)(2+α)

− α2Θ2/α

(1+α)(2+α)
αΘ1/α

1 + α


 ,




(2+α)2(3+α)
α3Θ3/α

(2+α)(3+α)
α2Θ2/α

(2+α)(3+α)
α2Θ2/α

2(2+α)
αΘ1/α


 .

Ïîñêîëüêó

‖F−1
f,α(Θ)‖ =

αΘ1/α

2(1+α)(2+α)(3+α)

(
(2+α)(3+α)+2α2Θ2/α+

+
√

(6+5α+α2)2+4α2(3+α)Θ2/α+4α4Θ4/α
)
,

‖Ff,α(Θ)‖ =
2 + α

2α3Θ3/α

(
(2+α)(3+α) + 2α2Θ2/α+

+
√

(6+5α+α2)2 + 4α2(3 + α)Θ2/α + 4α4Θ4/α
)
,

max
t∈[0,5]

‖L(t)‖=
3
46

√
(303+

√
38909)/2, max

t∈[0,5]
‖L−1(t)‖ =

1
10

√
(957+

√
69449)/2,
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òî óñëîâèå (30) âûáîðà cf,α ïðèíèìàåò âèä

0 < cf,α ≤ 3385600σα2(1+α)(3+α)Θ 1+2/α

9(303+
√

38909)(957+
√

69449)

/(
(2+α)(3+α)+2α2Θ 2/α+

+
√

(6+5α+α2)2+4α2(3+α)Θ 2/α+4α4Θ 4/α
)2

, σ ∈ (0, 1).

Ïîëîæèì α = 5. Òîãäà èç ýòîãî óñëîâèÿ ïðè Θ = 110 è çíà÷åíèÿõ δ, σ ∈
(0.99, 1) âûáåðåì cf,5 = 1. Ïîñêîëüêó, ñîãëàñíî (56),

η0 =
7
√

41+2
√

1061
25

, η1 =
2(7
√

43501+5(35
√

5+
√

986+5
√

1061))
625

,

η2 =
70
√

629+100
√

986+140
√

5305+5
√

8749+28
√

40426+70
√

43501
3125

,

è ‖F−1
f ‖ = 5

√
(2209 + 53

√
1609)/2

/
168, òî óñëîâèå (53) ïðèíèìàåò âèä

0 < a0 ≤ 7875(53−√1609)
8(6253 + 28

√
43501)

= 1.049... ,

èç êîòîðîãî âûáåðåì ÷èñëî a0 = 1.

-2
-1 0 1 2x1

0 1 2 3 4 5
t

-3
-2
-1

0
1
2
3

x2

Ðèñ. 1: Îáëàñòü Qf,5(t), t ∈ [0, 5].

0

Q f ,5H0L

-2 -1 1 2
x1

-3

-2

-1

1

2

3
x2

Ðèñ. 2: Îáëàñòü Qf,5(0) è ôàçîâàÿ
òðàåêòîðèÿ.

Îïðåäåëèì ôóíêöèþ Θf,5(t, x) ïðè t ∈ [0, 5], x 6= 0 èç óðàâíåíèÿ (12),
êîòîðîå ïðèíèìàåò âèä

2a0Θ− 392z2
1(t, x)

125Θ3/5
− 112z1(t, x)z2(t, x)

25Θ2/5
− 14z2

2(t, x)
5Θ1/5

= 0, (58)

ãäå z1(t, x) =
1

230
(10 + t)((10 + t)x1 − 5x2), z2(t, x) =

1
115

(10 + t)x1 +
21
46

x2, è
ïîëîæèì Θf,5(t, 0) = 0 ïðè t ∈ [0, 5].

Ðàññìîòðèì îáëàñòü Qf,5(t) = {x : Θf,5(t, x) ≤ 1}, t ∈ [0, 5], ãðàíèöà êîòî-
ðîé èçîáðàæåíà íà ðèñ. 1.
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Óïðàâëåíèå uf,5(t, x), êîòîðîå èìååò âèä

uf,5(t, x)=−
(

28

25Θ2/5
f,5

+
248

(10+t)2

)
z1(t, x)+

(
8

10+t
− 7

5Θ1/5
f,5

)
z2(t, x)−sin t

2
,

(59)
ïåðåâîäèò ëþáóþ òî÷êó x0 èçîáðàæåííîé íà ðèñ. 2 îáëàñòè Qf,5(0) =
=

{
x ∈ R2 : 7(592x2

1 + 328x1x2 + 217x2
2) ≤ 10580

}
â íà÷àëî êîîðäèíàò çà âðå-

ìÿ Tf,5(t0, x0) = 5
(
Θ0

f,5

)1/5
, ãäå Θ0

f,α � åäèíñòâåííûé ïîëîæèòåëüíûé êîðåíü
óðàâíåíèÿ (58) ïðè t = 0, x1 = x10, x2 = x20, è âìåñòå ñ ïðîèçâîäíûìè

u̇f,5(t, x) =
(

496
(10+t)3

+
28

25Θ3/5
f,5

− 224

25(10+t)Θ1/5
f,5

)
z1(t, x)+

+
(

14

25Θ2/5
f,5

− 256
(10+t)2

− 56
5(10+t)

)
z2(t, x)− 1

2
cos t,

üf,5(t, x) =
(

28

625Θ4/5
f,5

+
224

25(10+t)Θ2/5
f,5

+
7392

25(10+t)2Θ1/5
f,5

− 1488
(10+t)4

)
z1(t, x)+

+
(

14

25Θ3/5
f,5

+
112

25(10+t)Θ1/5
f,5

+
1008

(10+t)3
+

1848
5(10+t)2

)
z2(t, x)+

1
2

sin t,

óäîâëåòâîðÿåò â îáëàñòè Qf,5(t) ïðè t ∈ [0, Tf,5] çàäàííûì îãðàíè÷åíèÿì.

x1HtL

x2HtL

0 1 2 3 4 5
t

-2.5

-2

-1.5

-1

-0.5

0.5

1

1.5

Ðèñ. 3: Êîìïîíåíòû òðàåêòîðèè x(t)
íà îòðåçêå âðåìåíè [0, Tf,5].

x1HtL

x2HtL

0 4.976 4.9765 4.977 4.9775
t

-1.´ 10-11

1.´ 10-11

2.´ 10-11

3.´ 10-11

4.´ 10-11

5.´ 10-11

Ðèñ. 4: Êîìïîíåíòû òðàåêòîðèè x(t)
íà îòðåçêå âðåìåíè [4.975, Tf,5].

Òðàåêòîðèÿ x(t), ïî êîòîðîé óïðàâëåíèå uf,5(t, x) çà âðåìÿ Tf,5(0, x0) ïå-
ðåâîäèò òî÷êó x0 = (x10, x20)∗ ∈ Qf,5(0) â íà÷àëî êîîðäèíàò, îïðåäåëÿåòñÿ

ðàâåíñòâîì x(t) =
(

210
(10 + t)2

z1(t) +
10

10 + t
z2(t), − 4

10+t
z1(t) + 2z2(t)

)∗
, ãäå

z(t) =

(
z1(t)

z2(t)

)
=


 (Tf,5−t)4

(
k1 cosµ ln(Tf,5−t)+k2 sinµ ln(Tf,5−t)

)

(Tf,5−t)3
(
k3 cosµ ln(Tf,5−t)+k4 sinµ ln(Tf,5−t)

)

 ,
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çäåñü

k1 =
1
2µ

T−4
f,5

(
(2µ cosµτ0+8 sinµτ0) z10+2Tf,5z20 sinµτ0

)
,

k2 =
1
2µ

T−4
f,5

(
(2µ sinµτ0−8 cos µτ0) z10−2Tf,5z20 cosµτ0

)
,

k3 = −4k1 − 2
√

3k2, k4 = 2
√

3k1 − 4k2, µ = 2
√

3, τ0 = ln Tf,5.

uHtL

u  HtL

u
..
HtL

0 1 2 3 4 5
t

-5

-2.5

2.5

5

Ðèñ. 5: Ãðàôèêè óïðàâëåíèÿ, åãî ïåð-
âîé è âòîðîé ïðîèçâîäíûõ íà òðàåê-
òîðèè.

ÈuÈ

Èu  È

Èu
..
È

0 1 2 3 4 5
t

1

2

3

4

Ðèñ. 6: Ãðàôèêè íîðì óïðàâëåíèÿ,
åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ íà
òðàåêòîðèè.

Ãðàôèêè êîìïîíåíò òðàåêòîðèè x(t) = (x1(t), x2(t))∗, ïî êîòîðîé òî÷êà
x0 = (1.5,−2.5)∗ ∈ Qf,5(0) ïåðåâîäèòñÿ óïðàâëåíèåì uf,5(t, x) âèäà (59) â íà-
÷àëî êîîðäèíàò çà âðåìÿ Tf,5 = 4.977230917331149, è ãðàôèêè óïðàâëåíèÿ,
åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ íà ýòîé òðàåêòîðèè èçîáðàæåíû, ñîîòâåò-
ñòâåííî, íà ðèñ. 3, 4, 5, à íà ðèñ. 2 èçîáðàæåíà ôàçîâàÿ òðàåêòîðèÿ. Íà ðèñ. 6
èçîáðàæåíû ãðàôèêè íîðì óïðàâëåíèÿ è åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ
íà òðàåêòîðèè, êîòîðûå, î÷åâèäíî, óäîâëåòâîðÿþò çàäàííûì îãðàíè÷åíèÿì.

Ïðèìåð 2. Ðàññìîòðèì çàäà÷ó ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ ëèíåé-
íîé íåàâòîíîìíîé íåîäíîðîäíîé ñèñòåìû âèäà





ẋ1 =
3+3t+t2

2+3t+t2
x1+x2−2+t

1+t
x4−3+3t+t2

(2+t)2
x5+

1+t

2+t
u1+ sin t,

ẋ2 =
2+t

1+t
x1 − x5,

ẋ3 = −2+t

1+t
x2− x3

2+3t+t2
− x4

(1+t)2
+

(1+t)2

(2+t)2
x5−u2+

cos t

100−t
,

ẋ4 =
1

2+3t+t2
x4 − (1+t)3

(2+t)3
x5 +

1+t

2+t
u2 − (1+t) cos t

(2+t)(100−t)
,

ẋ5 = −(2+t)2

(1+t)2
x4 − 1

2+3t+t2
x5, t ∈ [0, 90],

(60)

ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå âèäà (3) ïðè l = 2 ñ d0 = 10, d1 = 30, d2 = 100.
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Ìàòðèöû A(t), B(t) è âåêòîð-ôóíêöèÿ g(t) ñèñòåìû (60) èìåþò âèä

A(t) =




3+3t+t2

2+3t+t2
1 0 −2+t

1+t
−3+3t+t2

(2+t)2
2+t

1+t
0 0 0 −1,

0 −2+t

1+t
− 1

2+3t+t2
− 1

(1+t)2
(1+t)2

(2+t)2

0 0 0
1

2+3t+t2
−(1+t)3

(2+t)3

0 0 0 −(2+t)2

(1+t)2
− 1

2+3t+t2




,

B(t) =




1 + t

2 + t
0

0 0
0 −1

0
1 + t

2 + t
0 0




, g(t) =




sin t
0

cos t

100− t

− (1 + t) cos t

(2 + t)(100− t)
0




è óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1. Äëÿ ýòîé ñèñòåìû âûïîëíåíî óñëî-
âèå (4), ãäå n1 = 3, n2 = 2,

K(t) =




1 + t

2 + t

1 + t

2 + t

3 + 2t

2 + t
0 −1

0 1 1 0 0

0 0 −2 + t

1 + t
−1 0

0 0 0
1 + t

2 + t
0

0 0 0 0 −2 + t

1 + t




, det K(t) = 1, t ∈ [0, 90].

Îòìåòèì, ÷òî ïîñêîëüêó rang(b1(t),∆b1(t),∆2b1(t), ∆3b1(t), ∆4b1(t)) = 3,
rang(b2(t),∆b2(t),∆2b2(t), ∆3b2(t), ∆4b2(t)) = 2, t ∈ [0, 90], òî ñèñòåìà (60)
íå ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé òîëüêî u1 èëè u2.

Îïðåäåëèì âåêòîð-ôóíêöèè c1(t), c2(t) ðàâåíñòâàìè (6), êîòîðûå ïðèíè-
ìàþò âèä c1(t) =

(
0, 0, −1 + t

2 + t
, −1, 0

)∗
, c2(t) =

(
0, 0, 0, 0, −1 + t

2 + t

)∗
. Òîãäà

íåâûðîæäåííàÿ ìàòðèöà L(t) èç (7) è îáðàòíàÿ ê íåé ìàòðèöà L−1(t) èìåþò
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âèä

L(t) =




0 0 −1+t
2+t −1 0

0 1 0 0 0
2+t
1+t 0 0 0 −1

0 0 0 0 −1+t
2+t

0 0 0 2+t
1+t 0




, L−1(t) =




0 0 1+t
2+t −1 0

0 1 0 0 0

−2+t
1+t 0 0 0 −1

0 0 0 0 1+t
2+t

0 0 0 −2+t
1+t 0




(det L(t) = 1, det L−1(t) = 1). Ñèñòåìà (60) çàìåíîé ïåðåìåííûõ z = L(t)x,
êîòîðàÿ èìååò âèä

z1 = −1 + t

2 + t
x3 − x4, z2 = x2, z3 =

2 + t

1 + t
x1 − x5,

z4 = −1 + t

2 + t
x5, z5 =

2 + t

1 + t
x4,

(61)

îòîáðàæàåòñÿ íà ñèñòåìó




ż1 = z2,
ż2 = z3,

ż3 =
2 + t

1 + t
z2 + z3 + u1 +

(2 + t) sin t

1 + t
,

ż4 = z5,

ż5 =
1 + t

2 + t
z4 + u2 +

cos t

t− 100
.

Âåêòîð-ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ (8), ïðè÷åì

d̃0 =
4+π

2+π
=1.3..., d̃1 =

√
400000001
10000

=2.0..., d̃2 =
√

1000024990001
500000

=2.0... .

Òàêèì îáðàçîì, ñèñòåìà (60) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.
Âûáåðåì α = 5 è ïîñòðîèì óïðàâëåíèå uf,5(t, x), ïåðåâîäÿùåå çàäàííóþ

òî÷êó x0 = (x10, x20, x30, x40, x50)∗ îêðåñòíîñòè Qf,5(0) íà÷àëà êîîðäèíàò â íà-
÷àëî êîîðäèíàò çà ñâîáîäíîå âðåìÿ è âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ïåðâîãî
è âòîðîãî ïîðÿäêîâ óäîâëåòâîðÿþùåå çàäàííûì îãðàíè÷åíèÿì, â âèäå (18).
Äëÿ ýòîãî âûáåðåì íàáîð f èç ôóíêöèé f1(s), f2(s) âèäà

f1(s) =





4 ïðè s ∈ [0, 1],
2 ïðè s ∈ (1, 2],
1 ïðè s ∈ (2, 4],
0 ïðè s > 4,

f2(s) =





2 ïðè s ∈ [0, 2],
1 ïðè s ∈ (2, 4],
0 ïðè s > 4.

(62)



Âiñíèê Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, 1120 (2014) 51

Òîãäà ìàòðèöû F−1
f,5 (Θ), Ff,5(Θ) èìåþò âèä

F−1
f,5 (Θ) =




529Θ
10 −137Θ4/5

4
37Θ3/5

3 0 0

−137Θ4/5

4
74Θ3/5

3 −11Θ2/5 0 0
37Θ3/5

3 −11Θ2/5 8Θ1/5 0 0

0 0 0 24Θ3/5 −10Θ2/5

0 0 0 −10Θ2/5 6Θ1/5




, (63)

Ff,5(Θ) =




20610
52549Θ

37350
52549Θ4/5

5595
15014Θ3/5 0 0

37350
52549Θ4/5

73194
52549Θ3/5

12303
15014Θ2/5 0 0

5595
15014Θ3/5

12303
15014Θ2/5

40671
60056Θ1/5 0 0

0 0 0 3
22Θ3/5

5
22Θ2/5

0 0 0 5
22Θ2/5

6
11Θ1/5




. (64)

Ïîñêîëüêó

‖Ff‖ = 2.2695..., Lmax = max
t∈[0,90]

‖L(t)‖ =
1
2

√
1
2
(21 +

√
377),

‖F−1
f ‖ = 79.575..., L1 = max

t∈[0,90]
‖L−1(t)‖ =

1
2

√
1
2
(21 +

√
377),

‖D5(Θ)‖2‖D−1
5 (Θ)‖2=max

{
Θ−4/5, Θ4/5

}
, λf,5 = 0.0774...,

(90λf,5)5/3125 = 5.2589...,

òî èç óñëîâèÿ (30) ïðè σ ∈ [0.95, 1), δ ∈ [0.99, 1), Θ = 3 · 1018 ìîæíî âûáðàòü
ïîñòîÿííóþ cf,5 = 1. Òîãäà T̂f,5 = 64.57466464025185... .

Íàéäåì óñëîâèå âûáîðà ÷èñëà a0. Ïîñêîëüêó ‖Af‖=
√

207718858/7507,
β0 = 0.80689..., β1 = 6.15245..., òî σ0 = 1, σ1 = 2.4040064320216015...,
σ2 = 9.858675706536474... . Ïîñêîëüêó

‖B0Pf‖ = ‖A0B0Pf‖ = ‖A2
0B0Pf‖ = 3

√
508535065/30028,

òî èç ðàâåíñòâ (49) íàõîäèì `
(0)
0 = `

(1)
0 = `

(2)
0 = 1, `

(1)
1 = `

(2)
1 = 3.2529...,

`
(2)
2 = 8.6691... . Ïîñêîëüêó

max
t∈[0,bTf,5]

‖M−1(t)Pf‖ = 3
√

508535065/30028,

max
t∈[0,bTf,5]

‖ (
M−1(t)

)(1)
Pf‖ = max

t∈[0,bTf,5]
‖ (

M−1(t)
)(2)

Pf‖ = 0,

òî, ñîãëàñíî (51), èìååì η0 = 4.4890..., η1 = 13.6993..., η2 = 50.1019... . Ñëåäî-
âàòåëüíî, óñëîâèå (53) âûáîðà ÷èñëà a0 èìååò âèä 0 < a0 ≤ 0.0231... . Âûáåðåì
a0 = 23/1000.
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Èç óðàâíåíèÿ (12), êîòîðîå ïðèíèìàåò âèä

23
500

Θ2 −
( 6(2 + t)2

11(1 + t)2
x2

4+
40671
60056

(
2 + t

1 + t
x1 − x5

)2)
Θ4/5+

+
(
−12303

7507
x2

(
2 + t

1 + t
x1 − x5

)
+

5
11

x4x5

)
Θ3/5 −

(73194
52549

x2
2−

−5595
7507

(
1+t

2 + t
x3 + x4

)(
2 + t

1 + t
x1 − x5

)
+

3(1 + t)2

22(2 + t)2
x2

5

)
Θ2/5+

+
74700
52549

x2

(
1 + t

2 + t
x3 + x4

)
Θ1/5 − 20610

52549

(
1 + t

2 + t
x3 + x4

)2

= 0,

(65)

ïðè x 6= 0 îïðåäåëèì åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå Θ = Θf,5(t, x)
� ôóíêöèþ óïðàâëÿåìîñòè è ðàññìîòðèì îáëàñòü Qf,α(t) = {x ∈ Rn :
Θf,5(t, x) ≤ 1}, t ∈ [0, 90].

Óïðàâëåíèå uf,5(t, x) èç (25), êîòîðîå èìååò âèä

u(t, x) =



− 5595z1

7507Θ3/5
−(2+t)z2

1+t
− 12303z2

7507Θ2/5
−z3− 40671z3

30028Θ1/5
−(2+t) sin t

1+t

cos t

100− t
− (1 + t)z4

2 + t
− 5z4

22Θ2/5
− 6z5

11Θ1/5


 ,

ðåøàåò çàäà÷ó ñèíòåçà èíåðöèîííûõ óïðàâëåíèé äëÿ ñèñòåìû (60) â îáëàñòè
Qf,5(t), t ∈ [0, 90], è âìåñòå ñ ïðîèçâîäíûìè

u̇1f,5
(t, x) = −(2+t) cos t

1+t
+

z2

(1+t)2
− 1119(3βz1+5Θ1/5z2)

7507Θ4/5
− (2+t)z3

1+t
−

−12303(2βz2 + 5Θ1/5z3)
37535Θ3/5

+
3(7460z1 + 16404Θ1/5z2 + 13557Θ2/5z3)

30028Θ3/5
+

+
40671(111900z1 + 246060Θ1/5z2 + (203355− 30028βΘ2/5z3

4508403920Θ4/5
+

sin t

(1+t)2
,

u̇2f,5
(t, x)=

cos t+(t−100) sin t

(t−100)2
+

(
15−11β
121Θ3/5

− 1
(2+t)2

)
z4+

(
17
242−6β

55

Θ2/5
−1+t

2+t

)
z5,

ü1f,5
(t, x) =

2z3 + 2 cos t

(1+t)2
+

t(5+t(4+t)) sin t− 2z2

(1+t)3
+

3(2+t)
30028(1+t)Θ3/5

×

×
(
7460z1+16404Θ1/5z2+13557Θ2/5z3

)
− 1119

37535Θ + f, 5

(
3(4β2+5β̇Θ1/5z1+

+5Θ1/5(6βz2+5Θ1/5z3)
)

+
12303

5635504900Θ

(
559500z1+Θ1/5(−4(−307575+
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+45042β2+75070β̇Θ1/5)z2+5(203355−120112βΘ1/5z3)
)

+
3

4508403920Θ4/5
×

×
(
22380(30028β−67785)z1+Θ1/5(4(246289656β−553947755)z2+

+3(135696532βΘ1/5z3 − 97995725)
)
− 40671

676891764548800Θ

(
559500(40671−

−30028β)z1+Θ1/5(60(553947755−492579312β)z2+(4409807625−

−18319031820β+1803361568β2+4508403920β̇Θ1/5)Θ1/5z3)
)
,

ü2f,5
(t, x) =

(9998+t(t−200)) cos t + 2(100−t) sin t

(t− 100)3
+

(
2

(2+t)3
+

+
6050(1+t)

26620(2 + t)Θ2/5
+
−425+132(20−11β)β−2420β̇Θ1/5

26620Θ4/5

)
z4−

−
(

2
(2+t)2

+
2(11β−15)(95+66β)

33275Θ3/5
+

6β̇

55Θ2/5
− 6(1+t)

11(2+t)Θ1/5

)
z5,

ãäå z1 = z1(t, x), . . . , z5 = z5(t, x) èìåþò âèä (61), Θ = Θf,5(t, x) � ïîëîæè-
òåëüíîå ðåøåíèå óðàâíåíèÿ (65),

β =
(
5(424232146800z2

1+43560z1(29078020Θ1/5z2+10474087Θ2/5z3)+

+Θ2/5(965626005168z2
2+693798946632Θ1/5z2z3+7(21343468905Θ2/5×

×z2
3+450840392(25z2

4+54Θ1/5z4z5+34Θ2/5z2
5))))

)/(
330308(9068400×

×z2
1+2640z1(11205Θ1/5z2+5222Θ2/5z3)+Θ2/5(25764288z2

2+26525268×
×Θ1/5z2z3+9395001Θ2/5z2

3+210196(12z2
4+35Θ1/5z4z5+36Θ2/5z2

5)))
)
,

β̇=
(
47916000(1330618347422β+1181638931654β2−410217617355)z2

1+

+239580(10(63061988673320β+81386264897409β2−10045683074000)×
×z2

2+(102775081289300+115385812004400β+386880794948813β2)z3×
×Θ1/5)Θ1/5z1+Θ2/5(95832(78167242241900+902953397665200β+β2×
×1718820472482947)z2

2+23958(2311597598091600+893755121913080×
×β+6401409236121827β2)Θ1/5z2z3+7(11979(199278044898350−
−28375502557220β + 409014268923807β2)Θ2/5z2

3 − 47382423518416×
×((6750− 27500β + 987β2)z2

4 − 5(560 + 7920β + 1269β2)Θ1/5z4z5−
−(9300+14080β+8253β2)Θ2/5z2

5)))
)/(

3818618120240Θ1/5(9068400×
×z2

1+2640z1(11205Θ1/5z2+5222Θ2/5z3)+Θ2/5(25764288z2
2+26525268×

×Θ1/5z2z3+9395001Θ2/5z2
3+210196(12z2

4+35Θ1/5z4z5+36Θ2/5z2
5)))

)
,
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óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì ‖uf,5(t, x)‖ ≤ 10, ‖u̇f.5(t, x)‖ ≤ 30,
‖üf,5(t, x)‖ ≤ 100.

Íàéäåì åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå Θ0
f,α óðàâíåíèÿ (65) ïðè

t = 0 è x1 = x10, x2 = x20, x3 = x30, x4 = x40, x5 = x50. Íàéäåì ðåøåíèå
z(t) = (z1(t), z2(t), z3(t), z4(t), z5(t))

∗ , θ(t) çàäà÷è Êîøè




ż1 = z2, ż2 = z3, ż3 = − 5595z1

7507θ3/5
f,5

− 12303z2

7507θ
2/5
f,5

− 40671z3

30028θ1/5
f,5

,

ż4 = z5, ż5 = − 5z4

22θ
2/5
f,5

− 6z5

11θ
1/5
f,5

,

θ̇ = −θ
4/5
f,5

(
31304025z2

1

56355049θf,5
+

654255450z1z2

394485343θ4/5
+

498773763z2
2

394485343θ3/5
f,5

+

+
471333915z1z3

788970686θ3/5
f,5

+
716734449z2z3

788970686θ2/5
f,5

+
176392305z2

3

901680784θ1/5
f,5

+
25z2

4

242θ
3/5
f,5

+

+
27z4z5

121θ
2/5
f,5

+
17z2

5

121θ
1/5
f,5

)/(
41220z2

1

52549θf,5
+

134460z1z2

52549θ
4/5
f,5

+
585552z2

2

262745θ3/5
f,5

+

+
8952z1z3

7507θ
3/5
f,5

+
86121z2z3

37535θ
2/5
f,5

+
122013z2

3

150140θ1/5
f,5

+
12z2

4

55θ3/5
f,5

+
7z4z5

11θ
2/5
f,5

+
36z2

5

55θ
1/5
f,5

)
,

z1(0) = z10, z2(0) = z20, z3(0) = z30, z4(0) = z40, z5(0) = z50,

θf,5(0) = Θ0
f,5,

(66)

ãäå z0 = (z10, z20, z30, z40, z50)∗ = L(0)x0.

u1 f ,5

0

u  1 f ,5

u
..

1 f ,5

2 4 6 8 10 12
t

-1.5

-1

-0.5

0.5

1

1.5

Ðèñ. 7: Ãðàôèêè ïåðâûõ êîìïîíåíò
óïðàâëåíèÿ è åãî ïðîèçâîäíûõ íà
òðàåêòîðèè.

u2 f ,5

0

u  2 f ,5
u
..

2 f ,5

2 4 6 8 10 12
t

-0.2

-0.15

-0.1

-0.05

0.05

0.1

Ðèñ. 8: Ãðàôèêè âòîðûõ êîìïîíåíò
óïðàâëåíèÿ è åãî ïðîèçâîäíûõ íà
òðàåêòîðèè.

Òîãäà óïðàâëåíèå uf,5(t, x), êîòîðîå ïåðåâîäèò çàäàííóþ òî÷êó x0 =
= (x10, x20, x30, x40, x50)∗ îáëàñòè Qf,5(0) â íà÷àëî êîîðäèíàò çà âðåìÿ
Tf,5(0, x0) ïî òðàåêòîðèè x(t) = L−1(t)z(t), èìåþùåé âèä

x(t) =
(

1+t

2+t
z3(t)−z4(t), z2(t),−2+t

1+t
z1(t)−z5(t),

1+t

2+t
z5(t),−2+t

1+t
z4(t)

)∗
,
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è óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì, íà òðàåêòîðèè x(t) èìååò âèä

uf,5(t, x(t)) =




− 5595z1(t)

7507θ3/5
f,5 (t)

− (2+t)z2(t)
1+t

− 12303z2

7507θ
2/5
f,5 (t)

− z3(t)−

− 40671z3(t)

30028θ
1/5
f,5 (t)

− (2+t) sin t

1+t

cos t

100− t
− (1 + t)z4(t)

2 + t
− 5z4(t)

22θ
2/5
f,5 (t)

− 6z5(t)

11θ1/5
f,5 (t)




,

ãäå z(t), θf,5(t) � ðåøåíèå çàäà÷è Êîøè (66).

Èu f ,5È

0

Èu  f ,5È

0

Èu
..

f ,5È

0 2 4 6 8 10 12
t

0.5

1

1.5

Ðèñ. 9: Ãðàôèêè íîðì óïðàâëåíèÿ,
åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ íà
òðàåêòîðèè.

x1

x2

x3

x4

x5

2 4 6 8 10 12
t

-0.5

-0.4

-0.3

-0.2

-0.1

0.1

0.2

Ðèñ. 10: Ãðàôèêè êîìïîíåíò òðàåêòî-
ðèè x(t) íà îòðåçêå âðåìåíè [0, Tf,5].

x1

x3

x4

11.24 11.25 11.26 11.27
t

-2.5´ 10-8

-2.´ 10-8

-1.5´ 10-8

-1.´ 10-8

-5.´ 10-9

5.´ 10-9

1.´ 10-8

1.5´ 10-8

2.´ 10-8

Ðèñ. 11: Ãðàôèêè x1(t), x3(t), x4(t) íà
îòðåçêå âðåìåíè [11.23, Tf,5].

x2

x5

11.24 11.25 11.26 11.27
t

-3.´ 10-10

-2.´ 10-10

-1.´ 10-10

1.´ 10-10

Ðèñ. 12: Ãðàôèêè x2(t), x5(t) íà îò-
ðåçêå âðåìåíè [11.23, Tf,5].

Ãðàôèêè êîìïîíåíò óïðàâëåíèÿ uf,5(x(t), t), êîòîðîå ïåðåâîäèò òî÷êó
x0 = (−0.4, 0.2,−0.2, 0,−0.5)∗ â íà÷àëî êîîðäèíàò çà âðåìÿ Tf,5 = 11.270037...,
åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ èçîáðàæåíû íà ðèñ. 7, 8. Ïðè ýòîì îöåí-
êè (31) íà âðåìÿ äâèæåíèÿ èìåþò âèä 6.0352... ≤ Tf,5 ≤ 62.893... . Ãðàôè-
êè íîðì óïðàâëåíèÿ uf,5(x(t), t), åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ íà òðà-
åêòîðèè èçîáðàæåíû íà ðèñ. 9. Î÷åâèäíî, ÷òî óïðàâëåíèå è åãî ïðîèçâîä-
íûå óäîâëåòâîðÿþò çàäàííûì îãðàíè÷åíèÿì. Ãðàôèêè êîìïîíåíò òðàåêòîðèè
x(t) = (x1(t), x2(t), x3(t), x4(t), x5(t))∗ íà îòðåçêå âðåìåíè [0, Tf,5] èçîáðàæåíû
íà ðèñ. 10, à íà îòðåçêå âðåìåíè [11.23, Tf,5] � èçîáðàæåíû íà ðèñ. 11, 12.
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3. Ñòàáèëèçàöèÿ ñèñòåì èíåðöèîííûìè
óïðàâëåíèÿìè

Ðàññìîòðèì çàäà÷ó ñòàáèëèçàöèè èíåðöèîííûìè óïðàâëåíèÿìè ñèñòåìû

ẋ = A(t)x + B(t)u + g(t), x ∈ Rn, u ∈ Rr, t ∈ [t0, +∞), (67)

ñ ìàòðèöàìè A(t) ∈ C(2n−2+l)[t0, +∞), B(t) ∈ C(2n−1+l)[t0, +∞) è óäîâëåòâî-
ðÿþùåé óñëîâèþ (8) ïðè t ∈ [t0,+∞) âåêòîð-ôóíêöèåé g(t) ∈ C(l)[t0,+∞),
äëÿ êîòîðûõ âûïîëíåíû óñëîâèÿ

sup
t∈[t0,∞)

‖A(k)(t)‖ < ∞ äëÿ k = 0, 1, . . . , 2n− 2 + l,

sup
t∈[t0,∞)

‖B(k)(t)‖ < ∞ äëÿ k = 0, 1, . . . , 2n− 1 + l,

sup
t∈[t0,∞)

‖g(k)(t)‖ < ∞ äëÿ k = 0, 1, . . . , l,

(68)

ãäå l ≥ 1 � çàäàííîå íàòóðàëüíîå ÷èñëî.
Çàäà÷åé ñòàáèëèçàöèè èíåðöèîííûìè óïðàâëåíèÿìè ñèñòåìû (67) â íåêî-

òîðîé îáëàñòè Qf (t), ÿâëÿþùåéñÿ äëÿ êàæäîãî t ∈ [t0,+∞) îêðåñòíîñòüþ íà-
÷àëà êîîðäèíàò, íàçûâàåòñÿ çàäà÷à ïîñòðîåíèÿ óïðàâëåíèÿ u = u(t, x) òàêîãî,
÷òî:

1) äëÿ ëþáîé òî÷êè x0 ∈ Qf (t0) ñóùåñòâóåò íà÷èíàþùàÿñÿ â ìîìåíò âðå-
ìåíè t0 â òî÷êå x0 òðàåêòîðèÿ x(t) ñèñòåìû

ẋ = A(t)x + B(t)u(t, x) + g(t), x ∈ Rn, t ∈ [t0, +∞), (69)

òàêàÿ, ÷òî x(t) ∈ Qf (t) ïðè t ∈ [t0, +∞), lim
t→+∞x(t) = 0;

2) óïðàâëåíèå u(t, x) è äî çàäàííîãî ïîðÿäêà l åãî ïðîèçâîäíûå u(1)(t, x),
. . . , u(l)(t, x) â ñèëó ñèñòåìû (69) óäîâëåòâîðÿþò îãðàíè÷åíèÿì

‖u(k)(t, x)‖ ≤ dk, k = 0, 1, . . . , l, t ∈ [t0, +∞), x ∈ Qf (t), (70)

ãäå d0, . . . , dl � çàäàííûå ïîëîæèòåëüíûå ÷èñëà.

3.1. Ðåøåíèå çàäà÷è ñòàáèëèçàöèè

Ðåøåíèå ýòîé çàäà÷è äàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2. Ðàññìîòðèì ñèñòåìó (67), äëÿ êîòîðîé rang B(t) = r ïðè
t ∈ [t0, +∞), âûïîëíåíî óñëîâèå (4) è èìåþò ìåñòî ðàâåíñòâà (5) ïðè
t ∈ [t0,∞), ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå è åãî ïðîèçâîäíûå äî çàäàííî-
ãî ïîðÿäêà l âèäà (70).

Ïóñòü:

1) âåêòîð-ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ (8) ïðè t ∈ [t0, +∞) è
ñïðàâåäëèâû ñîîòíîøåíèÿ (68);
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2) â îãðàíè÷åíèÿõ íà óïðàâëåíèå (70) ÷èñëà

dk > d̃k = sup
t∈[t0,+∞)

∥∥∥
k∑

i=0

Ci
k

(
M−1(t)

)(k−i)
B∗

0

(
L(t)g(t))(i)

∥∥∥, k = 0, 1, . . . , l;

3) f ∈ F � íàáîð ïðîèçâîëüíûõ íåîòðèöàòåëüíûõ íåâîçðàñòàþùèõ ôóíê-
öèé f1(s), . . . , fr(s) íà ïîëóîñè [0, +∞), ñîîòâåòñòâåííî, ñ íå ìåíåå,
÷åì n1, . . . , nr ÷èñëîì òî÷åê óáûâàíèÿ è óäîâëåòâîðÿþùèõ óñëîâè-
ÿì (9);

4) ÷èñëî cf óäîâëåòâîðÿåò óñëîâèþ

0 < cf ≤ 1
‖F−1

f ‖ min
0≤k≤l

(
dk − d̃k

)2

(Sk + Mk)
2 , (71)

ãäå ÷èñëà

Sk = sup
t∈[t0,+∞)

∥∥∥
k∑

i=0

Ci
k

(
M−1(t)

)(k−i)
B∗

0

i∑

j=0

Cj
i Ã

(i−j)(t)Aj
f

∥∥∥,

Mk = sup
t∈[t0,+∞)

∥∥∥
k∑

i=0

Ci
k

(
M−1(t)

)(k−i)
PfAi

f

∥∥∥, k = 0, 1, . . . , l.

Òîãäà óïðàâëåíèå

uf (t, x) = −M−1(t)B∗
0

(
1
2
F (0)FfL(t)x+

(
L̇(t)+L(t)A(t)

)
x+L(t)g(t)

)
(72)

â îáëàñòè Qf (t) = {x ∈ Rn : (FfL(t)x, L(t)x) ≤ cf} ïðè t ∈ [t0,+∞) ðåøàåò
çàäà÷ó ñòàáèëèçàöèè è óäîâëåòâîðÿåò â íåé îãðàíè÷åíèÿì (70).

Äîêàçàòåëüñòâî. Îïðåäåëèì íåîòðèöàòåëüíóþ ôóíêöèþ Θf (t, x) ðàâåí-
ñòâîì

Θf (t, x) = (FfL(t)x, L(t)x), t ∈ [t0,+∞), x ∈ Rn. (73)
Ïîêàæåì, ÷òî Θf (t, x) ÿâëÿåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ ñèñòåìû

ẋ = A(t)x + B(t)uf (t, x) + g(t), x ∈ Rn, u ∈ Rr, t ∈ [t0,+∞). (74)

Äëÿ ýòîãî ïåðåïèøåì óïðàâëåíèå (72) â âèäå

uf (t, x) = M−1(t)
(
PfL(t)x−B∗

0Ã(t)L(t)x−B∗
0L(t)g(t)

)
, (75)

ãäå ìàòðèöû Pf , Ã(t) èìåþò, ñîîòâåòñòâåííî, âèä (19), (26). Âû÷èñëèì ïðîèç-
âîäíóþ ôóíêöèè L(t)x â ñèëó ñèñòåìû (74) ñ óïðàâëåíèåì uf (t, x) âèäà (75).
Â ñèëó ðàâåíñòâ L(t)B(t) = B0M(t), (E −B0B

∗
0)Ã(t) = A0, (8), èìååì

d

dt
(L(t)x)∣∣(74)

= AfL(t)x, (76)
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ãäå ìàòðèöà Af èç (19). Òîãäà èç ðàâåíñòâà (73), â ñèëó ðàâåíñòâà (76), ïîëó-
÷àåì ðàâåíñòâî

Θ̇f (t, x) = −(WfL(t)x, L(t)x), t ∈ [t0,+∞), x ∈ Rn,

ãäå ìàòðèöà Wf èç (20). Èç ýòîãî ðàâåíñòâà, èñïîëüçóÿ ðàâåíñòâî (73), ïîëó-
÷àåì

Θ̇f (t, x) = −(WfL(t)x, L(t)x)
(FfL(t)x, L(t)x)

Θf (t, x), x 6= 0, Θ̇f (t, 0) = 0, t ∈ [t0, +∞).

Îòñþäà, â ñèëó (29), ïîëó÷àåì íåðàâåíñòâî

Θ̇f (t, x) ≤ −λfΘf (t, x), x 6= 0, Θ̇f (t, 0) = 0, t ∈ [t0, +∞), (77)

ãäå λf > 0 � íàèìåíüøåå ñîáñòâåííîå çíà÷åíèå ìàòðèöû F−1
f Wf . Ñëåäîâà-

òåëüíî, ôóíêöèÿ Θf (t, x) ÿâëÿåòñÿ ôóíêöèåé Ëÿïóíîâà äëÿ ñèñòåìû (74).
Èç ñîîòíîøåíèé (77) ñëåäóåò, ÷òî äëÿ òðàåêòîðèè x(t) ñèñòåìû (74), íà÷è-
íàþùåéñÿ â ëþáîé òî÷êå x0 ∈ Qf (t0) â ìîìåíò âðåìåíè t = t0, ñïðàâåäëèâî
âêëþ÷åíèå x(t) ∈ Qf (t) ïðè t ∈ [t0,∞).

Âû÷èñëèì ïðîèçâîäíûå óïðàâëåíèÿ uf (t, x) â ñèëó ñèñòåìû (74) è óñòà-
íîâèì, ÷òî óïðàâëåíèå è åãî ïðîèçâîäíûå óäîâëåòâîðÿþò çàäàííûì îãðàíè-
÷åíèÿì. Èç ðàâåíñòâà (75), èñïîëüçóÿ ðàâåíñòâî (76), ïîëó÷àåì, ÷òî ïðîèç-
âîäíàÿ k-ãî ïîðÿäêà â ñèëó ñèñòåìû (74) óïðàâëåíèÿ uf (t, x) îïðåäåëÿåòñÿ
ðàâåíñòâîì

u
(k)
f (t, x) =

k∑

i=0

Ci
k

(
M−1(t)

)(k−i)
(

PfAi
fL(t)x−B∗

0

(
L(t)g(t))(i)−

−B∗
0

i∑

j=0

Cj
i Ã

(i−j)(t)Aj
fL(t)x

)
, k = 0, 1, . . . , l.

(78)

Èç (73) ñëåäóåò íåðàâåíñòâî

‖L(t)x‖ ≤
√
‖F−1

f ‖(FfL(t)x, L(t)x), t ∈ [t0,∞), x ∈ Rn.

Òîãäà äëÿ èç (78) ïîëó÷àåì

‖u(k)
f (t, x)‖ ≤ (Mk + Sk)

√
‖F−1

f ‖cf + d̃k, k = 0, 1, . . . , l, t ∈ [t0,∞), x ∈ Qf (t).

Îòñþäà, ó÷èòûâàÿ âûáîð ÷èñëà cf èç óñëîâèÿ (71), ïîëó÷àåì

‖u(k)
f (t, x)‖ ≤ dk, k = 0, 1, . . . , l, t ∈ [t0,∞), x ∈ Qf (t).

Òàêèì îáðàçîì, äëÿ ñèñòåìû (67) óïðàâëåíèå uf (t, x) âèäà (72) ðåøàåò
çàäà÷ó ñòàáèëèçàöèè èíåðöèîííûìè óïðàâëåíèÿìè â îáëàñòè Qf (t). 2
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3.2. Íàõîæäåíèå òðàåêòîðèè

Ðàññìîòðèì íàõîæäåíèå ñîîòâåòñòâóþùåé óïðàâëåíèþ uf (t, x) òðàåêòî-
ðèè x(t), íà÷èíàþùåéñÿ â ìîìåíò âðåìåíè t0 â ïðîèçâîëüíîé òî÷êå x0 ∈
Qf (t0) = {x ∈ Rn : (FfL(t0)x, L(t0)x ≤ cf} è ñòðåìÿùåéñÿ â íà÷àëî êîîðäè-
íàò ïðè t → +∞, ñèñòåìû (67), êîòîðàÿ óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.
Âûáåðåì íàáîð f èç ïðîèçâîëüíûõ íåîòðèöàòåëüíûõ íåâîçðàñòàþùèõ ôóíê-
öèé f1(s), . . . , fr(s) íà ïîëóîñè [0,+∞), ñîîòâåòñòâåííî, ñ íå ìåíåå, ÷åì n1,
. . . , nr òî÷êàìè óáûâàíèÿ, êîòîðûå óäîâëåòâîðÿþò óñëîâèÿì (9). Îïðåäåëèì
÷èñëî cf èç óñëîâèÿ (71). Âûáåðåì òî÷êó x0 ∈ Qf (t0) è ðàññìîòðèì çàäà÷ó
Êîøè {

ẋ = A(t)x + B(t)uf (t, x) + g(t), t ∈ [t0,+∞),

x(t0) = x0.
(79)

Â ñèëó ðàâåíñòâà (76), çàìåíîé ïåðåìåííûõ z = L(t)x ýòà çàäà÷à Êîøè ñâî-
äèòñÿ ê çàäà÷å Êîøè ż = Afz, z(t0) = L(t0)x0, ðåøåíèå z(t) êîòîðîé îïðå-
äåëÿåòñÿ ðàâåíñòâîì z(t) = eAf (t−t0)L(t0)x0. Òîãäà òðàåêòîðèÿ x(t), êîòîðàÿ
íà÷èíàåòñÿ â òî÷êå x0 ∈ Qf (t0) â ìîìåíò âðåìåíè t0 è ñòðåìèòñÿ â íà÷àëî
êîîðäèíàò ïðè t → +∞, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè (79) è îïðåäåëÿåòñÿ
ðàâåíñòâàìè x(t) = L−1(t)z(t) = L(t)eAf (t−t0)L(t0)x0 ïðè t ∈ [t0,+∞).

Ïðèìåð 3. Ðàññìîòðèì çàäà÷ó ñòàáèëèçàöèè èíåðöèîííûìè óïðàâëåíèÿìè
ëèíåéíîé íåàâòîíîìíîé íåîäíîðîäíîé ñèñòåìû âèäà




ẋ1 = x1 − ecos tx2 + x3 + u1 − 1,

ẋ2 = x1 − (1 + e−t+cos t)x2 + e−tx3 − x4 + e−tu1 − e−t,

ẋ3 = (1− ecos t − e−t+2 cos t)x2 + e−t+cos tx3 − ecos tx4+

+(1 + ecos t sin t)x5 + e−t+cos tu1 − e−t+cos t,

ẋ4 = (−1+e−t sin t)x1+e−t+cos tx2−e−tx3+x5 sin t− e−tu1+u2+sin t,

ẋ5 = (1 + e−t+cos t)x2 − e−tx3 + x4 − e−tu1 + e−t, t ∈ [0,+∞),

(80)

ñ îãðàíè÷åíèÿìè íà óïðàâëåíèå âèäà (70) ïðè l = 2 c d0 = 25, d1 = 30, d2 = 50.
Ìàòðèöû A(t), B(t) è âåêòîð-ôóíêöèÿ g(t) ñèñòåìû (80) èìåþò âèä

A(t)=




1 −ecos t 1 0 0
1 −1− e−t+cos t e−t −1 0
0 1−ecos t−e−t+2 cos t e−t+ cos t −ecos t 1+ecos t sin t

−1+e−t sin t e−t+cos t −e−t 0 sin t
0 1 + e−t+cos t −e−t 1 0




,

B(t) =




1 0
e−t 0

e−t+cos t 0
−e−t 1
−e−t 0




(rang B(t) = 2, t ∈ [t0, +∞)), g(t) =




−1
−e−t

−e−t+cos t

sin t
e−t




.
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Äëÿ ýòîé ñèñòåìû âûïîëíåíî óñëîâèå (4), ãäå n1 = 3, n2 = 2,

K(t) =




1 1 1− ecos t 0 0
e−t 1 + e−t e−t(1 + et − ecos t) 0 −1

e−t+cos t e−t+cos t e−t(et + ecos t − e2 cos t) 0 −ecos t

−e−t −1− e−t e−t(−1− et + ecos t) 1 0
−e−t −e−t e−t(−1 + ecos t) 0 1




,

det K(t) = 1 äëÿ âñåõ t ∈ [0, +∞).
Îïðåäåëèì âåêòîð-ôóíêöèè c1(t), c2(t) ðàâåíñòâàìè (6), êîòîðûå ïðèíè-

ìàþò âèä c1(t) =
(
0, 0, 1, 0, ecos t

)∗
, c2(t) =

(
e−t, 0, 0, 0, 1

)∗
. Òîãäà íåâûðîæ-

äåííàÿ ìàòðèöà L(t) (detL(t) = 1) èç (7) è îáðàòíàÿ ê íåé ìàòðèöà L−1(t)
èìåþò âèä

L(t) =




0 0 1 0 ecos t

0 1 0 0 1
1 0 0 0 0

e−t 0 0 0 1
0 1 0 1 0




, L−1(t) =




0 0 1 0 0
0 1 e−t −1 0
1 0 e−t+cos t −ecos t 0
0 −1 −e−t 1 1
0 0 −e−t 1 0




.

Ñèñòåìà (80) çàìåíîé ïåðåìåííûõ z = L(t)x, êîòîðàÿ ïðèíèìàåò âèä

z1 = x3 + ecos tx5, z2 = x2+x5, z3 = x1, z4 = e−tx1 + x5, z5 = x2 + x4, (81)

îòîáðàæàåòñÿ íà ñèñòåìó




ż1 = z2,
ż2 = z3,
ż3 = z1 − ecos tz2 + z3 + u1 − 1,
ż4 = z5,
ż5 = z4 sin t− z5 + u2 − cosh t + sin t + sinh t.

Âåêòîð-ôóíêöèÿ g(t) óäîâëåòâîðÿåò óñëîâèþ (8) è

d̃0 =
√

1+(1+e−3π/2)2 = 1.4..., d̃1 = 2, d̃2 = 1+cosh
π

2
− sinh

π

2
= 1.2... .

Òàêèì îáðàçîì, ñèñòåìà (80) óäîâëåòâîðÿåò óñëîâèÿ òåîðåìû 2.
Áóäåì ñòðîèòü óïðàâëåíèå uf (t, x), êîòîðîå âìåñòå ñ ïðîèçâîäíûìè ïåð-

âîãî è âòîðîãî ïîðÿäêîâ óäîâëåòâîðÿåò çàäàííûì îãðàíè÷åíèÿì, â âèäå (72).
Äëÿ ýòîãî âûáåðåì íàáîð f èç ôóíêöèé f1(s), f2(s) âèäà (62). Òîãäà ìàòðèöû
F−1

f = F−1
f,α(1), Ff = Ff,α(1), ãäå ìàòðèöû F−1

f,α(Θ), Ff,α(Θ), ñîîòâåòñòâåííî,
èìåþò âèä (63), (64).

Òàê êàê

M0 =
3
√

508535065
30028

=2.25..., M1 =
3
√

291901326655120441
901680784

=1.79...,
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M2 =
3
√

159538989098986805592861529
27075670581952

= 1.39..., S0 =
√

2 + e2 = 3.08...,

S2 = 10.61..., S1 =
√

2523020497 + 2442537576e + 901680784e2

30028
= 4.18...,

‖F−1
f ‖ = 79.57..., òî óñëîâèå (71) âûáîðà ïîñòîÿííîé cf ïðèíèìàåò âèä

0 < cf ≤ 0.20728... . Âûáåðåì cf = 0.2 è ðàññìîòðèì îáëàñòü

Qf (t) = {x ∈ R5 : (FfL(t)x, L(t)x) ≤ cf} =
{

x ∈ R5 : e−2t(21(30028+

+149127e2t)x2
1+56etx1((37535+135333et)x2+61545etx3+37535x4+

+22521x5+135333etx5+61545et+cos tx5)+4e2t(2240856x2
2+453420x2

3+

+630588x2
4 + 3960(415 + 229ecos t)x3x5 + 525490x4x5 + 1767915x2

5+

+1643400ecos tx2
5 + 453420e2 cos tx2

5 + 2x2(821700x3 + 630588x4+
+(1873013 + 821700ecos tx5))) ≤ 924862

}
, t ∈ [0, +∞).

Óïðàâëåíèå uf (t, x) âèäà (72), êîòîðîå îïðåäåëÿåòñÿ ðàâåíñòâîì

u(t, x) =




1− 3102z1

7507
−

(
12303
7507

− ecos t

)
z2 − 70699z3

30028

e−t − sin t−
(

5
22

+ sin t

)
z4 +

5z5

11


 ,

ðåøàåò çàäà÷ó ñòàáèëèçàöèè äëÿ ñèñòåìû (80) â îáëàñòè Qf (t), t ∈ [0, +∞),
è âìåñòå ñ ïðîèçâîäíûìè

u̇f (t, x)=




395560905z1

225420196
+

(
476382941
225420196

−ecos t sin t

)
z2+

1397661093z3

901680784
+ecos tz3

− cos t− cosh t + sinh t−
(

25
242

+ cos t

)
z4 −

(
115
242

+ sin t

)
z5


 ,

üf (t, x) =




−5595(1397661093 + 901680784ecos t)z1

6768917645488
−

(5317521571839
6768917645488

+

+
12303ecos t

7507
+ecos t cos t−ecos t sin2 t

)
z2+

375033495989z3

27075670581952
−

−40671ecos tz3

30028
− 2z3e

cos t sin t

(575 + 6534 sin t)z4

5324
+

(
415
2662

− 2 cos t +
6 sin t

11

)
z5+

+cosh t + sin t− sinh t




,

ãäå z1 = z1(t, x), . . . , z5 = z5(t, x) èìåþò âèä (81), óäîâëåòâîðÿåò â íåé çàäàí-
íûì îãðàíè÷åíèÿì ‖uf (t, x)‖ ≤ 25, ‖u̇f (t, x)| ≤ 30, ‖üf (t, x)‖ ≤ 50.
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Òðàåêòîðèÿ x(t), íà÷èíàþùàÿñÿ â ïðîèçâîëüíîé òî÷êå x0 ∈ Qf (0), ãäå

Qf (0) = {x ∈ R5 : 3762255x2
1 + 48(186738x2

2 + 37785x2
3 + 52549x2

4+

+2x2(68475x3 + 52549x4)) + 8((1873013 + 821700e)x2 + 1980(415+

+229e)x3 + 262745x4)x5 + 180(39287 + 44e(830 + 229e))x2
5 + 56x1×

×(172868x2 + 61545x3 + 37535x4 + 3(52618 + 20515e)x5) ≤ 924862},
è ñòðåìÿùàÿñÿ ê íóëþ ïðè t → +∞, èìååò âèä

x(t) =




z3(t)

z2(t) + e−tz3(t)− z4(t)

z1(t) + e−t+cos t(z3(t)− etz4(t))

−z2(t)− e−tz3(t) + z4(t) + z5(t)

−e−tz3(t) + z4(t)




,

ãäå z(t) = (z1(t), z2(t), z3(t), z4(t), z5(t))∗ = eAf tL(0)x0, à ìàòðèöà Af èìååò
âèä

Af =




0 1 0 0 0
0 0 1 0 0

−5595
7507

−12303
7507

−40671
30028

0 0

0 0 0 0 1

0 0 0 − 5
22

− 6
11




.
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Ðèñ. 13: Ãðàôèêè êîìïîíåíò òðàåêòî-
ðèè x(t) íà îòðåçêå âðåìåíè [0, 15].
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Ðèñ. 14: Ãðàôèêè íîðì óïðàâëåíèÿ,
åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ íà
òðàåêòîðèè íà îòðåçêå âðåìåíè [0, 15].

Ãðàôèêè êîìïîíåíò òðàåêòîðèè x(t), íà÷èíàþùåéñÿ â ìîìåíò âðåìåíè
t = 0 â òî÷êå x0 = (−0.5,−1, 0.25, 1, 0.5)∗ è ñòðåìÿùåéñÿ â íà÷àëî êîîðäèíàò
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ïðè t → +∞, íà îòðåçêå âðåìåíè [0, 15] èçîáðàæåíû íà ðèñ. 13, ïðè ýòîì
‖x(15)‖ = 0.005..., ‖x(30)‖ = 0.00002..., ‖x(50)‖ = 1.5... × 10−8, ‖x(75)‖ =
= 1.9...×10−12, ‖x(100)‖ = 2.3...×10−16. Ãðàôèêè íîðì óïðàâëåíèÿ uf (t, x(t)),
åãî ïåðâîé è âòîðîé ïðîèçâîäíûõ íà ýòîé òðàåêòîðèè èçîáðàæåíû íà ðèñ. 14
íà îòðåçêå âðåìåíè [0, 15].
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