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Îïèñàíà áëî÷íàÿ ôîðìà ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ, ñîñòîÿùàÿ èç
ñèíãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ, ãäå âûäåëåíû íóëåâûå è îáðàòèìûå
áëîêè. Ïîêàçàíû ìåòîä ïîëó÷åíèÿ áëî÷íîé ôîðìû ñèíãóëÿðíîãî ïó÷êà è
ñîîòâåòñòâóþùèõ ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ, à òàêæå ñïîñîáû ïî-
ñòðîåíèÿ ïðîåêòîðîâ íà ïîäïðîñòðàíñòâà èç ïðÿìûõ ðàçëîæåíèé. Ïðîåêòî-
ðû ïîçâîëÿþò íàéòè âèä áëîêîâ. Äàíû ïðèìåðû áëî÷íûõ ïðåäñòàâëåíèé
ñèíãóëÿðíûõ ïó÷êîâ äëÿ ðàçëè÷íûõ ñëó÷àåâ.
Êëþ÷åâûå ñëîâà: ïó÷îê îïåðàòîðîâ; ïó÷îê ìàòðèö; ñèíãóëÿðíûé; ðåãóëÿð-
íûé áëîê; áëî÷íàÿ ôîðìà; ñòðóêòóðà.

Ôiëiïêîâñüêà Ì.Ñ. Áëîêîâà ôîðìà ñèíãóëÿðíîãî æìóòêà îïåðàòî-

ðiâ i ìåòîä ¨¨ îòðèìàííÿ. Îïèñàíî áëîêîâó ôîðìó ñèíãóëÿðíîãî æìóòêà
îïåðàòîðiâ, ùî ñêëàäà¹òüñÿ ç ñèíãóëÿðíîãî i ðåãóëÿðíîãî áëîêiâ, äå âèäiëå-
íî îáîðîòíi òà íóëüîâi áëîêè. Ïîêàçàíî ìåòîä îòðèìàííÿ áëîêîâî¨ ôîðìè
ñèíãóëÿðíîãî æìóòêà òà âiäïîâiäíèõ ïðÿìèõ ðîçêëàäàíü ïðîñòîðiâ, à òà-
êîæ ñïîñîáè ïîáóäîâè ïðîåêòîðiâ íà ïiäïðîñòîðè ç ïðÿìèõ ðîçêëàäàíü.
Ïðîåêòîðè äîçâîëÿþòü çíàéòè âèãëÿä áëîêiâ. Íàäàíî ïðèêëàäè áëîêîâèõ
çîáðàæåíü ñèíãóëÿðíèõ æìóòêiâ äëÿ ðiçíèõ âèïàäêiâ.
Êëþ÷îâi ñëîâà: æìóòîê îïåðàòîðiâ; æìóòîê ìàòðèöü; ñèíãóëÿðíèé; ðåãó-
ëÿðíèé áëîê; áëîêîâà ôîðìà; ñòðóêòóðà.

M.S. Filipkovska. A block form of a singular pencil of operators and a

method of obtaining it. A block form of a singular operator pencil, which
consists of singular and regular blocks, where invertible blocks and zero blocks
are separated out, is described. A method of obtaining the block form of a
singular pencil and the corresponding direct decompositions of spaces, and
also methods for the construction of projectors onto subspaces from the direct
decompositions, are shown. The projectors enable one to obtain the form of
the blocks. Examples of the block representations of singular pencils are given
for various cases.
Keywords: operator pencil; matrix pencil; singular; regular block; block form;
structure.
2010 Mathematics Subject Classi�cation 47A05, 15A22, 47N20.

33

https://doi.org/10.26565/2221-5646-2019-89-04


34 Ôèëèïêîâñêàÿ Ì.Ñ.

1. Ââåäåíèå

Ðàññìîòðèì ïàðó ëèíåéíûõ îïåðàòîðîâ A, B, îáðàçóþùèõ ïó÷îê λA+B.
Ïó÷îê îïåðàòîðîâ ìîæåò áûòü ðåãóëÿðíûì èëè ñèíãóëÿðíûì (ñì. îïðåäåëå-
íèÿ íèæå). Ñèíãóëÿðíûé ïó÷îê ìîæåò ñîäåðæàòü áëîê (êîìïîíåíòó), ÿâëÿþ-
ùèéñÿ ðåãóëÿðíûì ïó÷êîì. Ïðè ðåøåíèè ðàçëè÷íûõ çàäà÷ âîçíèêàåò íåîáõî-
äèìîñòü ïðèâåñòè ïó÷îê îïåðàòîðîâ, ò.å. îäíîâðåìåííî ïðèâåñòè äâà îïåðàòî-
ðà, ê íåêîòîðîé ñïåöèàëüíîé ôîðìå. Â [1] îïèñàíî ïðèâåäåíèå ñèíãóëÿðíîãî
ïó÷êà âåùåñòâåííûõ ìàòðèö ê êàíîíè÷åñêîìó êâàçèäèàãîíàëüíîìó âèäó, êî-
òîðûé îáû÷íî íàçûâàþò êàíîíè÷åñêîé ôîðìîé Âåéåðøòðàññà-Êðîíåêåðà. Â
ðàçäåëå 3 ñòàòüè îïèñàíî ïðèâåäåíèå ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ ê áëî-
÷íîé ôîðìå, ñîñòîÿùåé èç ñèíãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ, ãäå âûäåëåíû
íóëåâûå áëîêè, à òàêæå áëîêè, êîòîðûå ÿâëÿþòñÿ îáðàòèìûìè îïåðàòîðàìè.
Â ðàçäåëå 4 äàíû ïðèìåðû áëî÷íûõ ïðåäñòàâëåíèé äëÿ ñèíãóëÿðíûõ ïó÷êîâ
ðàçëè÷íûõ òèïîâ.

Îñíîâíàÿ òðóäíîñòü ïðè ïîëó÷åíèå áëî÷íîé ôîðìû çàêëþ÷àåòñÿ â òîì,
÷òîáû íàéòè ïðÿìûå ðàçëîæåíèÿ ïðîñòðàíñòâ, îòíîñèòåëüíî êîòîðûõ ñèíãó-
ëÿðíûé ïó÷îê áóäåò èìåòü òðåáóåìûé âèä, è ïîñòðîèòü ïðîåêòîðû, êîòîðûå
ïîçâîëÿò íàéòè âèä áëîêîâ ýòîé ôîðìû. Çàìåòèì, ÷òî ïðÿìûå ðàçëîæåíèÿ
ïðîñòðàíñòâ, ïðèâîäÿùèå ïó÷îê ê òðåáóåìîé áëî÷íîé ôîðìå, ïîðîæäàþò ñî-
îòâåòñòâóþùèå ïðîåêòîðû, è îáðàòíîå óòâåðæäåíèå òàêæå âåðíî. Â ðàçäå-
ëå 3 ïîäðîáíî îïèñàíû ìåòîäû ïîñòðîåíèÿ ýòèõ ðàçëîæåíèé ïðîñòðàíñòâ è
ïðîåêòîðîâ. Ïðåäñòàâëåííàÿ â ñòàòüå áëî÷íàÿ ôîðìà (áëî÷íàÿ ñòðóêòóðà)
ñèíãóëÿðíîãî ïó÷êà áûëà êðàòêî îïèñàíà â [2] (äëÿ âåùåñòâåííûõ îïåðàòî-
ðîâ) è èñïîëüçîâàëàñü â êà÷åñòâå âñïîìîãàòåëüíîãî ðåçóëüòàòà. Â îòëè÷èå îò
ðàáîòû [2], â íàñòîÿùåé ðàáîòå îñîáîå âíèìàíèå óäåëåíî ìåòîäó íàõîæäåíèÿ
áëî÷íîé ñòðóêòóðû, à òàêæå ñïîñîáàì ïîñòðîåíèÿ ïðîåêòîðîâ. Ïîäðîáíî ðàñ-
ñìîòðåíû ñëó÷àé rk(λA+B) = n < m è îáùèé ñëó÷àé rk(λA+B) < n,m (ñì.
ðàçäåë 3), ïðèâåäåíû íåîáõîäèìûå ïîÿñíåíèÿ è îáîñíîâàíèÿ. Äîêàçàíà òåî-
ðåìà 1 è ïðèâåäåíû ïðèìåðû íàõîæäåíèÿ áëî÷íûõ ñòðóêòóð îïåðàòîðîâ äëÿ
ñèíãóëÿðíûõ ïó÷êîâ ðàçëè÷íûõ òèïîâ. Áëî÷íàÿ ñòðóêòóðà ïó÷êà è ïðîåêòî-
ðû, ïîçâîëÿþùèå âûäåëèòü òðåáóåìûé áëîê, ïðèìåíÿþòñÿ â [2] äëÿ ñâåäåíèÿ
ñèíãóëÿðíîãî ïîëóëèíåéíîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ
(äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ) ê ýêâèâàëåíòíîé ñèñòåìå èç ÷è-
ñòî äèôôåðåíöèàëüíûõ è ÷èñòî àëãåáðàè÷åñêèõ óðàâíåíèé (ñì. ðàçäåë 5).
Ýòî íóæíî, ÷òîáû äîêàçàòü òåîðåìû îá óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ïî
Ëàãðàíæó ñèíãóëÿðíîãî ïîëóëèíåéíîãî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî
óðàâíåíèÿ [2].

Â [9] ïðèâîäèëîñü ðàçëîæåíèå ñèíãóëÿðíîãî ïó÷êà íà ðåãóëÿðíóþ è
÷èñòî ñèíãóëÿðíóþ êîìïîíåíòû, àíàëîãè÷íîå (2), â êîìïëåêñíûõ áàíàõî-
âûõ ïðîñòðàíñòâàõ. Îäíàêî áûëî çàìå÷åíî, ÷òî ýòî ðàçëîæåíèå, íàçâàííîå
RS-ðàñùåïëåíèåì ïó÷êà, ìîæåò íå èìåòü ìåñòà â áåñêîíå÷íîìåðíûõ ïðî-
ñòðàíñòâàõ. Òàêæå â [9] áûëè ðàññìîòðåíû áëî÷íûå ïðåäñòàâëåíèÿ ñèíãó-
ëÿðíîé êîìïîíåíòû ïó÷êà äëÿ äâóõ ÷àñòíûõ ñëó÷àåâ, êîòîðûå â òåðìèíàõ



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì89 (2019) 35

íàñòîÿùåé ðàáîòû ñîîòâåòñòâóþò ñëó÷àÿì, êîãäà rk(λA + B) = m < n è
rk(λA + B) = n < m, è áëî÷íûì ïðåäñòàâëåíèÿì (9) è (15) äëÿ íèõ. Ñóùå-
ñòâîâàíèå ýòèõ áëî÷íûõ ïðåäñòàâëåíèé â áåñêîíå÷íîìåðíûõ ïðîñòðàíñòâàõ
òàêæå ÿâëÿëîñü ïðåäïîëîæåíèåì. Ïîñêîëüêó áëî÷íûå ïðåäñòàâëåíèÿ (ñîî-
òâåòñòâóþùèå ðàçëîæåíèþ ïó÷êà íà ðåãóëÿðíóþ è ñèíãóëÿðíóþ êîìïîíåíòû
è ðàçëîæåíèÿì ñèíãóëÿðíîé êîìïîíåíòû â äâóõ óêàçàííûõ ñëó÷àÿõ) àíà-
ëîãè÷íû, â íàñòîÿùåé ñòàòüå èñïîëüçóþòñÿ îáîçíà÷åíèÿ, ââåäåííûå â [9] äëÿ
ïîäïðîñòðàíñòâ èç ïðÿìûõ ðàçëîæåíèé è ïðîåêòîðîâ, ñîîòâåòñòâóþùèõ ýòèì
áëî÷íûì ïðåäñòàâëåíèÿì.

Â ñòàòüå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå îáîçíà÷åíèÿ: EX � åäèíè÷íûé
(òîæäåñòâåííûé) îïåðàòîð â ïðîñòðàíñòâå X; A−1 � îáðàòíûé îïåðàòîð ê
A (ñì. îïðåäåëåíèå, íàïðèìåð, â [3, c. 20]); A(−1) � ïîëóîáðàòíûé îïåðàòîð
ê A (ñì. îïðåäåëåíèå â [6, c. 331]); rk(A) � ðàíã îïåðàòîðà (ìàòðèöû) A;
Ker(A) � ÿäðî (íóëü-ïðîñòðàíñòâî) îïåðàòîðà A; R(A) � îáëàñòü çíà÷åíèé
(îáðàç) îïåðàòîðà A; L(X,Y ) � ïðîñòðàíñòâî íåïðåðûâíûõ ëèíåéíûõ îïå-
ðàòîðîâ, äåéñòâóþùèõ èç X â Y ; L(X,X) = L(X); δij � ñèìâîë Êðîíåêåðà;
X ′ � ïðîñòðàíñòâî, ñîïðÿæåííîå ê X; AT � òðàíñïîíèðîâàííûé îïåðàòîð
(ìàòðèöà), ò.å. ñîïðÿæåííûé îïåðàòîð, êîòîðîìó ñîîòâåòñòâóåò òðàíñïîíèðî-
âàííàÿ ìàòðèöà; A∗ � ýðìèòîâî-ñîïðÿæåííûé îïåðàòîð (ìàòðèöà), ò.å. ñîïðÿ-
æåííûé îïåðàòîð, êîòîðîìó ñîîòâåòñòâóåò ýðìèòîâî-ñîïðÿæåííàÿ ìàòðèöà.

Â ñòàòüå áóäóò èñïîëüçîâàòüñÿ ñëåäóþùèå êëàññè÷åñêèå îïðåäåëåíèÿ.
Ïðîñòðàíñòâî X ðàñïàäàåòñÿ â ïðÿìóþ ñóììó X = X1+̇X2 ïîäïðîñòðàíñòâ
X1 ⊆ X, X2 ⊆ X, åñëè X1 ∩ X2 = {0} è X1 + X2 = {x1 + x2 | x1 ∈ X1,
x2 ∈ X2} = X. Ýòî îïðåäåëåíèå ýêâèâàëåíòíî ñëåäóþùåìó:X = X1+̇X2, åñëè
êàæäûé âåêòîð x ∈ X åäèíñòâåííûì îáðàçîì ïðåäñòàâèì â âèäå x = x1 + x2,
ãäå x1 ∈ X1, x2 ∈ X2.

2. Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïóñòü A, B � ëèíåéíûå îïåðàòîðû, îòîáðàæàþùèå Rn â Rm èëè Cn â Cm.
Ðàññìîòðèì ïó÷îê îïåðàòîðîâ λA+B, ãäå λ � êîìïëåêñíûé ïàðàìåòð.

Ðàíãîì ïó÷êà ìàòðèö λA + B íàçûâàåòñÿ íàèáîëüøèé èç ïîðÿäêîâ ìè-
íîðîâ ïó÷êà, íå ðàâíûõ òîæäåñòâåííî íóëþ (ñì. [1, ñ. 321] èëè [1, ñ. 137]),
ò.å. åñëè ðàíã ïó÷êà ðàâåí r, òî ìàòðèöà λA+B èìååò ìèíîð ïîðÿäêà r, êî-
òîðûé ïðè íåêîòîðîì λ0 íå ðàâåí íóëþ, à ìèíîðû ïîðÿäêà áîëüøåãî, ÷åì r,
ëèáî òîæäåñòâåííî ðàâíû íóëþ, ëèáî íå ñóùåñòâóþò. Î÷åâèäíî, ðàíã ïó÷êà
ìàòðèö λA+B ðàâåí ìàêñèìàëüíîìó êîëè÷åñòâó ëèíåéíî íåçàâèñèìûõ ñòîëá-
öîâ (èëè ñòðîê) ïó÷êà, ò.å. ìàêñèìàëüíîìó êîëè÷åñòâó ñòîëáöîâ (èëè ñòðîê)
ïó÷êà, êîòîðûå ïðè íåêîòîðîì λ0 ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûì íàáîðîì
âåêòîðîâ. ßñíî, ÷òî ðàíã ïó÷êà îïåðàòîðîâ λA+B è ðàíã ñîîòâåòñòâóþùåãî
ïó÷êà ìàòðèö ñîâïàäàþò.

Îïðåäåëåíèå 1 Ïó÷îê λA + B íàçûâàåòñÿ ðåãóëÿðíûì, åñëè n = m =
rk(λA + B) (èëè n = m è det(λA + B) 6≡ 0 [1, ñ. 319]), â îñòàëüíûõ ñëó-
÷àÿõ, ò.å. ïðè n 6= m èëè n = m è rk(λA + B) < n, ïó÷îê íàçûâàåòñÿ
ñèíãóëÿðíûì èëè íåðåãóëÿðíûì.
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Ýòî îïðåäåëåíèå ýêâèâàëåíòíî ñëåäóþùåìó. Ïó÷îê îïåðàòîðîâ λA + B :
Cn → Cm ÿâëÿåòñÿ ðåãóëÿðíûì, åñëè ìíîæåñòâî åãî ðåãóëÿðíûõ òî÷åê
ρ(A,B) = {λ ∈ C | (λA + B)−1 ∈ L(Cm,Cn)} íå ïóñòî, è ñèíãóëÿðíûì, åñëè
ρ(A,B) = ∅.

Åñëè λA + B � ïó÷îê îïåðàòîðîâ, äåéñòâóþùèõ èç Rn â Rm, òî â ñëó-
÷àå íåîáõîäèìîñòè âåùåñòâåííûå îïåðàòîðû A, B çàìåíÿþòñÿ íà èõ êîìïëå-
êñíûå ðàñøèðåíèÿ Â, B̂, äåéñòâóþùèå èç Cn â Cm. Çäåñü êîìïëåêñíîå ïðî-
ñòðàíñòâî Ck, ñîñòîÿùåå èç âñåõ ïàð (x, y), x, y ∈ Rk, çàïèñûâàåìûõ â âèäå
(x, y) = x+ iy, ÿâëÿåòñÿ êîìïëåêñèôèêàöèåé âåùåñòâåííîãî ïðîñòðàíñòâà Rk
(k = n,m). Ìàòðèöû îïåðàòîðîâ A, B îòíîñèòåëüíî íåêîòîðûõ áàçèñîâ â Rn,
Rm ñîâïàäàþò ñ ìàòðèöàìè èõ êîìïëåêñíûõ ðàñøèðåíèé Â, B̂ îòíîñèòåëüíî
òåõ æå áàçèñîâ â Cn, Cm è Â(x + iy) = A(x + iy), B̂(x + iy) = B(x + iy).
Î÷åâèäíî, ðàíãè ïó÷êà λA+B è åãî êîìïëåêñíîãî ðàñøèðåíèÿ λÂ+B̂ òàêæå
ñîâïàäàþò.

Äëÿ âåùåñòâåííûõ îïåðàòîðîâ îïðåäåëåíèå 1 ýêâèâàëåíòíî ñëåäóþùå-
ìó. Ïó÷îê λA + B îïåðàòîðîâ A, B : Rn → Rm ÿâëÿåòñÿ ðåãóëÿðíûì, åñëè
ìíîæåñòâî ðåãóëÿðíûõ òî÷åê ρ(Â, B̂) åãî êîìïëåêñíîãî ðàñøèðåíèÿ
λÂ + B̂ ∈ L(Cn,Cm) íå ïóñòî, è ñèíãóëÿðíûì, åñëè ρ(Â, B̂) = ∅. ßñíî, ÷òî
äëÿ ðåãóëÿðíûõ òî÷åê λ ñóùåñòâóåò ðåçîëüâåíòà (λA + B)−1. Ýòè òî÷êè íà-
çûâàþòñÿ ðåãóëÿðíûìè òî÷êàìè ïó÷êà λA+B.

3. Íàõîæäåíèå áëî÷íîé ñòðóêòóðû ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ

è ïîñòðîåíèå ñîîòâåòñòâóþùèõ ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ è

ïðîåêòîðîâ

Â ýòîì ðàçäåëå ðàññìàòðèâàþòñÿ ëèíåéíûå îïåðàòîðû A, B : Rn → Rm.
Îäíàêî âìåñòî âåùåñòâåííûõ îïåðàòîðîâ ìîæíî ðàññìàòðèâàòü êîìïëå-
êñíûå, ò.å. A, B : Cn → Cm. Òîãäà ïðè ïîëó÷åíèè áëî÷íîé ñòðóêòóðû ïó÷êà
îïåðàòîðîâ íóæíî ó÷åñòü çàìå÷àíèå 1.

Âñåãäà ìîæíî âûáðàòü áàçèñû â Rn è Rm òàê, ÷òîáû ñèíãóëÿðíûé ïó÷îê
îïåðàòîðîâ (m× n-ìàòðèö) èìåë êâàçèäèàãîíàëüíûé âèä, ñîñòîÿùèé èç ñèí-
ãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ [1]. Ñëåäîâàòåëüíî, ñóùåñòâóþò ðàçëîæåíèÿ
ïðîñòðàíñòâ Rn, Rm â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ

Rn = Xs+̇Xr, Rm = Ys+̇Yr, (1)

îòíîñèòåëüíî êîòîðûõ ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A, B : Rn → Rm
ïðèíèìàåò áëî÷íûé âèä

λA+B =

(
λAs +Bs 0

0 λAr +Br

)
, As, Bs : Xs → Ys, Ar, Br : Xr → Yr,

(2)
ãäå ñèíãóëÿðíûé áëîê λAs + Bs ÿâëÿåòñÿ ÷èñòî ñèíãóëÿðíûì ïó÷êîì (ò.å. â
íåì íåëüçÿ âûäåëèòü ðåãóëÿðíûé áëîê), ðåãóëÿðíûé áëîê λAr +Br ÿâëÿåòñÿ
ðåãóëÿðíûì ïó÷êîì, A, B : Xs → Ys è A, B : Xr → Yr. Ïðÿìûå ðàçëîæåíèÿ
ïðîñòðàíñòâ (ò.å. ðàçëîæåíèÿ ïðîñòðàíñòâ â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ)
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(1) ïîðîæäàþò äâå ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ (ñì. îïðåäåëå-
íèå â [3, c. 22])

S : Rn → Xs, P : Rn → Xr, F : Rm → Ys, Q : Rm → Yr, (3)

ò.å. S2 = S, P 2 = P , F 2 = F ,Q2 = Q, ERn = S+P , ERm = F+Q, SP = PS = 0,
FQ = QF = 0, ïðè÷åì ïðîåêòîðû òàêîâû, ÷òî

FA = AS, FB = BS, QA = AP, QB = BP, (4)

ò.å. ïàðà ñèíãóëÿðíûõ ïîäïðîñòðàíñòâ Xs, Ys è ïàðà ðåãóëÿðíûõ ïîäïðî-
ñòðàíñòâ Xr, Yr èíâàðèàíòíû îòíîñèòåëüíî îïåðàòîðîâ A, B (A, B : Xs → Ys
è A, B : Xr → Yr). Òàêèì îáðàçîì, îïåðàòîðû A è B ïðèâîäÿòñÿ (ðàçëà-
ãàþòñÿ) ïàðàìè (Xs, Xr), (Ys, Yr) (ïî àíàëîãèè ñ ïîíÿòèåì ïðèâîäèìîñòè èç
[4, ï. 40]) èëè ïðÿìûìè ðàçëîæåíèÿìè (1) (ïî àíàëîãèè ñ [5, ï. 3]) è ÿâëÿþòñÿ
ïðÿìûìè ñóììàìè îïåðàòîðîâ As, Ar è Bs, Br:

A =

(
As 0
0 Ar

)
: Xs+̇Xr → Ys+̇Yr, B =

(
Bs 0
0 Br

)
: Xs+̇Xr → Ys+̇Yr. (5)

Çàìåòèì, ÷òî âåðíî è îáðàòíîå óòâåðæäåíèå: äâå ïàðû âçàèìíî äîïîëíèòåëü-
íûõ ïðîåêòîðîâ (3) (óäîâëåòâîðÿþùèõ (4)) ïîðîæäàþò ïðÿìûå ðàçëîæåíèÿ
ïðîñòðàíñòâ (1) (òàêèå, ÷òî îïåðàòîðû A, B ïðèâîäÿòñÿ ïàðàìè (Xs, Xr),
(Ys, Yr)). Îïåðàòîðû èç áëî÷íûõ ïðåäñòàâëåíèé (5) èìåþò âèä As = A|Xs ,
Ar = A|Xr , Bs = B|Xs , Br = B|Xr . Ââåäåì èõ ðàñøèðåíèÿ (ïðîäîëæåíèÿ) íà
Rn ñëåäóþùèì îáðàçîì:

As = FA, Ar = QA, Bs = FB, Br = QB. (6)

Òîãäà
As = As|Xs , Ar = Ar|Xr , Bs = Bs|Xs , Br = Br|Xr (7)

è îïåðàòîðû (6)As,Bs,Ar,Br∈L(Rn,Rm) äåéñòâóþò òàê, ÷òîAs,Bs :Xs → Ys,
Ar,Br : Xr → Yr è Xr ⊂ Ker(As), Xr ⊂ Ker(Bs), Xs ⊂ Ker(Ar),
Xs ⊂ Ker(Br). Ñïîñîáû ïîñòðîåíèÿ ïîäïðîñòðàíñòâ èç ðàçëîæåíèé (1) è ñî-
îòâåòñòâóþùèõ ïðîåêòîðîâ îïèñàíû íèæå.

Ðàññìîòðèì ÿäðî (íóëü-ïðîñòðàíñòâî) Ker(λA + B) = {x(λ) | (λA +
B)x(λ) ≡ 0} è îáëàñòü çíà÷åíèé (îáðàç)R(λA+B) = {y(λ) | ∃x : (λA+B)x =
y(λ)} ïó÷êà λA + B. Ðàçìåðíîñòè ÿäðà è îáëàñòè çíà÷åíèé ïó÷êà λA + B
ðàâíû ñîîòâåòñòâåííî ðàçìåðíîñòÿì ÿäðà è îáëàñòè çíà÷åíèé êîìïëåêñíîãî
ðàñøèðåíèÿ λÂ + B̂. Ïóñòü λ ∈ C � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî. Ïî-
ñêîëüêó dimKer(λÂ + B̂) = dimCn − dimR(λÂ + B̂) = n − rk(λÂ + B̂), òî
dimKer(λA + B) = n − rk(λA + B). Ðàíã rk(λA + B) ïî îïðåäåëåíèþ åñòü
ïîñòîÿííîå ÷èñëî, ñëåäîâàòåëüíî, dimKer(λA+B) = n−rk(λA+B) � òàêæå
ïîñòîÿííîå ÷èñëî.

Â ñëó÷àå, êîãäà rk(λA+B) = m < n, ñóùåñòâóåò ðàçëîæåíèå ñèíãóëÿðíîãî
ïðîñòðàíñòâà

Xs = Xs1+̇Xs2 (8)
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â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ òàêèõ, ÷òî

As =
(
Agen 0

)
: Xs1+̇Xs2 → Ys, Bs =

(
Bgen Bund

)
: Xs1+̇Xs2 → Ys, (9)

ãäå îïåðàòîð Agen : Xs1 → Ys èìååò îáðàòíûé A−1gen ∈ L(Ys, Xs1) (åñëè
Xs1 6= 0), è Bgen : Xs1 → Ys, Bund : Xs2 → Ys. Ïðÿìîå ðàçëîæåíèå (8) ïðî-
ñòðàíñòâà Xs = S Rn ïîðîæäàåò ïàðó âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ
(ìû ðàñøèðÿåì ýòè ïðîåêòîðû íà Rn) Si : Rn → Xsi , i = 1, 2, S1 + S2 = S,
SiSj = δijSi, òàêèõ, ÷òî AS2 = 0. Ââåäåì îïåðàòîðû

Agen = AS1, Bgen = BS1, Bund = BS2, (10)

Agen, Bgen, Bund ∈ L(Rn,Rm) (çàìåòèì, ÷òî AS1 = FA). Òîãäà

Agen = Agen|Xs1 , Bgen = Bgen|Xs1 , Bund = Bund|Xs2 (11)

è îïåðàòîðû (10) äåéñòâóþò òàê, ÷òî Agen : Xs1 → Ys è Xs2+̇Xr = Ker(Agen)

(ò.å. AgenRn = AgenXs1 = Ys), Bgen : Xs1 → Ys è Xs2+̇Xr ⊂ Ker(Bgen),

Bund : Xs2 → Ys è Xs1+̇Xr ⊂ Ker(Bund). Äëÿ ïîñòðîåíèÿ ñèíãóëÿðíûõ ïîä-
ïðîñòðàíñòâ Xs, Ys, Xs1 , Xs2 íàéäåì ìàêñèìàëüíîå êîëè÷åñòâî ëèíåéíî íå-
çàâèñèìûõ ðåøåíèé x1(λ), x2(λ), . . . , xN (λ) óðàâíåíèÿ

(λA+B)x = 0. (12)

Äîñòàòî÷íî ðàññìîòðåòü ðåøåíèÿ, ÿâëÿþùèåñÿ ìíîãî÷ëåíàìè îò λ:

xj(λ) =

kj∑
i=0

(−1)iλixji, j = 1, N, xji 6= 0, i = 0, kj , (13)

ãäå kj ≥ 0 � ñòåïåíü xj(λ). ßñíî, ÷òî ñòîëáöû x1(λ), . . . , xN (λ) ÿâëÿþòñÿ
ëèíåéíî íåçàâèñèìûìè, åñëè ðàíã ìàòðèöû, ñîñòàâëåííîé èç ýòèõ ñòîëá-
öîâ, ðàâåí N . Ïîñêîëüêó íàáîð ñòîëáöîâ {x1(λ), . . . , xN (λ)} îáðàçóåò áàçèñ
Ker(λA+B), òî N = dimKer(λA+B) = n− rk(λA+B). Ïîäñòàâëÿÿ xj(λ)
â (12) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè λ ê íóëþ, ïîëó÷àåì íàáîð ðàâåíñòâ
[1, ñ. 322]

Bxj0 = 0, Bxj1 = Axj0, . . . , Bxjkj = Axjkj−1, Axjkj = 0.

Î÷åâèäíî, åñëè kj = 0, ò.å. xj(λ) ≡ xj0 � ïîñòîÿííîå ðåøåíèå, òî Bxj0 = 0
è Axj0 = Axjkj = 0. Ñðåäè âñåõ ðåøåíèé óðàâíåíèÿ (12) ìîæíî âûáðàòü íà-

áîð ëèíåéíî íåçàâèñèìûõ ðåøåíèé {x̂j(λ)}Nj=1 ñ íàèìåíüøèìè âîçìîæíûìè
ñòåïåíÿìè k1, k2, . . . , kN (ýòîò íàáîð íå îïðåäåëÿåòñÿ îäíîçíà÷íî, íî ëþáûå
äâà òàêèõ íàáîðà ðåøåíèé èìåþò îäèíàêîâûå íàáîðû ñòåïåíåé ñ òî÷íîñòüþ

äî ïåðåñòàíîâîê; î÷åâèäíî, ÷òî
N∑
j=1

kj ≤ m,
N∑
j=1

kj +N ≤ n, è ìîæíî âûáðàòü

íàáîð òàê, ÷òîáû k1 ≤ k2 ≤ . . . ≤ kN ). Òîãäà ñèñòåìû âåêòîðîâ {x̂ji}
N,kj
j=1,i=0,
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{Bx̂ji}
N,kj
j=1,i=1 = {Ax̂ji}

N,kj−1
j=1,i=0 ëèíåéíî íåçàâèñèìû è ÿâëÿþòñÿ áàçèñàìè ïðî-

ñòðàíñòâ Xs = Lin{x̂ji}
N,kj
j=1,i=0, Ys = Lin{Bx̂ji}

N,kj
j=1,i=1 = Lin{Ax̂ji}

N,kj−1
j=1,i=0.

Åñëè âñå kj = 0 (j = 1, N), òî Ys = {0}, Xs2 = Xs, Xs1 = {0} è As = 0, Bs = 0,
à áëî÷íàÿ ñòðóêòóðà ïó÷êà èìååò âèä λA + B =

(
0 λAr +Br

)
(ñòîëáöû

ñèíãóëÿðíîãî ïó÷êà ìàòðèö, ïðèâåäåííîãî ê êàíîíè÷åñêîìó êâàçèäèàãîíàëü-
íîìó âèäó [1, ñ. 327�328], òàêæå ñîñòîÿò èç íóëåé, åñëè ñîîòâåòñòâóþùèå íî-
âûå áàçèñíûå âåêòîðû ñîâïàäàþò ñ ïîñòîÿííûìè ðåøåíèÿìè óðàâíåíèÿ (12)).
Çàìåòèì, ÷òî åñëè âçÿòü ïðîèçâîëüíûé ìàêñèìàëüíûé íàáîð ëèíåéíî íåçà-
âèñèìûõ ðåøåíèé {xj(λ)}Nj=1 óðàâíåíèÿ (12), òî ëèíåéíûå îáîëî÷êè ñèñòåì

{xji}
N,kj
j=1,i=0, {Bxji}

N,kj
j=1,i=1 òàêæå îáðàçóþò ïðîñòðàíñòâà Xs, Ys ñîîòâåòñòâåí-

íî, îäíàêî ýòè ñèñòåìû ìîãóò ñîäåðæàòü ëèíåéíî çàâèñèìûå âåêòîðû (ò.å. èç

ñèñòåì {xji}
N,kj
j=1,i=0, {Bxji}

N,kj
j=1,i=1 âñåãäà ìîæíî âûáðàòü ïîäñèñòåìû, êîòîðûå

ÿâëÿþòñÿ áàçèñàìèXs, Ys ñîîòâåòñòâåííî). Äàëåå, ìîæíî âûáðàòü áàçèñû äëÿ
ïîäïðîñòðàíñòâ Xs1 , Xs2 è, ñîîòâåòñòâåííî, äëÿ Xs, Ys (âîçìîæíî, íóæíî áó-
äåò èçìåíèòü áàçèñû â Xs, Ys) òàê, ÷òîáû îòíîñèòåëüíî ïðÿìîãî ðàçëîæåíèå
(8) îïåðàòîðû As, Bs èìåëè áëî÷íóþ ñòðóêòóðó (9). ßñíî, ÷òî Xs2 = Ker(As)
è Xs1 ÿâëÿåòñÿ ïðÿìûì äîïîëíåíèåì ê Xs2 (dimXs1 = rk(As) = rk(As)).
Äëÿ íàáîðà ëèíåéíî íåçàâèñèìûõ ðåøåíèé {x̂j(λ)}Nj=1 (ñ íàèìåíüøèìè âî-

çìîæíûìè ñòåïåíÿìè) ýòè ïîäïðîñòðàíñòâà èìåþò âèä Xs2 = Lin{x̂jkj}Nj=1,

Xs1 = Lin{x̂ji}
N,kj−1
j=1,i=0 (ñëåäîâàòåëüíî, dimXs2 = N , dimXs1 =

N∑
j=1

kj). Òàêæå,

èñïîëüçóÿ âèä ïîëó÷åííûõ ïðîñòðàíñòâ Xs, Ys, ìîæíî ïîñòðîèòü ðåãóëÿðíûå
ïðîñòðàíñòâàXr, Yr èç ïðÿìûõ ðàçëîæåíèé (1). Âèä ïîëó÷åííûõ ïðîñòðàíñòâ
Xs, Ys, Xr, Yr, Xs1 , Xs2 èñïîëüçóåòñÿ äëÿ ïîñòðîåíèÿ ñîîòâåòñòâóþùèõ ïðî-
åêòîðîâ ñ óêàçàííûìè âûøå ñâîéñòâàìè.

Â ñëó÷àå, åñëè rk(λA+B) = n < m, ñóùåñòâóåò ðàçëîæåíèå ñèíãóëÿðíîãî
ïðîñòðàíñòâà

Ys = Ys1+̇Ys2 (14)

â ïðÿìóþ ñóììó ïîäïðîñòðàíñòâ òàêèõ, ÷òî

As =

(
Agen

0

)
: Xs → Ys1+̇Ys2 , Bs =

(
Bgen
Bov

)
: Xs → Ys1+̇Ys2 , (15)

ãäå îïåðàòîð Agen : Xs → Ys1 èìååò îáðàòíûé A−1gen ∈ L(Ys1 , Xs) (åñëè
Xs 6= {0}), Bgen : Xs → Ys1 , Bov : Xs → Ys2 . Ïðÿìîå ðàçëîæåíèå (14) ïðî-
ñòðàíñòâà Ys = F Rm ïîðîæäàåò ïàðó âçàèìíî äîïîëíèòåëüíûõ ïðîåêòî-
ðîâ (êîòîðûå ìû ðàñøèðÿåì íà Rm) Fi : Rm → Ysi , i = 1, 2, F1 + F2 = F ,
FiFj = δijFi, òàêèõ, ÷òî F2A = 0. Ââåäåì îïåðàòîðû

Agen = F1A, Bgen = F1B, Bov = F2B, (16)

Agen, Bgen, Bov ∈ L(Rn,Rm) (çàìåòèì, ÷òî F1A = FA). Òîãäà

Agen = Agen|Xs , Bgen = Bgen|Xs , Bov = Bov|Xs (17)
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è îïåðàòîðû (16) äåéñòâóþò òàê, ÷òî Agen : Xs → Ys1 è Xr = Ker(Agen) (ò.å.
AgenRn = AgenXs = Ys1), Bgen : Xs → Ys1 è Xr ⊂ Ker(Bgen), Bov : Xs → Ys2
è Xr ⊂ Ker(Bov). Äëÿ ïîñòðîåíèÿ ñèíãóëÿðíûõ ïîäïðîñòðàíñòâ Xs, Ys, Ys1 ,
Ys2 íàéäåì ëèíåéíî íåçàâèñèìûå ðåøåíèÿ y1(λ), . . . , yM (λ) óðàâíåíèÿ

(λAT +BT )y = 0, (18)

ãäå λAT + BT � òðàíñïîíèðîâàííûé ïó÷îê è M = dimKer(λAT + BT ) =
m − rk(λA + B) (ïîñêîëüêó rk(λA + B) = rk(λAT + BT )). Êàê è âûøå, äî-

ñòàòî÷íî ðàññìîòðåòü ðåøåíèÿ âèäà yj(λ) =
mj∑
l=0

(−1)lλlyjl, j = 1,M , yjl 6= 0,

l = 0,mj , ãäå mj ≥ 0 � ñòåïåíü yj(λ). Ïîäñòàâëÿÿ yj(λ) â (18) è ïðèðàâ-

íèâàÿ êîýôôèöèåíòû ïðè λ ê íóëþ, ïîëó÷àåì íàáîð ðàâåíñòâ BT yj0 = 0,

BT yj1 = AT yj0,. . ., B
T yjmj = AT yjmj−1, AT yjmj = 0. Åñëè mj = 0, òî

BT yj0 = AT yj0 = AT yjmj = 0. Äàëåå, ñòðîèì ñèíãóëÿðíûå ïîäïðîñòðàíñ-

òâà X̂s = X̂s1+̇X̂s2 , Ŷs, X̂s2 = Ker(ATs ), X̂s1 äëÿ ïó÷êà λAT + BT òàê, êàê
ýòî äåëàëîñü â ïðåäûäóùåì ñëó÷àå äëÿ ïó÷êà λA + B. Åñëè âñå mj = 0, òî
Ŷs = {0}, X̂s2 = X̂s è ñèíãóëÿðíûå áëîêè As, Bs (15) òàêîâû, ÷òî A

T
s = 0,

BT
s = 0. Ïîñêîëüêó AT , BT : (Rm)′ → (Rn)′, òî ñèíãóëÿðíûå ïîäïðîñòðàíñòâà,

ïîñòðîåííûå äëÿ λAT + BT , ñîâïàäàþò ñ ñîïðÿæåííûìè ïîäïðîñòðàíñòâà-
ìè Y ′si = X̂si , i = 1, 2, Y ′s = X̂s, X

′
s = Ŷs, ãäå Xs, Ys, Ysi èç ðàçëîæåíèé

(1), (14). ßñíî, ÷òî ñîïðÿæåííîå ïðîñòðàíñòâî (Rk)′ ìîæíî çàìåíèòü íà Rk,
îäíàêî èõ áàçèñû ìîãóò íå ñîâïàäàòü, è ïîýòîìó ìû îñòàâëÿåì îáîçíà÷åíèå
(Rk)′ â ýòîì ðàçäåëå. Åñëè Ŷs = {0}, X̂s2 = X̂s, òî áëî÷íàÿ ñòðóêòóðà ïó-

÷êà ïðèíèìàåò âèä λA + B =

(
0

λAr +Br

)
è Xs = {0}, Ys2 = Ys, Ys1 = {0}.

Èñïîëüçóÿ âèä ñèíãóëÿðíûõ ïîäïðîñòðàíñòâ, ìîæíî ïîñòðîèòü ðåãóëÿðíûå

ïîäïðîñòðàíñòâà Ŷr, X̂r äëÿ ïðÿìûõ ðàçëîæåíèé (Rm)′ = X̂s+̇X̂r = Y ′s +̇Y ′r ,

(Rn)′ = Ŷs+̇Ŷr = X ′s+̇X
′
r (X ′r = Ŷr, Y

′
r = X̂r) è òðè ïàðû âçàèìíî äîïîëíè-

òåëüíûõ ïðîåêòîðîâ Ŝi : (Rm)′ → X̂si , i = 1, 2, Ŝ = Ŝ1 + Ŝ2 : (Rm)′ → X̂s,

P̂ : (Rm)′ → X̂r, F̂ : (Rn)′ → Ŷs, Q̂ : (Rn)′ → Ŷr òàêèõ, ÷òî AT Ŝ2 = 0,

ŜTA = AF̂ T , ŜTB = BF̂ T , P̂ TA = AQ̂T , P̂ TB = BQ̂T . Èç ñâîéñòâ Ŝi ñëå-

äóåò, ÷òî òðàíñïîíèðîâàííûå (ñîïðÿæåííûå) ïðîåêòîðû Fi = ŜTi : Rm → Ysi ,
i = 1, 2, (Ys2 = (Ker(ATs ))′, F1+F2 = F ) ÿâëÿþòñÿ âçàèìíî äîïîëíèòåëüíûìè
ïðîåêòîðàìè òàêèìè, ÷òî F2A = 0, è ïîðîæäàþò ïðÿìîå ðàçëîæåíèå (14),
îòíîñèòåëüíî êîòîðîãî As, Bs èìåþò áëî÷íóþ ñòðóêòóðó (15). Èç ñâîéñòâ Ŝ,

P̂ è F̂ , Q̂ ñëåäóåò, ÷òî òðàíñïîíèðîâàííûå (ñîïðÿæåííûå) ïðîåêòîðû S = F̂ T ,

P = Q̂T è F = ŜT , Q = P̂ T ÿâëÿþòñÿ äâóìÿ ïàðàìè âçàèìíî äîïîëíèòåëü-
íûõ ïðîåêòîðîâ (3) òàêèõ, ÷òî (4), è ïîðîæäàþò ðàçëîæåíèÿ ïðîñòðàíñòâ (1)
â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ òàêèõ, ÷òî îïåðàòîðû A è B ïðèâîäÿòñÿ ïà-
ðàìè (Xs, Xr), (Ys, Yr) (ïó÷îê λA+B èìååò áëî÷íûé âèä (2)). Èñïîëüçóÿ âèä
ïðîåêòîðîâ (èëè ñîïðÿæåííûõ ïîäïðîñòðàíñòâ), ìîæíî âîññòàíîâèòü ïîäïðî-
ñòðàíñòâà èç ðàçëîæåíèé (1), (14).
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Â îáùåì ñëó÷àå, åñëè rk(λA + B) < n è rk(λA + B) < m, ñóùåñòâóþò
ðàçëîæåíèÿ ñèíãóëÿðíûõ ïðîñòðàíñòâ

Xs = Xs1+̇Xs2 , Ys = Ys1+̇Ys2 (19)

â ïðÿìûå ñóììû ïîäïðîñòðàíñòâ òàêèõ, ÷òî

As =

(
Agen 0

0 0

)
: Xs1+̇Xs2 → Ys1+̇Ys2 ,

Bs =

(
Bgen Bund
Bov 0

)
: Xs1+̇Xs2 → Ys1+̇Ys2 ,

(20)

ãäå îïåðàòîð Agen : Xs1 → Ys1 èìååò îáðàòíûé A−1gen ∈ L(Ys1 , Xs1) (åñëè
Xs1 6= {0}), Bgen : Xs1 → Ys1 , Bund : Xs2 → Ys1 , Bov : Xs1 → Ys2 . Ïðÿìûå
ðàçëîæåíèÿ ñèíãóëÿðíûõ ïðîñòðàíñòâ ïîðîæäàþò äâå ïàðû âçàèìíî äîïîë-
íèòåëüíûõ ïðîåêòîðîâ

Si : Rn → Xsi , Fi : Rm → Ysi , i = 1, 2, (21)

S1 + S2 = S, F1 + F2 = F , SiSj = δijSi, FiFj = δijFi, òàêèõ, ÷òî

AS2 = 0, F2A = 0, F2BS2 = 0. (22)

Ââåäåì îïåðàòîðû

Agen = F1A, Bgen = F1BS1, Bund = F1BS2, Bov = F2BS1, (23)

Agen, Bgen, Bund, Bov ∈ L(Rn,Rm) (çàìåòèì, ÷òî F1A = AS1 = FA). Òîãäà

Agen = Agen|Xs1 , Bgen = Bgen|Xs1 , Bund = Bund|Xs2 , Bov = Bov|Xs1 (24)

è îïåðàòîðû (23) äåéñòâóþò òàê, ÷òî Agen : Xs1 → Ys1 è Xs2+̇Xr = Ker(Agen)

(ò.å. AgenRn = AgenXs1 = Ys1), Bgen : Xs1 → Ys1 è Xs2+̇Xr ⊂ Ker(Bgen),

Bund : Xs2 → Ys1 è Xs1+̇Xr ⊂ Ker(Bund), Bov : Xs1 → Ys2 è Xs2+̇Xr ⊂
Ker(Bov). Çàìåòèì, ÷òî ïîñêîëüêó ïðîåêòîðû S1 è F1 ÿâëÿþòñÿ åäèíè÷íûìè
îïåðàòîðàìè â Xs1 è Ys1 ñîîòâåòñòâåííî, òî îïåðàòîð A−1gen : Ys1 → Xs1 áó-

äåò îáðàòíûì ïî îòíîøåíèþ ê Agen : Xs1 → Ys1 , åñëè A−1genAgen = S1|Xs1 è

AgenA
−1
gen = F1|Ys1 . Òîãäà ðàñøèðåíèå (ïðîäîëæåíèå) A

(−1)
gen ∈ L(Rm,Rn) îïå-

ðàòîðà A−1gen íà Rm, óäîâëåòâîðÿþùåå ñâîéñòâàì

A(−1)
gen Agen = S1, AgenA

(−1)
gen = F1, A(−1)

gen = S1A
(−1)
gen , (25)

ÿâëÿåòñÿ ïîëóîáðàòíûì îïåðàòîðîì äëÿ Agen, ò.å. A
(−1)
gen : Ys1 → Xs1 , Ys2+̇Yr =

Ker(A
(−1)
gen ) (A

(−1)
gen Rm = A

(−1)
gen Ys1 = Xs1) è A−1gen = A

(−1)
gen

∣∣∣
Ys1

(ñì. îïðåäå-

ëåíèå â [6, c. 331]). ßñíî, ÷òî S1A
(−1)
gen = A

(−1)
gen F1. Îïåðàòîð Agen ÿâëÿåòñÿ
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ïîëóîáðàòíûì äëÿ A
(−1)
gen . Çàìåòèì, ÷òî As = Agen, ò.ê. As = FA = F1A,

è Agen = As|Xs1 , ïîýòîìó ìîæíî àíàëîãè÷íûì îáðàçîì îïðåäåëèòü ïîëóî-

áðàòíûé îïåðàòîð A
(−1)
s = A

(−1)
gen äëÿ As. Â îáùåì ñëó÷àå, äëÿ ïîñòðîåíèÿ

ñèíãóëÿðíûõ ïðîñòðàíñòâ è ñîîòâåòñòâóþùèõ ïðîåêòîðîâ íåîáõîäèìî íàé-
òè N = n − rk(λA + B) ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (12) è
M = m− rk(λA + B) ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (18). Äàëåå,
èñïîëüçóÿ âèä ñèíãóëÿðíûõ ïðîñòðàíñòâ, ïîëó÷åííûõ ïðè àíàëèçå ðåøåíèé
óðàâíåíèé (12), (18), ñòðîèì ñèíãóëÿðíûå ïðîñòðàíñòâà Xs, Ys, Xs1 , Xs2 , Ys1 ,
Ys2 è ñîîòâåòñòâóþùèå ïðîåêòîðû ñ ó÷åòîì èõ ñâîéñòâ, ïîçâîëÿþùèõ ïîëó-
÷èòü áëî÷íóþ ñòðóêòóðó (20). Î÷åâèäíî, áàçèñ Xs2 = Ker(As) ñîñòîèò èç
âåêòîðîâ, ïîëó÷åííûõ ïðè àíàëèçå ðåøåíèé (12), è ñòðîèòñÿ òàê æå, êàê áà-
çèñ Xs2 â ñëó÷àå rk(λA + B) = m < n, à áàçèñ Ys2 = (Ker(ATs ))′ ñîñòîèò èç
âåêòîðîâ, ïîëó÷åííûõ ïðè àíàëèçå ðåøåíèé (18), è ñòðîèòñÿ òàê æå, êàê áà-
çèñ Ys2 â ñëó÷àå rk(λA+B) = n < m. Áàçèñ Xs1 ñîñòîèò èç âåêòîðîâ, êîòîðûå
íàõîäÿòñÿ òàê æå, êàê áàçèñíûå âåêòîðû Xs1 â ñëó÷àå rk(λA + B) = m < n,
è âåêòîðîâ, êîòîðûå íàõîäÿòñÿ òàê æå, êàê áàçèñíûå âåêòîðû Xs â ñëó÷àå
rk(λA + B) = n < m. Áàçèñ Ys1 ñîñòîèò èç âåêòîðîâ, êîòîðûå íàõîäÿòñÿ
òàê æå, êàê áàçèñ Ys1 ïðè rk(λA + B) = n < m, è âåêòîðîâ, êîòîðûå íàõî-
äÿòñÿ òàê æå, êàê áàçèñ Ys ïðè rk(λA + B) = m < n. Áàçèñû ïðîñòðàíñòâ
Xs, Ys, ÿâëÿþùèõñÿ ïðÿìûìè ñóììàìè (19), ñîñòîÿò èç îáúåäèíåíèÿ áàçè-
ñîâ èõ ñëàãàåìûõ. Èñõîäÿ èç âèäà ñèíãóëÿðíûõ ïðîñòðàíñòâ Xs, Ys ñòðîÿòñÿ
ðåãóëÿðíûå ïðîñòðàíñòâà Xr, Yr èç ïðÿìûõ ðàçëîæåíèé (1).

Îáùåå ìàêñèìàëüíîå êîëè÷åñòâî d(λA + B) = n + m − 2 rk(λA + B) =
dimKer(λA+B) + dimKer(λAT +BT ) ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâ-
íåíèÿ (12) è ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (18) íàçîâåì îáùèì
äåôåêòîì ïó÷êà λA + B (â [2] îíî áûëî íàçâàíî ïðîñòî äåôåêòîì). Ìàêñè-
ìàëüíîå êîëè÷åñòâî ëèíåéíî íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (12), ò.å. ðà-
çìåðíîñòü ÿäðà ïó÷êà dimKer(λA + B), íàçîâåì äåôåêòîì ïó÷êà λA + B.
Äëÿ ïó÷êà ðàíãà rk(λA + B) = m < n îáùèé äåôåêò ðàâåí d(λA + B) =
dimKer(λA+B) = n−rk(λA+B). Åñëè ïó÷îê èìååò ðàíã rk(λA+B) = n < m,
åãî îáùèé äåôåêò ðàâåí d(λA+B) = dimKer(λAT +BT ) = m− rk(λA+B).
Îáùèå äåôåêòû èñõîäíîãî è òðàíñïîíèðîâàííîãî ïó÷êîâ ñîâïàäàþò, à åñëè
n = m, òî èõ äåôåêòû òàêæå ñîâïàäàþò. Äåôåêò è îáùèé äåôåêò ðåãóëÿðíîãî
ïó÷êà ðàâíû íóëþ.

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1 Äëÿ îïåðàòîðîâ A, B : Rn → Rm, îáðàçóþùèõ ñèíãóëÿðíûé ïó-
÷îê λA+B, ñóùåñòâóþò (è âñåãäà ìîãóò áûòü ïîñòðîåíû) ïðÿìûå ðàçëî-
æåíèÿ ïðîñòðàíñòâ

Rn = Xs+̇Xr = Xs1+̇Xs2+̇Xr, Rm = Ys+̇Yr = Ys1+̇Ys2+̇Yr, (26)

îòíîñèòåëüíî êîòîðûõ A, B èìåþò áëî÷íóþ ñòðóêòóðó (5) è èõ ñèíãóëÿð-
íûå áëîêè As, Bs èìåþò ñòðóêòóðó (20), ãäå îïåðàòîð Agen îáðàòèì (åñëè
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Xs1 6= {0}), ïðè ýòîì åñëè rk(λA+B) = m < n, òî ñòðóêòóðà ñèíãóëÿðíûõ
áëîêîâ ïðèíèìàåò âèä (9) è â ðàçëîæåíèÿõ (26) Ys1 = Ys, Ys2 = {0}, à åñëè
rk(λA + B) = n < m, òî ñòðóêòóðà ñèíãóëÿðíûõ áëîêîâ ïðèíèìàåò âèä
(15) è â ðàçëîæåíèÿõ (26) Xs1 = Xs, Xs2 = {0}. Ïðÿìûå ðàçëîæåíèÿ ïðî-
ñòðàíñòâ (26) ïîðîæäàþò ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ (3),
(21) (ñî ñâîéñòâàìè (4), (22)), ãäå F1 = F , F2 = 0, åñëè rk(λA+B) = m < n,
è S1 = S, S2 = 0, åñëè rk(λA+B) = n < m. Îïåðàòîðû èç áëî÷íûõ ïðåäñòàâ-
ëåíèé (5), (20), (9) è (15) èìåþò âèä (7), (24), (11) è (17) ñîîòâåòñòâåííî.
Ðàñøèðåíèå Agen îïåðàòîðà Agen, ââåäåííîå â (23), (10) è (16), èìååò ïî-

ëóîáðàòíûé îïåðàòîð A
(−1)
gen , óäîâëåòâîðÿþùèé ñâîéñòâàì (25), ãäå F1 = F ,

åñëè rk(λA+B) = m < n, è S1 = S, åñëè rk(λA+B) = n < m.

Ìåòîä ïîñòðîåíèÿ ïîäïðîñòðàíñòâ èç ðàçëîæåíèé (26) è ñîîòâåòñòâóþùèõ
ïðîåêòîðîâ (3), (21) îïèñàí âûøå.

Çàìå÷àíèå 1 Äëÿ îïåðàòîðîâ A,B : Cn → Cm òåîðåìà 1 îñòàíåòñÿ âåð-
íà, à ïðè ïîñòðîåíèè ïðÿìûõ ðàçëîæåíèé âèäà (26) äëÿ êîìïëåêñíûõ ïðî-
ñòðàíñòâ Cn, Cm è ñîîòâåòñòâóþùèõ ïðîåêòîðîâ íóæíî âåçäå çàìåíèòü
òðàíñïîíèðîâàíèå íà ýðìèòîâî ñîïðÿæåíèå.

Çàìå÷àíèå 2 Â òåîðåìå 1 îáðàòíîå óòâåðæäåíèå îòíîñèòåëüíî ïðîåêòî-
ðîâ òàêæå âåðíî, à èìåííî: ñóùåñòâóþò ïàðû âçàèìíî äîïîëíèòåëüíûõ
ïðîåêòîðîâ (3), (21) (ñî ñâîéñòâàìè (4), (22)), êîòîðûå ïîðîæäàþò ïðÿ-
ìûå ðàçëîæåíèÿ ïðîñòðàíñòâ (26).

Çàìåòèì, ÷òî åñëè Xr = {0}, Yr = {0}, òî λA + B = λAs + Bs ÿâëÿåòñÿ
÷èñòî ñèíãóëÿðíûì ïó÷êîì è ðåãóëÿðíûé áëîê λAr +Br îòñóòñòâóåò.

Ðàññìîòðèì ðåãóëÿðíûé ïó÷îê λAr + Br îïåðàòîðîâ Ar, Br : Xr → Yr
(dimXr = dimYr), äåéñòâóþùèõ â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ. Ïðåäïîëî-
æèì, ÷òî ñóùåñòâóþò êîíñòàíòû C1, C2 > 0 òàêèå, ÷òî∥∥(λAr +Br)

−1∥∥ ≤ C1, |λ| ≥ C2. (27)

Óñëîâèå (27) [7] îçíà÷àåò, ÷òî ëèáî òî÷êà µ = 0 ÿâëÿåòñÿ ïðîñòûì ïîëþ-
ñîì ðåçîëüâåíòû (Ar + µBr)

−1 (ýòî ýêâèâàëåíòíî òîìó, ÷òî λ = ∞ ÿâëÿåòñÿ
óñòðàíèìîé îñîáîé òî÷êîé ðåçîëüâåíòû (λAr + Br)

−1), ëèáî µ = 0 ÿâëÿåòñÿ
ðåãóëÿðíîé òî÷êîé ïó÷êà Ar +µBr (ò. å. â òî÷êå µ = 0 ñóùåñòâóåò ðåçîëüâåí-
òà (Ar + µBr)

−1 è, ñëåäîâàòåëüíî, îïåðàòîð Ar îáðàòèì). Åñëè Ar âûðîæäåí
è òî÷êà µ = 0 ÿâëÿåòñÿ ïðîñòûì ïîëþñîì ðåçîëüâåíòû (Ar + µBr)

−1, ò. å.
âûïîëíåíî (27), òî áóäåì ãîâîðèòü, ÷òî λAr+Br ÿâëÿåòñÿ ðåãóëÿðíûì ïó÷êîì
èíäåêñà 1. Çàìåòèì, ÷òî åñëè Ar = 0 è ñóùåñòâóåò B−1r , òî λAr +Br ≡ Br ìî-
æíî ñ÷èòàòü ðåãóëÿðíûì ïó÷êîì èíäåêñà 1. Åñëè Ar íåâûðîæäåí, ò. å. µ = 0
ÿâëÿåòñÿ ðåãóëÿðíîé òî÷êîé ïó÷êà Ar+µBr, òî áóäåì ãîâîðèòü, ÷òî λAr+Br
ÿâëÿåòñÿ ðåãóëÿðíûì ïó÷êîì èíäåêñà 0. Òàêèì îáðàçîì, åñëè λAr +Br � ðå-
ãóëÿðíûé ïó÷îê è âûïîëíåíî (27), òî λAr + Br èìååò èíäåêñ 0 èëè 1 è ìû
áóäåì ãîâîðèòü, ÷òî λAr +Br � ðåãóëÿðíûé ïó÷îê èíäåêñà íå âûøå 1.
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Â îáùåì ñëó÷àå, èíäåêñîì ðåãóëÿðíîãî ïó÷êà λAr + Br íàçûâàåòñÿ íàè-
áîëüøàÿ äëèíà öåïî÷êè èç ñîáñòâåííîãî è ïðèñîåäèíåííûõ âåêòîðîâ ïó÷êà
Ar + µBr â òî÷êå µ = 0 [8, Ïóíêò 6.2] èëè ïîðÿäîê ïîëþñà ðåçîëüâåíòû
(Ar +µBr)

−1 â òî÷êå µ = 0 (ýêâèâàëåíòíîñòü ýòèõ îïðåäåëåíèé ñëåäóåò èç [8,
Ïóíêò 2.3]).

Äëÿ ðåãóëÿðíîãî ïó÷êà λAr + Br, óäîâëåòâîðÿþùåãî (27), ñóùåñòâóþò

äâå ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ P̃j : Xr → Xj è Q̃j : Yr → Yj ,

j = 1, 2 (ñì. [5], [9]), P̃1 + P̃2 = EXr , Q̃1 + Q̃2 = EYr , P̃iP̃j = δijP̃i, Q̃iQ̃j = δijQ̃i,
êîòîðûå ìîãóò áûòü êîíñòðóêòèâíî îïðåäåëåíû ïî ôîðìóëàì àíàëîãè÷íûì
(5), (6) èç [7] èëè

P̃1 = Res
µ=0

(
(Ar + µBr)

−1Ar
µ

)
, P̃2 = EXr − P̃1,

Q̃1 = Res
µ=0

(
Ar(Ar + µBr)

−1

µ

)
, Q̃2 = EYr − Q̃1.

(28)

Ýòè ïðîåêòîðû ïîðîæäàþò ïðÿìûå ðàçëîæåíèÿ

Xr = X1+̇X2, Yr = Y1+̇Y2 (29)

òàêèå, ÷òî Ar, Br : Xj → Yj , j = 1, 2 (ïàðû ïîäïðîñòðàíñòâ X1, Y1 è X2, Y2
èíâàðèàíòíû îòíîñèòåëüíî Ar, Br), ò.å.

Q̃jAr = ArP̃j , Q̃jBr = BrP̃j , (30)

è îïåðàòîðû Aj = Ar|Xj : Xj → Yj , Bj = Br|Xj : Xj → Yj , j = 1, 2, òàêîâû,

÷òîA2 = 0 (Q̃2Ar = 0) è ñóùåñòâóþòA−11 ∈ L(Y1, X1) (åñëèX1 6= {0}) èB−12 ∈
L(Y2, X2) (åñëè X2 6= {0}) [7, Ðàçäåëû 2, 6]. Ñëåäîâàòåëüíî, îòíîñèòåëüíî
ïðÿìûõ ðàçëîæåíèé (29) îïåðàòîðû Ar, Br èìåþò áëî÷íóþ ñòðóêòóðó

Ar =

(
A1 0
0 0

)
: X1+̇X2 → Y1+̇Y2, Br =

(
B1 0
0 B2

)
: X1+̇X2 → Y1+̇Y2,

(31)
ãäå A1 è B2 îáðàòèìû (åñëè X1 6= {0} è X2 6= {0} ñîîòâåòñòâåííî).

Çàìå÷àíèå 3 Äëÿ ðåãóëÿðíîãî ïó÷êà λAr +Br îïåðàòîðîâ Ar, Br : Xr → Yr,
äåéñòâóþùèõ â êîíå÷íîìåðíûõ ïðîñòðàíñòâàõ, âñåãäà ìîæíî ïîëó÷èòü äâå
ïàðû âçàèìíî äîïîëíèòåëüíûõ ïðîåêòîðîâ âèäà [7, (5), (6)], êîòîðûå ïîðî-
æäàþò ïðÿìûå ðàçëîæåíèÿ (29) òàêèå, ÷òî ñóæåííûå îïåðàòîðû A1 =
Ar|X1

: X1 → Y1 è B2 = Br|X2
: X2 → Y2 èìåþò îáðàòíûå A−11 ∈ L(Y1, X1)

(åñëè X1 6= {0}) è B−12 ∈ L(Y2, X2) (åñëè X2 6= {0}) (ñì. [8], [5]). Îäíàêî, åñëè
èíäåêñ ïó÷êà âûøå 1, òî Ker(Ar) $ X2 è, ñîîòâåòñòâåííî, A2 = Ar|X2

6= 0.
Â ñëó÷àå åñëè ðåãóëÿðíûé ïó÷îê λAr + Br èìååò èíäåêñ 1, ÿäðî è îáëàñòü
çíà÷åíèé îïåðàòîðà Ar ñîâïàäàþò ñ ïðîñòðàíñòâàìè X2 = Ker(Ar) è
Y1 = R(Ar). Â ýòîì ñëó÷àå ìîæíî ïîëó÷èòü ïðîåêòîðû íà ïîäïðîñòðàíñ-
òâà èç ðàçëîæåíèé (29) áåç èñïîëüçîâàíèÿ ôîðìóë [7, (5), (6)] èëè (28).



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì89 (2019) 45

Ïîñòðîèì ïðÿìûå äîïîëíåíèÿ X1 è Y2 ïðîñòðàíñòâ ñîîòâåòñòâåííî X2 è
Y1 òàê, ÷òîáû ïàðû X1, Y1 è X2, Y2 áûëè èíâàðèàíòíû îòíîñèòåëüíî îïåðà-
òîðà Br (î÷åâèäíî, ÷òî ýòè ïàðû ÿâëÿþòñÿ èíâàðèàíòíûìè îòíîñèòåëüíî
Ar), òîãäà îïåðàòîðû Ar, Br èìåþò áëî÷íóþ ñòðóêòóðó (31) è èõ áëîêè
A1, B2 èìåþò îáðàòíûå A−11 ∈ L(Y1, X1), B

−1
2 ∈ L(Y2, X2). Ïðÿìûå ñóì-

ìû (29) ïðîñòðàíñòâ Xj, Yj ïîðîæäàþò äâå ïàðû âçàèìíî äîïîëíèòåëüíûõ
ïðîåêòîðîâ P̃j : Xr → Xj, Q̃j : Yr → Yj ñî ñâîéñòâàìè (30) è Q̃2Ar = 0. Ìî-
æíî òàêæå ïîëó÷èòü ýòè ïðîåêòîðû, ïîñòðîèâ îïåðàòîðû P̃j, Q̃j, j = 1, 2,
óäîâëåòâîðÿþùèå ñëåäóþùèì ñâîéñòâàì: P̃ 2

2 = P̃2, P̃1 = EXr−P̃2 (çàìåòèì,
÷òî åñëè íåêîòîðûé îïåðàòîð P̃2 ÿâëÿåòñÿ ïðîåêòîðîì, òî P̃1 = EXr − P̃2

� òàêæå ïðîåêòîð è ïðîåêòîðû P̃1, P̃2 âçàèìíî äîïîëíèòåëüíûå), Q̃
2
1 = Q̃1

(èëè Q̃2
2 = Q̃2), Q̃2 + Q̃1 = EYr , ArP̃2 = 0 è âûïîëíåíû ðàâåíñòâà (30).

Òàêèì îáðàçîì, åñëè ðåãóëÿðíûé áëîê λAr + Br èç (2) ÿâëÿåòñÿ ðåãó-
ëÿðíûì ïó÷êîì èíäåêñà íå âûøå 1, òî ñóùåñòâóþò ïðÿìûå ðàçëîæåíèÿ ðå-
ãóëÿðíûõ ïðîñòðàíñòâ (29), îòíîñèòåëüíî êîòîðûõ Ar, Br èìåþò áëî÷íóþ
ñòðóêòóðó (31). Ïðîåêòîðû P̃j , Q̃j íà ïîäïðîñòðàíñòâà èç ðàçëîæåíèé (29)
ìîãóò áûòü ïîëó÷åíû ìåòîäîì, îïèñàííûì â çàìå÷àíèè 3, èëè ïî ôîðìóëàì
(28) (ëèáî [7, (5), (6)]).

Ââåäåì ðàñøèðåíèÿ Pj , Qj ïðîåêòîðîâ P̃j , Q̃j ñîîòâåòñòâåííî íà Rn, Rm
òàê, ÷òî Xj = PjRn, Yj = QjRm, j = 1, 2 (Xj , Yj � ïîäïðîñòðàíñòâà èç
ðàçëîæåíèé (29)). Òîãäà ðàñøèðåííûå ïðîåêòîðû

Pj : Rn → Xj , Qj : Rm → Yj , j = 1, 2, (32)

îáëàäàþò ñâîéñòâàìè èñõîäíûõ: PiPj = δijPi, QiQj = δijQi, P1 + P2 = P ,
Q1 +Q2 = Q,

QjA = APj , QjB = BPj , Q2A = 0 (Q1A = QA).

Ñâîéñòâà îïåðàòîðîâ Aj = A|Xj : Xj → Yj , Bj = B|Xj : Xj → Yj , j = 1, 2,
òàêæå ñîõðàíÿþòñÿ. Ââåäåì èõ ðàñøèðåíèÿ íà Rn ñëåäóþùèì îáðàçîì:

Aj = QjA, Bj = QjB, j = 1, 2. (33)

Òîãäà
Aj = Aj |Xj , Bj = Bj |Xj , j = 1, 2, (34)

è îïåðàòîðû (33) Aj , Bj ∈ L(Rn,Rm) äåéñòâóþò òàê, ÷òî Aj : Xj → Yj ,
Bj : Xj → Yj è A2 = 0, X2+̇Xs = Ker(A1) (A1Rn = A1X1 = Y1),
X2+̇Xs ⊂ Ker(B1), X1+̇Xs = Ker(B2) (B2Rn = B2X2 = Y2). Ïîñêîëüêó P1,
Q1 ÿâëÿþòñÿ åäèíè÷íûìè îïåðàòîðàìè â X1, Y1 ñîîòâåòñòâåííî, òî îïåðà-
òîð A−11 : Y1 → X1 áóäåò îáðàòíûì ïî îòíîøåíèþ ê A1 : X1 → Y1, åñëè

A−11 A1 = P1|X1
, A1A

−1
1 = Q1|Y1 . Òîãäà ðàñøèðåíèå A

(−1)
1 ∈ L(Rm,Rn) îïåðà-

òîðà A−11 íà Rm, óäîâëåòâîðÿþùåå ñâîéñòâàì

A
(−1)
1 A1 = P1, A1A

(−1)
1 = Q1, A

(−1)
1 = P1A

(−1)
1 , (35)
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ÿâëÿåòñÿ ïîëóîáðàòíûì îïåðàòîðîì äëÿ A1, ò.å. A
(−1)
1 : Y1 → X1, Y2+̇Ys =

Ker(A
(−1)
1 ) (A

(−1)
1 Rm = A

(−1)
1 Y1 = X1) è A−11 = A

(−1)
1

∣∣∣
Y1
. ßñíî, ÷òî

P1A
(−1)
1 = A

(−1)
1 Q1. Óêàçàííûå ñâîéñòâà ïîçâîëÿþò íàéòè âèä A

(−1)
1 (èëè

A−11 ), èñïîëüçóÿ âèä ïðîåêòîðîâ. Ïîëóîáðàòíûé îïåðàòîð B
(−1)
2 ∈ L(Rm,Rn)

äëÿ B2, ò.å. B
(−1)
2 : Y2 → X2, Y1+̇Ys = Ker(B

(−1)
2 ) (B

(−1)
2 Rm = B

(−1)
2 Y2 = X2)

è B−12 = B
(−1)
2

∣∣∣
Y2
, ìîæíî âû÷èñëèòü àíàëîãè÷íûì ñïîñîáîì:

B
(−1)
2 B2 = P2, B2B

(−1)
2 = Q2, B

(−1)
2 = P2B

(−1)
2 (P2B

(−1)
2 = B

(−1)
2 Q2).

4. Ïðèìåðû áëî÷íûõ ïðåäñòàâëåíèé äëÿ ñèíãóëÿðíûõ ïó÷êîâ,

ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ è ïðîåêòîðîâ

4.1. Ïðèìåð äëÿ ñëó÷àÿ rk(λA+B) = m < n

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A,B : R4 → R3, êîòî-
ðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ ïðîñòðàíñòâ R4, R3 (i-é êîîðäèíàòîé
áàçèñíîãî âåêòîðà ej ÿâëÿåòñÿ ñèìâîë Êðîíåêåðà δij) ñîîòâåòñòâóþò ìàòðèöû
[2]

A =

L 0 0 0
0 C 0 0
0 0 0 0

 , B =

r2 −1 −r1 0
0 0 −1 −1
1 0 1 0

 , (36)

ãäå L, C, r1, r2 � âåùåñòâåííûå ïàðàìåòðû, íå ðàâíûå íóëþ. Ëåãêî ïðîâåðèòü,
÷òî ðàíã ïó÷êà ðàâåí rk(λA+B) = 3. Îáùèé äåôåêò ïó÷êà (òàêæå êàê è
äåôåêò ïó÷êà) ðàâåí d(λA+B) = 1.

Ïîñêîëüêó N = d(λA + B) = 1, òî óðàâíåíèå (12) èìååò îäíî íåíóëåâîå

ðåøåíèå x1(λ) =
(
1, λL + r1 + r2, −1, λ2CL + λC(r1 + r2) + 1

)T
, êîòîðîå

îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ñêàëÿðíîãî ìíîæèòåëÿ. Çàïèñàâ ðåøåíèå x1(λ)
â âèäå (13), ïîëó÷èì ñèñòåìû âåêòîðîâ {x1i}2i=0, {Bx1i}2i=1, ãäå

x10 =


1

r1 + r2
−1
1

 , x11 =


0
−L
0

−C(r1 + r2)

 , x12 =


0
0
0
CL

 ,

Bx11 =

 L
C(r1 + r2)

0

 , Bx12 =

 0
CL
0

 .

Ïîäïðîñòðàíñòâà Xs = Lin{x1i}2i=0, Ys = Lin{Bx1i}2i=1 èç ðàçëîæåíèé (1)

ìîæíî ïðåäñòàâèòü â âèäå Xs = Lin{si}3i=1, Ys = Lin{gi}2i=1, ãäå

s1 =


1
0
−1
1

 , s2 =


0
1
0
0

 , s3 =


0
0
0
1

 , g1 =

1
0
0

 , g2 =

0
1
0

 ,
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òîãäà Xr = Lin{p}, Yr = Lin{q} (q = Bp, B : Xr → Yr), ãäå

p =


0
0
1
−1

 , q =

−r10
1

 .

Âûáåðåì Xs1 = Lin{si}2i=1, Xs2 = Lin{s3} (As3 = 0), òîãäà îòíîñèòåëü-
íî ïðÿìîãî ðàçëîæåíèå (8) îïåðàòîðû As, Bs èìåþò áëî÷íóþ ñòðóêòóðó
(9). Ïîëó÷åííûå ïðÿìûå ðàçëîæåíèÿ ïðîñòðàíñòâ (1) è (8) ïîðîæäàþò ïðî-
åêòîðû S : R4 → Xs, P : R4 → Xr (S + P = ER4), F : R3 → Ys, Q : R3 → Yr
(F +Q = ER3) è S1 : R4 → Xs1 , S2 : R4 → Xs2 (S1 +S2 = S), êîòîðûì îòíîñè-
òåëüíî ñòàíäàðòíûõ áàçèñîâ â R4 è R3 ñîîòâåòñòâóþò ïðîåêöèîííûå ìàòðèöû

S =


1 0 0 0
0 1 0 0
−1 0 0 0
1 0 1 1

 , P =


0 0 0 0
0 0 0 0
1 0 1 0
−1 0 −1 0

 ,

F =

1 0 r1
0 1 0
0 0 0

 , Q =

0 0 −r1
0 0 0
0 0 1

 ,

S1 =


1 0 0 0
0 1 0 0
−1 0 0 0
1 0 0 0

 , S2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 1 1

 .

Ïîñêîëüêó QA = 0, òî Ar = QA|Xr = 0. Ëåãêî ïðîâåðèòü, ÷òî åñëè
xr ∈ Xr, òî QBxr = yr ∈ Yr, ïðè÷åì QBxr = 0 òîëüêî ïðè xr = 0. Çíà÷èò
îïåðàòîð Br = QB|Xr ∈ L(Xr, Yr) îáðàòèì. Ñëåäîâàòåëüíî, ðåãóëÿðíûé áëîê
λAr +Br èç (2) ÿâëÿåòñÿ ðåãóëÿðíûì ïó÷êîì èíäåêñà 1. Ïîäïðîñòðàíñòâà èç
ïðÿìûõ ðàçëîæåíèé (29) è ñîîòâåòñòâóþùèå ïðîåêòîðû èìåþò âèä X1 = {0},
X2 = Xr, Y1 = {0}, Y2 = Yr è P1 = 0, P2 = P , Q1 = 0, Q2 = Q, è, î÷åâèäíî,
Ar = A2, Br = B2.

Îïåðàòîðó Agen = FA : R4 → Ys (Xs2+̇Xr = Ker(Agen), Agen = Agen|Xs1 ∈
L(Xs1 , Ys)), ââåäåííîìó â (10), îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R4, R3

(äîïîëíÿåì áàçèñ Ys äî ñòàíäàðòíîãî â R3) ñîîòâåòñòâóåò ìàòðèöà Agen = A

(ò.ê. FA = A). Ïîëóîáðàòíîìó îïåðàòîðó A
(−1)
gen : R3 → Xs1 (Yr = Ker(A

(−1)
gen ),

A−1gen = A
(−1)
gen

∣∣∣
Ys
∈ L(Ys, Xs1)) îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñî-

îòâåòñòâóåò ìàòðèöà (óäîâëåòâîðÿþùàÿ ñâîéñòâàì (25), ãäå F1 = F )

A(−1)
gen =


L−1 0 r1L

−1

0 C−1 0
−L−1 0 −r1L−1
L−1 0 r1L

−1

 .
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Îïåðàòîðàì Bgen, Bund : R4 → Ys (Xs2+̇Xr ⊂ Ker(Bgen), Xs1+̇Xr ⊂
Ker(Bund), Bgen = Bgen|Xs1 ∈ L(Xs1 , Ys), Bund = Bund|Xs2 ∈ L(Xs2 , Ys)),

ââåäåííûì â (10), îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R4, R3 ñîîòâåòñòâóþò
ìàòðèöû

Bgen =

r2 + r1 −1 0 0
0 0 0 0
0 0 0 0

 , Bund =

0 0 0 0
0 0 −1 −1
0 0 0 0

 .

4.2. Ïðèìåð 2 äëÿ ñëó÷àÿ rk(λA+B) = m < n

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A,B : R5 → R3, êîòî-
ðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R5, R3 ñîîòâåòñòâóþò ìàòðèöû

A =

1 0 0 0 0
0 1 0 0 0
0 0 0 0 0

 , B =

a −1 b 0 0
0 0 −1 −1 0
1 0 1 0 1

 , (37)

ãäå a, b 6= a � âåùåñòâåííûå ïàðàìåòðû, íå ðàâíûå íóëþ. Ýòîò ïó÷îê èìååò
òîò æå òèï, ÷òî è ïðåäûäóùèé, ïîñêîëüêó rk(λA+B) = dimR3 < dimR5, íî
åãî îáùèé äåôåêò d(λA+B) = 2 è, ñëåäîâàòåëüíî, óðàâíåíèå (12) èìååò äâà
ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ (ìàêñèìàëüíûé íàáîð).

Íàéäåì äâà ïðîèçâîëüíûõ ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ x1(λ) =
(
1, λ+

a − b, −1, λ2 + λ(a − b) + 1, 0
)T
, x2(λ) =

(
0, −b, −1, −λb + 1, 1

)T
. Òîãäà ìû

ïîëó÷èì ñèñòåìû âåêòîðîâ {x1i}2i=0 è {x2i}1i=0, ãäå

x10 =


1

a− b
−1
1
0

 , x11 =


0
−1
0

b− a
0

 , x12 =


0
0
0
1
0

 , x20 =


0
−b
−1
1
1

 , x21 =


0
0
0
b
0

 .

Ñèñòåìà, ñîñòîÿùàÿ èç ýòèõ âåêòîðîâ, ëèíåéíî çàâèñèìà, íî åå ïîäñèñòåìà
{x10, x11, x20, x21} (èëè {x10, x11, x12, x20}) ÿâëÿåòñÿ ëèíåéíî íåçàâèñèìîé è
îáðàçóåò áàçèñ Xs. Ìîæíî íàéòè ðåøåíèå ìåíüøåé ñòåïåíè, ÷åì x1(λ), íà-

ïðèìåð, x̃1(λ) =
(
b, 0, −λ− a, λ+ a, λ+ a− b

)T
. Òîãäà ìû ïîëó÷èì âåêòîðû

x̃10 =


b
0
−a
a

a− b

 , x̃11 =


0
0
1
−1
−1

 .

Î÷åâèäíî, ÷òî {x̃1(λ), x2(λ)} � íàáîð ëèíåéíî íåçàâèñèìûõ ðåøåíèé ñ íàè-
ìåíüøèìè âîçìîæíûìè ñòåïåíÿìè (îáà ðåøåíèÿ èìåþò ñòåïåíü 1). Ñëåäîâà-
òåëüíî, Xs2 = Lin{x̃11, x21}, Xs1 = Lin{x̃10, x20}, Xs = Lin{x̃10, x20, x̃11, x21}
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è Ys = Lin{Ax̃10, Ax20}, ãäå Ax̃10 = (b, 0, 0)T , Ax20 = (0,−b, 0)T . Ñ äðóãîé
ñòîðîíû, ìîæíî ïðåîáðàçîâàòü ñèñòåìó {x10, x11, x20, x21} òàê, ÷òîáû ìîæíî
áûëî âûáðàòü áàçèñû äëÿ Xs1 , Xs2 , à èìåííî, Xs = Lin{x10, x11, x20, x21} =
Lin{si}4i=1, ãäå

s1 =


1
0
−1
0
0

 , s2 =


0
1
0
0
0

 , s3 =


0
0
0
1
0

 , s4 =


0
0
−1
0
1

 .

Òîãäà Ys = Lin{Ax10, Ax11} = Lin{Ax10, Ax20} = Lin{As1, As2}, ãäå
As1 = (1, 0, 0)T , As2 = (0, 1, 0)T (Ax10 = (1, a − b, 0)T , Ax11 = (0,−1, 0)T ),
è Xs1 = Lin{s1, s2}, Xs2 = Lin{s3, s4}. Äàëåå íàõîäèì Xr = Lin{p},
Yr = Lin{q}, ãäå p = (0, 0, 1, 0, 0)T , q = Bp = (b,−1, 1)T . Ïîëó÷åííûå ïðÿìûå
ðàçëîæåíèÿ ïðîñòðàíñòâ (1), (8) ïîðîæäàþò ïðîåêòîðû, êîòîðûì îòíîñè-
òåëüíî ñòàíäàðòíûõ áàçèñîâ â R5 è R3 ñîîòâåòñòâóþò ïðîåêöèîííûå ìàòðèöû
S = S1 + S2,

S1 =


1 0 0 0 0
0 1 0 0 0
−1 0 0 0 0
0 0 0 0 0
0 0 0 0 0

 , S2 =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 −1
0 0 0 1 0
0 0 0 0 1

 , P =


0 0 0 0 0
0 0 0 0 0
1 0 1 0 1
0 0 0 0 0
0 0 0 0 0

 ,

F =

1 0 −b
0 1 1
0 0 0

 , Q =

0 0 b
0 0 −1
0 0 1

 .

Ïîñêîëüêó QA = 0 è Br îáðàòèì, òî ðåãóëÿðíûé áëîê λAr +Br ÿâëÿåòñÿ ðå-
ãóëÿðíûì ïó÷êîì èíäåêñà 1 è P1 = 0, P2 = P , Q1 = 0, Q2 = Q, X1 = {0},
X2 = Xr, Y1 = {0}, Y2 = Yr, A2 = Ar, B2 = Br. Èñïîëüçóÿ âèä ïîëó÷åííûõ
ïðîåêöèîííûõ ìàòðèö, ëåãêî íàéòè âèä ìàòðèö, ñîîòâåòñòâóþùèõ îïåðàòî-
ðàì (10):

Agen = A, Bgen =

a− b −1 0 0 0
1 0 0 0 0
0 0 0 0 0

 , Bund =

0 0 0 0 −b
0 0 0 −1 1
0 0 0 0 0

 ,

è âèä ìàòðèöû, ñîîòâåòñòâóþùåé îïåðàòîðó Br èç (6):

Br =

 b 0 b 0 b
−1 0 −1 0 −1
1 0 1 0 1

 .

Ëåãêî óáåäèòüñÿ, ÷òî Bgen + Bund + Br = B (ýòî âûïîëíåíî, ïîñêîëüêó S1 +
S2 + P = ER5 è QB = BP ).
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4.3. Ïðèìåð äëÿ ñëó÷àÿ rk(λA+B) = n < m

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA + B îïåðàòîðîâ A,B : R3 → R4, êî-
òîðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñîîòâåòñòâóþò ìàòðèöû
[2]

A =


L 0 0
0 C 0
0 0 0
0 0 0

 , B =


r2 + r3 0 0

0 g 0
−r2 1 0

1 0 1

 , (38)

ãäå L, C, g, r2, r3 � âåùåñòâåííûå ïàðàìåòðû, íå ðàâíûå íóëþ. Î÷åâèäíî,
ðàíã ïó÷êà ðàâåí rk(λA+B) = 3 è îáùèé äåôåêò ïó÷êà ðàâåí d(λA+B) = 1
(äåôåêò ïó÷êà λA+B ðàâåí 0, à äåôåêò òðàíñïîíèðîâàííîãî ïó÷êà λAT +BT

ðàâåí 1).

Ïîñêîëüêó M = d(λA + B) = d(λAT + BT ) = 1, òî óðàâíåíèå (18) èìååò
îäíî íåíóëåâîå ðåøåíèå y1(λ), êîòîðîå îïðåäåëÿåòñÿ ñ òî÷íîñòüþ äî ñêàëÿð-
íîãî ìíîæèòåëÿ:

1. y1(λ) =
(
− r2(λC + g), λL + r2 + r3,−(λC + g)(λL + r2 + r3), 0

)T
ïðè

L 6= C(r2 + r3)/g;

2. y1(λ) =
(
− r2g/(r2 + r3), 1, −(λC + g), 0

)T
ïðè L = C(r2 + r3)/g.

Ñíà÷àëà ðàññìîòðèì ñëó÷àé 1, êîãäà L 6= C(r2 + r3)/g.

Òàê æå, êàê ýòî äåëàëîñü â ïðåäûäóùåì ïðèìåðå äëÿ ïó÷êà λA+B, ñòðîèì
ïðîñòðàíñòâà X̂s = X̂s1+̇X̂s2 = Lin{ŝi}3i=1, X̂s1 = Lin{ŝi}2i=1, X̂s2 = Lin{ŝ3},
Ŷs = Lin{l̂i}2i=1, X̂r = Lin{p̂}, Ŷr = Lin{q̂}, ãäå

ŝ1 =


1
0
0
0

, ŝ2 =


0
1
0
0

, ŝ3 =


0
0
1
0

, l̂1 =

1
0
0

, l̂2 =

0
1
0

, p̂ =


0
0
0
1

, q̂ =

1
0
1

,
äëÿ òðàíñïîíèðîâàííîãî ïó÷êà λAT + BT è ïðîåêòîðû Ŝ : R4 → X̂s,
Ŝi : R4 → X̂si , i = 1, 2, P̂ : R4 → X̂r, F̂ : R3 → Ŷs, Q̂ : R3 → Ŷr, êîòîðûì
îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R4 è R3 ñîîòâåòñòâóþò ïðîåêöèîííûå
ìàòðèöû

Ŝ1 =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 , Ŝ2 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , Ŝ = Ŝ1 + Ŝ2 , P̂ =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 ,

F̂ =

1 0 −1
0 1 0
0 0 0

 , Q̂ =

0 0 1
0 0 0
0 0 1

 .
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Òîãäà ïðîåêòîðû S : R3 → Xs, P : R3 → Xr, F : R4 → Ys, Q : R4 → Yr,
Fi : R4 → Ysi , i = 1, 2 (F = F1 + F2), êîòîðûì ñîîòâåòñòâóþò ïðîåêöèîííûå

ìàòðèöû S = F̂ T , P = Q̂T , F = ŜT , Q = P̂ T , Fi = ŜTi , i = 1, 2, ïîðîæäàþò

ïðÿìûå ðàçëîæåíèÿ ïðîñòðàíñòâ (1), (14), ãäå Xs = Lin{si}2i=1, Xr = Lin{p},
Ys = Ys1+̇Ys2 = Lin{ŝi}3i=1, Yr = Lin{p̂}, Ys1 = Lin{ŝi}2i=1, Ys2 = Lin{ŝ3},
s1 = (1, 0,−1)T , s2 = l̂2, p = (0, 0, 1)T .

Êàê è â ïðåäûäóùåì ïðèìåðå, ëåãêî ïðîâåðèòü, ÷òî òî Ar = QA|Xr = 0 è
Br = QB|Xr îáðàòèì. Ñëåäîâàòåëüíî, λAr +Br � ðåãóëÿðíûé ïó÷îê èíäåêñà
1, è X1 = {0}, X2 = Xr, Y1 = {0}, Y2 = Yr, P1 = 0, P2 = P , Q2 = Q, Q1 = 0
(Pk : R3 → Xk, Qk : R4 → Yk, k = 1, 2).

Îïåðàòîðó Agen = FA : R3 → Ys1 (Xr = Ker(Agen), Agen = Agen|Xs ∈
L(Xs, Ys1)), ââåäåííîìó â (16), îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4

ñîîòâåòñòâóåò ìàòðèöà Agen = A. Ïîëóîáðàòíîìó îïåðàòîðó A
(−1)
gen : R4 → Xs1

(Ys2+̇Yr = Ker(A
(−1)
gen ), A−1gen = A

(−1)
gen

∣∣∣
Ys1

∈ L(Ys1 , Xs)) îòíîñèòåëüíî ñòàíäàð-

òíûõ áàçèñîâ â R4, R3 ñîîòâåòñòâóåò ìàòðèöà (óäîâëåòâîðÿþùàÿ ñâîéñòâàì
(25), ãäå S1 = S)

A(−1)
gen =

 L−1 0 0 0
0 C−1 0 0
−L−1 0 0 0

 .

Îïåðàòîðàì Bgen : R3 → Ys1 , Bov : R3 → Ys2 (Xr ⊂ Ker(Bgen), Ker(Bov),
Bgen = Bgen|Xs ∈ L(Xs, Ys1), Bov = Bov|Xs ∈ L(Xs, Ys2)), ââåäåííûì â (16),

îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñîîòâåòñòâóþò ìàòðèöû

Bgen =


r2 + r3 0 0

0 g 0
0 0 0
0 0 0

 , Bov =


0 0 0
0 0 0
−r2 1 0

0 0 0

 .

Òåïåðü ðàññìîòðèì ñëó÷àé 2, êîãäà L = C(r2 + r3)/g.

Â ýòîì ñëó÷àå ïîëó÷àåì ïðîñòðàíñòâà Xs = Lin{s}, Xr = Lin{pi}2i=1,

Ys = Ys1+̇Ys2 = Lin{li}2i=1, Ys1 = Lin{l1}, Ys2 = Lin{l2}, Yr = Lin{wi}2i=1, ãäå

s =

0
1
0

 , p1 =

 1
r2
−1

 , p2 =

0
0
1

 , l1 =


0
1
0
0

 , l2 =


0
0
1
0

 ,

w1 =


1
r2g
r2+r3

0
0

 , w2 =


0
0
0
1

 .
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Ïðîåêòîðàì S : R3 → Xs, P : R3 → Xr, F : R4 → Ys, F = F1+F2, Fi : R4 → Ysi ,
i = 1, 2, Q : R4 → Yr îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3 è R4 ñîîòâåò-
ñòâóþò ïðîåêöèîííûå ìàòðèöû

S =

 0 0 0
−r2 1 0

0 0 0

 , P =

 1 0 0
r2 0 0
0 0 1

 ,

F1 =


0 0 0 0

− r2g
r2+r3

1 0 0

0 0 0 0
0 0 0 0

 , F2 =


0 0 0 0
0 0 0 0
0 0 1 0
0 0 0 0

 , Q =


1 0 0 0
r2g
r2+r3

0 0 0

0 0 0 0
0 0 0 1

 .

Ëåãêî ïðîâåðèòü, ÷òî λAr + Br � ðåãóëÿðíûé ïó÷îê, îïåðàòîð Ar âûðî-
æäåí è âûïîëíåíî (27). Ñëåäîâàòåëüíî, λAr +Br � ðåãóëÿðíûé ïó÷îê èíäå-
êñà 1. Ïîäïðîñòðàíñòâà èç ïðÿìûõ ðàçëîæåíèé (29) è ñîîòâåòñòâóþùèå ïðî-
åêòîðû èìåþò âèä X1 = Lin{p1}, X2 = Lin{p2}, Y1 = Lin{w1}, Y2 = Lin{w2},
Pk : R3 → Xk, Qk : R4 → Yk, k = 1, 2, (P = P1 + P2, Q = Q1 +Q2), ãäå

P1 =

 1 0 0
r2 0 0
−1 0 0

 , P2 =

0 0 0
0 0 0
1 0 1

 ,

Q1 =


1 0 0 0
r2g
r2+r3

0 0 0

0 0 0 0
0 0 0 0

 , Q2 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 .

Ìàòðèöû, ñîîòâåòñòâóþùèå îïåðàòîðàì Agen, A1 (Agen = Agen|Xs ,
A1 = A1|X1

), ââåäåííûì â (16), (33), è ïîëóîáðàòíûì îïåðàòîðàì A
(−1)
gen , A

(−1)
1

(A−1gen = A
(−1)
gen

∣∣∣
Ys1

, A−11 = A
(−1)
1

∣∣∣
Y1
, A

(−1)
gen óäîâëåòâîðÿåò (25), ãäå S1 = S, è

A
(−1)
1 óäîâëåòâîðÿåò (35)) îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 èìåþò

âèä

Agen =


0 0 0
−r2C C 0

0 0 0
0 0 0

 , A(−1)
gen =

 0 0 0 0
−r2L−1 C−1 0 0

0 0 0 0

 ,

A1 =


L 0 0
r2C 0 0

0 0 0
0 0 0

 , A
(−1)
1 =

 L−1 0 0 0
r2L

−1 0 0 0
−L−1 0 0 0

 .

Îïåðàòîðàì Bgen, Bov (Bgen = Bgen|Xs , Bov = Bov|Xs), ââåäåííûì â (16),



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì89 (2019) 53

îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3, R4 ñîîòâåòñòâóþò ìàòðèöû

Bgen =


0 0 0
−r2g g 0

0 0 0
0 0 0

 , Bov =


0 0 0
0 0 0
−r2 1 0

0 0 0

 .

4.4. Ïðèìåð äëÿ ñëó÷àÿ rk(λA+B) < n, rk(λA+B) < m

Ðàññìîòðèì ñèíãóëÿðíûé ïó÷îê λA+B îïåðàòîðîâ A,B : R3 → R3, êîòî-
ðûì îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R3 ñîîòâåòñòâóþò ìàòðèöû

A =

1 0 −1
0 0 0
0 0 0

 , B =

1 −1 −1
1 1 −1
0 2 0

 . (39)

Ðàíã ïó÷êà ðàâåí rk(λA+B) = 2 è îáùèé äåôåêò ïó÷êà ðàâåí d(λA+B) = 2,
ïðè ýòîì N = 1 è M = 1 (äåôåêòû λA+B è λAT +BT ðàâíû 1).

Ðåøåíèå óðàâíåíèÿ (12) èìååò âèä (ñ òî÷íîñòüþ äî ñêàëÿðíîãî ìíîæèòå-

ëÿ) x1(λ) ≡ x10 =
(
1, 0, 1

)T
. Çíà÷èò x10 ÿâëÿåòñÿ áàçèñíûì âåêòîðîì ïîäïðî-

ñòðàíñòâà Xs èç (1), è â òîì ÷èñëå Xs2 èç (19).

Ðåøåíèå óðàâíåíèÿ (18) èìååò âèä (ñ òî÷íîñòüþ äî ñêàëÿðíîãî ìíîæèòå-

ëÿ) y1(λ) =
(
1, −(λ+1), (λ+2)/2

)T
. Êàê è â ïðèìåðå èç ïóíêòà 4.3, äëÿ òðàíñ-

ïîíèðîâàííîãî ïó÷êà λAT + BT ñòðîèì ïîäïðîñòðàíñòâà X̂s = X̂s1+̇X̂s2 =
Lin{ŝi}2i=1, X̂s1 = Lin{ŝ1}, X̂s2 = Lin{ŝ2}, Ŷs = Lin{l̂}, ãäå

ŝ1 =

 1
0

1/2

 , ŝ2 =

 0
1
−1/2

 , l̂ =

 1
0
−1

 ,

è ïðîåêöèîííûå ìàòðèöû

Ŝ1 =

 1 0 0
0 0 0

1/2 0 0

 , Ŝ2 =

0 0 0
0 1 0
0 −1/2 0

 , Ŝ = Ŝ1 + Ŝ2 , F̂ =

 1 0 0
0 0 0
−1 0 0

 .

Èñïîëüçóÿ ïðîåêöèîííûå ìàòðèöû ŜT , ŜT1 , Ŝ
T
2 , F̂

T è âåêòîð x10, ïîëó÷à-
åì ïîäïðîñòðàíñòâà èç ðàçëîæåíèé (1), (19): Xs = Xs1+̇Xs2 = Lin{si}2i=1,

Xs1 = Lin{s1}, Xs2 = Lin{s2}, Xr = Lin{p}, Ys = Ys1+̇Ys2 = Lin{li}2i=1,

Ys1 = Lin{l1}, Ys2 = Lin{l2}, Yr = Lin{q}, ãäå

s1 =

1
0
0

 , s2 =

1
0
1

 , p =

0
1
0

 , l1 =

1
0
0

 , l2 =

0
1
0

 , q =

−1/2
1/2
1

 .
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Òîãäà ïðîåêöèîííûå ìàòðèöû, ñîîòâåòñòâóþùèå ïðîåêòîðàì S : R3 → Xs,
F : R3 → Ys, Si : R3 → Xsi , Fi : R3 → Ysi , i = 1, 2, S = S1 + S2, F = F1 + F2,
P : R3 → Xr, Q : R3 → Yr, èìåþò âèä

S1 = F̂ T , S2 =

0 0 1
0 0 0
0 0 1

 , P =

0 0 0
0 1 0
0 0 0

 ,

F1 = ŜT1 , F2 = ŜT2 , Q =

0 0 −1/2
0 0 1/2
0 0 1

 .

Ëåãêî ïðîâåðèòü, ÷òî Ar = QA|Xr = 0 è Br = QB|Xr îáðàòèì. Ñëåäî-
âàòåëüíî, λAr + Br � ðåãóëÿðíûé ïó÷îê èíäåêñà 1 è ïîäïðîñòðàíñòâà èç
ðàçëîæåíèé (29) èìåþò âèä: X1 = {0}, X2 = Xr, Y1 = {0}, Y2 = Yr, à ïðîå-
êòîðû Pk : R3 → Xk, Qk : R3 → Yk, k = 1, 2, òàêîâû: P1 = 0, P2 = P , Q1 = 0,
Q2 = Q.

Îïåðàòîðàì Agen, Bgen, Bund, Bov (Agen = Agen|Xs1 ∈ L(Xs1 , Ys1),

Bgen = Bgen|Xs1 ∈ L(Xs1 , Ys1), Bund = Bund|Xs2 ∈ L(Xs2 , Ys1), Bov =

Bov|Xs1 ∈ L(Xs1 , Ys2)), ââåäåííûì â (23), è ïîëóîáðàòíîìó îïåðàòîðó A
(−1)
gen

(A−1gen = A
(−1)
gen

∣∣∣
Ys1

∈ L(Ys1 , Xs1), A
(−1)
gen óäîâëåòâîðÿåò (25)) îòíîñèòåëüíî ñòàí-

äàðòíûõ áàçèñîâ â R3 ñîîòâåòñòâóþò ìàòðèöû Agen = A, Bund = 0,

Bgen =

1 0 −1
0 0 0
0 0 0

 , Bov =

0 0 0
1 0 −1
0 0 0

 , A(−1)
gen =

1 0 1/2
0 0 0
0 0 0

 .

5. Ïðèâåäåíèå äèôôåðåíöèàëüíî-îïåðàòîðíîãî óðàâíåíèÿ ñ

ñèíãóëÿðíûì ïó÷êîì îïåðàòîðîâ

Ðàññìîòðèì äèôôåðåíöèàëüíî-îïåðàòîðíîå óðàâíåíèå âèäà

d

dt
[Ax] +Bx = f(t, x), (40)

ãäå A, B : Rn → Rm è f(t, x) ∈ C([0,∞)× Rn,Rm).

Âëèÿíèå ëèíåéíîé ÷àñòè
d

dt
[Ax] + Bx óðàâíåíèÿ (40) îïðåäåëÿåòñÿ ñâîé-

ñòâàìè õàðàêòåðèñòè÷åñêîãî ïó÷êà λA+B. Â îáùåì, ïó÷îê λA+B ÿâëÿåòñÿ
ñèíãóëÿðíûì.

Óðàâíåíèÿ òèïà (40) òàêæå íàçûâàþò ïîëóëèíåéíûìè äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèìè óðàâíåíèÿìè (ÄÀÓ). Ïîëóëèíåéíîå ÄÀÓ ñ ñèíãóëÿðíûì ïó-
÷êîì íàçûâàåòñÿ ñèíãóëÿðíûì èëè íåðåãóëÿðíûì.

Ïðåäïîëîæèì, ÷òî ñèíãóëÿðíûé ïó÷îê èìååò ðåãóëÿðíûé áëîê λAr + Br
(ñì. (2)) èíäåêñà íå âûøå 1.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì89 (2019) 55

Ïðèìåíÿÿ ê óðàâíåíèþ (40) ïðîåêòîðû Fi, Qi, i = 1, 2, (ñì. (21), (32)) è
èñïîëüçóÿ èõ ñâîéñòâà, ïîëó÷àåì ýêâèâàëåíòíóþ ñèñòåìó

d

dt
(F1AS1x) + F1BSx = F1f(t, x),

d

dt
(Q1AP1x) +Q1BP1x = Q1f(t, x),

Q2BP2x = Q2f(t, x),

F2BS1x = F2f(t, x).

(41)

Îòíîñèòåëüíî ðàçëîæåíèé (26), (29) ëþáîé âåêòîð x ∈ Rn åäèíñòâåííûì
îáðàçîì ïðåäñòàâèì â âèäå

x = xs + xr = xs1 + xs2 + xp1 + xp2 , (42)

ãäå xs = Sx ∈ Xs, xr = Px ∈ Xr, xsi = Six ∈ Xsi , xpi = Pix ∈ Xi, i = 1, 2.
Èñïîëüçóÿ ïðåäñòàâëåíèå (42) è ó÷èòûâàÿ áëî÷íóþ ñòðóêòóðó ñèíãóëÿð-

íîãî ïó÷êà, à èìåííî âèä îïåðàòîðîâ (23) è (33), ïîëó÷àåì ñèñòåìó, ýêâèâà-
ëåíòíóþ (41):

d

dt
(Agenxs1) + Bgenxs1 + Bundxs2 = F1f(t, x),

d

dt
(A1xp1) + B1xp1 = Q1f(t, x),

B2xp2 = Q2f(t, x),

Bovxs1 = F2f(t, x).

(43)

Çàìåòèì, ÷òî ìîæíî ñóçèòü îïåðàòîðû â óðàâíåíèÿõ ñèñòåìû (41) è èñïîëü-
çîâàòü â (43) âìåñòî (23), (33) ñóæåííûå îïåðàòîðû (24), (34).

Óìíîæàÿ óðàâíåíèÿ ñèñòåìû (43) ñîîòâåòñòâåííî íà A
(−1)
gen , A

(−1)
1 , B

(−1)
2 ,

ïîëó÷àåì ýêâèâàëåíòíóþ ñèñòåìó

d

dt
xs1 = A(−1)

gen [F1f(t, x)−Bgenxs1 −Bundxs2 ],

d

dt
xp1 = A

(−1)
1 [Q1f(t, x)−B1xp1 ],

xp2 = B
(−1)
2 Q2f(t, x),

Bovxs1 = F2f(t, x).

(44)

Åñëè â (43) èñïîëüçóþòñÿ ñóæåííûå îïåðàòîðû (24), (34), òî óðàâíåíèÿ ñè-

ñòåìû (43) óìíîæàþòñÿ íà ñóæåííûå îïåðàòîðû A−1gen = A
(−1)
gen

∣∣∣
Ys1

, A−11 =

A
(−1)
1

∣∣∣
Y1
, B−12 = B

(−1)
2

∣∣∣
Y2
.

Òàêèì îáðàçîì, ìû ñâåëè ñèíãóëÿðíîå ïîëóëèíåéíîå ÄÀÓ (40) ê ýêâèâà-
ëåíòíîé ñèñòåìå (44) èç ÷èñòî äèôôåðåíöèàëüíûõ è ÷èñòî àëãåáðàè÷åñêèõ
óðàâíåíèé.
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Ýòè ðåçóëüòàòû èñïîëüçóþòñÿ ïðè äîêàçàòåëüñòâå òåîðåì îá óñòîé÷èâîñòè
è íåóñòîé÷èâîñòè ïî Ëàãðàíæó ñèíãóëÿðíîãî ïîëóëèíåéíîãî ÄÀÓ (40) [2,
Òåîðåìû 1, 2].

6. Âûâîäû

Îïèñàíà áëî÷íàÿ ñòðóêòóðà ñèíãóëÿðíîãî ïó÷êà îïåðàòîðîâ, ñîñòîÿùàÿ
èç ñèíãóëÿðíîãî è ðåãóëÿðíîãî áëîêîâ, â êîòîðûõ âûäåëåíû íóëåâûå è îáðà-
òèìûå áëîêè. Ïîäðîáíî îïèñàí ìåòîä íàõîæäåíèÿ áëî÷íîé ñòðóêòóðû ïó÷êà
è ñîîòâåòñòâóþùèõ ïðÿìûõ ðàçëîæåíèé ïðîñòðàíñòâ. Ïîêàçàíû ñïîñîáû ïî-
ñòðîåíèÿ ïðîåêòîðîâ, ïîçâîëÿþùèõ âûäåëèòü òðåáóåìûå áëîêè.

Áëàãîäàðíîñòü. Èññëåäîâàíèå âûïîëíåíî ïðè ÷àñòè÷íîé ãðàíòîâîé
ïîääåðæêå Ãîñóäàðñòâåííîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé
(ïðîåêò Ô83/82-2018).
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ÔiëiïêîâñüêàÌ.Ñ. Áëîêîâà ôîðìà ñèíãóëÿðíîãî æìóòêà îïåðàòîðiâ i ìå-

òîä ¨¨ îòðèìàííÿ. Îïèñàíî áëîêîâó ôîðìó ñèíãóëÿðíîãî æìóòêà îïåðàòîðiâ
λA + B, äå λ � êîìïëåêñíèé ïàðàìåòð, à ëiíiéíi îïåðàòîðè A, B äiþòü ó ñêií÷åí-
íîâèìiðíèõ ïðîñòîðàõ. Æìóòîê îïåðàòîðiâ λA + B íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî
n = m = rk(λA+B), äå rk(λA+B) � ðàíã æìóòêà òà m, n � ðîçìiðíîñòi ïðîñòîðiâ
(îïåðàòîðè âiäîáðàæàþòü n-ìiðíèé ïðîñòið ó m-ìiðíèé). Â iíøèõ âèïàäêàõ, òîáòî
ÿêùî n 6= m àáî n = m òà rk(λA + B) < n, æìóòîê íàçèâà¹òüñÿ ñèíãóëÿðíèì (íå-
ðåãóëÿðíèì). Áëîêîâà ôîðìà (ñòðóêòóðà) ñêëàäà¹òüñÿ ç ñèíãóëÿðíîãî áëîêó, ÿêèé
¹ ñóòî ñèíãóëÿðíèì æìóòêîì (òîáòî âiä íüîãî íåìîæëèâî âiäîêðåìèòè ðåãóëÿðíèé
áëîê) i ðåãóëÿðíîãî áëîêó. Ó öèõ áëîêàõ âèäiëåíî íóëüîâi áëîêè òà áëîêè, ÿêi ¹ îáî-
ðîòíèìè îïåðàòîðàìè. Äåòàëüíî îïèñàíî ìåòîä îòðèìàííÿ áëîêîâî¨ ôîðìè ñèíãó-
ëÿðíîãî æìóòêà îïåðàòîðiâ ó äâîõ ñïåöiàëüíèõ âèïàäêàõ, êîëè rk(λA+B) = m < n
òà rk(λA + B) = n < m, i â çàãàëüíîìó âèïàäêó, êîëè rk(λA + B) < n,m. Íà-
äàíî ñïîñîáè ïîáóäîâè ïðîåêòîðiâ íà ïiäïðîñòîðè ç ïðÿìèõ ðîçêëàäàíü, âiäíîñíî
ÿêèõ æìóòîê ìà¹ ïîòðiáíèé áëîêîâèé âèãëÿä. Çà äîïîìîãîþ öèõ ïðîåêòîðiâ ìîæíà
çíàéòè âèãëÿä áëîêiâ i, âiäïîâiäíî, áëîêîâó ôîðìó æìóòêà. Íàâåäåíî ïðèêëàäè çíà-
õîäæåííÿ áëîêîâî¨ ôîðìè äëÿ ðiçíèõ òèïiâ ñèíãóëÿðíèõ æìóòêiâ. Äëÿ îòðèìàííÿ
áëîêîâî¨ ôîðìè, çîêðåìà, âèêîðèñòîâóâàëèñÿ ðåçóëüòàòè, ùî ñòîñóþòüñÿ çâåäåííÿ
ñèíãóëÿðíîãî æìóòêà ìàòðèöü äî êàíîíi÷íîãî êâàçiäiàãîíàëüíîãî âèãëÿäó, ÿêèé íà-
çèâàþòü êàíîíi÷íîþ ôîðìîþ Âåé¹ðøòðàññà-Êðîíåêåðà. Òàêîæ âèêîðèñòîâóþòüñÿ
ìåòîäè ëiíiéíî¨ àëãåáðè.

Îòðèìàíà áëîêîâà ôîðìà æìóòêà òà âiäïîâiäíi ïðîåêòîðè ìîæóòü áóòè âèêîðè-
ñòàíi ïðè ðîçâ'ÿçàííi ðiçíîìàíiòíèõ çàäà÷. Çîêðåìà, âîíè ìîæóòü áóòè çàñòîñîâàíi
äëÿ çâåäåííÿ ñèíãóëÿðíîãî íàïiâëiíiéíîãî äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ
äî åêâiâàëåíòíî¨ ñèñòåìè iç ñóòî äèôåðåíöiàëüíèõ i ñóòî àëãåáðà¨÷íèõ ðiâíÿíü. Öå
çíà÷íî ïîëåãøó¹ àíàëiç òà ðîçâ'ÿçàííÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü.
Êëþ÷îâi ñëîâà: æìóòîê îïåðàòîðiâ; æìóòîê ìàòðèöü; ñèíãóëÿðíèé; ðåãóëÿðíèé
áëîê; áëîêîâà ôîðìà; ñòðóêòóðà.

M. S. Filipkovska (Filipkovskaya). A block form of a singular pencil of operators

and a method of obtaining it. A block form of a singular operator pencil λA + B,
where λ is a complex parameter, and the linear operators A, B act in �nite-dimensional
spaces, is described. An operator pencil λA+B is called regular if n = m = rk(λA+B),
where rk(λA + B) is the rank of the pencil and m, n are the dimensions of spaces
(the operators map an n-dimensional space into an m-dimensional one); otherwise, if
n 6= m or n = m and rk(λA + B) < n, the pencil is called singular (irregular). The
block form (structure) consists of a singular block, which is a purely singular pencil,
i.e., it is impossible to separate out a regular block in this pencil, and a regular block.
In these blocks, zero blocks and blocks, which are invertible operators, are separated
out. A method of obtaining the block form of a singular operator pencil is described in
detail for two special cases, when rk(λA + B) = m < n and rk(λA + B) = n < m,
and for the general case, when rk(λA + B) < n,m. Methods for the construction of
projectors onto subspaces from the direct decompositions, relative to which the pencil
has the required block form, are given. Using these projectors, we can �nd the form of
the blocks and, accordingly, the block form of the pencil. Examples of �nding the block
form for the various types of singular pencils are presented. To obtain the block form,
in particular, the results regarding the reduction of a singular pencil of matrices to the
canonical quasidiagonal form, which is called the Weierstrass-Kronecker canonical form,
are used. Also, methods of linear algebra are used.

The obtained block form of the pencil and the corresponding projectors can be used
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to solve various problems. In particular, it can be used to reduce a singular semili-
near di�erential-operator equation to the equivalent system of purely di�erential and
purely algebraic equations. This greatly simpli�es the analysis and solution of di�erential-
operator equations.
Keywords: operator pencil; matrix pencil; singular; regular block; block form; structure.
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