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Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ íåëèíåé-
íîé íåòåðîâîé êðàåâîé çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèõ óðàâíåíèé. Èññëåäîâàí ñëó÷àé íåâûðîæäåííîé
ñèñòåìû äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé, à èìåííî:
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû, ïðèâîäèìîé ê ñèñòåìå
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïðîèçâîëüíîé íåïðåðûâ-
íîé ôóíêöèåé.
Êëþ÷åâûå ñëîâà: íåëèíåéíûå íåòåðîâû êðàåâûå çàäà÷è; äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèå óðàâíåíèÿ; ïñåâäîîáðàòíûå ìàòðèöû.

Í¹ñì¹ëîâà Î.Â. Ñëàáêîíåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæå-

íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì. Îòðèìàíî äîñòàòíi óìî-
âè iñíóâàííÿ ðîçâ'ÿçêó íåëiíiéíî¨ íåòåðîâî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè
äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü. Äîñëiäæåíî âèïàäîê íåâèðîäæåíî¨
ñèñòåìè äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü, à ñàìå: äèôåðåíöiàëüíî-
àëãåáðà÷íî¨ ñèñòåìè, ùî ïðèâîäèòüñÿ äî ñèñòåìè çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü ç äîâiëüíîþ íåïåðåðâíîþ ôóíêöi¹þ.
Êëþ÷îâi ñëîâà: íåëiíiéíi íåòåðîâi êðàéîâi çàäà÷i; äèôåðåíöiàëüíî-
àëãåáðà¨÷íi ðiâíÿííÿ; ïñåâäîîáåðíåíà ìàòðèöÿ.

O.V. Nesmelova. Seminonlinear boundary value problems for

nondegenerate di�erential-algebraic system. We obtained su�cient
conditions of the existence of the nonlinear Noetherian boundary value problem
solution for the system of di�erential-algebraic equations. We studied the case
of the nondegenerate system of di�erential-algebraic equations, namely: the
di�erential-algebraic system reduced to the system of ordinary di�erential
equations with the arbitrary continuous function.
Keywords: nonlinear Noetherian boundary value problems; di�erential-
algebraic equations; pseudoinverse matrices.

2010 Mathematics Subject Classi�cation 34B15.

1. Ëèíåéíûå êðàåâûå çàäà÷è äëÿ íåâûðîæäåííûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé z(t) ∈ C1[a, b] ëèíåéíîé äèôôå-
ðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

A(t)z′(t) = B(t)z(t) + f(t), `z(·) = α, α ∈ Rk; (1)
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çäåñü
A(t), B(t) ∈ Cm×n[a, b] := C[a, b]⊗ Rm×n

� íåïðåðûâíûå ìàòðèöû, f(t) ∈ C[a, b] � íåïðåðûâíûé âåêòîð-ñòîëáåö; `z(·)
� ëèíåéíûé îãðàíè÷åííûé ôóíêöèîíàë: `z(·) : C[a, b] → Rk. Ìàòðèöó A(t)
ïðåäïîëàãàåì, âîîáùå ãîâîðÿ, ïðÿìîóãîëüíîé: m 6= n, ëèáî êâàäðàòíîé, íî
âûðîæäåííîé.

Èññëåäîâàíèþ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ óðàâíåíèé ïðè ïîìîùè
öåíòðàëüíîé êàíîíè÷åñêîé ôîðìû è ñîâåðøåííûõ ïàð è òðîåê ìàòðèö ïî-
ñâÿùåíû ìîíîãðàôèè [1, 2, 3, 4]. Â ñòàòüÿõ [5, 6] ïðåäëîæåíà ñåðèÿ äîñòàòî-
÷íûõ óñëîâèé ðàçðåøèìîñòè, à òàêæå êîíñòðóêöèÿ îáîáùåííîãî îïåðàòîðà
Ãðèíà çàäà÷è Êîøè äëÿ ëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòå-
ìû (1) áåç èñïîëüçîâàíèÿ öåíòðàëüíîé êàíîíè÷åñêîé ôîðìû è ñîâåðøåííûõ
ïàð è òðîåê ìàòðèö. Â ñòàòüå [7] ïðåäëîæåíû óñëîâèÿ ðàçðåøèìîñòè, à òà-
êæå êîíñòðóêöèè îáîáùåííîãî îïåðàòîðà Ãðèíà êðàåâîé çàäà÷è ëèíåéíîé
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (1). Ïðè óñëîâèè [5, 6, 7]

PA∗(t) = 0, A+(t)B(t) ∈ Cn×n[a; b], A+(t)f(t) ∈ C[a; b] (2)

ñèñòåìà (1) ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé

z′ = A+(t)B(t)z + F0(t, ν0(t)); (3)

çäåñü rank A(t) := σ0 = m ≤ n. Êðîìå òîãî,

F0(t, ν0(t)) := A+(t)f(t) + PAρ0 (t)ν0(t),

A+(t) � ïñåâäîîáðàòíàÿ (ïî Ìóðó � Ïåíðîóçó), PA∗(t) � ìàòðèöà-îðòîïðîåêòîð
[12]: PA∗(t) : Rm → N(A∗(t)), PAρ0 (t) � (n × ρ0)− ìàòðèöà, ñîñòàâëåííàÿ èç
ρ0 ëèíåéíî-íåçàâèñèìûõ ñòîëáöîâ (n× n)− ìàòðèöû-îðòîïðîåêòîðà

PA(t) : Rn → N(A(t)).

Òàêèì îáðàçîì, ïðè óñëîâèè ρ0 6= 0 ñèñòåìà (3), ðàçðåøåííàÿ îòíîñèòåëüíî
ïðîèçâîäíîé, çàâèñèò îò ïðîèçâîëüíîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t).
Îáîçíà÷èì X0(t) íîðìàëüíóþ ôóíäàìåíòàëüíóþ ìàòðèöó

X ′0(t) = A+(t)B(t)X0(t), X0(a) = In

ïîëó÷åííîé òðàäèöèîííîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé (3). Çàìåòèì, ÷òî íîðìàëüíàÿ ôóíäàìåíòàëüíàÿ ìàòðèöàX0(t) íåâûðî-
æäåíà. Ïðè óñëîâèè (2) ñèñòåìà (3), à ñëåäîâàòåëüíî è ñèñòåìà (1), èìååò
ðåøåíèå âèäà

z(t, c) = X0(t)c+X0(t)

t∫
a

X−10 (s)F0(s, ν0(s)) ds, c ∈ Rn.

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ ëåììà [7].
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Ëåììà 1 Ïðè óñëîâèè (2) ñèñòåìà (1) èìååò ðåøåíèå âèäà

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ Rn,

ãäå

K

[
f(s), ν0(s)

]
(t) := X0(t)

t∫
a

X−10 (s)F0(s, ν0(s)) ds

� îáîáùåííûé îïåðàòîð Ãðèíà çàäà÷è Êîøè z(a) = 0 äëÿ äèôôåðåíöèàëüíî-

àëãåáðàè÷åñêîé ñèñòåìû (1).

Ïîñêîëüêó ïðè óñëîâèè (2) ñèñòåìà (1) ðàçðåøèìà äëÿ ëþáîé íåîäíîðî-
äíîñòè f(t), ïîñòîëüêó, ïî àíàëîãèè ñ êëàññèôèêàöèåé èìïóëüñíûõ êðàåâûõ
çàäà÷ [9, 10] ñëó÷àé (2) áóäåì íàçûâàòü íåâûðîæäåííûì. Ñ äðóãîé ñòîðîíû, â
îòëè÷èå îò êëàññèôèêàöèè èìïóëüñíûõ êðàåâûõ çàäà÷ ðå÷ü èäåò î ðàçðåøè-
ìîñòè äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû (1), à íå ñîîòâåòñòâóþùåé
êðàåâîé çàäà÷è. Ïðåäïîëîæèì, ÷òî óðàâíåíèå (1) óäîâëåòâîðÿåò òðåáîâàíèÿì
ëåììû 1. Ïîäñòàâëÿÿ îáùåå ðåøåíèå

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ Rn

çàäà÷è Êîøè z(a) = c äëÿ äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîãî óðàâíåíèÿ (1)
â êðàåâîå óñëîâèå (1), ïðèõîäèì ê ëèíåéíîìó àëãåáðàè÷åñêîìó óðàâíåíèþ

Qc = α− `K
[
f(s), ν0(s)

]
(·). (4)

Óðàâíåíèå (4) ðàçðåøèìî òîãäà è òîëüêî òîãäà, êîãäà

PQ∗
d

{
α− `K

[
f(s), ν0(s)

]
(·)
}

= 0. (5)

Çäåñü PQ∗ � îðòîïðîåêòîð: Rk → N(Q∗); ìàòðèöà PQ∗
d
ñîñòàâëåíà èç d ëèíåéíî

íåçàâèñèìûõ ñòðîê îðòîïðîåêòîðà PQ∗ , êðîìå òîãî Q := `X0(·) ∈ Rk×n. Ïðè
óñëîâèè (5) è òîëüêî ïðè íåì îáùåå ðåøåíèå óðàâíåíèÿ (4)

c = Q+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+ PQr cr, cr ∈ Rr

îïðåäåëÿåò îáùåå ðåøåíèå êðàåâîé çàäà÷è (1)

z(t, cr) = Xr(t)cr +X0(t)Q
+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+K

[
f(s), ν0(s)

]
(t).

Çäåñü PQ � ìàòðèöà-îðòîïðîåêòîð: Rn → N(Q); ìàòðèöà PQr ∈ Rn×r ñîñòàâ-
ëåíà èç r ëèíåéíî íåçàâèñèìûõ ñòîëáöîâ îðòîïðîåêòîðà PQ. Òàêèì îáðàçîì,
äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 1 Ïðåäïîëîæèì, ÷òî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîå óðàâíåíèå

(1) óäîâëåòâîðÿåò òðåáîâàíèÿì ëåììû 1. Ïðè óñëîâèè (5) è òîëüêî ïðè

íåì äëÿ ôèêñèðîâàííîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t) ∈ C[a, b] îáùåå

ðåøåíèå äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (1)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé

êðàåâîé çàäà÷è (1)

G

[
f(s); ν0(s);α

]
(t) := X0(t)Q

+

{
α− `K

[
f(s), ν0(s)

]
(·)
}

+K

[
f(s), ν0(s)

]
(t).

Ñëåäñòâèå 1 Ïðåäïîëîæèì, ÷òî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîå óðàâíå-

íèå (1) óäîâëåòâîðÿåò òðåáîâàíèÿì ëåììû 1. Ïðè óñëîâèè PQ∗ = 0, êðàåâàÿ
çàäà÷à (1) ðàçðåøèìà äëÿ ëþáûõ íåîäíîðîäíîñòåé f(t) è α. Îáùåå ðåøåíèå

êðàåâîé çàäà÷è (1)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr

îïðåäåëÿåò îáîáùåííûé îïåðàòîð Ãðèíà G[f(s); ν0(s);α](t) äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (1).

Ïðèìåð 1. Òðåáîâàíèÿì ñëåäñòâèÿ 1 óäîâëåòâîðÿåò äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà÷à

A(t) z′(t) = B(t)z(t) + f(t), `z(·) := Υ (z(0) + z(π)) = 0, (6)

ãäå

A(t) :=

(
1 0 0
0 1 0

)
, B(t) :=

(
0 1 0
−1 0 1

)
,

êðîìå òîãî

f(t) :=

(
0

cos 3t

)
, Υ :=

(
1 0 0
0 1 0

)
.

Ïîñêîëüêó óñëîâèå (2) âûïîëíåíî, ïîñòîëüêó ñèñòåìà (6) íåâûðîæäåíà è
èìååò ðåøåíèå âèäà

z(t, c) = X0(t)c+K

[
f(s), ν0(s)

]
(t), c ∈ R3,

ãäå

X0(t) =

 cos t sin t 1− cos t
− sin t cos t sin t

0 0 1

 ,K

[
f(s), ν0(s)

]
(t) =

1

8

 cos t− cos 3t
sin 3t− sin t

0

 .
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Â äàííîì ñëó÷àå ìàòðèöà A(t) ïðÿìîóãîëüíàÿ, ïðè ýòîì

ρ0 = 1 6= 0, PA(t) =

 0 0 0
0 0 0
0 0 1

 , PAρ0 (t) =

 0
0
1

 ,

ïîýòîìó íàéäåííîå ðåøåíèå çàâèñèò îò ïðîèçâîëüíîé íåïðåðûâíîé ñêàëÿðíîé
ôóíêöèè; â äàííîì ñëó÷àå ν0(t) := 0. Îáùåå ðåøåíèå îäíîðîäíîé çàäà÷è (6)
îïðåäåëÿåò ìàòðèöà ïîëíîãî ðàíãà

Q =

(
2 0 0
0 2 0

)
, PQ∗ = 0.

Òàêèì îáðàçîì, íàõîäèì îáùåå ðåøåíèå íåîäíîðîäíîé çàäà÷è (6)

z(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ R1;

çäåñü

Xr(t) =
(

1− cos t sin t 1
)∗
, G

[
f(s); ν0(s);α

]
(t) = K

[
f(s), ν0(s)

]
(t)

� îáîáùåííûé îïåðàòîð Ãðèíà äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé
çàäà÷è (6).

2. Íåëèíåéíûå êðàåâûå çàäà÷è äëÿ íåâûðîæäåííûõ
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêèõ ñèñòåì

Èññëåäóåì çàäà÷ó î ïîñòðîåíèè ðåøåíèé

z(t, ε) : z(·, ε) ∈ C1[a, b], z(t, ·) ∈ C1[0, ε0]

íåëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

A(t)z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, t, ε), (7)

`z(·, ε) = α. (8)

Ðåøåíèÿ íåòåðîâîé (n 6= k) êðàåâîé çàäà÷è (7), (8) èùåì â ìàëîé îêðåñòíîñòè
ðåøåíèÿ z0(t) ∈ C1[a, b] ïîðîæäàþùåé çàäà÷è

A(t)z′0(t) = B(t)z0(t) + f(t), `z0(·) = α. (9)

Çäåñü Z(z, t, ε) � íåëèíåéíàÿ ôóíêöèÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïî
íåèçâåñòíîé z(t) â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïîðîæäàþùåé çàäà÷è, íåïðå-
ðûâíàÿ ïî t ∈ [a, b] è íåïðåðûâíàÿ ïî ìàëîìó ïàðàìåòðó. Íåëèíåéíàÿ äèô-
ôåðåíöèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà÷à (7) îáîáùàåò ìíîãî÷èñëåííûå
ïîñòàíîâêè íåëèíåéíûõ íåòåðîâûõ êðàåâûõ çàäà÷ [11, 12]. Ïðåäïîëîæèì, ÷òî
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ïîðîæäàþùàÿ êðàåâàÿ çàäà÷à (9) óäîâëåòâîðÿåò òðåáîâàíèÿì ñëåäñòâèÿ 1;
ïðè ýòîì ñèñòåìà (7) ðàçðåøèìà îòíîñèòåëüíî ïðîèçâîäíîé

z′ = A+(t)B(t)z + F0(t, ν0(t)) + εA+(t)Z(z, t, ε). (10)

Ïðåäïîëîæèì, ÷òî ïîðîæäàþùàÿ êðàåâàÿ çàäà÷à (9) íåâûðîæäåíà è íåêðè-
òè÷íà (PQ∗ = 0), òî åñòü, óäîâëåòâîðÿåò òðåáîâàíèÿì ñëåäñòâèÿ 1, ïðè ýòîì
ïîðîæäàþùàÿ çàäà÷à (9) ðàçðåøèìà äëÿ ëþáûõ íåîäíîðîäíîñòåé f(t) è α.
Îáùåå ðåøåíèå ïîðîæäàþùåé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çà-
äà÷è (9) äëÿ ôèêñèðîâàííîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t) ∈ C[a, b] èìå-
åò âèä

z0(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr.

Ðåøåíèÿ êðàåâîé çàäà÷è (8), (10) èùåì â ìàëîé îêðåñòíîñòè ðåøåíèÿ ïî-
ðîæäàþùåé çàäà÷è: z(t, ε) = z0(t, cr) + x(t, ε). Ôèêñèðóÿ îäíó èç êîíñòàíò
cr ∈ Rr, äëÿ íàõîæäåíèÿ âåêòîðà

x(t, ε) : x(·, ε) ∈ C1[a, b], x(t, ·) ∈ C1[0, ε0], x(t, 0) ≡ 0

àíàëîãè÷íî [12], ïðèõîäèì ê çàäà÷å

x′ = A+(t)B(t)x+ εA+(t)Z(z0 + x, t, ε), `x(·, ε) = 0. (11)

Â íåêðèòè÷åñêîì ñëó÷àå çàäà÷à (11) ðàçðåøèìà äëÿ ëþáîé íåëèíåéíîñòè.
Îáùåå ðåøåíèå äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (11) äëÿ
ôèêñèðîâàííîé íåïðåðûâíîé âåêòîð-ôóíêöèè ν0(t) ∈ C[a, b] èìååò âèä

x(t, ε) = Xr(t)c(ε) +G

[
A+(s)Z(z0 + x, s, ε); ν0(s); 0

]
(t).

Ðåøåíèÿ êðàåâîé çàäà÷è (7), (8) ïðè ýòîì îïðåäåëÿåò îïåðàòîðíàÿ ñèñòåìà
[12, 13]

z(t, ε) = z0(t, cr) + x(t, ε), x(t, ε) = Xr(t)c(ε) + x(1)(t, ε),

x(1)(t, ε) = G

[
A+(s)Z(z0 + x, s, ε); ν0(s); 0

]
(t).

Äëÿ ïîñòðîåíèÿ ðåøåíèé ýòîé îïåðàòîðíîé ñèñòåìû ïðèìåíèì ìåòîä ïðîñòûõ
èòåðàöèé; òàêèì îáðàçîì ïîëó÷àåì èòåðàöèîííóþ ñõåìó [12, 13]

zk+1(t, ε) = z0(t, cr) + xk+1(t, ε), k = 0, 1, 2, ... ,

xk+1(t, ε) = Xr(t)c(ε) + x
(1)
k+1(t, ε), (12)

x
(1)
k+1(t, ε) = G

[
A+(s)Z(z0 + xk, s, ε); ν0(s)

]
(t).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 2 Ïðåäïîëîæèì, ÷òî äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîå óðàâíå-

íèå (9) óäîâëåòâîðÿåò òðåáîâàíèÿì ñëåäñòâèÿ 1. Â íåêðèòè÷åñêîì ñëó÷àå

(PQ∗ = 0) ïîðîæäàþùàÿ çàäà÷à (9) ðàçðåøèìà ïðè ëþáûõ íåîäíîðîäíîñòÿõ

äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé ñèñòåìû è êðàåâîãî óñëîâèÿ (9) è èìååò

r− ëèíåéíî-íåçàâèñèìûõ ðåøåíèé

z0(t, cr) = Xr(t)cr +G

[
f(s); ν0(s);α

]
(t), cr ∈ Rr.

Ïðè äîïîëíèòåëüíîì óñëîâèè

A+(·)Z(z, ·, ε) ∈ C[a; b], A+(t)Z(·, t, ε) ∈ C
[
||z − z0|| < q

]
(13)

äëÿ ïîñòðîåíèÿ ðåøåíèé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è

(7), (8) ïðèìåíèìà ñõîäÿùàÿñÿ ïðè ε ∈ [0, ε∗] èòåðàöèîííàÿ ñõåìà (12).

Äëÿ îïðåäåëåíèÿ âåëè÷èíû ε∗ ìîæåò áûòü èñïîëüçîâàí ìåòîä ìàæîðèðó-
þùèõ óðàâíåíèé Ëÿïóíîâà [11, 12]; êðîìå òîãî, àíàëîãè÷íàÿ îöåíêà âåëè÷èíû
ε∗ íàéäåíà â ñòàòüå [13].

Ïðèìåð 2. Òðåáîâàíèÿì òåîðåìû 2 óäîâëåòâîðÿåò íåëèíåéíàÿ äèôôåðåí-
öèàëüíî-àëãåáðàè÷åñêàÿ êðàåâàÿ çàäà÷à

A(t) z′(t, ε) = B(t)z(t, ε) + f(t) + εZ(z, ε), `z(·, ε) = 0, (14)

ãäå

A(t) :=

(
1 0 0
0 1 0

)
, B(t) :=

(
0 1 0
−1 0 1

)
,

êðîìå òîãî

z(t, ε) :=

(
za(t, ε)
zb(t, ε)

)
, f(t) :=

(
0

cos 3t

)
, Υ :=

(
1 0 0
0 1 0

)
,

Z(z, ε) :=

(
0

z3a(t, ε)

)
, `z(·, ε) := Υ (z(0, ε) + z(π, ε)).

Â ïðèìåðå 2 áûëî ïîêàçàíî, ÷òî ïîðîæäàþùàÿ ñèñòåìà äëÿ óðàâíåíèÿ (14)
íåâûðîæäåíà, à òàêæå íàéäåíû ìàòðèöà X0(t) è îïåðàòîð K[f(s), ν0(s)](t). Â
ñëó÷àå óðàâíåíèÿ (14) ïîðîæäàþùåå ðåøåíèå çàâèñèò îò ïðîèçâîëüíîé íåïðå-
ðûâíîé ôóíêöèè; ïîëîæèì, êàê è â ïðèìåðå 2: ν0(t) := 0.Ôèêñèðóÿ êîíñòàíòó
cr := 10−1, íàõîäèì

z0(t, cr) =
1

40

 4 + cos t− 5 cos 3t
15 sin 3t− sin t

4

 .
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Äëÿ ïîñòðîåíèÿ ðåøåíèé íåëèíåéíîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðà-
åâîé çàäà÷è (14) ïðèìåíèìà èòåðàöèîííàÿ ñõåìà (12), ïðè ýòîì, ïîëàãàÿ
c(ε) := 0, èìååì:

x1(t, ε) =

 x1a(t, ε)
x1b(t, ε)

0

 ,

ãäå

x1a(t, ε) = − ε

28 672 000

(
− 98 560 + 125 312 cos t− 8 064 cos 2t−

−19 096 cos 3t− 1 792 cos 4t+ 280 cos 5t+ 1 920 cos 6t+ 175 cos 7t−

−175 cos 9t+ 18 480π sin t− 18 480 t sin t

)
,

x1b(t, ε) = − ε

28 672 000

(
18 480 (π − t) cos t− 143 792 sin t+

+16 128 sin 2t+ 57 288 sin 3t+ 7 168 sin 4t− 1 400 sin 5t−

−11 520 sin 6t− 1 225 sin 7t+ 1 575 sin 9t

)
.

Äëÿ îöåíêè òî÷íîñòè íàéäåííûõ ïðèáëèæåíèé ê ðåøåíèþ íåëèíåéíîé
äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (14) îïðåäåëèì íåâÿçêè

∆k(ε) :=

∣∣∣∣∣
∣∣∣∣∣A(t) z′k(t, ε)−B(t)zk(t, ε)− f(t)− εZ(z, ε)

∣∣∣∣∣
∣∣∣∣∣
C[0;2π]

íóëåâîãî è ïåðâîãî ïðèáëèæåíèÿ ê ðåøåíèþ êðàåâîé çàäà÷è (14). Ïîëîæèâ
ε = 0, 1 , k = 0, 1, èìååì

∆0(0, 1) ≈ 0, 00 134 314, ∆1(0, 1) ≈ 8, 94 744 · 10−6.

Îòìåòèì òàêæå, ÷òî ïåðâîå ïðèáëèæåíèå ê ðåøåíèþ êðàåâîé çàäà÷è (14) â
òî÷íîñòè óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ.

Äîêàçàííàÿ òåîðåìà 2 îáîáùàåò ñîîòâåòñòâóþùèå óòâåðæäåíèÿ [12] íà
ñëó÷àé íåëèíåéíîé íåâûðîæäåííîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðà-
åâîé çàäà÷è (7), (8) â íåêðèòè÷åñêîì ñëó÷àå. Ðåçóëüòàòû òåîðåìû 2 ëåãêî
ìîãóò áûòü ïåðåíåñåíû íà ìàòðè÷íûå êðàåâûå çàäà÷è äëÿ äèôôåðåíöèàëü-
íî-àëãåáðàè÷åñêèõ ñèñòåì [14]. Äëÿ ïîñòðîåíèÿ ðåøåíèé íåëèíåéíîé íåâûðî-
æäåííîé äèôôåðåíöèàëüíî-àëãåáðàè÷åñêîé êðàåâîé çàäà÷è (7), (8) ïðèìåíèì
ìåòîä íàèìåíüøèõ êâàäðàòîâ [15].
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Í¹ñì¹ëîâàÎ.Â. Ñëàáêîíåëiíiéíi êðàéîâi çàäà÷i äëÿ íåâèðîäæåíèõ äèôå-

ðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì. Ó ñòàòòi îòðèìàíî äîñòàòíi óìîâè iñíóâàí-
íÿ ðîçâ'ÿçêó íåëiíiéíî¨ íåòåðîâî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòåìè äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü, øèðîêî âèêîðèñòîâóâàíèõ â ìåõàíiöi, åêîíîìiöi, åëåêòðîòåõíi-
öi òà òåîði¨ óïðàâëiííÿ. Äîñëiäæåíî âèïàäîê íåâèðîäæåíî¨ ñèñòåìè äèôåðåíöiàëüíî-
àëãåáðà¨÷íèõ ðiâíÿíü, à ñàìå: äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè, ðîçâ'ÿçíî¨ âiä-
íîñíî ïîõiäíî¨. Â öüîìó âèïàäêó íåëiíiéíà ñèñòåìà äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
ðiâíÿíü çâîäèòüñÿ äî ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç äîâiëüíîþ íå-
ïåðåðâíîþ ôóíêöi¹þ. Äîñëiäæåíà â ñòàòòi íåëiíiéíà äèôåðåíöiàëüíî-àëãåáðà¨÷íà
êðàéîâà çàäà÷à óçàãàëüíþ¹ ÷èñëåííi ïîñòàíîâêè íåëiíiéíèõ íåòåðîâèõ êðàéîâèõ çà-
äà÷, ùî ðîçãëÿäàëèñÿ â ìîíîãðàôiÿõ À.Ì. Ñàìîéëåíêà, Å.Î. Ãðåáåíiêîâà, Þ.Î. Ðÿ-
áîâà, Î.À. Áîé÷óêà i Ñ.Ì ×óéêà, à îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè ïåðåíåñåíi íà
ìàòðè÷íi êðàéîâi çàäà÷i äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ñèñòåì.

Îòðèìàíi â ñòàòòi ðåçóëüòàòè äîñëiäæåííÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàéî-
âèõ çàäà÷, íà âiäìiíó âiä ðîáiò Ñ. Êåìïáåëëà, Â.Ô. Áîÿðèíöåâà, Â.Ô. ×èñòÿêîâà,
À.Ì. Ñàìîéëåíêà i Î.À. Áîé÷óêà, íå ïåðåäáà÷àþòü âèêîðèñòàííÿ öåíòðàëüíî¨ êàíî-
íi÷íî¨ ôîðìè, à òàêîæ äîñêîíàëèõ ïàð i òðiéîê ìàòðèöü. Äëÿ ïîáóäîâè ðîçâ'ÿçêiâ
äàíî¨ êðàéîâî¨ çàäà÷i çàïðîïîíîâàíà iòåðàöiéíà ñõåìà ç âèêîðèñòàííÿì ìåòîäó ïðî-
ñòèõ iòåðàöié.

Çàïðîïîíîâàíi óìîâè ðîçâ'ÿçíîñòi, à òàêîæ ñõåìà çíàõîäæåííÿ ðîçâ'ÿçêiâ íå-
ëiíiéíî¨ íåòåðîâî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i ïðîiëþñòðîâàíi
íà ïðèêëàäi. Äëÿ îöiíêè òî÷íîñòi çíàéäåíèõ íàáëèæåíü äî ðîçâ'ÿçêó íåëiíié-
íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i çíàéäåíi íåâ'ÿçêè îòðèìàíèõ íà-
áëèæåíü ó ïî÷àòêîâîìó ðiâíÿííi. Âiäçíà÷èìî òàêîæ, òî çíàéäåíi íàáëèæåííÿ äî
ðîçâ'ÿçêó íåëiíiéíî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i â òî÷íîñòi âiäïî-
âiäàþòü êðàéîâié óìîâi.
Êëþ÷îâi ñëîâà: íåëiíiéíi íåòåðîâi êðàéîâi çàäà÷i; äèôåðåíöiàëüíî-àëãåáðà¨÷íi ðiâ-
íÿííÿ; ïñåâäîîáåðíåíà ìàòðèöÿ.

Î.V.Nesmelova. Seminonlinear boundary value problems for nondegenerate

di�erential-algebraic system. In the article we obtained su�cient conditions of the
existence of the nonlinear Noetherian boundary value problem solution for the system of
di�erential-algebraic equations which are widely used in mechanics, economics, electrical
engineering, and control theory. We studied the case of the nondegenerate system of
di�erential algebraic equations, namely: the di�erential algebraic system that is solvable
relatively to the derivative. In this case, the nonlinear system of di�erential algebraic
equations is reduced to the system of ordinary di�erential equations with an arbitrary
continuous function. The studied nonlinear di�erential-algebraic boundary-value problem
in the article generalizes the numerous statements of the non-linear non-Gath boundary
value problems considered in the monographs of À.Ì. Samoilenko, E.A. Grebenikov,
Yu.A. Ryabov, A.A. Boichuk and S.M. Chuiko, and the obtained results can be carried
over matrix boundary value problems for di�erential-algebraic systems.

The obtained results in the article of the study of di�erential-algebraic boundary value
problems, in contrast to the works of S. Kempbell, V.F. Boyarintsev, V.F. Chistyakov,
A.M. Samoilenko and A.A. Boychuk, do not involve the use of the central canonical form,
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as well as perfect pairs and triples of matrices. To construct solutions of the considered
boundary value problem, we proposed the iterative scheme using the method of simple
iterations.

The proposed solvability conditions and the scheme for �nding solutions of the nonli-
near Noetherian di�erential-algebraic boundary value problem, were illustrated with an
example. To assess the accuracy of the found approximations to the solution of the nonli-
near di�erential-algebraic boundary value problem, we found the residuals of the obtained
approximations in the original equation. We also note that obtained approximations to
the solution of the nonlinear di�erential-algebraic boundary value problem exactly satisfy
the boundary condition.
Keywords: nonlinear Noetherian boundary value problems; di�erential-algebraic equati-
ons; pseudoinverse matrices.
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