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[e]
ty on G, P an n-fold convolution of P. Under well-known mild conditions,
PM™ — U if n — oo. A lot of estimates of the rate of the convergence are
found in different norms. We consider the groups that have a double transitive
presentation, and the probability P that naturally arises in this presentati-
on. An exact formula for rate of convergency for these groups for the norm
IE|l = > |F(g)|, where F(g) is a function on group G, is given.

geG

Let P be a probability on a finite group G, U(g) the uniform probabili-
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Bumnesenpkuit O.J1., 36ixkHicTh BUNAaAKOBUX OJIyKaHb Ha ABidi TpaH-
3UTUBHIN rpyIi, MOPOPKEHUX 11 IiCTAHOBJIIOBAJIBHAM XapaKTEpPOM.
Hexaii P — iimoBipuicts Ha ckinvenniii rpymi G, U(g) = ﬁ — piBHOMIpHA
itmosipricTs Ha, G, P(™) — n-kparna 3roprka dyukiii P. Jlo6pe Bizomi ymosm,
mpu aKux P ) 5 U npu n — 0o. OmiHI MBUIKOCTI €T 3012KHOCTI I pi3HUX
HOPM IPHCBAIEHO 6araTo pobiT. Mu po3rismaeMo CKiHdeHHI TPy, SKi MAlOTh
JBidl TpaH3UTHBHE 300paskKeHHs IMiICTAHOBKAMH, i iMOBipHiCTL P, 110 mpupo-
JTHO BHHHUKAE B IIbOMY 300pazkenni. B pobori mana rouna ¢opmysia mBUIKOCTI

361>KHOCTI Jyist TaKWX TPy BigHOCHO HOp™H || F|| = > |F(g)|, ne F(g) — byn-
geG

Kiis #Ha rpymi G.

Kaowosi carosa: fiMOBIpHICTD; CKiHYEeHHA TPYIa; 3012KHICTh; 3rOPTKA.

Bumnesenxuit A.JI., CxoamMocCTh cCJydYalHBIX OJIy>XKIaHWiiI Ha JBa-
Kbl TPAH3UTUBHOM TIpyIle, HOPOXIEHHBIX €€ II0ACTaHOBOYHBIM

xapakTepoMm. Ilycrs P — BepositHocrs na koneunoil rpyuue G, U(g) = ﬁ

— paBHOMepHas BeposTHOCTH Ha G, P(™) — n-kparnas cseprka dbyskimmn P.
Xopormo u3sectHb! yeaosust, npu kotopeix P — U mpu n — oo. Ouenke
CKOPOCTH 3TON CXOAUMOCTU JJIS PA3HBIX HOPM IMOCBSIILEHO MHOIO PadoT.
Mpbr paccMaTpuBaeM KOHEUHBIE TPYIIBI, MMEIONHe IBAXKIbl TPAH3UTHBHOE
IpescTaBjeHne IOJACTAaHOBKAMHU, M BEPOSITHOCTH P, KOTOpas eCTeCTBEHHO
BO3HHMKAET B 3TOM m3oOpaxkernu. B pabore mama Tounas (Hopmysia CKOPOCTH
CXOQMMOCTH JIJIl TAKUX IPYyIIl oTHOcuTesbHO HOpMbL ||F|| = Y |F(g)|, rae
geG

F(g) — dyukuus na rpyume G.
Kaouesvie c106a: BEPOATHOCTD; KOHEYHAA IPYIIA; CXOAUMOCTD; CBEPTKA.
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Let P be a probability on a finite group G, U(g) = the uniform probability

1
1G]
on G, P — an n-fold convolution of P. Under well-known mild conditions,
P — U if n — oo (see [1]). A lot of estimates of the rate of the convergence
are found in different norms ([2]). We consider the groups that have a double
transitive presentation (by permutations), and the probability P that naturally
arises in this presentation.

A group G of permutations has its natural character which values equal to the
number of points fixed by permutation . If G is transitive, then (see [1] — [3])

rmzx )=1

geG

so the function P(g) = X(g) is a probability on group G. The probability P(g)

1
. G .
naturally arises for any transitive permutation group G.

The function P(g) is a class (or central) one, i.e. it has the same value on

each class of conjugate elements of group G. There is a scalar product in a linear
space L(G) of class functions: for Fy, Fy € L(G)

(1, F») = ZF1 (1)

geG

where F is complex conjugate to a complex number F. Let Irr(G) =
{1¢,x1,---,xx} be the set of irreducible characters of group G, where 1g is
a principal (or trivial) character. The set Irr(G) form an orthonormal basis of
L(G) with respect to the scalar product (1). So any class probability P has
decomposition in this basis

1
P = ﬁlg—i—mpﬁ—i—...—l—mkxk, (2)
for some complex numbers mq,...,my. Let d; = degx; be the degree of the
character x; and
G|m; .
) 3)
J

Lemma 1 For any natural number n

k
db”
4

It was established in ([4], proof of theorem 3).

Let G be a double transitive finite group, x the abovementioned character of G,
d = deg x its degree. As a character, y is a class function. A permutation without
fixed points is called regular. By definition, x(g) = 0 if and only if permutation
g € G is regular.
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Theorem 1 [P -Vl = G —5yay

where A is the set of regular permutati-

ons in G.

Proof. By Birnside theorem ([3] - [5]) x = 1g + ¢, ¢ an irreducible character
of G, degp = d — 1. Then (2) actually is

1 1
P_i]-G_‘_ TP
G| G|

ie. in (2) m; = c=mp=0,50in 3) by =(d—1)"1 by = ... =

1

G|
by, = 0. By the lemma above P(") — U = M~'¢, where M = (d — 1)" 1G|. As
¢ = x— 1g and x(g) is a non-negative integer, then ¢(g) > 0 for g € G\ A, where

A = {g € Glp(g) = —1}. As character ¢ is irreducible, then > ¢(g) = 0. For
geG
the considered norm

HP<">—UH=§Z|90<9>\:% S+ Y o)) =

geG geA geG\A

2\A| 2|4
=7 1221
MRS D] I P -

geA geG

Since ¢(g) = —1 if and only if x(g) = 0, then A is the set of regular permutations
in G.

Let us find the number of regular permutations of the following double transi-
tive finite groups: the symmetric group Sy of degree d, the alternating group Ay,
the Zassenhaus groups and the Frobenius group of order p(p — 1) with Frobenius
kernel of prime order p.

Definition ([3| p. 255). A group is said to be sharply k-transitive if it is k-
transitive and the stabilizer of any k points is trivial. In case k = 2 the group is
called a Zassenhaus group ([5], p. 85). All sharply 2- and 3-transitive groups are
known [3]. Let

3

|
qu

r=0

Lemma 2 Let G be a permutation group of degree d. The number Ny of reqular
permutations in G equals to:

a) d\Ey, if G = Sy;
b) 5 Eaz+ (1) Nd - 1), if G = Ag

1
c) 5 (|G| = (d—=1)(d—2)), if G is a Zassenhaus group;

d) p—1, if G is a Frobenius group of order p(p — 1).
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Proof.
a) It is well-known problem about the number of derangements [7].
b) Since the group Ay is sharply (d — 2)-transitive, the number N (iy,...,4,) of

its elements leaving definite r points iy, ..., 4, fixed equals to
|Agl(d —7)! (d—7)!
. . = 1<r<d-2
N(Zlv"wz?’): d! 2 ’ _T_d
1, d—1<r<d

Therefore, the number of elements that leave arbitrary r points fixed equals to

d—r)! d! d!
. . ri(d —r! id
CUN (i1, .., i) = d e d—1
1, r=d
dd
If r = 0, then =9 = |Ag4|. By the principle of inclusion—exclusion
r!
d—2
d —~ (=1)" d-1 a_ d—1
No = — —1 d+(-1)*=—FE4 —1 d—1).
0= 5 X P U () = G ()
¢) For Zassenhaus group
|G|(d —r)! B
Ny, .. ip) = a2
1, r>3

As above, multiplying by C7 and applying the principle of inclusion-exclusion,
we get
G
Ny = G;-|G\+’2|—c§+cg—...+(—1)dcg:
G|

:7—1+C},—C’§+(—1)d+(1—1)d:%(]G\—(d—l)(d—Q)).

d) As well known, a Frobenius group of order p(p — 1), with Frobenius kernel
of prime order p, is a double transitive group. A stabilizer of any two points is
trivial, so the group is sharply 2-transitive. All the regular permutations in G are
(p — 1) non-identity elements of its kernel. So Ny =p — 1.

Corollary 1 The norm ||[P™ — U|| equals to:

2F,
1) ——M
AT

2 (Bas+ 0= )
& (d— 1)1

if G =5q;

cif G =Ag




8 A. L. Vyshnevetskiy

—(d-1)(d-2
3) |G‘(d(_ 1)”_)1(|G\ ), if G is a Zassenhaus group;
2
4) W, if G is a Frobenius group of order p(p — 1), with Frobenius
p— p

kernel of prime order p.
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Bumnesenpkuit O. /1., 36i>kHicCTh BUNagKOBUX OJIyKaHb HAa ABi4i TPaH3UTUBHIN
TpyIri, MOPOAXKeHuX i1 MiJCTaHOBJIIOBAJIbLHIUM XapakTepoM. Hexait P — #iMoBip-
Hictb Ha ckinvensiil rpyni G, U(g) = ﬁ — piBHoMmipna (abo TpuBiajibHa) KMOBIPHICTD
wa rpymi G, P = Px.. .« P — n- kparna 3roprka byskiii P. JJobpe Bigomi yMoBH, mpu
akux P™ — U npu n — 0o. OmmiHIi MBUAKOCTI i€l 3012KHOCTI I PI3HUX HOPM IMIPH-
cBsIeHO 6araro pobiT. Mu po3risamaeMo CKiHYeHHI IPYIH, siKi MAOTh JIBiUi TPAH3UTHBHE
300pazKeHHsI MiICTAaHOBKAMHE, 1 IMOBIPHICTD, KA MPUPOJSHO BUHUKAE B IHOMY 300parKeH-
ui. ITs fimoBipuicTb Ha KOKHOMY esiemenTi rpyuu G uponopuiiina duciy Hepyxomux (a6o
CTaliOHAPHUX) TOYOK LHOTO EJIeMEHTa, AKUil PO3TIANAETHLCSA dK IMIJICTAHOBKA. IHAKIIE
KA KydH, 15 HMOBIPHICTB € XapakTepoM 300parkents rpynu G migcranoBkami. VIMoBip-
HICTh HA3WBAIOTHh KJIACOBOIO, SIKINO BOHA MPUWiTMaE OTHAKOBIL 3HaYeHHs Ha KOXKHOMY KJIaci
CIPsI?KEHUX eJIeMEHTIB rpynu, ToOTO € (PyHKIiE€ Kaacy. Po3rasayBana WMOBIpHICTD €
KJIACOBOIO, 00 Oy/ib-siKuil XapakTep rpyIu MPUIMAE OIHAKOBI 3HAYEHHS HA CIIPSIKEHUX
eneMenTax. Bymab-sikiit fimosiprocTi (i, B3arasmi, GyHKINT i3 3HAUEHHSAMN Y JOBLIHLHOMY
kiybni K) Ha rpyni G MoxkHA 3icTaBUTH ejleMeHT rpynoBoi ajrebpu K G 1iel rpynu Ha
M Kimbrem K. KiacoBiit iMOBIpHOCTI BiMOBiZA€ eIeMEHT IEHTpa ITi€l TPYTOBOI aJ-
reOpH, TOMY KJIaCOBY HMOBIPHICTH TaKOXK HA3WMBAIOTH IEeHTpaabHo. Ha abemnesiit rpymi
Oy/ib-sKa FMOBIPHICTH € KJIACOBOIO (LEHTPAJIBHOIO).
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B poGori posrisayTa 36ixkHiCTH BimHOcHO HOpMu ||F|| = > |F(g)|, ne F(g) —
g€G
dbyukuia wa rpyni G. g uiel mopmu mana touna ¢dpopmyna (a He MpOCTO OIMiHKa, SK
y TepeBaxkHiii OLIbIocTi POBIT) MBUAKOCTI 301KHOCTI 3rOPTKH P") 50 rpusianeHOI
iimosiprocti U(g) na rpymi G. Bussiserncs, mo mopma pismumi ||[P — U|| susmagae-
ThCsl MOpAAKOM rpynu G, 11 creneneMm, sik IPYNH MiJICTAHOBOK, Ta YUCJIOM PEryJIsipHUX
nijicraHoBOK y rpyni G. PerysisipHoio HABMBAETHCS MiJCTAHOBKA, KA HE MAE HEPYXOMUX
TOYOK. PO3I/IsIHYTO 3aCTOCYBaHHS BKa3aHOT GOPMY/IN y BUMAIKAX, KoM rpyna G € cuMe-
TPUYHOIO, 3HAKO3MIHHOIO Ipymoio, rpymnoio Ilaccenxaysa i rpynoo ®@pobeniyca mopsaaky
p(p — 1) 3 aagpom ®Ppobeniyca nopsaky p i JonOBHeHHsM 1OpsAaKy p — 1 ( p — mpocte
qucso). I'pynoro [accenxaysa HazuBaeTbes ABIYl TPAH3UTUBHA IPYIA MiJCTAHOBOK CKiH-
9EeHHOI MHOXKHHH, B AKifl JIWIlle OJWHUIHA IiICTAHOBKA 3AJIMINAE HA MicIi OibIine aBOX
€JIEMEHTIB I1i€1 MHOXKWHHA.
Karwuoei caosa: IMOBIpHICTE; CKIHYEHHA, IPyTa; 30iKHICTH; 3rOpTKA.

A. L. Vyshnevetskiy, Convergence of random walks on double transitive group
generated by its permutational character. Let P be a probability on a finite group

G, U(g) = ﬁ the uniform (trivial) probability on the group G, P(") = Px...x P an

n-fold convolution of P. A lot of estimates of the rate of the convergence P(™) — U are
found in different norms. It is well known conditions under which P(™ — U if n — co.
Many papers are devoted to estimating the rate of this convergence for different norms.
We consider finite groups that have a double transitive representation by substitutions
and the probability that naturally arises in this image. This probability on each element
of the group is proportional to the number of fixed (or stationary) points of this element,
which is considered as a substitution. In other words, this probability is a character of
the substitution representation of the group. A probability is called class if it takes the
same values on each class of conjugate elements of a group, that is, it is a function of
the class. The considered probability is class because any character of a group takes on
the same values on conjugate elements. Any probability (and, in general, functions with
values in an arbitrary ring) on a group can be associated with an element of the group
algebra of this group over this ring. The class probability corresponds to an element of
the center of this group algebra; that is why the class probability is also called central.
On an abelian group, any probability is class (central).

In the paper convergence with respect to the norm ||F|| = > |F(g)|, where F(g) is

geG

a function on group G, is considered. For the norm an exact formula not estimate only,
as usual for rate of convergence of convolution P(™) — U is given. It turns out that the
norm of the difference ||P() — U|| is determined by the order of the group, degree the
group as a substitution group, and the number of regular substitutions in the group. A
substitution is called regular if it has no fixed points. Special cases are considered the
symmetric group, the alternating group, the Zassenhaus group, and the Frobenius group
of order p(p — 1) with the Frobenius core of order p (p is a prime number). A Zassenhaus
group is a double transitive substitution group of a finite set in which only a trivial
substitution leaves more than two elements of this set fixed.
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