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Let P be a probability on a �nite group G, U(g) = 1
|G| the uniform probabili-

ty on G, P (n) an n-fold convolution of P . Under well-known mild conditions,
P (n) → U if n → ∞. A lot of estimates of the rate of the convergence are
found in di�erent norms. We consider the groups that have a double transitive
presentation, and the probability P that naturally arises in this presentati-
on. An exact formula for rate of convergency for these groups for the norm
‖F‖ =

∑
g∈G

|F (g)|, where F (g) is a function on group G, is given.

Keywords: probability; �nite group; convergency; convolution.

Âèøíåâåöüêèé Î.Ë., Çáiæíiñòü âèïàäêîâèõ áëóêàíü íà äâi÷i òðàí-

çèòèâíié ãðóïi, ïîðîäæåíèõ ¨¨ ïiäñòàíîâëþâàëüíèì õàðàêòåðîì.

Íåõàé P � éìîâiðíiñòü íà ñêií÷åííié ãðóïi G, U(g) = 1
|G| � ðiâíîìiðíà

éìîâiðíiñòü íà G, P (n) � n-êðàòíà çãîðòêà ôóíêöi¨ P . Äîáðå âiäîìi óìîâè,
ïðè ÿêèõ P (n) → U ïðè n→∞. Îöiíöi øâèäêîñòi öi¹¨ çáiæíîñòi äëÿ ðiçíèõ
íîðì ïðèñâÿ÷åíî áàãàòî ðîáiò. Ìè ðîçãëÿäà¹ìî ñêií÷åííi ãðóïè, ÿêi ìàþòü
äâi÷i òðàíçèòèâíå çîáðàæåííÿ ïiäñòàíîâêàìè, i éìîâiðíiñòü P , ùî ïðèðî-
äíî âèíèêà¹ â öüîìó çîáðàæåííi. Â ðîáîòi äàíà òî÷íà ôîðìóëà øâèäêîñòi
çáiæíîñòi äëÿ òàêèõ ãðóï âiäíîñíî íîðìè ‖F‖ =

∑
g∈G

|F (g)|, äå F (g) � ôóí-

êöiÿ íà ãðóïi G.
Êëþ÷îâi ñëîâà: éìîâiðíiñòü; ñêií÷åííà ãðóïà; çáiæíiñòü; çãîðòêà.

Âèøíåâåöêèé À.Ë., Ñõîäèìîñòü ñëó÷àéíûõ áëóæäàíèé íà äâà-

æäû òðàíçèòèâíîé ãðóïïå, ïîðîæäåííûõ åå ïîäñòàíîâî÷íûì

õàðàêòåðîì. Ïóñòü P � âåðîÿòíîñòü íà êîíå÷íîé ãðóïïå G, U(g) = 1
|G|

� ðàâíîìåðíàÿ âåðîÿòíîñòü íà G, P (n) � n-êðàòíàÿ ñâåðòêà ôóíêöèè P .
Õîðîøî èçâåñòíû óñëîâèÿ, ïðè êîòîðûõ P (n) → U ïðè n → ∞. Îöåíêå
ñêîðîñòè ýòîé ñõîäèìîñòè äëÿ ðàçíûõ íîðì ïîñâÿùåíî ìíîãî ðàáîò.
Ìû ðàññìàòðèâàåì êîíå÷íûå ãðóïïû, èìåþùèå äâàæäû òðàíçèòèâíîå
ïðåäñòàâëåíèå ïîäñòàíîâêàìè, è âåðîÿòíîñòü P , êîòîðàÿ åñòåñòâåííî
âîçíèêàåò â ýòîì èçîáðàæåíèè. Â ðàáîòå äàíà òî÷íàÿ ôîðìóëà ñêîðîñòè
ñõîäèìîñòè äëÿ òàêèõ ãðóïï îòíîñèòåëüíî íîðìû ‖F‖ =

∑
g∈G

|F (g)|, ãäå

F (g) � ôóíêöèÿ íà ãðóïïå G.
Êëþ÷åâûå ñëîâà: âåðîÿòíîñòü; êîíå÷íàÿ ãðóïïà; ñõîäèìîñòü; ñâåðòêà.
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Let P be a probability on a �nite group G, U(g) =
1

|G|
the uniform probability

on G, P (n) �� an n-fold convolution of P . Under well-known mild conditions,
P (n) → U if n → ∞ (see [1]). A lot of estimates of the rate of the convergence
are found in di�erent norms ([2]). We consider the groups that have a double
transitive presentation (by permutations), and the probability P that naturally
arises in this presentation.

A group G of permutations has its natural character which values equal to the
number of points �xed by permutation . If G is transitive, then (see [1] � [3])

1

|G|
∑
g∈G

χ(g) = 1,

so the function P (g) =
1

|G|
χ(g) is a probability on group G. The probability P (g)

naturally arises for any transitive permutation group G.

The function P (g) is a class (or central) one, i.e. it has the same value on
each class of conjugate elements of group G. There is a scalar product in a linear
space L(G) of class functions: for F1, F2 ∈ L(G)

(F1, F2) =
1

|G|
∑
g∈G

F1(g)F 2(g), (1)

where F is complex conjugate to a complex number F . Let Irr(G) =
{1G, χ1, . . . , χk} be the set of irreducible characters of group G, where 1G is
a principal (or trivial) character. The set Irr(G) form an orthonormal basis of
L(G) with respect to the scalar product (1). So any class probability P has
decomposition in this basis

P =
1

|G|
1G +m1χ1 + . . .+mkχk, (2)

for some complex numbers m1, . . . ,mk. Let dj = degχj be the degree of the
character χj and

bj =
|G|mj

dj
(j = 1, . . . , k). (3)

Lemma 1 For any natural number n

P (n) − U =

k∑
j=1

djb
n
j

|G|
χj . (4)

It was established in ([4], proof of theorem 3).
LetG be a double transitive �nite group, χ the abovementioned character ofG,

d = degχ its degree. As a character, χ is a class function. A permutation without
�xed points is called regular. By de�nition, χ(g) = 0 if and only if permutation
g ∈ G is regular.
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Theorem 1 ‖P (n)−U‖ =
2|A|

(d− 1)n−1|G|
, where A is the set of regular permutati-

ons in G.

Proof. By Birnside theorem ([3] � [5]) χ = 1G + ϕ, ϕ an irreducible character
of G, degϕ = d− 1. Then (2) actually is

P =
1

|G|
1G +

1

|G|
ϕ,

i.e. in (2) m1 =
1

|G|
, m2 = . . . = mk = 0, so in (3) b1 = (d − 1)−1, b2 = . . . =

bk = 0. By the lemma above P (n) − U = M−1ϕ, where M = (d − 1)n−1|G|. As
ϕ = χ−1G and χ(g) is a non-negative integer, then ϕ(g) ≥ 0 for g ∈ G\A, where
A = {g ∈ G|ϕ(g) = −1}. As character ϕ is irreducible, then

∑
g∈G

ϕ(g) = 0. For

the considered norm

‖P (n) − U‖ =
1

M

∑
g∈G
|ϕ(g)| = 1

M

∑
g∈A

1 +
∑

g∈G\A

ϕ(g)

 =

=
1

M

2
∑
g∈A

1 +
∑
g∈G

ϕ(g)

 =
2|A|
M

=
2|A|

(d− 1)n−1|G|
.

Since ϕ(g) = −1 if and only if χ(g) = 0, then A is the set of regular permutations
in G.

Let us �nd the number of regular permutations of the following double transi-
tive �nite groups: the symmetric group Sd of degree d, the alternating group Ad,
the Zassenhaus groups and the Frobenius group of order p(p− 1) with Frobenius
kernel of prime order p.

De�nition ([3] p. 255). A group is said to be sharply k-transitive if it is k-
transitive and the stabilizer of any k points is trivial. In case k = 2 the group is
called a Zassenhaus group ([5], p. 85). All sharply 2- and 3-transitive groups are
known [3]. Let

Ed =
d∑
r=0

(−1)r

r!
.

Lemma 2 Let G be a permutation group of degree d. The number N0 of regular

permutations in G equals to:

a) d!Ed, if G = Sd;

b)
d!

2
Ed−2 + (−1)d−1(d− 1), if G = Ad;

c)
1

2
(|G| − (d− 1)(d− 2)) , if G is a Zassenhaus group;

d) p− 1, if G is a Frobenius group of order p(p− 1).
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Proof.
a) It is well-known problem about the number of derangements [7].
b) Since the group Ad is sharply (d − 2)-transitive, the number N(i1, . . . , ir) of
its elements leaving de�nite r points i1, . . . , ir �xed equals to

N(i1, . . . , ir) =

 |Ad|(d− r)!
d!

=
(d− r)!

2
, 1 ≤ r ≤ d− 2

1, d− 1 ≤ r ≤ d

Therefore, the number of elements that leave arbitrary r points �xed equals to

CrdN(i1, . . . , ir) =


(d− r)!

2
· d!

r!(d− r!)
=

d!

2r!
, 1 ≤ r ≤ d− 2

d r = d− 1
1, r = d

If r = 0, then
d!

2r!
=
d!

2
= |Ad|. By the principle of inclusion�exclusion

N0 =
d!

2

d−2∑
r=0

(−1)r

r!
+ (−1)d−1d+ (−1)d =

d!

2
Ed−2 + (−1)d−1(d− 1).

c) For Zassenhaus group

N(i1, . . . , ir) =

 |G|(d− r)!
d!

, r = 1, 2

1, r ≥ 3

As above, multiplying by Crd and applying the principle of inclusion�exclusion,
we get

N0 = |G| − |G|+ |G|
2
− C8

d + C4
d − . . .+ (−1)dCrd =

=
|G|
2
− 1 + C1

d − C2
d + (−1)d + (1− 1)d =

1

2
(|G| − (d− 1)(d− 2)) .

d) As well known, a Frobenius group of order p(p− 1), with Frobenius kernel
of prime order p, is a double transitive group. A stabilizer of any two points is
trivial, so the group is sharply 2-transitive. All the regular permutations in G are
(p− 1) non-identity elements of its kernel. So N0 = p− 1.

Corollary 1 The norm ‖P (n) − U‖ equals to:

1)
2Ed

(d− 1)n−1
, if G = Sd;

2)

2

(
Ed−2 +

2

d!
(−1)d−1(d− 1)

)
(d− 1)n−1

, if G = Ad;
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3)
|G| − (d− 1)(d− 2)

(d− 1)n−1|G|
, if G is a Zassenhaus group;

4)
2

(p− 1)n−1p
, if G is a Frobenius group of order p(p − 1), with Frobenius

kernel of prime order p.
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Âèøíåâåöüêèé Î.Ë., Çáiæíiñòü âèïàäêîâèõ áëóêàíü íà äâi÷i òðàíçèòèâíié

ãðóïi, ïîðîäæåíèõ ¨¨ ïiäñòàíîâëþâàëüíèì õàðàêòåðîì. Íåõàé P � éìîâið-
íiñòü íà ñêií÷åííié ãðóïi G, U(g) = 1

|G| � ðiâíîìiðíà (àáî òðèâiàëüíà) éìîâiðíiñòü

íà ãðóïi G, P (n) = P ∗. . .∗P � n- êðàòíà çãîðòêà ôóíêöi¨ P . Äîáðå âiäîìi óìîâè, ïðè
ÿêèõ P (n) → U ïðè n → ∞. Îöiíöi øâèäêîñòi öi¹¨ çáiæíîñòi äëÿ ðiçíèõ íîðì ïðè-
ñâÿ÷åíî áàãàòî ðîáiò. Ìè ðîçãëÿäà¹ìî ñêií÷åííi ãðóïè, ÿêi ìàþòü äâi÷i òðàíçèòèâíå
çîáðàæåííÿ ïiäñòàíîâêàìè, i éìîâiðíiñòü, ÿêà ïðèðîäíî âèíèêà¹ â öüîìó çîáðàæåí-
íi. Öÿ éìîâiðíiñòü íà êîæíîìó åëåìåíòi ãðóïè G ïðîïîðöiéíà ÷èñëó íåðóõîìèõ (àáî
ñòàöiîíàðíèõ) òî÷îê öüîãî åëåìåíòà, ÿêèé ðîçãëÿäà¹òüñÿ ÿê ïiäñòàíîâêà. Iíàêøå
êàæó÷è, öÿ éìîâiðíiñòü ¹ õàðàêòåðîì çîáðàæåííÿ ãðóïè G ïiäñòàíîâêàìè. Éìîâið-
íiñòü íàçèâàþòü êëàñîâîþ, ÿêùî âîíà ïðèéìà¹ îäíàêîâi çíà÷åííÿ íà êîæíîìó êëàñi
ñïðÿæåíèõ åëåìåíòiâ ãðóïè, òîáòî ¹ ôóíêöi¹þ êëàñó. Ðîçãëÿäóâàíà éìîâiðíiñòü ¹
êëàñîâîþ, áî áóäü-ÿêèé õàðàêòåð ãðóïè ïðèéìà¹ îäíàêîâi çíà÷åííÿ íà ñïðÿæåíèõ
åëåìåíòàõ. Áóäü-ÿêié éìîâiðíîñòi (i, âçàãàëi, ôóíêöi¨ iç çíà÷åííÿìè ó äîâiëüíîìó
êiëüöi K) íà ãðóïi G ìîæíà çiñòàâèòè åëåìåíò ãðóïîâî¨ àëãåáðè KG öi¹¨ ãðóïè íàä
öèì êiëüöåì K. Êëàñîâié éìîâiðíîñòi âiäïîâiäà¹ åëåìåíò öåíòðà öi¹¨ ãðóïîâî¨ àë-
ãåáðè, òîìó êëàñîâó éìîâiðíiñòü òàêîæ íàçèâàþòü öåíòðàëüíîþ. Íà àáåëåâié ãðóïi
áóäü-ÿêà éìîâiðíiñòü ¹ êëàñîâîþ (öåíòðàëüíîþ).
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Â ðîáîòi ðîçãëÿíóòà çáiæíiñòü âiäíîñíî íîðìè ‖F‖ =
∑
g∈G

|F (g)|, äå F (g) �

ôóíêöiÿ íà ãðóïi G. Äëÿ öi¹¨ íîðìè äàíà òî÷íà ôîðìóëà (à íå ïðîñòî îöiíêà, ÿê
ó ïåðåâàæíié áiëüøîñòi ðîáiò) øâèäêîñòi çáiæíîñòi çãîðòêè P (n) äî òðèâiàëüíî¨
éìîâiðíîñòi U(g) íà ãðóïi G. Âèÿâëÿ¹òüñÿ, ùî íîðìà ðiçíèöi ‖P (n) − U‖ âèçíà÷à¹-
òüñÿ ïîðÿäêîì ãðóïè G, ¨¨ ñòåïåíåì, ÿê ãðóïè ïiäñòàíîâîê, òà ÷èñëîì ðåãóëÿðíèõ
ïiäñòàíîâîê ó ãðóïi G. Ðåãóëÿðíîþ íàçèâà¹òüñÿ ïiäñòàíîâêà, ÿêà íå ìà¹ íåðóõîìèõ
òî÷îê. Ðîçãëÿíóòî çàñòîñóâàííÿ âêàçàíî¨ ôîðìóëè ó âèïàäêàõ, êîëè ãðóïà G ¹ ñèìå-
òðè÷íîþ, çíàêîçìiííîþ ãðóïîþ, ãðóïîþ Öàññåíõàóçà i ãðóïîþ Ôðîáåíióñà ïîðÿäêó
p(p − 1) ç ÿäðîì Ôðîáåíióñà ïîðÿäêó p i äîïîâíåííÿì ïîðÿäêó p − 1 ( p � ïðîñòå
÷èñëî). Ãðóïîþ Öàññåíõàóçà íàçèâà¹òüñÿ äâi÷i òðàíçèòèâíà ãðóïà ïiäñòàíîâîê ñêií-
÷åííî¨ ìíîæèíè, â ÿêié ëèøå îäèíè÷íà ïiäñòàíîâêà çàëèøà¹ íà ìiñöi áiëüøå äâîõ
åëåìåíòiâ öi¹¨ ìíîæèíè.
Êëþ÷îâi ñëîâà: éìîâiðíiñòü; ñêií÷åííà ãðóïà; çáiæíiñòü; çãîðòêà.
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generated by its permutational character. Let P be a probability on a �nite group
G, U(g) = 1

|G| the uniform (trivial) probability on the group G, P (n) = P ∗ . . . ∗ P an

n-fold convolution of P . A lot of estimates of the rate of the convergence P (n) → U are
found in di�erent norms. It is well known conditions under which P (n) → U if n → ∞.
Many papers are devoted to estimating the rate of this convergence for di�erent norms.
We consider �nite groups that have a double transitive representation by substitutions
and the probability that naturally arises in this image. This probability on each element
of the group is proportional to the number of �xed (or stationary) points of this element,
which is considered as a substitution. In other words, this probability is a character of
the substitution representation of the group. A probability is called class if it takes the
same values on each class of conjugate elements of a group, that is, it is a function of
the class. The considered probability is class because any character of a group takes on
the same values on conjugate elements. Any probability (and, in general, functions with
values in an arbitrary ring) on a group can be associated with an element of the group
algebra of this group over this ring. The class probability corresponds to an element of
the center of this group algebra; that is why the class probability is also called central.
On an abelian group, any probability is class (central).

In the paper convergence with respect to the norm ‖F‖ =
∑
g∈G

|F (g)|, where F (g) is

a function on group G, is considered. For the norm an exact formula not estimate only,
as usual for rate of convergence of convolution P (n) → U is given. It turns out that the
norm of the di�erence ‖P (n) − U‖ is determined by the order of the group, degree the
group as a substitution group, and the number of regular substitutions in the group. A
substitution is called regular if it has no �xed points. Special cases are considered the
symmetric group, the alternating group, the Zassenhaus group, and the Frobenius group
of order p(p− 1) with the Frobenius core of order p (p is a prime number). A Zassenhaus
group is a double transitive substitution group of a �nite set in which only a trivial
substitution leaves more than two elements of this set �xed.
Keywords: probability; �nite group; convergency; convolution.
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