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For a nonlinear system of differential equations ©# = f(z), a method of
constructing a system of full rank & = f(x)+g(z)u is studied for vector fields of
the class C%, 1 < k < oo, in the case when f(z) # 0. A method for constructing
a non-autonomous system of full rank is proposed in the case when the vector
field f(x) can vanish.
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Awnnpeesa /1. M., Iraarosuy C. 1O. IIpo mobyqoBy HEABTOHOMHUX CHCTEM
HOBHOTO PAHTy 3 OOHUM KepyBaHHAM. [lng Hesiniiinol cucremu aude-
PeHIaJIbHUX PiBHAHD BUIIsiAy & = f(x) ZOCIIIZKEHO MeTOJ| KOHCTDYIOBAHHS
cucreMu moBHOTO pamry & = f(r) + g(z)u m1a BexTopHHMX moiB Kmacy CF
1 < k < o0, y Bunagky, koau f(x) # 0. 3apornoHOBaHO METOJ KOHCTPYIOBa-
HHsl HEABTOHOMHOI CHCTEMH IIOBHOI'O PaHIy y BHIAJKY, KOJA BEKTODHE IIOJIE
f(x) moxke obeprarucs Ha HyJb.

Knaowosi crosa: HeidiliHa KepoBaHa CUCTEMA; JOCSIKHA, CUCTEMA; CUCTEMA, TIOB-
HOT'O PAHIy; HEABTOHOMHA CHCTEMa; TeOPeMa IIPO BUIIPSIMJIEHHS BEKTOPHOI'O
IIOJISA.

Awnnpeesa /1. H., Uraarosua C. FO. O mocTpoeHnr HEABTOHOMHBIX CHCTEM
MOJIHOTO PAHTra C OJHUM yIpaBjeHueM. [[na HequHEHHON cucTembr aud-
depennnanbubIx ypaBHenuil Buga & = f(x) ucciesoBan MeTO KOHCTPYUPOBa-
HUSI CHCTEMBI HOJIHOrO paura & = f(z) + g(x)u 1 BeKTOPHBIX HOJIel Kjacca
Ck, 1 <k < oo, B cmyuae, xkora f(x) # 0. Ilpe/ioxen MeToi KOHCTPYUPOBa-
HUST HEABTOHOMHOM CHCTEMBI TIOJTHOTO PaHTa B CJIydae, KOTJa BEKTOPHOE MOJIe
f(x) moxer obpamarbes B HyJIb.

Kaouesvie crosa: HellMHeRHAST yIpaB/sieMasi CUCTEMA; JIOCTUKIMAs CHCTEMA,;
crCTeMa MOJHOTO PAHTa; HEABTOHOMHAsI CHCTEMA; TeOPeMa O BHIIPSIMJIEHUN Be-
KTOPHOT'O TIOJISL.
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1. Introduction

In the paper [1] the following problem was considered. Let a system
i = f(z) (1)
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be given, where f : R™ — R” is a (real analytic) vector field, n > 1; the problem
is to find conditions under which there exists a vector field g(z) : R™ — R" such
that the system

&= f(x) + g(x)u (2)
has full rank. Systems of full rank are also called accessible. This property for
the system (2) means that the dimension of the span of all Lie brackets of vector
fields adl}g(:):), k > 0, equals n.

The important result was obtained in [1], which implies that an accessible
system (2) can be constructed if and only if f(x) # 0. Moreover, a method for
constructing a system of full rank was proposed, which was based on the strai-
ghtening theorem for vector fields [2].

Let us recall the main points of the construction [1]. Suppose f(x) # 0.
According to the straightening theorem, there exist local coordinates z1, ..., 2z,
in which the vector field f takes the form f = (0,...,0,1)7, ie., in the new
coordinates the system (1) has the form

7 =0, ..., 2p1=0, 3, =1. (3)

Without loss of generality assume f,(z) # 0; then a straightening diffeomorphism
z=mn(z) = (n(z),...,m.(x))" can be found from the system of partial differential
equations

(4)

on; o
{8;;: (82§f1+ "’ax —fn— 1), i=1,n-—1,
O __ 87771 87771

Oz fn( Ox1 fi—. - axn_lfnfl)-

Then, let us apply the polynomial transformation £ = ¢(z) of the form

n—2 n
R e ]
n— n—1
£ =g + Zsﬁn + Zg” ST e
(5)
__ An-—1 é
Enfl = 70! + 1
&n = Zﬁa
and obtain the system (1) in {-coordinates:
512527 &:22537 B énflzgna gnzl (6)

Now, we choose a vector field g(¢) : R® — R™ in the form ¢(¢) = (0,...,0,1)7;
then we obtain a linear system of full rank

E1=6, ba=63 ooy bno1 =6, En =1+ (7)

Finally, by the inverse coordinate transformation

z=n"" (), (8)
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the system (7) is transformed to the form (2). Since the full rank property is
invariant under the transformation (8), the obtained system (2) has full rank.

Due to using the straightening theorem, this construction is local, that is, a
vector field g(x) is built in a neighborhood of any point where f(z) # 0.

In the present paper we consider two generalizations. First, we consider the
case when the vector field f(z) belongs to the class C* and find out what class
of smoothness is guaranteed for a vector field g(z). In particular, this question
is related to the linearizability of control systems in the class C! [3]. Second, we
consider the case when the vector field f(x) can vanish and propose a method of
constructing a non-autonomous vector field g(¢, x).

2. The case of a vector field f(r) from the class C*

Let us consider a vector field f(x) which is finitely many times differentiable
in a certain domain,

f(z) e CMQ), (9)

where 1 < k < oo, and analyze the class of smoothness of transformations in the
method of [1] recalled above.

Theorem 1 Let a vector field f(x) € C*(Q) be given, @ C R™, n > 1, and
f(zo) # 0 where xg € Q. There exists a neighborhood U(xy) and a vector field
g(x) € C*=Y(U(z0)) such that the system (2) has full rank (in U(zo)).

Proof. This theorem is a consequence of the construction of [1] and the strai-
ghtening theorem. We give a formal proof.

Let us apply the method of [1] described above. By the straightening theorem,
a straightening diffeomorphism z = n(z) defined by the system (4) exists in some
neighborhood U(xg) and belongs to the class C*(U(z)) [2].

Now, let us observe that the system (7) is linear and the change of variables
& = 1(z) is polynomial, hence, the system (7) in z-coordinates takes the form

2= f(2) +9(2)u,

where f(z), g(z) are real analytic. Then for the system in the initial coordinates
we get

= (U_l(z))/f(z) |z=n(z) + (77_1(3))/57(2) |z=n(x)U =
= f(@) + (171 (2)9(2) jompey -
As we mentioned above, n(z) € C¥(U(xg)), hence, (n7'(z))" belongs to the

class C¥~1. Thus, the vector field g(z) 171(2)) 9(2) |22y(z) is from the class
C*=1(U(x0)). The theorem is proved.



38 D.N. Andreieva, S. Yu. Ignatovich

Example 1. We give an example of a control system in the case when the

right-hand side f(z) is from the class C*. Consider the system

i =0,
T9 =1 —1—331]:£1|,

where v € Q = {x € R? : 77 > —1}. We find a straightening diffeomorphism from

the following system of partial differential equations

on
oz = 05
O _ 1

Oxrs 1+x1|:c1|'

Solving this system we get a transformation z = n(z) of the form

{Zl = 71,
_ x2
2 = Tha o]

The initial system in z-coordinates has the form

21=0, 2 =1,
and in £-coordinates, where £ = 21 + ?, &g = 29, it is

L=6&, =1
Let us choose g(€) = (0,1)7, then the system

f1=6, &=1+u
has full rank. The system of full rank (12) in z-coordinates takes the form
Z1 = —2Zou, 29 =1+ u.

By the inverse coordinate transformation

€1 21,
T2 = 29(1 + 21]21])
we obtain the system of full rank in the initial coordinates:
i‘]_ = —71_"_;712'11'”LL7 ,
. 2
ty = 1+ x1|2| + (1 + z1]21| — %)
Thus, the vector field g(z) is chosen as

— T2
g(z) = T
1+ z1fz1| = ¢ o

Itz |z1])?

(10)

(11)

(12)

(13)

(14)
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This example illustrates Theorem 1. We can see that the vector field

fle) = (1 + 3(6)1|$1|>

is indeed from the class C' while the smoothness class of the constructed vector
field g(z) of the form (14) is one less, i.e., g(x) is only continuous (it is not
differentiable at the points where z; = 0, x5 # 0).

3. Constructing a system of full rank in the case f(z¢) =0

Now, let us consider a method of constructing a system of full rank in a
neighborhood of a point zg such that f(xzg) = 0. In this case we admit non-
autonomous vector fields, that is, we choose a vector field g in the form g = g(¢, x).
For a system

&= f(zx) +g(t, v)u,

the full rank property means that the dimension of the span of all Lie brackets of
vector fields adlj%g(t,a:), k > 0, equals n, where the vector field f corresponds to

the differential operator % + fla%l + fn%.

Theorem 2 Let a vector field f(z) € C*(Q) be given, @ C R®, n > 1, and
xg € Q. There exists a neighborhood U(&g), where 29 = (0,20)7 € R, and a
vector field g(t,z) € C*~1(U(2¢)) such that the system

&= f(z)+ gt z)u (15)
has full rank (in U(g)).

In some cases (for example, if f(xg) # 0) a vector field g can be chosen as
g = g(x). However, the case f(x) = 0 demonstrates that this is not true in the
general case (if n > 1).

Proof. Supplementing the system (1) by the equation t = 1 we obtain the
following system

1= fi(2), .., dn = falz), t=1, (16)

where the right-hand side is nonzero for any x and ¢. Now we find a straightening
diffeomorphism z = 7(t, z) from the system

(17)

n; on; on; .
azlz_ag;fl_-'-_agifn, Z:Ln?
M1 =t

As a result of straightening the vector field, the system (16) takes the form

2=0, ..., 2n=0, Zn41 = L. (18)
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Let us choose the vector field g in the form g = g(¢) = (1,¢,t2,...,t"1,0)7; then
we obtain the system of full rank of the form

H=u, Za=tu, ..., En=1""tu, 4 =1 (19)

Applying the inverse coordinate transformation (x,t) = n~!(z) (and dropping the
equation ¢ = 1) we obtain the system of full rank in the initial coordinates:

&= f(x) +g(t z)u.

Arguing analogously to the proof of Theorem 1 we get that g(t, z) € C*~1(U(iy)).
The theorem is proved.
Example 2. Consider the linear system

1 =0,
To = T1.

Since we cannot use the result of [1] at the point with x; = 0, we apply the
method described above. Namely, we add the equation £ = 1 to the given system
and obtain the equivalent system

71 =0,
To = T1, (20)
t=1.

Now we can straighten the vector field and find a straightening diffeomorphism
from the following system of partial differential equations

oni . On; -
= —gw, 1=1,2, (21)
n3 = t.

Solving this system we obtain a transformation of the form

z1 = 1,
zZ9 = tl’l — I, (22)
zZ3 = t.

We perform the straightening diffeomorphism, then the system (20) in z-
coordinates takes the form

21=0, =0, =1
Let us choose the vector field g(t) = (1,¢,0)7, then the resulting system

Hl=u, h=tu, t=1 (23)
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has full rank. Performing the inverse change of variables

Tl = 21,
To =tz — 29,

t:2:3,

and dropping the trivial equation { = 1 we get the system of full rank in the initial

coordinates
{xl = u, (24)

j?g =2.

Thus, the vector field g is chosen as g = (1,0)7, therefore, it is constant and in
particular does not depend on t.
Example 3. Consider the nonlinear system

d 2
.7}1 == xl,
25
{iz = Z9. ( )

Let us construct a system of full rank in a neighborhood of the point where
f(xz) = 0, ie., kg = 0. To this end, we supplement the system (25) with the
equation £ = 1 and get

afl = .’L’%,
.%"2 = T2, (26)
t=1.

A straightening diffeomorphism for the system (26) can be found from the followi-
ng system of partial differential equations

O _ _(Omi 2, On -
ot = (G 21+ ag,02): 1 =12, (27)
3 = t,
then as a transformation z = n(x,t) we can take
21 = a:ﬁif—l’
zg = rpe” ", (28)
Z3 = t,

which is defined in a neighborhood of the origin. The system (26) in z-coordinates
has the form

51=0, 3p=0, t=1.

We choose the vector field g(t) = (1,¢,0)7 and obtain the system of full rank in
z-coordinates

21=wu, s =tu, t=1.
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Performing the inverse change of variables

— Z1
1 = 1—z1t?

Ty = z€!, (29)

t = zs,

and removing the trivial equation £ = 1 we obtain the system in z-coordinates

71 = 22 + (21t + 1)%u,
To = a9 + telu,

which has full rank in a neighborhood of the point g = 0 where the vector field
f equals zero.
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1748-1754.]. Bajava mossirae B HACTYITHOMY: JIJIsl 33/ITAHOIO BEKTOpHOrO mods f(x) 3Ha-
iiTu Take BeKTOpHe moJe g(x), mo orpumana adinna kepoBana cucrema & = f(x)+ g(z)u
Oyzie moBHOrO panry. ¥ BHINEeBKa3aHiii pobori Oyio 1moka3aHo, mo Take g(x) iCHye B OKO-
ai Touku z, axmo f(z) # 0, Ta Gysi0 3aIPOIOHOBAHO MeToJ| KOHCTpyoBanHud ¢(x). Sk
OCHOBHHII IHCTPYMEHT OyJI0 3aCTOCOBAHO TEOPEMY PO BUIIPSIMJIEHHSI BEKTOPHOTO IIOJIS;
bakTUUHO, BUNPSIMIISIIOUN BeKTOPHE ToJie f (), MU KOHCTPYIOEMO JIiHIHY KEPOBaHY CH-
cremy. IIpore, Oy10 PO3IVIAHYTO TiTBKM BAMAIOK IfICHO aHATITHIHIUX BEKTOPHUX ITOJIIB.
B naniit poboti mu po3rismaemo nBa y3arajabaenHs. [lo-mepie, Mu BUBYa€MO JaHe T~
HHe 11 BeKTopHuX nonis f(z) € OF, 1 < k < co. Mu 1noKasyemo, Mo 3armponoHOBaHTiT
MeTOJ, MO’KHA 3aCTOCYBATH, IIPOTE BEKTOPHE ToJie g(x), B3araJi Kaxyqu, Oy/ie Hajexa-
T Tineku xracy C*~!. Mu masoammo mpukmasn sektoproro moms f(z) € C', a came,
f(z) = (0,1/(1 + x1|21]))T, nus sxoro mMeron mae memudepentiiiosre (xo4a it Heepeps-
ne) Bexkropue nojie g(x). [o-apyre, Mmu posrisiaemo BUnaioK, Kouau f(x) obepracrbes Ha
HyJIb, T& OIIICYEMO METOJI KOHCTDPYIOBAHHs BEKTOPHOIO 10Jisd ¢(t, ), siKe, B3araJi Kaxydu,
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€ HEeaBTOHOMHHUM, Takoro, mo cucrema & = f(x) 4+ g(¢, x)u € mosnoro paury. Mu 3acro-
COBYEMO TeOpeMy IIPO BUIIPsIMJIEHHsI BEKTOPHOI'O II0JIsl, aJjie JiJIs PO3IIUPEHOI CHCTeMHu,
B SKiif 9ac € JOJATKOBOIO KOOPAWHATOI. Mu HaBOAUMO TPUKJIAT JIHIHHONO BEKTOPHOTO
nonsa f(x) = (0,21)7 B oKoIi MOYATKY KOOPJMHAT, B IKOMY OTpHMaHe BEeKTOPHE TI0Jie
€ asronomunM, a came g(z) = (1,0)T. Takoxk Mu HaBOSMMO MpUKJIAJ HeMiHIfHOrO Be-
kroproro noys f(z) = (22, 22)T B oxosi mowaTKy Koop/MHAT; BiNNOBiNHE HeABTOHOMHE
BekTOpHe Tote Mae Burytsan g(t, ) = ((z1t + 1), te!)?.

Karmoei caosa: meniniiina KepoBaHa CHCTEMA; JTOCSIZKHA CACTEMA; CHCTEMa TOBHOTO DaH-
I'y; HEABTOHOMHA CHCTEMa; TEOPEMa TIPO BUINIPSIMJIEHHs] BEKTOPHOT'O TIOJISI.
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