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We study the Cauchy problem for the integrable nonlocal nonlinear Schr�odinger
(NNLS) equation

iqt(x, t) + qxx(x, t) + 2q2(x, t)q̄(−x, t) = 0

with a step-like initial data: q(x, 0) = o(1) as x→ −∞ and q(x, 0) = A+o(1) as
x→∞, where A > 0 is an arbitrary constant. We develop the inverse scatteri-
ng transform method for this problem in the form of the Riemann-Hilbert
approach and obtain the representation of the solution of the Cauchy problem
in terms of the solution of an associated Riemann-Hilbert-type analytic factori-
zation problem, which can be e�ciently used for further studying the properties
of the solution, including the large time asymptotic behavior.
Keywords: nonlocal nonlinear Schr�odinger equation, inverse scattering
transform method, Riemann-Hilbert problem.

Ðèáàëêî ß., Øåïåëüñüêèé Ä. Ìåòîä çàäà÷i Ðiìàíà-Ãiëüáåðòà äëÿ ií-

òåãðîâíîãî íåëîêàëüíîãî íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà ç ïî-

÷àòêîâèìè äàíèìè òèïó ñõîäèíêè. Ìè ðîçãëÿäà¹ìî çàäà÷ó Êîøi äëÿ
iíòåãðîâíîãî íåëîêàëüíîãî íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà (ÍÍØ)

iqt(x, t) + qxx(x, t) + 2q2(x, t)q̄(−x, t) = 0

ç ïî÷àòêîâèìè äàíèìè òèïó ñõîäèíêè: q(x, 0) = o(1), ïðè x → −∞,
q(x, 0) = A+o(1), ïðè x→∞, äå A > 0 � áóäü-ÿêà êîíñòàíòà. Ìè ðîçðîáëÿ¹-
ìî ìåòîä îáåðíåíî¨ çàäà÷i ðîçñiÿííÿ äëÿ öi¹¨ çàäà÷i ó âèãëÿäi ìåòîäó çàäà÷i
Ðiìàíà-Ãiëüáåðòà, òà îòðèìó¹ìî çîáðàæåííÿ äëÿ ðîçâ'ÿçêó âèõiäíî¨ çàäà-
÷i ó òåðìiíàõ ðîçâ'ÿçêó âiäïîâiäíî¨ çàäà÷i àíàëiòè÷íî¨ ôàêòîðèçàöi¨ òèïó
Ðiìàíà-Ãiëüáåðòà, ÿêå ìîæå áóòè åôåêòèâíî âèêîðèñòàíî äëÿ ïîäàëüøîãî
äîñëiäæåííÿ âëàñòèâîñòåé ðîçâ'ÿçêó, çîêðåìà, éîãî àñèìïòîòèêè çà âåëè-
êèì ÷àñîì.
Êëþ÷îâi ñëîâà: íåëîêàëüíå íåëiíiéíå ðiâíÿííÿ Øðåäiíãåðà, ìåòîä îáåðíå-
íî¨ çàäà÷i ðîçñiÿííÿ, çàäà÷à Ðiìàíà-Ãiëüáåðòà.

4



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì88 (2018) 5

Ðûáàëêî ß., Øåïåëüñêèé Ä.Ìåòîä çàäà÷è Ðèìàíà-Ãèëüáåðòà äëÿ èí-

òåãðèðóåìîãî íåëîêàëüíîãî íåëèíåéíîãî óðàâíåíèÿ Øðåäèíãåðà

ñ íà÷àëüíûìè äàííûìè òèïà ñòóïåíüêè. Ìû ðàññìàòðèâàåì çàäà÷ó
Êîøè äëÿ èíòåãðèðóåìîãî íåëîêàëüíîãî íåëèíåéíîãî óðàâíåíèÿ Øðåäèí-
ãåðà

iqt(x, t) + qxx(x, t) + 2q2(x, t)q̄(−x, t) = 0

ñ íà÷àëüíûìè äàííûìè òèïà ñòóïåíüêè: q(x, 0) = o(1) ïðè x → −∞,
q(x, 0) = A+ o(1) ïðè x→∞, ãäå A > 0 íåêîòîðàÿ êîíñòàíòà. Ìû ðàçðàáà-
òûâàåì ìåòîä îáðàòíîé çàäà÷è ðàññåÿíèÿ äëÿ ýòîé ïðîáëåìû â âèäå ìåòîäà
çàäà÷è Ðèìàíà-Ãèëüáåðòà, è ïîëó÷àåì ïðåäñòàâëåíèå äëÿ ðåøåíèÿ èñõî-
äíîé çàäà÷è â òåðìèíàõ ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è àíàëèòè÷åñêîé
ôàêòîðèçàöèè òèïà Ðèìàíà-Ãèëüáåðòà, êîòîðîå ìîæåò áûòü ýôôåêòèâíî
èñïîëüçîâàíî äëÿ äàëüíåéøåãî èçó÷åíèÿ ñâîéñòâ ðåøåíèÿ, â ÷àñòíîñòè åãî
àñèìïòîòèêè ïðè áîëüøèõ âðåìåíàõ
Êëþ÷åâûå ñëîâà: íåëîêàëüíîå íåëèíåéíîå óðàâíåíèå Øðåäèíãåðà, ìåòîä
îáðàòíîé çàäà÷è ðàññåÿíèÿ, çàäà÷à Ðèìàíà-Ãèëüáåðòà.

2010 Mathematics Subject Classi�cation 35Q55, 35Q15.

1. Introduction

In this letter we consider the following Cauchy problem for the focusing
nonlocal nonlinear Schr�odinger (NNLS) equation with a step-like initial data:

iqt(x, t) + qxx(x, t) + 2q2(x, t)q̄(−x, t) = 0, x ∈ R, t > 0, (1a)

q(x, 0) = q0(x), (1b)

where q̄ denotes the complex conjugate of q and

q0(x)→ 0 as x→ −∞ and q0(x)→ A as x→∞ (1c)

su�ciently fast, with some A > 0.
The nonlocal nonlinear Schr�odinger equation (1a) was introduced by M.

Ablowitz and Z. Musslimani in [2]. This equation is a reduction of a member
of the AKNS hierarchy [1]

iqt + qxx + 2q2r = 0, (2a)

−irt + rxx + 2r2q = 0, (2b)

with r(x, t) = q̄(−x, t), which introduces a remarkably simple nonlocality to the
above system and reduces it to equation (1a). The NNLS equation has been widely
considered recently due to its interesting physical and mathematical features.
First, this equation is invariant under the joint transformations x→ −x, t→ −t,
and complex conjugation. Therefore, it is parity-time (PT) symmetric and thus
is related to this state-of-art research area of modern physics [4]. Moreover, in
[9] it was shown, that NNLS is gauge-equivalent to the unconventional system of
coupled Landau-Lifshitz (CLL) equations and consequently can be used in the
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physics of nanomagnetic arti�cial materials. Finally, the focusing NNLS equation
(1a), in contrast to the conventional (local) NLS equation, can simultaneously
support both bright and dark soliton solutions [11].

In [3] the authors presented the Inverse Scattering Transform (IST) method
to the study of the Cauchy problem for equation (1a), based on a variant of the
Riemann-Hilbert approach, in the case of decaying initial data and obtained the
one- and two-soliton solutions. In the present paper we assume that the solution
q(x, t) of problem (1a-1b) satis�es the following boundary conditions for all t > 0:

q(x, t) = o(1), x→ −∞, (3a)

q(x, t) = A+ o(1), x→ +∞, (3b)

This choice of initial data and boundary values is inspired by the shock problems
for the classical (local) NLS equation, which has been considered since 1980s (see
e.g. [5], [6]). Particularly, in [6] the authors study the asymptotics of the Cauchy
problem for the NLS equation with the step-like initial data.

The present paper aims at the development of the Riemann-Hilbert approach
to the initial value problem (1) with boundary values (3). It is organized as follows.
In Section 2 we construct the dedicated solutions of the Lax pair equations �xing
their large x behavior (Jost solution). In Section 3 we discuss the properties of
the associated spectral functions. Finally, in Section 4, we gives the representation
of the solution of the Cauchy problem in terms of a Riemann-Hilbert problem.
Notice that this RH problem has a form suitable for further large time asymptotic
analysis by using an appropriate adaptation of the nonlinear steepest descent
method [8, 7].

2. Eigenfunctions of the Lax pair equations with
step-like boundary conditions

The focusing NNLS equation (1a) is a compatibility condition of the following
two linear equations (Lax pair){

Φx + ikσ3Φ = U(x, t)Φ
Φt + 2ik2σ3Φ = V (x, t, k)Φ

(4)

where σ3 =
(

1 0
0 −1

)
, Φ(x, t, k) is a 2 × 2 matrix-valued function, k ∈ C is an

auxiliary (spectral) parameter, and the matrix coe�cients U(x, t) and V (x, t, k)
are given in terms of q(x, t):

U(x, t) =

(
0 q(x, t)

−q̄(−x, t) 0

)
, V =

(
V11 V12

V21 V22

)
, (5)

where V11 = −V22 = iq(x, t)q̄(−x, t), V12 = 2kq(x, t) + iqx(x, t), and V21 =
−2kq̄(−x, t) + i(q̄(−x, t))x.
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Introduce the notations

U+ =

(
0 A
0 0

)
, U− =

(
0 0
−A 0

)
, V+ =

(
0 2kA
0 0

)
, V− =

(
0 0

−2kA 0

)
. (6)

Then, assuming that there exists q(x, t) satisfying (1) and (3), it follows that

U(x, t)→ U± and V (x, t, k)→ V±(k) as x→ ±∞. (7)

It is easy to see that that the system (4) is compatible with U, V replaced by
U+, V+ or U−, V−. Particularly, these equations are satis�ed by Φ±(x, t, k) de�ned
as follows:

Φ±(x, t, k) = N±(k)e−(ikx+2ik2t)σ3 , (8)

where N+(k) =

(
1 A

2ik
0 1

)
, N−(k) =

(
1 0
A

2ik 1

)
. Notice that det Φ± ≡ 1. On the

other hand, the singularities of N±(k) at k = 0 will signi�cantly a�ect the analysis
that follows. Namely, the solution of the basic RH problem has a singularity as
k → 0, i.e. at a point on the contour of the RH problem (see (38) and (39) below).

Now de�ne the 2 × 2-valued functions Ψj(x, t, k), j = 1, 2, −∞ < x < ∞,
0 ≤ t <∞ as the solutions of the Volterra integral equations:

Ψ1(x, t, k) = N−(k) +

x∫
−∞

G−(x, y, t, k) (U(y, t)− U−) Ψ1(y, t, k)eik(x−y)σ3 dy, (9a)

Ψ2(x, t, k) = N+(k) +

∫ x

∞
G+(x, y, t, k) (U(y, t)− U+) Ψ2(y, t, k)eik(x−y)σ3 dy,(9b)

where G±(x, y, t, k) = Φ±(x, t, k)[Φ±(y, t, k)]−1. The functions Ψj(x, t, k), j = 1, 2
are the main ingredients of the basic RH problem (see (31) below). The main
properties of the matrices Ψj(x, t, k) are summarized in Proposition 1, where we

denote by Ψ
(i)
j (x, t, k) the i-th column of Ψj(x, t, k), C± = {k ∈ C | ± =k > 0},

and C± = {k ∈ C | ± =k ≥ 0}.
Proposition 1 The matrices Ψ1(x, t, k) and Ψ2(x, t, k) have the following

properties

1. The columns Ψ
(1)
1 (x, t, k) and Ψ

(2)
2 (x, t, k) are well-de�ned and analytic in

k ∈ C+ and continuous in C+ \ {0}; moreover,

Ψ
(1)
1 (x, t, k) =

(
1
0

)
+O

(1

k

)
and Ψ

(2)
2 (x, t, k) =

(
0
1

)
+O

(1

k

)
, k →∞

for k ∈ C+.

2. The columns Ψ
(2)
1 (x, t, k) and Ψ

(1)
2 (x, t, k) are well-de�ned and analytic in

k ∈ C− and continuous in C−; moreover,

Ψ
(2)
1 (x, t, k) =

(
0
1

)
+O

(1

k

)
and Ψ

(1)
2 (x, t, k) =

(
1
0

)
+O

(1

k

)
, k →∞

for k ∈ C−.
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3. The functions Φj(x, t, k), j = 1, 2 de�ned by

Φj(x, t, k) = Ψj(x, t, k)e−(ikx+2ik2t)σ3 , k ∈ R \ {0}, j = 1, 2, (10)

are the Jost solutions of the Lax pair equations (4) satisfying the boundary

conditions

Φ1(x, t, k)→ Φ−(x, t, k), x→ −∞, (11a)

Φ2(x, t, k)→ Φ+(x, t, k), x→∞. (11b)

4. det Ψj(x, t, k) = 1, x ∈ R, t ≥ 0, k ∈ R, j = 1, 2.

5. The following symmetry relation holds:

ΛΨ1(−x, t,−k)Λ−1 = Ψ2(x, t, k), k ∈ R \ {0}, (12)

where Λ =
(

0 1
1 0

)
.

6. As k → 0,

Ψ
(1)
1 (x, t, k) =

1

k

(
v1(x, t)
v2(x, t)

)
+O(1), (13a)

Ψ
(2)
1 (x, t, k) =

2i

A

(
v1(x, t)
v2(x, t)

)
+O(k), (13b)

Ψ
(1)
2 (x, t, k) = −2i

A

(
v2(−x, t)
v1(−x, t)

)
+O(k), (13c)

Ψ
(2)
2 (x, t, k) = −1

k

(
v2(−x, t)
v1(−x, t)

)
+O(1), (13d)

where vj(x, t), j=1,2 solve the following system of linear Volterra integral

equations: {
v1(x, t) =

∫ x
−∞ q(y, t)v2(y, t) dy,

v2(x, t) = −iA2 −
∫ x
−∞ q(−y, t)v1(y, t) dy.

(14)

Proof. Properties 1�5 follows directly from the construction (9) of Ψj . Parti-
cularly, property 5 follows from the corresponding symmetry of U and V . Now
let us prove property 6. From (9) and the structure of singularity of N± at k = 0
it follows that, as k → 0,

Ψ
(1)
1 (x, t, k) =

1

k

(
v1(x, t)
v2(x, t)

)
+O(1), Ψ

(2)
1 (x, t, k) =

(
ṽ1(x, t)
ṽ2(x, t)

)
+O(k),

(15a)

Ψ
(1)
2 (x, t, k) =

(
w̃1(x, t)
w̃2(x, t)

)
+O(k), Ψ

(2)
2 (x, t, k) =

1

k

(
w1(x, t)
w2(x, t)

)
+O(1).

(15b)
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Then the symmetry relation (12) implies(
w1(x, t)
w2(x, t)

)
=

(
−v2(−x, t)
−v1(−x, t)

)
and

(
w̃1(x, t)
w̃2(x, t)

)
=

(
ṽ2(−x, t)
ṽ1(−x, t)

)
. (16)

Substituting (15) into (9) we conclude that vj(x, t), j = 1, 2 satisfy (14) whereas
ṽj(x, t), j = 1, 2 solve the following system of equations{

ṽ1(x, t) =
∫ x
−∞ q(y, t)ṽ2(y, t) dy,

ṽ2(x, t) = 1−
∫ x
−∞ q(−y, t)ṽ1(y, t) dy.

(17)

Comparing this with (14) implies that(
ṽ1(x, t)
ṽ2(x, t)

)
=

2i

A

(
v1(x, t)
v2(x, t)

)
. (18)

3. Scattering matrix and spectral functions

Since Φ1(x, t, k) and Φ2(x, t, k) satisfy both equations in the Lax pair (4), the

following dependence relation holds

Φ1(x, t, k) = Φ2(x, t, k)S(k), k ∈ R \ {0}, (19)

or, in terms of Ψj ,

Ψ1(x, t, k) = Ψ2(x, t, k)e−(ikx+2ik2t)σ3S(k)e(ikx+2ik2t)σ3 , k ∈ R \ {0}, (20)

where S(k) is called the scattering matrix. The symmetry relation (12) implies
the same relation for the Jost solutions:

ΛΦ1(−x, t,−k̄)Λ−1 = Φ2(x, t, k), k ∈ R \ {0}. (21)

This implies that the scattering matrix S(k) can be written as follows (cf. [3, 10])

S(k) =

(
a1(k) −b(−k)
b(k) a2(k)

)
, k ∈ R \ {0}, (22)

with some b(k), a1(k), and a2(k); moreover, a1(k), and a2(k) are well de�ned in
respectively C+ \ {0} and C− \ {0}, where they satisfy the symmetry relations

a1(−k̄) = a1(k), a2(−k̄) = a2(k). (23)

The scattering matrix S(k) is uniquely determined by the initial data
q0(x). Indeed, introducing the notations ψ1(x, k) = (Ψ1)11(x, 0, k), ψ2(x, k) =
(Ψ1)12(x, 0, k), ψ3(x, k) = (Ψ1)21(x, 0, k) and ψ4(x, k) = (Ψ1)22(x, 0, k), equati-
ons (9a) reduce to the systems of Volterra integral equations for ψ1, ψ3 and ψ2,
ψ4 respectively:

ψ1(x, k) = 1 +
∫ x
−∞ q0(y)ψ3(y, k) dy,

ψ3(x, k) = A
2ik +

∫ x
−∞ e

2ik(x−y)
(
A− q0(−y)

)
ψ1(y, k) dy

+ A
2ik

∫ x
−∞ q0(y)

(
1− e2ik(x−y)

)
ψ3(y, k) dy.

(24)
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
ψ2(x, k) =

∫ x
−∞ e

−2ik(x−y)q0(y)ψ4(y, k) dy,

ψ4(x, k) = 1 +
∫ x
−∞

(
A− q0(−y)

)
ψ2(y, k) dy

+ A
2ik

∫ x
−∞ q0(y)

(
e−2ik(x−y) − 1

)
ψ4(y, k) dy.

(25)

Having these equations solved, the entries of S(k) are given by

a1(k) = lim
x→∞

(
ψ1(x, k)− A

2ik
ψ3(x, k)

)
, (26a)

b(k) = lim
x→∞

e−2ikxψ3(x, k), (26b)

a2(k) = lim
x→∞

ψ4(x, k). (26c)

Alternatively, the spectral functions (the entries of the scattering matrix) can
be written it terms of the determinant relations:

a1(k) = det
(

Ψ
(1)
1 (0, 0, k),Ψ

(2)
2 (0, 0, k)

)
, k ∈ C+, (27a)

a2(k) = det
(

Ψ
(1)
2 (0, 0, k),Ψ

(2)
1 (0, 0, k)

)
, k ∈ C−, (27b)

b(k) = det
(

Ψ
(1)
2 (0, 0, k),Ψ

(1)
1 (0, 0, k)

)
, k ∈ R. (27c)

The properties of the spectral functions, which follow from Proposition 1, are
summarized in

Proposition 2 The spectral functions aj(k), j=1,2, and b(k) have the following

properties

1. a1(k) is analytic in k ∈ C+ and continuous in C+ \ {0}; a2(k) is analytic

in k ∈ C− and continuous in C−.

2. aj(k) = 1 + O
(

1
k

)
, j = 1, 2 and b(k) = O

(
1
k

)
as k → ∞ (the latter holds

for k ∈ R).

3. a1(−k̄) = a1(k), k ∈ C+ \ {0}; a2(−k̄) = a2(k), k ∈ C−.

4. a1(k)a2(k) + b(k)b(−k̄) = 1, k ∈ R \ {0} (follows from detS(k) = 1).

5. As k → 0, a1(k) = A2a2(0)
4k2

+O
(

1
k

)
and b(k) = Aa2(0)

2ik +O (1).

Remark 1. Concerning the last item of Proposition 2, we notice that substituting
(13) into (26) yields, as k → 0,

a1(k) =
1

k2
(|v2(0, 0)|2 − |v1(0, 0)|2) +O

(
1

k

)
, (28a)

a2(k) =
4

A2
(|v2(0, 0)|2 − |v1(0, 0)|2) +O(k), (28b)

b(k) = − 2i

kA
(|v2(0, 0)|2 − |v1(0, 0)|2) +O(1), (28c)
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from which item 5 follows. Since (27) holds for any (x, t), the �conservation law�
holds for the Jost solutions:

v2(x, t)v̄2(−x, t)− v1(x, t)v̄1(−x, t) = const.

Remark 2. In the case of the pure-step initial data:

q0(x) =

{
0, x < 0

A, x > 0
(29)

the scattering matrix S(k) is as follows:

S(k) = [Φ2(0, 0, k)]−1Φ1(0, 0, k) = N−1
+ (k)N−(k) =

(
1 + A2

4k2
− A

2ik
A

2ik 1

)
. (30)

4. The basic Riemann-Hilbert problem

The Riemann�Hilbert formalism of the IST is based on constructing (using
the Jost soultions) a piece-wise meromorphic, 2 × 2-valued function in the k-
complex plane, whose �lack of analyticity�, i.e., the jump across a contour and,
if appropriate, some conditions at singular points, can be fully characterized in
terms of the spectral data (spectral functions and a discrete set of data related to
the poles) uniquely determined by the initial data.

De�ne the 2 × 2-valued function M(x, t, k), piece-wise meromorphic relative
to R, as follows:

M(x, t, k) =


(

Ψ
(1)
1 (x,t,k)
a1(k) ,Ψ

(2)
2 (x, t, k)

)
, k ∈ C+ \ {0},(

Ψ
(1)
2 (x, t, k),

Ψ
(2)
1 (x,t,k)
a2(k)

)
, k ∈ C− \ {0}.

(31)

Then the scattering relation (20) implies that the boundary values M±(x, t, k) =
lim

k′→k,k′∈C±
M(x, t, k′), k ∈ R satisfy the multiplicative jump condition

M+(x, t, k) = M−(x, t, k)J(x, t, k), k ∈ R \ {0}, (32)

where

J(x, t, k) =

(
1 + r1(k)r2(k) r2(k)e−2ikx−4ik2t

r1(k)e2ikx+4ik2t 1

)
(33)

with the re�ection coe�cients de�ned by

r1(k) :=
b(k)

a1(k)
, r2(k) :=

b(−k)

a2(k)
. (34)

Moreover, we have the normalization

M(x, t, k)→ I, k →∞, (35)
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where I is the 2× 2 identity matrix.
Observe that the symmetry conditions 3 (see Proposition 2) imply that

r1(−k)r2(−k) = r1(k) r2(k), k ∈ R \ {0}. (36)

By the determinant property 4 in Proposition 2, we also have

1 + r1(k)r2(k) =
1

a1(k)a2(k)
, k ∈ R \ {0}. (37)

Now notice that in view of (28), the behavior of M as k → 0 depends quali-
tatively on whether a2(0) 6= 0 or a2(0) = 0. The former case, which is generic,
contains the case of �pure-step initial data�, where a1(k) has (in C+) a single,
simple zero located on the imaginary axis, and a2(k) has no zeros in C−. Since
small (in the L1 sense) perturbations of the pure-step initial data preserve these
properties, this motivates us to concentrate, in the present paper, on the following
two cases:

Generic case: The spectral function a1(k) has one simple zero in C+, say k =
ik1, k1 > 0; a2(k) has no zeros in C−.

Non-generic case: The spectral function a1(k) has one simple zero in C+, say
k = ik1, k1 > 0; a2(k) has one simple zero in C− at k = 0 (and thus
ȧ2(0) 6= 0). Moreover, we assume that lim

k→0
ka1(k) 6= 0.

Remark 3. From the symmetry relations (23) it follows that a11 := lim
k→0

ka1(k)

is purely imaginary. Moreover, if a1(k) has one simple zero, then =a11 < 0 in the
non-generic case.

Taking into account the singularities of Ψj(x, t, k), j = 1, 2 and a1(k) at k = 0
(see Proposition 1), the behavior ofM(x, t, k) at k = 0 can be described as follows:
in the generic case,

M+(x, t, k) =

(
4

A2a2(0)
v1(x, t) −v2(−x, t)

4
A2a2(0)

v2(x, t) −v1(−x, t)

)
(I +O(k))

(
k 0
0 1

k

)
, k → +i0,

(38a)

M−(x, t, k) =
2i

A

(
−v2(−x, t) v1(x,t)

a2(0)

−v1(−x, t) v2(x,t)
a2(0)

)
+O(k), k → −i0, (38b)

and in the non-generic case,

M+(x, t, k) =

(
v1(x,t)
a11

−v2(−x, t)
v2(x,t)
a11

−v1(−x, t)

)
(I +O(k))

(
1 0
0 1

k

)
, k → +i0, (39a)

M−(x, t, k) =
2i

A

(
−v2(−x, t) v1(x,t)

ȧ2(0)

−v1(−x, t) v2(x,t)
ȧ2(0)

)
(I +O(k))

(
1 0
0 1

k

)
, k → −i0 (39b)
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(recall that a11 is determined by a1(k) = a11
k +O(1) as k → 0).

Additionally, if a1(ik1) = 0 (simple zero) with k1 > 0, then M(x, t, k) satis�es
the residue condition

Res
k=ik1

M (1)(x, t, k) =
γ1

ȧ1(ik1)
e−2k1x−4ik21tM (2)(x, t, ik1), |γ1| = 1, (40)

where

Ψ
(1)
1 (0, 0, ik1) = γ1Ψ

(2)
2 (0, 0, ik1). (41)

Notice that the symmetry relation (12) yields Ψ
(1)
1 (0, 0, ik1) = γ−1

1 Ψ
(2)
2 (0, 0, ik1)

and thus |γ1| = 1 (cf. [3]).

Now we summarize the results of the analysis above in the representation
Theorem that gives the solution of the Cauchy problem (1), (3) in terms of the
solution of the associated Riemann-Hilbert problem.

Theorem 1 Let q0(x), x ∈ (−∞,∞) be given such that∫ 0

−∞
|q0(x)|dx+

∫ ∞
0
|q0(x)−A|dx <∞.

Let a1(k), a2(k), and b(k) be constructed according to (24)�(26). Assume that

(i) a1(k) has a single, simple, pure imaginary zero k1 in C+; (ii) a2(k) has no

zeros in C+ \ {0} and, if a2(0) = 0, then 0 is the simple zero of a2(k); (iii)
lim
k→0

(ka1(k)) 6= 0. Determine γ1 according to (41).

Consider the following Riemann-Hilbert problem: �nd the 2×2-valued function
M(x, t, k), piece-wise meromorphic in k relative to R and satisfying the following

conditions:

(i) Jump conditions. The boundary values M±(x, t, k) = M(x, t, k ± i0), k ∈
R \ {0} satisfy the condition

M+(x, t, k) = M−(x, t, k)J(x, t, k), k ∈ R \ {0}, (42)

where the jump matrix J(x, t, k) is given by (33), with r1 and r2 given by

(34).

(ii) Normalization at k =∞:

M(x, t, k) = I +O(k−1), k →∞.

(iii) Residue condition (40).

(iv) Structural conditions at k = 0: M(x, t, k) satis�es (38) (generic case:

a2(0) 6= 0) or (39) (non-generic case: a2(0) = 0), where vj(x, t), j = 1, 2
are some (not prescribed) functions.
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Assume that the RH problem (i)�(iv) has a solutionM(x, t, k). Then the soluti-

on of the Cauchy problem (1), (3) is given in terms of the (12) and (21) entries

of M(x, t, k) as follows:

q(x, t) = 2i lim
k→∞

kM12(x, t, k), (43)

and

q(−x, t) = −2i lim
k→∞

kM21(x, t, k). (44)

The solution of the RH problem is unique, if exists. Indeed, ifM and M̃ are two
solutions, then conditions (38) or (39) provide the boundedness of M(k)M̃−1(k)
at k = 0. Moreover,M(k)M̃−1(k) has no jump across R andM(k)M̃−1(k)→ I as
k →∞, which allows to deduce, using the Liouville theorem, thatM(k)M̃−1(k) ≡
I.

Remark 4. From (43) and (44) it follows that in order to present the solution of
(1), (3) for all x ∈ R, it is su�cient to have the solution of the RH problem for,
say, x ≥ 0 only.

Proposition 3 The solution M of the Riemann�Hilbert problem (i)-(iv) satis�-

es the following symmetry condition (cf. (21)):

M(x, t, k) =


ΛM(−x, t,−k̄)Λ−1

(
1

a1(k) 0

0 a1(k)

)
, k ∈ C+ \ {0},

ΛM(−x, t,−k̄)Λ−1

(
a2(k) 0

0 1
a2(k)

)
, k ∈ C− \ {0}.

(45)

Proof. Follows from the symmetry of the jump matrix (33) in (42)

ΛJ(−x, t,−k)Λ−1 =

(
a2(k) 0

0 1
a2(k)

)
J(x, t, k)

(
a1(k) 0

0 1
a1(k)

)
, k ∈ R \ {0}

(which, in turns, follows from (36) and (37)), and the fact that the structural
conditions (38) and (39) and the residue condition (40) are consistent with (45).

REFERENCES

1. M. J. Ablowitz, D. J. Kaup, A. C. Newell, and H. Segur, The Inverse Scatteri-
ng Transform-Fourier Analysis for Nonlinear Problems, Stud. Appl. Math., �
1974. � 53. � P. 249�315.

2. M. J. Ablowitz and Z. H. Musslimani, Integrable nonlocal nonlinear
Schr�odinger equation, Phys. Rev. Lett., � 2013. � 110. � P. 064105-1�064105-
5.



ÂiñíèêÕÍÓ, Ñåð. ¾Ìàòåìàòèêà, ïðèêëàäíà ìàòåìàòèêà i ìåõàíiêà¿, òîì88 (2018) 15

3. M. J. Ablowitz and Z. H. Musslimani, Inverse scattering transform for the
integrable nonlocal nonlinear Schr�odinger equation, Nonlinearity. � 2016. �
29. � P. 915�946.

4. C. M. Bender and S. Boettcher, Real spectra in non-Hermitian Hamiltonians
having P-T symmetry, Phys. Rev. Lett., � 1998. � 80. � P. 5243�5246.

5. R. F. Bikbaev, Di�raction in Nonlinear Defocusing Medium, Zapiski Nauch.
Semin. LOMI. � 1989. � 179. � P. 23�31.

6. A. Boutet de Monvel, V. P. Kotlyarov and D. Shepelsky, Focusing NLS
Equation: Long-Time Dynamics of Step-Like Initial Data, International
Mathematics Research Notices. � 2011. � 7. � P. 1613�1653.

7. P. A. Deift, A. R. Its and X. Zhou, Long-time asymptotics for integrable
nonlinear wave equations, Important developments in Soliton Theory 1980-
1990, edited by A. S. Fokas and V. E. Zakharov, New York: Springer. � 1993.
� P. 181�204.

8. P. A. Deift and X. Zhou, A steepest descend method for oscillatory Riemann�
Hilbert problems. Asymptotics for the MKdV equation, Ann. Math. � 1993.
� 137. � P. 295�368.

9. T. Gadzhimuradov and A. Agalarov, Towards a gauge-equivalent magnetic
structure of the nonlocal nonlinear Schr�odinger equation, Phys. Rev. A. �
2016. � 93. � P. 062124-1�062124-6.

10. Ya. Rybalko, D. Shepelsky, Long-time asymptotics for the integrable nonlocal
nonlinear Schr�odinger equation, arXiv:1710.07961, 18 Apr 2018.

11. A. Sarma, M. Miri, Z. Musslimani, D. Christodoulides, Continuous and di-
screte Schr�odinger systems with parity-time-symmetric nonlinearities, Physi-
cal Review E. � 2014. � 89. � P. 052918-1�052918-7

Ðèáàëêî ß., Øåïåëüñüêèé Ä.Ìåòîä çàäà÷i Ðiìàíà-Ãiëüáåðòà äëÿ iíòåãðîâíî-

ãî íåëîêàëüíîãî íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà ç ïî÷àòêîâèìè äàíèìè

òèïó ñõîäèíêè. Äîñëiäæó¹òüñÿ çàäà÷à Êîøi äëÿ iíòåãðîâíîãî íåëîêàëüíîãî íåëi-
íiéíîãî ðiâíÿííÿ Øðåäiíãåðà (ÍÍØ)

iqt(x, t) + qxx(x, t) + 2q2(x, t)q̄(−x, t) = 0

ç ïî÷àòêîâèìè äàíèìè òèïó ñõîäèíêè: ïðèïóñêàýòüñÿ, ùî ïî÷àòêîâà ôóíêöiÿ q(x, 0)
ý òàêîþ, ùî q(x, 0) = o(1), êîëè x → −∞, òà q(x, 0) = A + o(1), êîëè x → ∞, äå
A > 0 � äîâiëüíèé (ôiêñîâàíèé) ïàðàìåòð, ùî âiäïîâiäà¹ íåíóëüîâîìó ôîíó ñõîäèí-
êè. Ïî÷èíàþ÷è ç 2013 ðîêó, êîëè ðiâíÿííÿ ÍÍØ áóëî çàïðîïîíîâàíî ÿê iíòåãðîâíà
ìîäåëü, âîíî ïðèâåðòà¹ çíà÷íó óâàãó äîñëiäíèêiâ (ÿê ìàòåìàòèêiâ, òàê i ôiçèêiâ) ó
çâ'ÿçêó ç òèì, ùî ðiâíÿííÿ ÍÍØ ¹ ñèìåòðè÷íèì ó ñåíñi ¾ïàðíiñòü-÷àñ¿: âîíî iíâàði-
àíòíå âiäíîñíî ñïiëüíîãî ïåðåòâîðåííÿ x→ −x, t→ −t, òà êîìïëåêñíîãî ñïðÿæåííÿ.
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Çîêðåìà, ðiâíÿííÿ ÍÍØ ¹ êàëiáðóâàëüíî-åêâiâàëåíòíèì äî ñèñòåìè ïîâ'ÿçàíèõ ðiâ-
íÿíü Ëàíäàó-Ëiôøèöÿ òà, âiäïîâiäíî, ìîæå çíàéòè çàñòîñóâàííÿ ó ôiçèöi øòó÷íèõ
íàíîìàãíiòíèõ ìàòåðiàëiâ.

Äëÿ äîñëiäæåííÿ çàäà÷i Êîøi äëÿ ðiâíÿííÿ ÍÍØ, àâòîðè ðîçðîáëÿþòü âàðiàíò
ìåòîäó îáåðíåíî¨ çàäà÷i ðîçñiÿííÿ ó ôîðìi ìåòîäó çàäà÷i Ðiìàíà-Ãiëüáåðòà. Ìåòîä
áàçó¹òüñÿ íà âèêîðèñòàííi ðîçâ'ÿçêiâ Éîñòà (ó òîìó ÷èñëi, íà íåíóëüîâîìó ôîíi) äëÿ
ðiâíÿíü âiäïîâiäíî¨ ïàðè Ëàêñà òà äåòàëüíîìó àíàëiçi ¨õ àíàëiòè÷íèõ âëàñòèâîñòåé.
Ó ðåçóëüòàòi îòðèìàíî çîáðàæåííÿ äëÿ ðîçâ'ÿçêó âèõiäíî¨ çàäà÷i ó òåðìiíàõ ðîçâ'ÿç-
êiâ âiäïîâiäíî¨ çàäà÷i àíàëiòè÷íî¨ ôàêòîðèçàöi¨ òèïó Ðiìàíà-Ãiëüáåðòà. Öå çîáðàæå-
ííÿ ìà¹ öiëèé ðÿä âiäìiííîñòåé âiä âiäïîâiäíîãî çîáðàæåííÿ ó âèïàäêó êëàñè÷íîãî
(ëîêàëüíîãî) íåëiíiéíîãî ðiâíÿííÿ Øðåäiíãåðà. Çîêðåìà, öå ñòîñó¹òüñÿ ñèíãóëÿðíî¨
ïîâåäiíêè ó îêîëi íóëÿ ñïåêòðàëüíîãî ïàðàìåòðà, îñîáëèâiñòþ ÿêî¨ ¹ òå, ùî öÿ ñèí-
ãóëÿðíiñòü ëîêàëiçîâàíà íà êîíòóði ñïðÿæåííÿ äëÿ çàäà÷i Ðiìàíà-Ãiëüáåðòà. Îòðè-
ìàíå çîáðàæåííÿ ìîæå áóòè åôåêòèâíî âèêîðèñòàíî äëÿ ïîäàëüøîãî äîñëiäæåííÿ
âëàñòèâîñòåé ðîçâ'ÿçêiâ çàäà÷i Êîøi, çîêðåìà, äîñëiäæåííÿ éîãî àñèìïòîòè÷íî¨ ïî-
âåäiíêè çà âåëèêèì ÷àñîì.
Êëþ÷îâi ñëîâà: íåëîêàëüíå íåëiíiéíå ðiâíÿííÿ Øðåäiíãåðà, ìåòîä îáåðíåíî¨ çàäà÷i
ðîçñiÿííÿ, ðîçâ'ÿçêè Éîñòà, çàäà÷à Ðiìàíà-Ãiëüáåðòà.
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