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We study the Cauchy problem for the integrable nonlocal nonlinear Schrodinger
(NNLS) equation

i (2, 1) + oo (@, 1) + 2¢° (2, 1)g(—2,t) = 0

with a step-like initial data: ¢(x,0) = o(1) as ¢ — —oco and ¢(z,0) = A+0o(1) as
x — 0o, where A > 0 is an arbitrary constant. We develop the inverse scatteri-
ng transform method for this problem in the form of the Riemann-Hilbert
approach and obtain the representation of the solution of the Cauchy problem
in terms of the solution of an associated Riemann-Hilbert-type analytic factori-
zation problem, which can be efficiently used for further studying the properties
of the solution, including the large time asymptotic behavior.

Keywords: nonlocal nonlinear Schrédinger equation, inverse scattering
transform method, Riemann-Hilbert problem.

Pubanko 4., lenenscokuii 1. Metox 3amadi Pimana-T'inb6epra ajid iH-
TErpoOBHOI'0 HEJOKAJIbHOro HeJiHiliHoro pisHauuga Illpeniarepa 3 1o-
YaTKOBUMHU JAHUMU TUMY cXOOUMHKU. Mu posriasgaemo 3amaay Komri mis
iHTErpOBHOrO HEJOKAIbLHOrO Hemiuiiinoro pisaanus [Ipeminrepa (HHII)

iqe(z,t) + qua (2, ) + 2¢° (2, 1)q(—2,t) = 0

3 10YaTKOBMMHU gaHumu tuny cxomuuku: ¢(x,0) = o(l), upu x — —oo,
q(z,0) = A+o(1), upu x — oo, ne A > 0 — byap-ska koncranra. Mu po3pobiisie-
MO MEeTOJ; 00EPHEHO]I 3a/1a91 PO3CIAHHS 1 THET 3a/1a91 Y BUIVISIII METOLY 331241
Pimana-TinbbepTa, Ta OTpuMyeMO 300parKeHHsT [JIsT PO3B 3Ky BUXIiTHOI 3374~
4gi y TepMmiHax pO3B’d3Ky BiAmoBimHOI 3a/madui anasgituanol dpaxkTopm3arii Tumy
Pimana-T'inpbepra, sike Moxke 6yTH e(peKTUBHO BUKOPHUCTAHO IS TOJATHIITIOTO
JIOCJI/PKeHHST BJIACTUBOCTEN PO3B’S3KY, 30KpeMa, HOro aCUMITOTUKHU 3a BEJIH-
KHAM 49acOM.

Karwuosi carosa: Henokanbue Heminiiine pisasuus [peniarepa, meron obepre-
HOI 331a4i poscisaug, 3aa4ua Pimana-T'innoepra.
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Puibanko 4., lenensckuit /1. Meron 3agmauyn Pumana-I'nnsbepra ajisa na-
TerpupyeMoro HeJIOKaJbHOTO HesimHeliHOTO ypaBHeHusa Illpegmarepa
C HaYaJIbHBIMU JAaHHBIMHU THUIIA CTYIEHBbKM. Mbl paccmarpuBaeMm 3a1ady
Komm i maTerpupyeMoro HesiokajabHOro nesimueiinoro ypasuenus Ilpenun-
repa

iQt($7 t) + Qwa:(x’ t) + 2q2(x, t)(j(—l‘, t) =0
¢ HavdaJbHBIMH JAHHBIME THIA cTynesbkm: ¢(z,0) = o(l) mpu z — —oo,
q(x,0) = A+ o(1) upu x — oo, rue A > 0 nekoropas Koucranra. Mol pazpaba-
THIBAEM MEeTO/ OOPATHOU 33/1a491 PACCEedHUs /I ITOH 1pOOJIEMbL B BU/I€ METO/IA
3amaun Pumana-I'unbbepra, m mojgydaeM MpeCcTaBIeHUe IS PEIeHns MUCXO-
JHOU 3aJa91 B TEPMHUHAX PElIeHUd COOTBETCTBYIOIIEH 3a/1a9M aHAJIUTUIECKON
daxkropu3zanuu tuna Pumana-I'mipbepra, KoTOpoe MoKeT ObITH 3P HEKTHBHO
HCIIOJIB30BAHO 151 TAJbHENINEero n3yYennsi CBONCTB PeIleHusi, B 9aCTHOCTH €ro
ACHMIITOTUKY IIPH OOJIBIINX BPEMEHAX
Karuesvie caosa: nemokanabuoe nenuueiinoe ypasuenne Illpenmnrepa, meror
obpaTHO# 3aJa4n paccesnns, 3agada Pumana-I'mianbepra.

2010 Mathematics Subject Classification 35Q55, 35Q15.

1. Introduction

In this letter we consider the following Cauchy problem for the focusing
nonlocal nonlinear Schrédinger (NNLS) equation with a step-like initial data:

iqe(z,t) + qua (2, 1) + 2¢% (2, t)G(—2, ) = 0, xR, t>0, (1a)
q(z,0) = qo(), (1b)

where ¢ denotes the complex conjugate of ¢ and
go(z) >0 asx — —oo and go(x) > Aasz — oo (1c)

sufficiently fast, with some A > 0.
The nonlocal nonlinear Schrédinger equation (la) was introduced by M.

Ablowitz and Z. Musslimani in [2|. This equation is a reduction of a member
of the AKNS hierarchy [1]

1qt + Quz + 2C]27’ =0, (2&)
=17 + Ty + 2T2q =0, (2b)

with r(z,t) = g(—=z,t), which introduces a remarkably simple nonlocality to the
above system and reduces it to equation (1la). The NNLS equation has been widely
considered recently due to its interesting physical and mathematical features.
First, this equation is invariant under the joint transformations x — —z, t — —t,
and complex conjugation. Therefore, it is parity-time (PT) symmetric and thus
is related to this state-of-art research area of modern physics [4]. Moreover, in
[9] it was shown, that NNLS is gauge-equivalent to the unconventional system of
coupled Landau-Lifshitz (CLL) equations and consequently can be used in the
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physics of nanomagnetic artificial materials. Finally, the focusing NNLS equation
(la), in contrast to the conventional (local) NLS equation, can simultaneously
support both bright and dark soliton solutions [11].

In [3] the authors presented the Inverse Scattering Transform (IST) method
to the study of the Cauchy problem for equation (la), based on a variant of the
Riemann-Hilbert approach, in the case of decaying initial data and obtained the
one- and two-soliton solutions. In the present paper we assume that the solution
q(x,t) of problem (1a-1b) satisfies the following boundary conditions for all ¢ > 0:

q(z,t) = o(1), T — —00, (3a)
q(z,t) = A+ o0(1), T — +00, (3b)

This choice of initial data and boundary values is inspired by the shock problems
for the classical (local) NLS equation, which has been considered since 1980s (see
e.g. [5], |6]). Particularly, in [6] the authors study the asymptotics of the Cauchy
problem for the NLS equation with the step-like initial data.

The present paper aims at the development of the Riemann-Hilbert approach
to the initial value problem (1) with boundary values (3). It is organized as follows.
In Section 2 we construct the dedicated solutions of the Lax pair equations fixing
their large x behavior (Jost solution). In Section 3 we discuss the properties of
the associated spectral functions. Finally, in Section 4, we gives the representation
of the solution of the Cauchy problem in terms of a Riemann-Hilbert problem.
Notice that this RH problem has a form suitable for further large time asymptotic
analysis by using an appropriate adaptation of the nonlinear steepest descent
method [8, 7].

2. Eigenfunctions of the Lax pair equations with
step-like boundary conditions

The focusing NNLS equation (1a) is a compatibility condition of the following
two linear equations (Lax pair)

®, + ikoz® = U(x,t)® 1)
®; + 2ik%03® =V (x,t, k)P

where o3 = ((1) 91), O(x,t, k) is a 2 x 2 matrix-valued function, k¥ € C is an

auxiliary (spectral) parameter, and the matrix coefficients U(z,t) and V(z,t, k)
are given in terms of ¢(x,t):

ven=(yley 57) V=G e @

where Vi1 = —Vas = iq(z,t)q(—=x,t), Vie = 2kq(z,t) + igy(z,t), and Vo =
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Introduce the notations

0 A 0 0 0 2kA 0 0
U+:<o O)’U_:<—A 0>’V+:<0 0>’V_:<—2kA 0>' (©)

Then, assuming that there exists ¢(z,t) satisfying (1) and (3), it follows that
U(z,t) > Uy and V(z,t,k) = Vi(k) as z — £oo. (7)

It is easy to see that that the system (4) is compatible with U,V replaced by
Uy, Vi or U_, V_. Particularly, these equations are satisfied by ® (z, ¢, k) defined
as follows:
@i(l‘, ¢, k‘) _ Ni(k,)e—(ik:v+2ik2t)03’ (8)
1 4 1 0 .
where Ny (k) = <0 21k>’ N_(k) = <A 1). Notice that det ®; = 1. On the
other hand, the singularities of Ny (k) athk],? = 0 will significantly affect the analysis
that follows. Namely, the solution of the basic RH problem has a singularity as
k — 0, i.e. at a point on the contour of the RH problem (see (38) and (39) below).
Now define the 2 x 2-valued functions ¥;(z,t, k), j = 1,2, —oo < x < oo,
0 <t < oo as the solutions of the Volterra integral equations:

Uy (z,t,k) = N_(k) + / G_(z,y,t, k) (U(y,t) — U_) W1 (y,t, k)e* =975 dy,(9a)

‘112(-7:7 t’ k) = N—l—(k) + / G+ (.%‘, Y, tv k) (U(y7 t) - U+) \1}2(y7 t’ k)eik(:r—y)ag dyv(gb)

where G4 (z,y,t, k) = @4 (z,t,k)[®L(y,t, k)], The functions ¥;(z,t, k), j = 1,2
are the main ingredients of the basic RH problem (see (31) below). The main
properties of the matrices ¥;(x,¢, k) are summarized in Proposition 1, where we

denote by W' (z,t, k) the i-th column of W;(z,t,k), C* = {k € C|+ Sk > 0},
and C* = {k € C| + 3k > 0}.
Proposition 1 The matrices Vi(z,t,k) and Vo(xz,t, k) have the following
properties
1. The columns \Ilgl)(a:,t, k) and \11;2) (x,t, k) are well-defined and analytic in
k € C* and continuous in Ct \ {0}; moreover,

1) _ (1 1 (2) _ (0 1
U (z,t, k) = <0> —G—O(%) and V57 (z,t, k) = (1> +O(E)’ k — oo
for ke Ct.

2. The columns \I/§2) (z,t,k) and \Ilgl)(a:,t, k) are well-defined and analytic in
k € C~ and continuous in C—; moreover,
(2) 0 1 (1) 1 1
Uiz, t, k) = (1) +O(%) and Vs (z,t,k) = (O) —1—0(%), k— oo

forkeC™.
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3. The functions ®;(x,t, k), j = 1,2 defined by
O;(z,t k) = U,(x,t, k)e Ret2K09s e R\ {0},  j=1,2, (10)

are the Jost solutions of the Lax pair equations (4) satisfying the boundary
conditions

Oy (x,t, k) — O_(z,t,k), T — —00, (11a)
Oy (z,t, k) = Oy (x,t, k), x — 00. (11b)
4. det V¥ (x,t, k) =1, reR,t>0, keR, ji=1,2.
5. The following symmetry relation holds:
AV (—z,t, —k)A™! = Uy (x,t,k), k € R\ {0}, (12)

where A = ((1)(1))

6. Ask 0,
W?R%tjﬁzzi<2€23>—%OGL (13a)
m@@um:§<2gg>+mm, (13b)
i) (2, ¢, k) = —% (Zg_ilg) +O(k), (13c)
U (2,8, k) = —% (zigiii» +0(1), (13d)

where v;(x,t), j=1,2 solve the following system of linear Volterra integral
equations:

{m(mnﬁ) = [ alw, sy, 1) dy, ”
U2(£> t) = _i% - fipoo q(—y, t)vl (yv t) dy.

Proof. Properties 1-5 follows directly from the construction (9) of ¥;. Parti-
cularly, property 5 follows from the corresponding symmetry of U and V. Now
let us prove property 6. From (9) and the structure of singularity of Ny at k =0
it follows that, as k& — 0,

w@@mm:i<2gﬁ>+om, ﬂ%%u@=(283>+0®,
(15a)
w?@mm:<%gﬁ>+mm, w?@mm:;<£gﬁ>+mu
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Then the symmetry relation (12) implies

() = () e (md)=(mg) oo

Substituting (15) into (9) we conclude that v;(z,t), j = 1,2 satisfy (14) whereas
0j(z,t), j = 1,2 solve the following system of equations

{f)l(x,t) = 7 aly. )02y, 1) dy, a7
oz, t) =1 = [T a(=y, )01 (y, 1) dy.
Comparing this with (14) implies that
() =5 () &
3. Scattering matrix and spectral functions
Since ®q(x,t, k) and ®o(x,t, k) satisfy both equations in the Lax pair (4), the
following dependence relation holds
D (z,t, k) = Po(x,t,k)S(k), ke R\ {0}, (19)
or, in terms of W,
Uy (2,8, k) = Ua(x, t, ke~ (hot2ik200s g () (o200 e R\ {0}, (20)

where S(k) is called the scattering matrix. The symmetry relation (12) implies
the same relation for the Jost solutions:

A®y(—z,t, —k)A™L = ®y(z,t, k),  keR\{0}. (21)

This implies that the scattering matrix S(k) can be written as follows (cf. |3, 10])
k) —b(—k)

S(k) = (@ ), keR\ {0}, 2

o= () \{0) (22)

with some b(k), a1(k), and ag(k); moreover, ay(k), and az(k) are well defined in
respectively Ct \ {0} and C~ \ {0}, where they satisfy the symmetry relations

ar(—k) = a1(k),  az(—k) = aa(k). (23)

The scattering matrix S(k) is uniquely determined by the initial data
go(z). Indeed, introducing the notations ¢(x,k) = (V1)11(x,0,k), ¥a(z, k) =
<\I/1)12(.’I}, O, k), wg(x, k‘) = (\111)21(33, 0, k) and ¢4($, k‘) = (\111)22(33, 0, k), equati—
ons (9a) reduce to the systems of Volterra integral equations for i, ¥3 and s,
1y respectively:

wl(x7k): 1+f >w3<y7 )dy,
(o, k) = M+f ) (A= qo(—y)) iy, Ky (24)
55 [T ao(y) (1 — 2 *@=9) sy, k) dy
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Yoz, k) = [T e 2R@Ygy(y)va(y, k) dy,
Ga(o k) = 1+ 7 (A= a0(=1)) taly k) dy (25)
5 [0 qo(y) (e7ZREY) — 1) 4y (y, k) dy.

Having these equations solved, the entries of S(k) are given by

al(k) = J:ligolo <¢1(5E, k) - %7?3(% k)) 5 (26&)
b(k) = lim e 2Ry (0, k), (26b)
az(k) = zh~>Holo Ya(x, k). (26¢)

Alternatively, the spectral functions (the entries of the scattering matrix) can
be written it terms of the determinant relations:

ar (k) = det (qu1><0, 0, k), $2(0,0, k)) , keCH (272)
as(k) = det (\Ifg”(o, 0, k), ¥12(0,0, k)) , keC, (27b)
b(k) = det (0$(0,0,k), w{V(0,0,k)), keR. (27¢)

The properties of the spectral functions, which follow from Proposition 1, are
summarized in

Proposition 2 The spectral functions a;(k), j=1,2, and b(k) have the following
properties
1. ay(k) is analytic in k € C* and continuous in C+\ {0}; az(k) is analytic
in k € C™ and continuous in C—.

2. aj(k) =1+0 (%), j=1,2and b(k) = O (%) as k — oo (the latter holds
for k e R).

3. al(—l;:) = al(k), k€ (Cj\ {0}, CLQ(—];) = ag(k), keC-.

4. ai(k)az(k) + b(k)b(—k) =1, k € R\ {0} (follows from det S(k) =1).

5. Ask—0, ar(k) = 2020 4 0 (1) and b(k) = 222 4 0 (1).

Remark 1. Concerning the last item of Proposition 2, we notice that substituting
(13) into (26) yields, as k — 0,

) = (o0, = 0,007+ 0 (1 ). (252)
(k) = 5 (12200, 0)F ~ [or (0,0)) + O(k), (28)

b(k) = —%(\w(o, 0)]* = [01(0,0)]*) + O(1), (28¢)
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from which item 5 follows. Since (27) holds for any (x,t), the “conservation law”
holds for the Jost solutions:

va(x, t)va(—x,t) — v (z, t)v1(—2, t) = const.

Remark 2. In the case of the pure-step initial data:

0, <0
= ’ 29
a0(z) {A, z>0 (29)

the scattering matrix S(k) is as follows:

S(k) = [®2(0,0,k)] *®1(0,0,k) = N ' (k)N_(k) = (1 lﬁ —%’?k> . (30)
2ik

4. The basic Riemann-Hilbert problem

The Riemann-Hilbert formalism of the IST is based on constructing (using
the Jost soultions) a piece-wise meromorphic, 2 x 2-valued function in the k-
complex plane, whose “lack of analyticity”, i.e., the jump across a contour and,
if appropriate, some conditions at singular points, can be fully characterized in
terms of the spectral data (spectral functions and a discrete set of data related to
the poles) uniquely determined by the initial data.

Define the 2 x 2-valued function M(x,t, k), piece-wise meromorphic relative
to R, as follows:

(1)
\Dlal((aclél)f7k) ’ \Ing) (:E’ 2 k) ’ keCt \ {O}a

M(‘Tv t7 k) = (1) ‘ll<2)(a: ¢ k’) (31>
\112 ($,t,k’),W 7k€C_\{O}

Then the scattering relation (20) implies that the boundary values M (z,t, k) =

lim  M(z,t, k"), k € R satisfy the multiplicative jump condition
K/ —sk k' €CE

Mo (k) = M_(a,t,k)J(@,t,k), k€ R\ {0}, (32)
where )
[ 1+ ri(k)ra(k) ro(k)e~2ike—4ik™t
‘](1:’ tv k) - (Tl(k)eQikm+4ik2t 1 (33)
with the reflection coefficients defined by
b(k) b(—k)
k)= k):= 34
Tl( ) al(k)v TQ( ) CLQ(I{?) ( )

Moreover, we have the normalization

M(z,t, k) — 1, k — oo, (35)
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where I is the 2 x 2 identity matrix.
Observe that the symmetry conditions 3 (see Proposition 2) imply that

7“1(*]6)7‘2(*]{2) = 7“1(]{3) ’I“Q(k‘), ke ]R\ {0} (36)
By the determinant property 4 in Proposition 2, we also have
1
1 k)ra(k) = ———= ke R\ {0}. 37
F)nE) = e kR () (37

Now notice that in view of (28), the behavior of M as kK — 0 depends quali-
tatively on whether a2(0) # 0 or az(0) = 0. The former case, which is generic,
contains the case of “pure-step initial data”, where a1(k) has (in C') a single,
simple zero located on the imaginary axis, and ag(k) has no zeros in C~. Since
small (in the L; sense) perturbations of the pure-step initial data preserve these
properties, this motivates us to concentrate, in the present paper, on the following
two cases:

Generic case: The spectral function a;(k) has one simple zero in CT, say k =
ik1, k1 > 0; az(k) has no zeros in C—.

Non-generic case: The spectral function a;(k) has one simple zero in CT, say
k = iki, k1 > 0; az(k) has one simple zero in C~ at & = 0 (and thus
a2(0) # 0). Moreover, we assume that llin%) kai(k) # 0.

—

Remark 3. From the symmetry relations (23) it follows that aqq := éin%) kai(k)
—
is purely imaginary. Moreover, if a1 (k) has one simple zero, then Jaj; < 0 in the

non-generic case.

Taking into account the singularities of ¥;(z,t,k), j = 1,2 and a;(k) at k =0
(see Proposition 1), the behavior of M (z,t, k) at k = 0 can be described as follows:
in the generic case,

) = (O T wowy (§ ).k

m%(%t) —v1 (-, 0
(38a)
[ —T5(—ax,t v1(z,t)
M_(z,t, k) = % ( Uj< ! t) 22O0 | +O(k), k — —i0, (38h)
—vi(—z,t) “a2(0)

and in the non-generic case,

v1(z,t)

M, (2.t k) = ((t) :ngim:g) (I +O(k)) (é ?),k—>+z’0, (39a)

an €T, k

2i (—va(—x,t) "z 10 .
M_(z,t k) = 1 (—Ul(—x ) v;’(ﬁz) (I + O(k)) <O 1) , k— —i0  (39b)
) a2(0) k




Bicuuk XHY, Cep. «Maremaruka, npukJjajHa MaTeMaTuKa i MexaHikay, Tom 88 (2018) 13

(recall that a1 is determined by a1(k) = %2 + O(1) as k — 0).
Additionally, if a;(ik1) = 0 (simple zero) with k; > 0, then M(x,t, k) satisfies
the residue condition

s MWD (2,8, k) = — b o=2kaw—dikTt N r(2) (1 4 i —1 4
k:lizekbl (2,3, k) dl(iksl)e 1 @t 8k), | ’ 40
where
(1) . _ (2) .
w(0,0,ik1) = n 20,0, iky). (41)

Notice that the symmetry relation (12) yields @gl)(0,0,ik‘l) = 7{1652)(0, 0,ik1)

and thus |y1| =1 (cf. [3]).

Now we summarize the results of the analysis above in the representation
Theorem that gives the solution of the Cauchy problem (1), (3) in terms of the
solution of the associated Riemann-Hilbert problem.

Theorem 1 Let go(x), x € (—00,00) be given such that

0 0
/ |qo(z)|dz +/ lqo(z) — Aldz < oo.
—00 0

Let ay(k), az(k), and b(k) be constructed according to (24)-(26). Assume that
(i) ai1(k) has a single, simple, pure imaginary zero ki in C*; (ii) az(k) has no
zeros in Ct \ {0} and, if a2(0) = 0, then 0 is the simple zero of as(k); (iii)
(kai(k)) # 0. Determine v1 according to (41).

Consider the following Riemann-Hilbert problem: find the 2 X 2-valued function
M(x,t, k), piece-wise meromorphic in k relative to R and satisfying the following
conditions:

lim
k—0

(i) Jump conditions. The boundary values My (x,t,k) = M(x,t, k +i0), k €
R\ {0} satisfy the condition

M, (z,t,k) = M_(2,t,k)J(z,t,k),  keR\{0}, (42)

where the jump matriz J(x,t, k) is given by (33), with r1 and ro given by

(34)-

(ii) Normalization at k = oco:

Mz, t,k) =T+O0Kk™), k- oo

(iii) Residue condition (40).

(iv) Structural conditions at k = 0: M(x,t,k) satisfies (38) (generic case:
az(0) # 0) or (89) (non-generic case: az(0) = 0), where vj(x,t), j = 1,2
are some (not prescribed) functions.
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Assume that the RH problem (i)-(iv) has a solution M (x,t, k). Then the soluti-
on of the Cauchy problem (1), (3) is given in terms of the (12) and (21) entries
of M(z,t,k) as follows:

q(z,t) = 2¢ lim kMia(z,t, k), (43)
k—ro0
and
q(—x,t) = —2i klim kMo (x,t, k). (44)
—00

The solution of the RH problem is unique, if exists. Indeed, if M and M are two
solutions, then conditions (38) or (39) provide the boundedness of M (k)M (k)
at k = 0. Moreover, M (k)M ~'(k) has no jump across R and M (k)M (k) — I as
k — oo, which allows to deduce, using the Liouville theorem, that M (k)M (k) =
1.

Remark 4. From (43) and (44) it follows that in order to present the solution of
(1), (3) for all z € R, it is sufficient to have the solution of the RH problem for,
say, > 0 only.

Proposition 3 The solution M of the Riemann-Hilbert problem (t)-(1v) satisfi-
es the following symmetry condition (cf. (21)):

1

Vet At [a@m O
AM (=, t,—K)A 1( ! al(k)>, keCt\ {0},

ag(k‘) 0

1
0 az (k)

Mz, t,k) = (45)

AM (—z,t,—k)A™1 ( ) , keC\ {0}

Proof. Follows from the symmetry of the jump matrix (33) in (42)

ATt A~ = (aQék) ﬁ?k)) Tt k) <“1ék) %ﬂ) . keR\ {0}

(which, in turns, follows from (36) and (37)), and the fact that the structural
conditions (38) and (39) and the residue condition (40) are consistent with (45).
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Pubanko 4., Hlenenbcokuit 1. Meron 3amadi Pimana-I'iis6epTa aJig iIHTErpOBHO-
ro HeJIOKaJbHOro HeJiHifiHoro piBHsaHHS IIlpeinrepa 3 Ho9YaTKOBUMU JaHUMU
Tuny cxoamuku. Jlociipkyerhes 3amada Korri 118 iHTErpOBHOTNO HEJIOKAIBHOTO HEJTi-
uifinoro pisusunsa [pexinrepa (HHIII)

iq(x,t) + que(x,t) + 2¢% (2, 1)G(—x,t) = 0

3 II0YATKOBUMU JAHUME THUIY CXOIWHKU: IPUILYCKAIThCH, 110 0YaTkoBa (yukuig ¢(z,0)
5 rakoto, o ¢(z,0) = o(l), ko © — —oo, ta ¢(z,0) = A+ o(1), Ko = — 0, e
A > 0 — moBinbHHit (dikcoBanmit) mapamerp, 1o BiIMOBIIA€ HEHYTHOBOMY (DOHY CXOIHMH-
ku. [lounnaroun 3 2013 poky, kosu pisasauas HHIII Gyio 3ampomoHoBaHO SK iHTErpoOBHA
MOJIEJIb, BOHO IIPUBEPTAE 3HAYHY yBary HOCJIJHUKIB (dK MaTeMaTukiB, Tak i (Gi3ukis) y
3B’s13Ky 3 TuM, 1110 piBHsgaHA HHIII € cumeTpudnnM y CeHCl «TapHiCTh-9ac» : BOHO iHBapi-
aHTHE BiJHOCHO CIiJIbHOI'O TIEPETBOPEHHS & — —T, t — —t, T KOMILJIEKCHOTO CIIPS2KEHHSI.



16 Ya. Rybalko, D. Shepelsky

3okpewma, pisasaasg HHIII € kamibpyBaibHO-eKBiBaJIEHTHUM 10 CUCTEMH OB’ I3aHUX PiB-
uanb Jlangay-Jlidmmns Ta, BiamoBiqHo, MOXKe 3HANTH 3acTOCYBaHHS ¥ (DI3UI MITYIHUX
HAHOMArHITHUX MarepiaJiB.

s nocmimkennd 3aa4i Kol ga pisaauans HHII, aBropu po3pobisaiors Bapiant
Meromy obepHeHOI 3aaa4i po3cisguus y ¢dopmi merony 3amadi Pimama-T'insbepra. Meron
6as3yeThecs Ha BUKOPUCTaHHI po3B’sa3Kis Mocra (y Tomy wmcsti, Ha HemynbosoMmy bomi) s
piBHSHB BiamosigHol mapu Jlakca ta meTasbHOMY aHAJI31 IX AHATITUYHAX BIACTHBOCTEH.
VY pesynbrari orpuMano 300paXkeHHs I PO3B 43Ky BUXiIHOI 3a1a4i y TepMiHax pO3B’a3-
KiB BiamoBimHOl 3a1a4i anagiTuaaol pakropusarii Tuny Pimana-I'ins0epra. Ie 306pazke-
HHST MA€ IJIUi psia BiAMiHHOCTEH Bif BiAMOBITHOrO 300parkeHHsT y BUTMAIKY KJIACHIHOTO
(mokasibrOro) Heminiitnoro piBusauuga [Ipeninrepa. 3okpema, 1€ CTOCYETHCs CUHTYIISIPHOL
TOBE/IIHKU Y OKOJIL HyJIsi CIIEKTPAJIbHOIO MapaMerpa, OCOOIUBICTIO sIKOI € Te, IO I CHH-
IYJISPHICTH JIOKATI30BaHA HA KOHTYPI crpsizKeHHs i 3aga4i Pimana-Tins6epra. Orpu-
MaHe 300parkeHnHsi MOxKe OyTu e(eKTUBHO BHKOPUCTAHO JJIf HOJAJIBIIONO JIOCIII2KEHHS
BJIACTUBOCTEH PO3B’s13KiB 3ama4i Korri, 30kpemMa, JTOCTiIXKEHHs HOr0 aCUMIITOTHYHOI TTO-
BEIIHKW 34 BEJIMKUM YACOM.

Karwwosi caosa: HemokanbHe Heminiiiae piaaans [lpeniarepa, meron obepreHol 3a1adi
poscisias, po3s’ssku Vocra, 3agada Pivmana-Tinsbepra.

Article history: Received: 26  October 2018;
Accepted: 29 November 2018.



