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For upper bounds of the deviations of Fejer sums taken over classes of periodic
functions that admit analytic extensions to a fixed strip of the complex plane,
we obtain asymptotic equalities. In certain cases, these equalities give a solution
of the corresponding Kolmogorov-Nikolsky problem.
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1. Introduction

Let C% __ (see, e.g., [1]) be classes of continuous 2m-periodic functions given
by the convolutions

f(z) = Ao+ % / f5(x + 1) P4(t)dt,
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where

00 Bﬂ'
= qu cos(kt + 7), g€ (0;1), BeR,
is the well-known Poisson kernel, the function fg (x) either satisfies the condition

ess sup |[fg(z)] < 1.
T€[—m;7]

In this case, the sets C/g’ o consist of 2m-periodic functions that admit extension
to functions f(z) = f(z +1y) analytic in the strip |y| < ln(%) (see, e.g., [1]); these
functions are called the Poisson integrals.

Further, let f(z) be a 2m-periodic summable function (f € L), let

[e.e]
Sif] = % + Z(ak cos kx + by sin kx)
k=1
be its Fourier series, and let a = ax(f) and b = bi(f), k = 0,1,..., be its Fourier
coefficients.

Denote by A = ||)\ H k, n = 0,1,... an arbitrary triangular matrix of
numbers by using which we associate every function f € L with a sequence of
trigonometric polynomials U, (f;z; A) of the form
1
+ )\,(:) (ax cos kx + by sin kz).
=1

3
|

UMﬁmA%=§

bl

Thus, any triangular matrix A gives a method for the construction of
polynomials U, (f;x;A) or, in other words, specific sequence of polynomial
operators U,(f;A) defined on the set L. In this case, one also says that the
matrix A defines a specific method (A-method) for summing Fourier series. It is
clear that the operators Uy, (f; A) are linear. For this reason, A-methods are called
linear summation methods for Fourier series.

For arbitrary natural p < n the polynomials that are given by relationship

{1 1<k<n-p,

)\(”) —
1-Er oy —pr1<k<n-—1

k

are called de la Vallee Poussin sums. In this case, the polynomials U, (f;z;A) are
denoted by V}, ,(f, ) and have the form

Vi (f; ) Z Si(f: )

knp

where Sk(f;x), k=0,1,... are the partial Fourier sums of order & of the function
f(z). If p=1, then V,, ,(f;x) = Sp—1(f; x). For p = n sums of this type are called
the Fejer sums:

on(f;2) = Vau(f; ) Zsk fi@)
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De la Vallee-Poussin sums and their special cases (Fourier sums and Fejer
sums) have been extensively studied for many decades by many prominent experts
in the theory of functions. In 1946, Nikolsky [2] considered the quantity

€(ChiSn) = sup 1) = Sulfi0)llc
7 fecy o

where S, (f;x) is the n-th partial sum of the Fourier series of the function f(x),
and established the asymptotic equality (as n — 00)

8q" q"
€ (ChociSn) = =5 K(q) + O L,

n

where

g
du
Ko = / V1 —¢%sin®u
0

is the total elliptic integral of the first kind, O(1) is a quantity uniformly bounded
with respect to n. In 1980, Stechkin [3| proposed another proof of this result,
which allowed to refine the remainder equality

n

3 (cq .S ) =3 re () + 0()—L
Proor™t) T n(l—q)’
where O(1) is a quantity uniformly bounded with respect to n, g.

It follows from these equalities that, on the classes of analytic functions,
the Fourier sums provide an approximation which coincides in order with the
best approximation by the trigonometric polynomials of degree not greater than
n. However, it is still interesting to make clear how do other approximating
aggregates (e.g., de la Vallee-Poussin sums, Fejer sums) behave on the classes
mentioned above. These studies may be of interest for computational mathemati-
cs and methods of mathematical modeling.

Asymptotic (as n — o0) equalities for upper bounds of the deviations of de
la Vallee Poussin sums for p satisfying n — p — oo on the classes C/g’ ~ Mmay be
found in [4, 5]:

£ (CaiVar) = sup [14(2) = Vil S0
feCs o

— qn_ppH (;Kq,p +0(1) <(n —p+z)(1 - q)5>) ’

/T = 2g7 cos pt + ¢
\/ qP cos pt 4 q dt

K = = = =
o [ 2geospt t g2 0 270 {3, p=2,3, ..,
0

where
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O(1) is a quantity uniformly bounded with respect to n, p, q.
In the case of arbitrary p = 1,2, ...,n the behavior of the constant K, could
be inferred by the next identity, proved in [6]:

Kop = 2_72](((117)7

1—q

where K(q) is the total elliptic integral of the first kind.
Some related problems were studied in [7, 8, 9, 10, 11, 12].
For q € (0; 2— \/g] upper bounds of the deviations of Fejer sums on the classes

C§ » Were investigated in [13]

q

4q
q _ _ ) - 4
E(Ch ) 0n) —f:ggpoon(x) an(fi)|lc (L + ) +0(1) o oo,

where O(1) is a quantity uniformly bounded with respect to n, g.
Here, we extend the result indicated above to the case where g € (0;qo],

qO:\/2+f—2 24+ /5 ~ 0, 346.

2. Result

Our main result is in the following theorem.

Theorem 1 Suppose that g € (0;qo]. Then the following relation holds asn — oo

4q q"
E(CG ooy on) = n(+ @) + O(l)ga (1)

where O(1) is a quantity uniformly bounded with respect to n, q.

Proof.
The statement of theorem is proved using the procedure proposed in [13]. Let
1 n—1
k=0
where

pe(fix) = f(x) — Se(f;@).
For f € Cg’oo quantity p,(f; ) may be represented as follows

o0

/fﬂ x+1) qk cos ktdt
k= m+1

1 7 e m+1
:W/fg(a:—kt D g cos(k +m + 1)tdt = /fﬂ z+t)
k=0

- —T
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X <cos(m + 1)t Z ¢~ cos kt — sin(m + 1)t Z ¢" sin /-ct> dt.

k=0 k=0
According to formulas

> 1 —gqgcost > gsint
k - ko
kt = kt =
Zq €08 1 —2qcost+ ¢’ Z;)q S 1 —2qgcost+ ¢?’
we obtain
gt 1 —qcost
q cos
t) 1)t
pm(f; ) /fﬁm—i- {1—2qcost+q2 cos(m + 1)
a0t + 1)t e (3)
— sin(m )
1 —2gcost+ q¢?

Comparing (2) and (3), we obtain

on(f; ) = 1/ Jolo +1) QZq [cosmt — gcos(m — 1)t]dt.  (4)

1—2gcost+gq
We have
Y = ikt 4 ikt i(k=1)t | p—i(k—1)t
qu(coskt—qcos(k_l)t): qk<€ Jr26 _qe +26 >
k=1 =

~ 53 {Jloe ] oy ]

1
C1-— 2q cost + ¢>
Taking into account the formula (4), the following integral representation holds
as n — 0o

[(g4¢3) cost—2¢>—q" T (cos(n41)t—2q cos nt+q* cos(n—1)t)].

fﬁ (x+1)] q?) cost — 2q] q"
= A
7m/ 1—2qcost+q) dt+0()n’ (5)

where O(1) is a quantity uniformly bounded with respect to n, g.
The function

(14 ¢?)cost —2q

(1 —2gcost + ¢%)?

I(t) =

for ¢ € (0;2 — /3] monotonous on interval (0;7). Using the relation (5), we
conclude that for function fg(t) €Sy,

S, ={felL: /f(t)dtzO, esssup|f(t)| <1, te[-mmn]},
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the following representation

(14 ¢?)cost —2q 2q q"
t) dt 1)—
/fﬂ * (1—2qcost—i—q) +(1+q2)2 +O()n

is true.
For ¢ € (0;2 — v/3] we have ¢(t) = sign [['(t) — I'(7/2)] € SY,. Taking into
account that (fo(x))qﬁ = (), we obtain

q q (1 q2) cost 2q 2(] qn
£ — 1 5 dt + O(1) 21—
(Co,00:m) ™ / ®) <(1 —2gcost+¢?)? (14 ¢?)? ! (1) n

—T

n

dt+0(1) L. (6)

/ (14 ¢?)cost — 2q 2q
+
(1 —2gcost+q%)?2  (1+¢?)?

It is clear that, for ¢ such that I'(¢) — I'(7/2) > 0, t € (0;7/2) and I'(t) —
I'(r/2) <0, t € (n/2;7) the formula (6) is true.
We investigate the function I'(¢). We have

(64 — " =1 —2q(1 + ¢*) cost) sint

I'(t) =
®) (1 —2qcost+ ¢?)3

Performing elementary transformations, for g € (O; 2 — \/ﬂ we get

I'(t) £ 0, t € (0;7).

It was also shown in [13]. Further, I'(t) = 0 for ¢ € (2 — v/3;1) such that satisfy
the condition

Making calculations, we obtain ¢ € (2 — v/3; V3 — 2v/2).

Consider the condition I'(¢q, 7) — (¢, 7/2) < 0. The last inequality yields for
=23 -2 —2¢g+1>0.

Making calculations, we have ¢ € (0; qo].

In view of the properties of monotonicity of function I'(¢), for g € (0; go] we
have ¢(t) = sign [['(t) — I'(r/2)] € SY,. Therefore, for function (fo(2))§ = »(2)
the relation (6) is true.
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It is clear that

/‘ (14 ¢?)cost —2q 2q i@t

(1 —2qcost+ ¢%)? * (14 ¢?)?

w/2

™
14 ¢%)cost — 2q 14 ¢%)cost —2q
= d dt
) (1 —2qcost +q?)? (1 —2qcost + ¢%)?

w/2

Making calculations, we obtain

/ cost ; (1+ ¢%)sint
(

dt =
1 —2qcost + ¢2)? (1 —¢?)2(1 — 2qcost + ¢2)

n 2q / dt
(1—-¢2)2 ) 1—2qcost+q¢?

/ dt - 2gsint
(1 —2gcost+¢2)2 (1 —¢2)2(1 —2qcost + ¢?)
N 1+ ¢? / dt
(1—¢?)2 ) 1—2qcost+q¢%
Making elementary transformations, we obtain

/ (14 ¢?)cost — 2q d — sint
(1 —2gcost+¢?)2  1—2qcost+ ¢?’

w/2

/(1+q2)cost—2th /(1+q2)cost—2th_ 2
(1 —2qcost + ¢2)? (
w/2

1 —2qcost+¢2)2" 1+4¢2

Combining relations (6), (7), we arrive at the statement of the theorem. The

theorem is proved.

The formula (1) provides the solving of the Kolmogorov-Nikolsky problem (see,
e.g., [14, 15]) when performing the theorems conditions without any additional

conditions.
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Hosgikos O.0., Posencbka O.I'., Kozauenko HO.A. Habuimkenusi kjaciB iHTerpaJsis
Ilyaccona cymamu @eitepa. Y pobOTi BUBYAIOTHCH NMUTAHHS HAOJMKEHHS MIE€PiOIN-
IHUX JTuEepeHItiioBHIX (PYHKITIH BIUCOKOI TVIaIKOCTI JiHitanMu cepeauivMu psiis Pyp’e.
OpnHa 3 kitacudikaliinl nepioguyHux (PyHKINH - Kiacudikallisi, 0 3aCHOBaHA Ha, TOHSIT-
1i (3; B)-1mdepenniropanns. s kiuacudikaiis 103BOsiE PAHXKYBATH BEJUKHUH CIEKTD
nepioguunux GYHKIN - Bij dyHKIiN, psaaun Pyp’e ssKuX MOXKYTh po3diraTucs 0 Iii-
JX 1 aHaJITHIHUX. 3a HAJIE’KHOTO BHOOPY IapaMeTpiB, IO BHU3HAYAIOTH KJIAC, KJIACH
(¢ ; B)-mudepenuiiioBaux QyHKIEH MOXKYTh 36iraTucs 3 KjacaMu 3rOPTOK 3 iHTerpoBa-
HUMU SIZIPAMU.

Mera poboTu - mIpejcTaBUTH HOBI (baKTH, IO CTOCYHOTHCS AIPOKCUMAIIAHUX BJia-
crupocreir cym Peitepa Ha Kjaacax (DYHKINA, IKI BUZHAYAIOTHCS MYJIBTUILIKATOPAMU, Y
BUIAJIKY, KOJIX IIi TOCTITOBHOCTI MIPSIMYIOTD JI0 HYJIA 31 MBUIKICTIO T€OMETPUIHOI ITPOTpe-
cil. 3a i€l ymMoBH, BUINE3rajani KIacu CKIaIA0ThCs 3 QYHKIIH, sTKi MOXKHA PEryJsipHO
ITOJTOB2KUTH Y BIJIIIOBITHY CMYTY KOMILJIEKCHOI TLJIONITAHH.

[Iuranns, mo crocyoThcad HaOMUKeHHs KiaciB iHTerpasis Ilyaccona pismumn Jii-
HilHUME MeTojamu Bupdasucsa B poborax C. Hikonbcbkoro, C. Creukina, B. Pykacosa,
C. Yaituenka, A. Cep/ioka Ta IHIIIX aBTOPIB. 3 pe3yJbTaTiB IUX PobiT BigoMo, 1m0 HAa
kiacax iarerpasis Ilyaccona cymu @yp’e 3a0e3medyoTh MOPHAIOK HAOIMKEHHS, SIKAI
36irae€ThCs 3 MOPSIKOM HAWKPAIIOro HAOINKEHHS X KJIACIB TPUTOHOMETPUIHIMHI MHO-
ro4JIeHaMU IOPsIKY He BHUIIOro 3a n. IIpore mociimpkeHHst alrpoKCUMAIifHAX BIACTHBO-
creil IHIMUX MeTOIB HabJIMXKEHHST MOXKe Oy TH KOPUCHUM B OOYHUC/TIOBAJIBHIN MaTeMaTHuIl,
MaTeMaTHIHOMY MOJIE/TIOBAHHI TOIIIO.

B pobori posimupero mpoMiKok mapaMerpy, 1o BU3HAYAE Kirac (DyHKIH, It SKAX
€ CIIPaBEJJINBOIO 3HAlIeHa HAMU JI0 [[bOT0 ACUMITOTHYIHA (OPMYJIa JJIs BEPXHIX IpaHeit
Binmxuienb cym Deitepa na kiacax inrerpasis Ilyaccona. Orpumana (opMmyiia € acum-
[ITOTUYHO TOYHOIO 32 Oy [b-SIKOI'O 3HaYEeHHs IIapaMeTPiB, M0 BXOJSThH JI0 Hel.

Kmowosi caosa: acumnroTudna piBHicTb; inTerpasu Ilyaccona; cymu QPetiepa

Article history: Received: 9 January 2018; Final form: 21 January 2018;
Accepted: 30 January 2018.



