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For upper bounds of the deviations of Fejer sums taken over classes of periodic
functions that admit analytic extensions to a fixed strip of the complex plane,
we obtain asymptotic equalities. In certain cases, these equalities give a solution
of the corresponding Kolmogorov-Nikolsky problem.
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Новiков О.О., Ровенська О.Г., КозаченкоЮ.А. Наближення класiв iнте-
гралiв Пуассона сумами Фейєра. Розширено промiжок параметра, що
визначає клас функцiй, для якого були справедливими знайденi до цього
асимптотичнi рiвностi для верхнiх граней вiдхилень сум Фейєра на класах
перiодичних функцiй, що дозволяють аналiтичне подовження у фiксовану
смугу комплексної площини. В деяких випадках цi рiвностi забезпечують
розв’язок вiдповiдної задачi Колмогорова–Нiкольського.
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ющей задачи Колмогорова–Никольского.
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1. Introduction

Let Cqβ,∞ (see, e.g., [1]) be classes of continuous 2π-periodic functions given
by the convolutions

f(x) = A0 +
1

π

π∫
−π

f qβ(x+ t)P qβ (t)dt,
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where

P qβ (t) =
∞∑
k=1

qk cos(kt+
βπ

2
), q ∈ (0; 1), β ∈ R,

is the well-known Poisson kernel, the function f qβ(x) either satisfies the condition

ess sup
x∈[−π;π]

|f qβ(x)| ≤ 1.

In this case, the sets Cqβ,∞ consist of 2π-periodic functions that admit extension
to functions f(z) = f(x+ iy) analytic in the strip |y| < ln(1q ) (see, e.g., [1]); these
functions are called the Poisson integrals.

Further, let f(x) be a 2π-periodic summable function (f ∈ L), let

S[f ] =
a0
2

+
∞∑
k=1

(ak cos kx+ bk sin kx)

be its Fourier series, and let ak = ak(f) and bk = bk(f), k = 0, 1, . . ., be its Fourier
coefficients.

Denote by Λ = ||λ(n)k ||, k, n = 0, 1, . . . an arbitrary triangular matrix of
numbers by using which we associate every function f ∈ L with a sequence of
trigonometric polynomials Un(f ;x; Λ) of the form

Un(f ;x; Λ) =
a0
2

+
n−1∑
k=1

λ
(n)
k (ak cos kx+ bk sin kx).

Thus, any triangular matrix Λ gives a method for the construction of
polynomials Un(f ;x; Λ) or, in other words, specific sequence of polynomial
operators Un(f ; Λ) defined on the set L. In this case, one also says that the
matrix Λ defines a specific method (Λ-method) for summing Fourier series. It is
clear that the operators Un(f ; Λ) are linear. For this reason, Λ-methods are called
linear summation methods for Fourier series.

For arbitrary natural p < n the polynomials that are given by relationship

λ
(n)
k =

{
1 1 ≤ k ≤ n− p,
1− k−n+p

p n− p+ 1 ≤ k ≤ n− 1

are called de la Vallee Poussin sums. In this case, the polynomials Un(f ;x; Λ) are
denoted by Vn,p(f, x) and have the form

Vn,p(f ;x) =
1

p

n−1∑
k=n−p

Sk(f ;x),

where Sk(f ;x) , k = 0, 1, . . . are the partial Fourier sums of order k of the function
f(x). If p = 1, then Vn,p(f ;x) = Sn−1(f ;x). For p = n sums of this type are called
the Fejer sums:

σn(f ;x) = Vn,n(f ;x) =
1

n

n−1∑
k=0

Sk(f ;x).
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De la Vallee-Poussin sums and their special cases (Fourier sums and Fejer
sums) have been extensively studied for many decades by many prominent experts
in the theory of functions. In 1946, Nikolsky [2] considered the quantity

E
(
Cqβ,∞;Sn

)
= sup

f∈Cqβ,∞
||f(x)− Sn(f ;x)||C

where Sn(f ;x) is the n-th partial sum of the Fourier series of the function f(x),
and established the asymptotic equality (as n→∞)

E
(
Cqβ,∞;Sn

)
=

8qn

π2
K(q) +O(1)

qn

n
,

where

K(q) =

π
2∫

0

du√
1− q2 sin2 u

is the total elliptic integral of the first kind, O(1) is a quantity uniformly bounded
with respect to n. In 1980, Stechkin [3] proposed another proof of this result,
which allowed to refine the remainder equality

E
(
Cqβ,∞;Sn

)
=

8qn

π2
K(q) +O(1)

qn

n(1− q)
,

where O(1) is a quantity uniformly bounded with respect to n, q.
It follows from these equalities that, on the classes of analytic functions,

the Fourier sums provide an approximation which coincides in order with the
best approximation by the trigonometric polynomials of degree not greater than
n. However, it is still interesting to make clear how do other approximating
aggregates (e.g., de la Vallee-Poussin sums, Fejer sums) behave on the classes
mentioned above. These studies may be of interest for computational mathemati-
cs and methods of mathematical modeling.

Asymptotic (as n → ∞) equalities for upper bounds of the deviations of de
la Vallee Poussin sums for p satisfying n − p → ∞ on the classes Cqβ,∞ may be
found in [4, 5]:

E
(
Cqβ,∞;Vn,p

)
= sup

f∈Cqβ,∞
||f(x)− Vn,p(f ;x)||C

=
qn−p+1

p

(
4

π2
Kq,p +O(1)

(
q

(n− p+ 1)(1− q)s

))
,

where

Kq,p =

π∫
0

√
1− 2qp cos pt+ q2p

1− 2q cos pt+ q2
dt, s = s(p) =

{
1, p = 1,
3, p = 2, 3, ...,
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O(1) is a quantity uniformly bounded with respect to n, p, q.
In the case of arbitrary p = 1, 2, ..., n the behavior of the constant Kq,p could

be inferred by the next identity, proved in [6]:

Kq,p = 2
1− q2p

1− q2
K(qp),

where K(q) is the total elliptic integral of the first kind.
Some related problems were studied in [7, 8, 9, 10, 11, 12].
For q ∈

(
0; 2−

√
3
]
upper bounds of the deviations of Fejer sums on the classes

Cq0,∞ were investigated in [13]

E(Cq0,∞, σn) = sup
f∈Cq0,∞

||f(x)− σn(f ;x)||C =
4q

πn(1 + q2)
+O(1)

qn

n
, n→∞,

where O(1) is a quantity uniformly bounded with respect to n, q.
Here, we extend the result indicated above to the case where q ∈ (0; q0],

q0 =

√
2 +
√

5− 2
√

2 +
√

5 ≈ 0, 346.

2. Result

Our main result is in the following theorem.

Theorem 1 Suppose that q ∈ (0; q0]. Then the following relation holds as n→∞

E(Cq0,∞, σn) =
4q

πn(1 + q2)
+O(1)

qn

n
, (1)

where O(1) is a quantity uniformly bounded with respect to n, q.

Proof.
The statement of theorem is proved using the procedure proposed in [13]. Let

δn(f ;x) = f(x)− σn(f ;x) = f(x)− 1

n

n−1∑
k=0

Sk(f ;x) =
1

n

n−1∑
k=0

ρk(f ;x), (2)

where
ρk(f ;x) = f(x)− Sk(f ;x).

For f ∈ Cq0,∞ quantity ρm(f ;x) may be represented as follows

ρm(f ;x) =
1

π

π∫
−π

f qβ(x+ t)
∞∑

k=m+1

qk cos ktdt

=
1

π

π∫
−π

f qβ(x+ t)
∞∑
k=0

qk+m+1 cos(k +m+ 1)tdt =
qm+1

π

π∫
−π

f qβ(x+ t)
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×
(

cos(m+ 1)t
∞∑
k=0

qk cos kt− sin(m+ 1)t
∞∑
k=0

qk sin kt

)
dt.

According to formulas
∞∑
k=0

qk cos kt =
1− q cos t

1− 2q cos t+ q2
,

∞∑
k=0

qk sin kt =
q sin t

1− 2q cos t+ q2
,

we obtain

ρm(f ;x) =
qm+1

π

π∫
−π

f qβ(x+ t)

{
1− q cos t

1− 2q cos t+ q2
cos(m+ 1)t

− q sin t

1− 2q cos t+ q2
sin(m+ 1)t

}
dt. (3)

Comparing (2) and (3), we obtain

δn(f ;x) =
1

πn

π∫
−π

f qβ(x+ t)

1− 2q cos t+ q2

n∑
m=1

qm[cosmt− q cos(m− 1)t]dt. (4)

We have
n∑
k=1

qk(cos kt− q cos(k − 1)t) =

n∑
k=1

qk
(
eikt + e−ikt

2
− q e

i(k−1)t + e−i(k−1)t

2

)

=
1

2

n∑
k=1

{[(
qeit
)k

+
(
qe−it

)k]− q2[(qeit)k−1 +
(
qe−it

)k−1]}
=

1

1− 2q cos t+ q2
[(q+q3) cos t−2q2−qn+1(cos(n+1)t−2q cosnt+q2 cos(n−1)t)].

Taking into account the formula (4), the following integral representation holds
as n→∞

δn(f ;x) =
q

πn

π∫
−π

f qβ(x+ t)[(1 + q2) cos t− 2q]

(1− 2q cos t+ q2)2
dt+O(1)

qn

n
, (5)

where O(1) is a quantity uniformly bounded with respect to n, q.
The function

Γ(t) =
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2

for q ∈
(
0; 2−

√
3
]
monotonous on interval (0;π). Using the relation (5), we

conclude that for function f qβ(t) ∈ S0
M ,

S0
M = {f ∈ L

...
π∫
−π

f(t)dt = 0, ess sup|f(t)| ≤ 1, t ∈ [−π;π]},
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the following representation

δn(f ;x) =
q

πn

π∫
−π

f qβ(x+ t)

(
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

)
dt+O(1)

qn

n

is true.
For q ∈

(
0; 2−

√
3
]
we have ϕ(t) = sign [Γ(t) − Γ(π/2)] ∈ S0

M . Taking into
account that (f0(x))qβ = ϕ(x), we obtain

E(Cq0,∞, σn) =
q

πn

π∫
−π

ϕ(t)

(
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

)
dt+O(1)

qn

n

=
2q

πn

π∫
0

∣∣∣∣ (1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

∣∣∣∣ dt+O(1)
qn

n
. (6)

It is clear that, for q such that Γ(t) − Γ(π/2) > 0, t ∈ (0;π/2) and Γ(t) −
Γ(π/2) < 0, t ∈ (π/2;π) the formula (6) is true.

We investigate the function Γ(t). We have

Γ′(t) =
(6q2 − q4 − 1− 2q(1 + q2) cos t) sin t

(1− 2q cos t+ q2)3
.

Performing elementary transformations, for q ∈
(
0; 2−

√
3
]
we get

Γ′(t) 6= 0, t ∈ (0;π).

It was also shown in [13]. Further, Γ′(t) = 0 for q ∈
(
2−
√

3; 1
)
such that satisfy

the condition

cos t =
6q2 − q4 − 1

2q(1 + q2)
.

For t ∈ (π/2;π) this relation is true as

−1 ≤ 6q2 − q4 − 1

2q(1 + q2)
≤ 0.

Making calculations, we obtain q ∈ (2−
√

3;
√

3− 2
√

2).
Consider the condition Γ(q, π)− Γ(q, π/2) ≤ 0. The last inequality yields for

q4 − 2q3 − 2q2 − 2q + 1 ≥ 0.

Making calculations, we have q ∈ (0; q0].
In view of the properties of monotonicity of function Γ(t), for q ∈ (0; q0] we

have ϕ(t) = sign [Γ(t) − Γ(π/2)] ∈ S0
M . Therefore, for function (f0(x))qβ = ϕ(x)

the relation (6) is true.
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It is clear that
π∫

0

∣∣∣∣ (1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
+

2q

(1 + q2)2

∣∣∣∣ dt

=

π/2∫
0

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt−

π∫
π/2

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt. (7)

Making calculations, we obtain∫
cos t

(1− 2q cos t+ q2)2
dt =

(1 + q2) sin t

(1− q2)2(1− 2q cos t+ q2)

+
2q

(1− q2)2

∫
dt

1− 2q cos t+ q2
,∫

dt

(1− 2q cos t+ q2)2
=

2q sin t

(1− q2)2(1− 2q cos t+ q2)

+
1 + q2

(1− q2)2

∫
dt

1− 2q cos t+ q2
.

Making elementary transformations, we obtain∫
(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt =

sin t

1− 2q cos t+ q2
,

π/2∫
0

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt−

π∫
π/2

(1 + q2) cos t− 2q

(1− 2q cos t+ q2)2
dt =

2

1 + q2
.

Combining relations (6), (7), we arrive at the statement of the theorem. The
theorem is proved.

The formula (1) provides the solving of the Kolmogorov-Nikolsky problem (see,
e.g., [14, 15]) when performing the theorems conditions without any additional
conditions.
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Новiков О.О., Ровенська О.Г., Козаченко Ю.А. Наближення класiв iнтегралiв
Пуассона сумами Фейєра. У роботi вивчаються питання наближення перiоди-
чних диференцiйовних функцiй високої гладкостi лiнiйними середнiми рядiв Фур’є.
Одна з класифiкацiй перiодичних функцiй - класифiкацiя, що заснована на понят-
тi (ψ;β)-диференцiювання. Ця класифiкацiя дозволяє ранжувати великий спектр
перiодичних функцiй - вiд функцiй, ряди Фур’є яких можуть розбiгатися до цi-
лих i аналiтичних. За належного вибору параметрiв, що визначають клас, класи
(ψ ;β)-диференцiйовних функцiй можуть збiгатися з класами згорток з iнтегрова-
ними ядрами.

Мета роботи - представити новi факти, що стосуються апроксимацiйних вла-
стивостей сум Фейєра на класах функцiй, якi визначаються мультиплiкаторами, у
випадку, коли цi послiдовностi прямують до нуля зi швидкiстю геометричної прогре-
сiї. За цiєї умови, вищезгаданi класи складаються з функцiй, якi можна регулярно
подовжити у вiдповiдну смугу комплексної площини.

Питання, що стосуються наближення класiв iнтегралiв Пуассона рiзними лi-
нiйними методами вивчалися в роботах С. Нiкольського, С. Стєчкiна, В. Рукасова,
С. Чайченка, А. Сердюка та iнших авторiв. З результатiв цих робiт вiдомо, що на
класах iнтегралiв Пуассона суми Фур’є забезпечують порядок наближення, який
збiгається з порядком найкращого наближення цих класiв тригонометричними мно-
гочленами порядку не вищого за n. Проте дослiдження апроксимацiйних властиво-
стей iнших методiв наближення може бути корисним в обчислювальнiй математицi,
математичному моделюваннi тощо.

В роботi розширено промiжок параметру, що визначає клас функцiй, для яких
є справедливою знайдена нами до цього асимптотична формула для верхнiх граней
вiдхилень сум Фейєра на класах iнтегралiв Пуассона. Отримана формула є асим-
птотично точною за будь-якого значення параметрiв, що входять до неї.
Ключовi слова: асимптотична рiвнiсть; iнтеграли Пуассона; суми Фейєра
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