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The functional equation of the form f(¢z) = p(2)f(2), ¢ € C\{0}, |q| < 1,
z € C\{0} is considered. For certain fixed elementary functions p(z),
meromorphic solutions of this equation are found. These solutions are some
generalizations of p-loxodromic functions and can be represented via the
Schottky-Klein prime function as well as classic p-loxodromic functions.
Keywords: loxodromic function; p-loxodromic function; the Schottky-Klein
prime function.

Xpucrissaun — A.4.,  Jlykiseska  [I3.B. Hesiki  y3arajbHeHHS
p-JokcoapomMHuxX ¢yHKHil. Posrmgayro dyHKIioOHATBHE — DIBHSIHHS
flgz) = p(2)f(2), = € C\{0}, ¢ € C\{0}, |¢| < 1. Ilpn neBuux dikcoBanux
eseMeHTapHUX QYHKIIsAX p(z) 3HaleHO fioro mepomopdui poss’siku. I
PO3B’SI3KH € JeKUMU y3araJbHEHHSIMU P-JIOKCOAPOMHUX (DYHKIHH 1 MOXKYTh
3o0paxkarucsa 3a jgonomoror mepBuHHO! GyHKINT [TlorTki-Kisitna, sk i
KJIACUYHI P-JIOKCOAPOMHI (DyHKITIT.

Kmovosi carosa: mokcomapoMua (PYHKITST; P-JTOKCOIPOMHA (DYHKITisI; TEPBUHHA
dbyukiig [Horrki-Ksitaa.

Xpoictusabia - A9, Jlykuschka J[3.B. Hekoropble 060061eHMUst
p-JoKcoapomMuyeckux yHKHuit. Paccmorpeno dyHKIMOHAIBHOE ypaB-
Henue f(qz) = p(2)f(z), z € C\{0}, ¢ € C\{0}, |¢| < 1. IIpu ompeznemeHHBIX
ukcupoBaHHBIX 3jeMeHTapHbIX (GYHKIUAX p(z) HailjeHbl ero mMepoMopd-
Hble pelieHunsd. 9TI/I penieHuss ABJIAIOTCA HEKOTOPLIMU O606IIL€HI/I§{MI/I
P-JIOKCOAPOMUIECKUX (DYHKIUI ¥ MOIYT M300parkaThCsi C IIOMOIIBIO IIepBUY-
wvoit dynkiun [lorrku-Kisiiina, Kak u Kjiaccmieckue p-JOKCOIPOMUIECKUE
byHKIINAN.

Kmoueswvie caosa: moKcompoMmieckast PyHKIUS; P-TOKCOAPOMUTIecKas (PyHK-
nus; nepsuanas Gyukiusa [lorrku-Kirsitaa.
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1. Introduction

Denote C* = C\{0}. For z € C* consider the equation of the form

flaz) = p(2)f(2), (1)

where p(z) is some function, ¢ € C*, |q| < 1. If p(2) = const, then meromorphic
solution of this equation is called p-loxodromic function [5]. In particular, if
p(2z) = 1, we have classic loxodromic function. The class of loxodromic functions is
denoted by L,. It was studied in the works of O. Rausenberger [12], G. Valiron [14]
and Y. Hellegouarch [3]. In recent years, A. Kondratyuk and his colleagues also
investigated these functions and their various generalizations in other domains
(see, for example [4], [6]-[8]).

Loxodromic functions have been used to construct explicit solutions to the
rotating Hele-Shaw problem, the viscous sintering problem, the problem of finding
vortical equilibria of the Euler equation and the problem of free surface Euler flows
of the surface tension [2]. These functions also have a fairly wide range of practical
applications, for example see [10], [11].

So, it will be quite interesting to generalize the class of p-loxodromic
functions for the case of more general functions p(z) other then the constant
ones. The purpose of this article is to obtain meromorphic solutions of the
equation , where p(z) are some elementary functions. These solutions will be
some generalizations of p-loxodromic functions. This task can be viewed as the
first step towards more general case where p(z) is an arbitrary rational function,
which in turn may lead to further generalizations.

1
2. The case p(z) = —
z

Let us consider functional equation

fla) = Lf(z), ze . ¢l

Our task is to find its meromorphic in C* solutions. At first consider the
Schottky-Klein prime function [5]

P(z) = (1-2) [ (1 - q"2) <1 - qz) (3)
n=1
It was introduced by Schottky [I3] and Klein [9] for the study of conformal
mappings of double-connected domains, see also [I]. This function is holomorphic
in C* and has zero sequence {¢"}, n € Z. The following property of P(z) is well
known [3, p. 94]
P(qz) = —27'P(2). (4)

Theorem 1 Let g € L,. The meromorphic in C* function f(z) = P(—z)g(z)
satisfies (@
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Proof. The proof is by direct calculation. Since ¢ is loxodromic, we have

f(42) = P(~42)g(a2) = - P(~2)g(z) = (2).
We also use here equality .

Theorem 2 Fvery meromorphic in C* solution of (@) can be represented in the
form f(z) = P(—z)g(z), where g € L.
. . . _ )
Proof. Let f(z) be a solution of (2|). Consider the function g(z) = Pl=2)’ Since
—z
f(2) is meromorphic and P(—z) is holomorphic, it follows that g is meromorphic.
Applying equalities and , we get

1
faz) _ 10
o) = it 5 = el

Therefore, for all z # —¢", n € Z we have g(qz) = g(z). It means that g is
loxodromic, which concludes the proof.
We also can reformulate Theorems [I] and [2] in the following forms.

Theorem 3 The meromorphic in C* function
P(@)r (@) @) En)
a a Gm am
f(z)=C 1 - 2 - - 1/
P<b1> P(l)2> P (bm>

where C' is a constant, ai,as,...,amy+1 and by, by, ... by are compler numbers,
m—+41 m

not necessarily distinct, such that [[ a; = — [ b;, satisfies equation H/
=1 i=1

Proof. Indeed, taking into account equality ,

flqz) = CP CZ) " (Zj) - <§:m> " <aiil>

z
P|— P
(—D)™ lajas ... ama1 <a1>

=¢ (—1)™b1bs ... by, P<(
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Theorem 4 Every meromorphic in C* solution of equation (@ can be written in

the form
f(z) = CP (;) PS;) zP (;n> Pg(anil) 7
P<M>P<®>.”P<%)

where C is a constant, ai,as,...,am+1 and by, by, ... by are complex numbers,
m—+1 m

not necessarily distinct, such that [] a; = — [] b;.
=1 =1

Proof. By Theorem [2] we know that

f(z) = P(=2)g(2), ()

where g € L;. We use the loxodromic function representation via Schottky-
Klein prime functions (see [3], [14] for more details). Namely, let c1,ca,...,cm
and by, by..., by, be the zeros and the poles of function g in the annulus A4(R) =
{z € C:|q|R < |2| £ R}, R > 0, respectively, 0A,(R) contains neither zeros nor
poles of g € L,;. Note that each loxodromic function g has equal numbers of zeros
and poles (counted according to their multiplicities) in every such annulus A,(R)
[3, p. 93|. Then [14] p. 478]

oo )P G) P (5) .
o) @) r )

C1C2...Chpy

biba ... by,
and K is a constant. Applying equality to @, we have

)
() (o)

p(p+1)

where C' = (—a1)Pq~ 2 K. Combining and (8], we obtain

f<z>:cP<Q;>P<;>"'P<;>P<—21>7
P(5)r () (5)

where
=q? peL, (7)
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Let us denote a1 = ¢Pcy1, ag = c2,...,am = Cm, Gm+1 = —1. Now we can rewrite

£ as follows
) @)
P<;1>P<b22> P(bi)

m+-1 m
where [] aj = — [] b;, which is clear in view of (7). The theorem is proved.
j=1 j=1
1
3. Th =
e case p(z) T

Now, consider functional equation of the form

flas) = T f(2), € T )

We also are interested in finding meromorphic in C* solutions of @
Define the entire function with the zero sequence {¢~"}, n € NU {0}, 0 <
gl <1,

o0

H(z) = H(l —q"2).

n=0

Theorem 5 Let g € L,. The meromorphic in C* function f(z) = H(z)g(z)
satisfies @

Proof. The proof is straightforward. Since g is loxodromic, we have

oo

(1-2)f(gz) = (1 - 2)g(gz)H(qz) = (1 - 2)g(2) [[ (1 = ¢"'2)
n=0
(1-2)g HlfQZ—g()H(lfq”Z)zf(Z)-
k=1 n=0

Theorem 6 FEvery meromorphic in C* solution of (@) can be represented in the
form f(z) = H(z)g(z), where g € L.

Proof. The proof is analogous to the proof of Theorem [2] Let f be a solution of

equation (|9). Consider the function g = T Since f is meromorphic and H is

holomorphic, it follows that g is meromorphic. Taking into account equality (@,
we get
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Therefore, for all z # ¢7", n € NU {0} we can conclude that ¢g(¢z) = g(z). We
obtain that g is loxodromic. The proof is completed.

Using the loxodromic function representation via Schottky-Klein prime
functions, namely formulas @ and , we also can rewrite Theorems |5 and
[0] in the following forms.

Theorem 7 The meromorphic in C* function

. Csz(z)P (5) P <€2) P <c;> |
p<h>p<®>m-p<%>

where ci,¢a ..., Cym and bl, by ..., by are complex numbers, not necessarily distinct,
such that P H ¢ = H bj, p € Z and C is a constant, satisfies
7j=1 7j=1

Theorem 8 FEvery meromorphic in C* solution of (@ can be written in the form

. Csz(z)P ({1) P ({2) - <CZ”> |
P(m) P(m) P<bm>

where ci,¢o ..., cy and b1, by ..., by are complex numbers, not necessarily distinct,
such that qP H ¢ = H bj, p € Z and C is a constant.
7j=1 7=1

Applying the Schottky-Klein prime function’s property to the representa-
tion of function f in Theorems [7] and [§| we can reformulate these theorems in the
next forms.

Theorem 9 The meromorphic in C* function

PQ;JP<;>m,pQ;>

=CH
f(z) (Z)pipi AN
b ) b
where ci,¢a ..., Ccm and bl, by ..., by are complex numbers, not necessarily distinct,
such that ¢P H cj = H bj, p € Z and C is a constant, satisfies
j=1 j=1

Theorem 10 Every meromorphic in C* solution of (@ can be represented in the

form
f(2) ZCH(Z)P((I501>P<CZQ> p<:n)
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where ci,co ..., Cpm and by, by ..., by are complex numbers, not necessarily distinct,
m m
such that ¢ [] ¢;j = [ bj, p € Z and C is a constant.
j=1 j=1
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